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Preface 

Numerous physical properties of polymer solutions are known to be 
significantly different from those of low molecular weight solutions. The most 
probable explanation of this obvious discrepancy is the large molar volume 
ratio of solute to solvent together with the large number of consecutive 
segments that constitute each single molecule of the polymer chains present as 
solute. Thorough understanding of the physical chemistry of polymer solutions 
requires some prior mathematical background in its students. In the original 
literature, detailed mathematical derivations of the equations are universally 
omitted for the sake of space-saving and simplicity, which physicists hold in 
high regard. However, students learning about the physical chemistry of 
polymer solutions are predominantly chemists, whose physical and 
mathematical skills are not necessarily high. In textbooks of polymer science 
only extremely rough schemes of the theories and then the final equations are 
shown. As a consequence, the student cannot unaided learn the details of the 
theory in which he or she is interested from the existing textbooks. Without a 
full understanding of the theory, one cannot analyze actual experimental data to 
obtain more basic and realistic physical quantities. In particular, if one intends 
to apply the theories in industry, accurate understanding and ability to modify 
the theory as one wishes are essential. 

This book is mainly concerned with building a narrow but secure ladder which 
polymer chemists or engineers can climb from the primary level to an advanced 
level without great difficulty (but by no means easily, either). The need for a 
book of this kind has been widely recognized for many years among polymer 
scientists, including ourselves, but as far as we know, no such book has yet 
been published. We believe that this book is, in that sense, unique and 
unparalleled. The Japanese manuscript was originally written by Kamide and 
nearly completed in the 1970s and 1980s, but was not published. Based on these 
Japanese manuscripts, Kamide gave a series of intensive lecture courses to 
students at universities of Kanazawa, Hokkaido, Okayama, Osaka City, Essex, 
Bristol and Bradford. The manuscripts, thanks to this valuable experience, have 
been repeatedly revised and improved. The English edition was originally 
planned for the beginning of the 1990s and the Japanese manuscript was 
drastically reduced to fit the size requested by the publishers and transformed in 
part into an English version for this book. Although this attempt was interrupted 



by Kamide's illness, the book has now materialized through the enthusiastic 
cooperation of Professor Dobashi. 

This book describes some fundamentally important topics, carefully chosen, 
covering subjects from thermodynamics to molecular weight and its distribution 
effects. For help in self-education the book adopts a "Questions and Answers" 
format. The mathematical derivation of each equation is shown in detail. For 
further reading, some original references are also given. The contents of the 
book frankly belong to the realm of classical physical chemistry, because it 
does not treat areas newly developed during the 1980s and 1990s, such as 
scaling theory and spectroscopic theory (e.g., NMR). To add chapters about 
these areas is beyond both our ability and the planned size of the book. The 
reader should not, however, consider that all the theories covered by the book 
have already been firmly established. Any topic, although apparently mature 
and fully grown, may start to develop quickly again due to the advent of a new 
motive force, hitherto unknown, and so may present important new unsolved 
problems. We experienced this in the study of phase separation and critical 
phenomena of multicomponent polymer solutions during the 1970s and 1980s 
(see, for example, K. Kamide, "Thermodynamics of Polymer Solutions : Phase 
Separation and Critical Phenomena", Elsevier, 1990). Throwing out "old" and 
jumping after "new" techniques seems an inevitable fashion intrinsic as 
inherent to polymer science as to other disciplines of applied science, but is not 
always unconditionally reasonable. 

The authors will be very gratified if this book proves a help not only to 
students at universities and to industrial researchers, who may be studying the 
physical chemistry of polymer solutions and dissatisfied with existing books, 
but also, as a reference book, to technologists intending to apply the physical 
chemistry of polymer solutions to industrial practice (but not as a simple quality 
control method, like a fiilly automated analytical instrument!) and to educators 
teaching this or related subjects. We should like to thank Professor J. Eric 
Mclntyre of University of Leeds, UK for his meticulous reading of the 
manuscript, and for important suggestions. The authors would like to offer 
thanks to Dr Masatoshi Saito, Dr Shigenobu Matsuda, Dr Hironobu Shirataki, 
Dr Kunio Hisatani, Professor Yukio Miyazaki, Mr Kazuishi Sato, Mr Yuji Ito 
and Mr Katsunari Yasuda of the Fundamental Research Laboratory of Fibers 
and Fiber-Forming Polymers, Asahi Chemical Industry Company, Ltd., 
Takatsuki, Osaka, Japan, who cooperated in the downsizing of the Japanese 



manuscript and in re-examination of the mathematical derivations in the text 
although the authors are, of course, responsible for any possible errors and 
mistakes in the book. 

The authors have a pleasure of thanking Professor Motozo Kaneko of 
Hokkaido University for sending us complete solution of «Problem 8-45» 
and also wish to acknowledge the support of typing the manuscript to Mr 
Takashi Sato of Gunma University. 
The authors have a pleasure of thanking Professor Motozo Kaneko of 
Hokkaido University for sending us the complete solution of «Problem 
8 - 4 5 » and also wish to acknowledg the support of typing the manuscript to 
Mr Takashi Sato of Gunma University. The authors are grateful to thank 
Hiithig & Wepf Verlag, The Society of Polymer Science, Japan, Elsevier 
Applied Science Publisher, American Chemical Society, John Wiley & Sons, 
Springer Verlag, American Institute of Physics, The Textile Machinery 
Society of Japan, Pergamon Press and Oxford University Press for 
permission to reprint Figures and Tables. 
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A: Area 
Ai : / th virial coefficient 
ai : activity of / th component 
B: enthalpy per contact area 
b: bond length 
bm : /w th cluster integral 
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Cv : specific heat under constant volume 
c: velocity of light in vacuum 
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Gij : differential of Gibbs free energy with respect to the mole fractions of/ 
th component andy th component 
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g: Huggins' free energy correction factor 
gn(M): number distribution of molecular weight 



gw(M): weight distribution of molecular weight 
H: enthalpy 
Hi : partial molar enthalpy of / th component 
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h: inhomogeneity parameter for molecular weight distribution 
IQ: incident light intensity 
Is: scattered light intensity 
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J: extensive thermodynamic variable 
j : flow by diffiision 
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K: Flory constant 
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k: Boltzmann constant 
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L: camera length 
LQ: molar heat of vaporization 
I: segment length 
I: position vector of segment 
M: molecular weight 
Mn: number-average molecular weight 
M :̂ weight-average molecular weight 
Mz: z-average molecular weight 
My: viscosity-average molecular weight 
MSD: sedimentation-diffusion-average molecular weight 
mo: molecular weight of segment 
N: number of moles of molecule 
N: number of molecules 
NA: Avogadro*s number 
n: association number 
n: segment number or chain length 
n: number density 
nn,: medium for the degree of polymerization 
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nni number-average degree of polymerization 
nwi weight-average degree of polymerization 
n̂ : z-average degree of polymerization 
nv: viscosity-average degree of polymerization 
nri refractive index of solution 
nr̂ : refractive index of solvent 
P: pressure 
P: polarization 
P: stress tensor 
Pi : vapor pressure of / th component 
Pî  : vapor pressure of / th component before mixing 
P(q): particle scattering factor 
p: probability that condensation reaction occurs 
pi : coefficient for concentration dependence of % 
Q: heat 
qi: molecular partition function 
qŵ  : correction factor for molecular weight distribution 
q: wave vector 
R: gas constant 
R: phase volume ratio 
R: Reynolds number 
R: end-to-end distance 
R: vector connecting one end to another end of polymer 
Re: radius of hydrodynamically identical sphere 
Re: Rayleigh ratio 
R̂ ' : reduced scattered light intensity 
<R^> : mean square end-to-end distance 
<R^>o : mean square end-to-end distance of unperturbed chain 
r: radius 
S: entropy 
S: radius of gyration 
Ŝ : entropy before mixing 
Si: partial molar entropy of / th component 
<S^>: mean square radius of gyration 
s: scattering vector 
So : sedimentation coefficient at infinite dilution 



T: absolute temperature 
T: matrix for rotational mapping 
Tc: critical solution temperature 
t: time 
U: internal energy 
u: potential energy 
V: volume 
V : volume of dilute phase 
V : volume of concentrated phase 
Vi : partial molar volume of / th component 
VQ: molar volume 
Vô : molar volume of solvent 
V :̂ molar volume before mixing 
vo : volume of molecule 
v: partial specific volume 
v: velocity 
W: v̂ ork 
w: interchange energy 
w: mean force potential between solute molecules 
Wi : weight fraction of / th component 
X: parameter for free draining 
x: distance from rotational axis to surface 
Xi : mole fraction of / th component 
Xc: critical mole fraction 
Y: increment of refractive index 
Z: partition function for canonical ensemble 
Z: excluded volume parameter 
z: coordination number 

a: expansion factor 
a: polarizability 
a: volumetric thermal expansion coefficient at constant pressure 
QR: end distance expansion factor 
as : radius expansion factor 
oĉ  : viscosity expansion factor 
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P : effective two-body excluded volume per segment pair or two-body 
cluster integral 
Y: shear modulus 
Yi : activity coefficient of / th component 
AGmix: Gibbs free energy of mixing 
AGv: Gibbs free energy of mixing per unit volume 
AHmixi enthalpy of mixing 
AQmix- heat of mixing 
ASmix: entropy of mixing 
AVmix: mixing volume 
A|ii: chemical potential of mixing of / th component 
(superscripts id and E denote the quantities for ideal solution and excess 
quantities) 
5C: fluctuation of concentration 
e : dielectric constant 
e : interaction energy 
C,: friction coefficient between fluid and small particle 
r|: viscosity coefficient 
r|o:viscosity coefficient of solvent 
T|r*. relative viscosity 
Tlsp: specific viscosity 
[r|]: intrinsic viscosity or limiting viscosity number 
Tjv : volumetric viscosity 
E : partition function for grand canonical ensemble 
^ : partition function for semi-grand canonical ensemble 
0: Flory temperature 
0: bond angle 
K : isothermal compressibility 
K : enthalpy parameter 
K : elastic modulus 
Ko : Flory enthalpy parameter at infinite dilution 
X: Lame constant 
X : absolute activity 
Xo : wave length of incident light 
|Li: permeability 
|X : Lame constant 
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\i : moment for molecular weight distribution 
|ii : chemical potential of / th component 
|LiJ: chemical potential of / th component in vapor phase 
\i  ̂: chemical potential before mixing 
|io^ : chemical potential of solvent 
|iij : differential of chemical potential with respect to mole fractions of / th 
component andy th component 
ri: osmotic pressure 
p: density 
Ps: weight fraction of polymer partitioned in dilute phase 
pp : weight fraction of polymer partitioned in concentrated phase 
a : partition coefficient 
a: stress 
a: steric hindrance factor 
a: standard deviation 
T: turbidity 
xrdelay time 
O: Flory-Fox viscosity coefficient 
<t)o:volume fraction of solvent 
(  ̂1 :volume fraction of solute 
^n' volume fraction of polymer with the degree of polymerization n 
%: thermodynamic interaction parameter 
^ : penetrating function 
\|/: entropy parameter 
\|/o: Flory entropy parameter at infinite dilution 
Q: partition function for microcanonical ensemble 
CO: vibration number 
CO: angular velocity of molecular chain 



Chapter 1 Fundamentals of Thermodynamics 

«ProbIem 1-1» Internal energy, free energy and enthalpy 
For an infinitesimal process of a system at constant temperature and constant 

pressure, infinitesimal changes in internal energy U, Helmholtz free energy F, 
Gibbs free energy G and enthalpy H are given by 

dU = TdS-PdV + Z M N i (1.1.1) 
i 

dF = .SdT-PdV + Z M N i (11-2) 

dG = -SdT + VdP+ZMNi (113) 

dH = TdS + VdP + ZiLiidNi (1.1.4) 

Here, T is the temperature, S the entropy, P the pressure, V the volume, îj and 
Ni the chemical potential and the number of moles of / th component. 
(1) Derive Eqs. (1.1.1)-(1.1.4). 
(2) Define the chemical potential |Xi using Eqs. (1.1.1)-(1.1.4). 

Answer 
(1) Consider an open system which permits the transfer of mass into or out of it. 
Let's denote infinitesimal quantities of heat flow from the surroundings to 
the system as d*Q and work done on the system as d*W. From the first law, 
the following equation holds: 

d'W 

Fig. l-l Open system 



If the work is only due to an infinitesimal volumetric change dV under constant 
pressure P, the work done by the system is 

d'W = -PdV (11-6) 

and if the change is quasi-static or reversible, 

d'Q = TdS (l-l-^) 

Then, substitution of Eqs.( 1.1.6) and (1.1.7) into Eq. (1.1.5) gives 

dU = TdS-PdV + E M N . (1.11) 
i 

F, G and H are defined by 
F = U-TS (1.1.8) 

G = F + PV = U-TS + PV (11-9) 
H = U + PV (1.1.10) 

The total differentiation of Eqs. (1.1.8)-(1.1.10) gives 

dF = dU-TdS-SdT (1.1.11) 
dG = dF + PdV + VdP (1.1.12) 
dH = dU + PdV + VdP (1.1.13) 

Combination of Eq. (1.1.1) with Eqs. (1.1.11)-(1.1.13) affords 

dF = -SdT-PdV + XMNi (1-1-2) 

dG = -SdT + VdP+SMNi (1.1.3) 

dH = TdS + VdP + ZHidNj (1.1.4) 

(2) Partial differentiation of Eqs. (1.1.1)-(1.1.4) with respect to N -, leads to 

Hi = ( 1 ^ 1 (1-1-14) 
5Ni/s,v,Nj 

Hi = ( ^ ) (1.1.15) 
\dNi/T,V,Nj 



\5Ni/s,p,Nj ^ 

where the subscripts S, V, T, P and Nj mean that the partial differentiation is 
carried out under the condition of constant S, V, T, P and Nj (except for Nj), 
respectively. 

«Problein l - 2 » Partial molar quantities 
Derive the following equations: 

(1.2.3) 

Here, the partial molar quantities Si, Vi and Hj are changes in entropy, volume 
and enthalpy accompanying the addition of one mole of component / to a 
mixture at constant temperature under constant pressure. 

Answer 
From the first law of thermodynamics, 

dG = -SdT + VdP+2MNi (1.1.3) 

Partial differentiation of (1.1.3) with respect to T under constant pressure and 
constant number of moles of / th component Ni gives 

= "S (1.2.4) 
O 1 /p,Ni 

Further differentiation of Eq. (1.2.4) by Nj affords 

(1.2.5) 

|X. is defined by 

,^\^lmi,-\^\^'k,,^, 



\i^=\ 
T,P,N 

(1.1.16) 

Similarly S- is defined by 

dS] I d ( dG^ 
S: = 

aNi dNA ar (1.2.6) 
/T,P,Ni l ' " ' V " /P ,Ni ) 

Here, the partial differentiation is made at constant number (mole) of the 
components, except for component /. Then, we have 

After differentiation of Eq. (1.1.3) with respect to P, we obtain 

f ^ ] =V (1.2.7) 

Further differentiation of Eq. (1.2.7) by Nj and rearrangement of the resultant 
equation using Eq. (1.1.16) gives 

U N J = a^iap) =iaplaNjJ =iapj âP̂ aNj,̂ ,̂ ^̂  v"-™< 

Then, we have Eq.( 1.2.2). G is expressed as 

G = H-TS 

Using Eq. (1.2.4), we have 

^ac' 
H = G-T ar L-(^)..-iS 

(1.2.9) 

(1.2.10) 

P,N, 

Eq. (1.2.10) is called the Gibbs-Helmholtz equation. Differentiating Eq. 
(1.2.10) by Ni, we obtain 

[an] f a /a(G/T) 
aN. \aN.\a(in') 

P,.'! 

a [aG j_ 
a(in^)laN.T 

P,N, 
P.N, P.N. 



(1.2.11) 

From the definition 

an] 
P,N: 

(1.2.12) 

dim), 
= Hi (1.2.3) 

Using Eqs. (1.2.1) and (1.2.3), S\ and Hj can be evaluated from the temperature 
dependence of the chemical potential îj. In other words, if we can determine 
the chemical potentials as functions of T and P, the other thermodynamic 
quantities such as Si, Vj and Hj are automatically determinable. 

«Problem l - 3 » Gibbs-Duhem relation 
At constant temperature and constant pressure, the following relation (the 

Gibbs-Duhem relation) always holds: 

XNid^i = 0 (1.3.1) 

Derive Eq. (1.3.1). 

Answer 
The extensive variables J are linear homogeneous functions of temperature T, 

pressure P and the number of moles of each component Ni, N2... Thus, we 
may write 

j(T,P,xNi,xN2,-. •) = xJ(T,P,N, N2; •.) (1-3.2) 

Here, x is an arbitrary constant. Differentiating both sides of Eq. (1.3.2) with 
respect to x, we have 



dj(T,P,xN„xN2,-) aj(T,P,xN„xN2,..) ^(xN,) 

dx ^(xN,) 5x 

ej(T,P,xN„xN2,-) aJxNj) 

5(xN2) 5x 

aj(T,P,xN,,xN2,-] 
' ^ 3(xN,) •Nrj(T.P.N,.N,...) (,.3.3) 

Putting x=l into Eq. (1.3.3), we have 

J (T,P ,N„N2.- ) = I N / ^ ] (1.3.4) 
» V VT,P,NJ 

Using the expression 

>>-m  (1.3.5) 
\5Ni/T,p,Nj 

Eq. (1.3.4) is written as 

j(T,P,N„N2,-) = SNiJ i (1.3.6) 

* In case J=G, we have 

G = XNiGi (1.3.7) 

Here, Gj is identical with \i\, e.g. 

G - [ ^ ] =li,  (1.3.8) 
^ * ^ T,P,N. 

Thus, Eq. (1.3.7) is replaced by 

G = XNi^i (1.3.9) 
i 

Total differentiation of both sides of Eq. (1.3.6) gives 



dj(T.P.N„N,....) = l ( | - ) „/-(̂ ).-̂ C,̂ ^ 
= XNidJi + XJidNi (1.3.10) 

In case of constant temperature and constant pressure, we have 

dJ = l [ j ^ ] dR = X J i d N r l N j d J . + ZJ^dN. (1.3.11) 
' / T,P,N 

J 

Thus, 

ENidJi = 0 (1.3.12) 

Putting Ji=jii, we have Eq. (1.3.1). If we put Ji=Vi, Sj or H, into Eq.(1.3.12), 
we have corresponding equations. 

* J. Willard Gibbs deduced Eq. (1.3.1) in 1885 (Gibbs Collected Works, vol. 1, p88 and The 
Scientific Papers  of J. W. Gibbs, vol 1, Thermodynamics, Dover ?\xh., 1961) and later, P. 
Duhem independently derived the same equation (P. Duhem, Le Potentiel Thermodynamique 
et ses Applications, p33, 1886; P. Duhem, Compt. rend. 102, 1449 (1886)). 

«ProbIein l - 4 » Mixing volume change and mixing entropy 
When an arbitrary number of liquid and solid phases, each of which contains 

i components, are mixed with each other to conform a homogeneous solution, 
write the equations for differential changes in volume and entropy, i.e., mixing 
volumetric change AVmix(=V-V )̂ and mixing entropy ASn,ix(=S-S )̂, using 
partial molar quantities. Here, the superscript 0 denotes the state of the 
solution before mixing. 

Answer 

From the definition 

Vi=(aV/aNi) and Vi^-(aV^/aNi) (1.4.1) 

we have 
V = ZViNi (1.4.2) 

and 



V°=EVi^i (1.4.3) 

Here, Z denotes the summation over the components. From Eqs. (1.4.1 )-
(1.4.3), we have 

AV . =Ev.N.-Lv.V.= Efv.-V'^lN. (1.4.4) 
mix I I I I I 1 I / 1 ^ ^ 

Total differentiation of Eq. (1.4.4) gives 

dAV î, = ZVjdNi - IVî dNi + XNjdVi - ZNidVf (l .4.5) 

Using the Gibbs-Duhem relation, 

EN.dV. = 0, EN.dV.̂  = 0 (1.4.6) 

Combining Eqs. (1.4.5) and (1.4.6), we have 

pAVmixj =Vi-V? (1.4.7) 
I 3Ni /T.P,NJ 
Similarly, we obtain 

AS,i, = S-S°=i:H(S.-S:) (1.4.8) 

and 

aAS, 
^^i /T,P,Nj 

«ProbIein l - 5 » Gibbs condition for two-phase equilibrium 
The condition that two phases, I and II, are in complete thermodynamic 

equiHbrium at constant temperature under constant pressure is that the chemical 
potentials of any components in both phases should be the same. That is, 

Hj = ̂ f i = 1,2,3,.-. (1.5.1) 

Derive Eq. (1.5.1). 

Answer 
Gibbs free energy G*̂ " of a closed system which consists of phase I and 

phase II is the sum of the Gibbs free energy of each phase Ĝ  G" as 

G'^° = G^G" (1.5.2) 



Infinitesimal change in Gibbs fi*ee energy, keeping each phase at constant 
temperature and constant pressure, is 

dG^^" = 0 (1.5.3) 

Thus, 

dG*^" = dĜ  + dG" = I : ^ W + I:^l"dN" = 0 (1.5.4) 
1 1 * 1 1 ^ ^ 

Since the number of moles of the components in the closed system is constant, 
we have 

dN^^° = dN^ + dN" = 0 (1.5.5) 

Combining Eqs. (1.5.4) and (1.5.5), we obtain 

2:(^J.|if)dNj = 0 (1.5.6) 

Eq. (1.5.6) must hold for any values of dNi^ Thus, we have Eq. (1.5.1) (See 
The Scientific Papers of J. Willard Gibbs, vol. 1, Thermodynamics, p65, Dover, 
1961; J. W. Gibbs, Trans. Connecticut Academy, III. pp. 108-248, Oct. 1875-
May, 1876 and pp.343-524. May, 1877-July, 1878). 

«Problein l - 6 » Heat of mixing 
Heat of mixing AQmix and differential heat of mixing for a system at constant 

temperature and constant pressure are expressed in terms of partial molar 
enthalpy of / th component in solution Hi(=(3H/3Ni)) and that in pure state Hĵ  
as 

AQ„,ix=XNiAHi (1.6.1) 

and 

V * /T,P,Nj 

Derive Eqs. (1.6.1) and (1.6.2). 

Answer 
Heat of mixing AQmix is given by the difference in enthalpy of the solution H 

and that of pure state H^: 
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AQn,ix = H-HO (1.6.3) 

The enthalpies are expressed in terms of partial molar enthalpies Hi in the 
solution or Hj" in the pure state as 

H = lHiNi (1.6.4) 

H" = i:H°Ni (1.6.5) 

Substituting Eqs. (1.6.4) and (1.6.5) into Eq. (1.6.3), we have 

^Qn,ix = ̂ HiNr2:H°NrZ(H.-Hf)R=i:N.AH^ (1.6.1) 

Total differentiation of Eq. (1.6.1) yields 

dAQ î, = ZNidHj - iNidH? + ZHidN; - XHfdNj (1.6.6) 

Using the Gibbs-Duhem relation, we have 

ZNidHi = 0 

2NidH? = 0 (1.6.7) 

Thus, we obtain 

dAQ î, = ZHidNi - iH^dNi (1.6.8) 

and 

3Ag^\ =Hi.H? (1.6.2) 
3Ni /T,P,NJ 

* Solutions of AQmix=0 is called as athermal solution. Guggenheim wrote in his book that 
' it was commonly believed that all athermal solution should be ideal'. This view was 
openly challenged in a discussion held by the Faraday Society in 1936, at which Fowler then 
suggested that this view could be proved or disproved by a statistical analysis of a mi5rture of 
two kinds of molecules ananged on a lattice, each molecule of the one kind occupying two 
neighbouring sites of the lattice and each molecule of the other kind occupying one site. This 
problem was attacked by Fowler and Rushbrooke (See R. Fowler and G. S. Rushbrooke, 
Trans. Farad.  Soc. 33, 1272 (1937)) and by Guggenheim (See E. A. Guggenheim, Mixture, 
pp.183. Clarendon Press, 1952; E. A. Guggenheim, Trans. Farad  Soc. 33,151 (1937)) 
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Chapter 2 Ideal and Non-Athermal Solutions 

«Problem 2 - l » Ideal solution 
When the chemical potential |ii of a solution is expressed as 

|li(T,P) = ̂ f(T,P) + RTlnXi (2.1.1) 

the solution is defined as ideal solution. Here, |Liî (T,P) means the chemical 
potential of species i at pure state, which is a function of temperature T and 
pressure P, and Xj is the relative proportion of / th component in the solution 
(known as the mole fraction of species i), 

Xi = — ^ - (2.1.2) 
ZNi 

i 

R=kNA is the gas constant, Nj the number of moles of species i, N the total 
number of moles, k the Boltzmann constant and NA the Avogadro's number. 
Derive the equations of (l)Hi, (2)Vi and (3)Si for ideal solution. 

Answer 
(1) From Eq. (1.2.3), 

' dim) 
 ̂ ' \ (2.1.3) 

H» = ^ 
d(m) 

Using Eq. (2.1.1), we have 

d(\i/Y) _ a(nf/T) 

9 ( i / T ) " a( i /T) ^'^•^•^^ 

Thus, 

Hi = H? (2.1.5) 
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(2) Similarly, from Eq. (1.2.2), 

V;=| 
dP 

T,N, 

V? = ap T,N,y 

Using Eq. (2.1.1), we have 

- ap l ^ yT,Ni V "" JT,N, 

Thus, 

(3) Similarly, from Eq.( 1.2.1) 

Si •m 
'•-S 

P,N: 

P,Nj 

+ Rlnx: 

Using Eq.(2.1.1), we have 

Thus, 

- Si = - S? + Rlnxi 

or 

Si = S? - Rlnxi 

(2.1.6) 

(2.1.7) 

(2.1.8) 

(2.1.9) 

(2.1.10) 

(2.1.11) 

(2.1.12) 
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or 

ASi'̂  = -RlnXi (2.1.13) 

where the superscript id means the ideal solution. 

* Gilvert Newton Lewis named the solution which satisfies Eq. (2.1.1), as ideal solution (See 
G. N. Lewis, J. Am. Chem. Soc, 30, 668 (1908)) 

«Problem 2-2» Molar quantities in mixing 
Derive the expressions for (1) molar heat of mixing AQmix̂  (2)molar 

volumetric change in mixing A Vmix and (3) molar entropy of mixing ASmix 
for ideal solution. For two-component ideal solution, (4) plot ASmix vs. 
Xi(mole fraction of species 1) (5) show that ASmix attains its maximum at 
xi=0.5 and (6) for three-component ideal solution show that AS îx attains its 
maximum at Xi = X2 = X3 = 1/3. 

Answer 
(l)-(3) From Eqs. (1.6.1), (1.4.4) and (1.4.8), 

AQ„.ix = Ixi(HpHf) (2.2.1) 
i 

AV„ix = Zxi(Vi-Vf) (2.2.2) 

AS„i, = Sxi(Si-S?) (2.2.3) 
i 

(Note ^x, = 1 ) 

Substituting Eqs. (2.1.5), (2.1.8) and (2.1.12) for ideal solution 

Hi = H? 
Vi = V? 
Si = S? - Rlnxi 

into the above equations, we have 

AQmix = 0 

AV,ix = 0 

(2.1.5) 
(2.1.8) 

(2.1.12) 

(2.2.4) 

(2.2.5) 
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Ŝn,ix = - R S ^ M i (2.2.6) 

Thus, ideal solution is athermal solution, its volumetric change in mixing is 
zero and 

AS„,i,>0 

(4) For two-component ideal solution, Eq. (2.2.6) reduces to 

ASmix = -Rfx,lnx,+X2lnx2l 

Since Xi + X2 = 1, we have 

AS„i,/R = - /x , lnx ,+( l -x , ) ln ( l -x , ) \ 

Thus, ASmix /R is plotted as a function of xi, as shown in Fig.2-2. 

(5) Differentiating Eq.(2.2.9) by X|, 

5xi ~ \ 1̂ J 

The condition for the extremum of ASmix 

(2.2.7) 

(2.2.8) 

(2.2.9) 

(2.2.10) 

< 

Fig. 2-2 Molar entropy of mixing as a function of mole fraction of solute 
for binary ideal solution 
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J -^=0 (2.2.10a) 

gives 

xi = 2 (2.2.11) 

Since d^ ( AŜ jx /R)/3xi^=-4<0 at x,=l/2, AŜ ix has its maximum at Xi=l/2 

(6) For three-component ideal solution, Eq. (2.2.6) reduces to 

^mix = - R(X ilnx, + X2lnx2 + xjlnxj j 

= -Rix,lnx,+X2lnx2 + (l-Xi-X2)ln(l -Xi-X2)l (2.2.12 ) 

The conditions for the extremum of AS mix 

afAS„ix/Rl l - x . - x . 
\ m.x j^^^i X, X2^^ (2.2.13) 

OXj X , 

and 

3(AS„,i,/R) i - x , - X 2 
- ^ ^ = ln - ^ - ^ = 0 (2.2.14) 
give Xi=X2=X3=l/3. Since the second derivatives of AS mix 

a2(As„i^) 

ax,' 
= -6<0 (2-2.14a) 

^ ^=-3<0 (2.2.14b) 
3xi3x2 

a2(AS„i,/R) 
^ ^ = -6<0 (2.2.14c) 

axj' 

are negative at 
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x,=X2 = X3 = J- (2-2.14d) 

AS mix has its maximum at this point. 

«ProbIein 2 - 3 » Entropy of mixing for ideal solution 
Molar Gibbs free energy of mixing AGmix of ideal solution, AG îx' , is 

given by 

AGL = RTXxilnXi (2.3.1) 
i 

Derive Eq. (2.3.1) and the equation w ĥich gives the entropy of mixing for ideal 
solution ASmix'̂  using Eq. (2.3.1). 

Answer 
Molar Gibbs free energy of mixing is given by 

AG,i, = I (Oi -G?) Xi = X [li-ilfj Xi (2.3.2) 
i i 

For ideal solution, from Eq. (2.1.1), 

^ i . ^? = RTlnx. (2.1.1)' 

Substituting Eq. (2.1.1)' into Eq. (2.3.2), we obtain Eq. (2.3.1). 
From Eq. (1.2.9) at constant temperature and constant pressure, v̂ e have 
AG îx = AH^ix-TAS^i, (2.3.3) 

For ideal solution, 

AH„i, = AQ„i, = 0 (2.2.4) 

Thus, we obtain 

This result is consistent with «Problem 2-2» . 

«Problem 2 - 4 » Raoult*s law 
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Consider an equilibrium between solution and vapor phase as shown in 
Fig. 2-4(a). Assuming the vapor to be a perfect gas, the chemical potential of 
species / in the vapor phase |Xi' is given by 

Hi = lA,1[T) + RTlnPi (2.4.1) 

Here, |ii*(T) is the chemical potential of pure component /, which is in 
equilibrium with the solution at temperature T, and Pi is the vapor pressure of / 
th component, which is in equilibrium with the solution. By use of Eq.(2.4.1), 
verify that Raoult's law 

Pi=pr(T)xi (2.4.2) 

is applicable to ideal solution. Here, Pĵ  is the vapor pressure of pure i th 
component liquid. 

Answer 
Chemical potential of ideal solution is given by 

(a) 

Fig. 2-4(a) Phase equilibrium between vapor phase and solution (b) Plots of 
vapor pressure versus composition of binary mixture: methanol-ethanol 
system at 24.95^C, where xi is mole fraction of ethanol (S. Takagi, T, 
Kimura and F. Nishida, unpublished results (See K. Kamide, ColUgative 
Properties, in Comprehensive Polymer Science, Eds. C.Booth and C.Price 
cds., Pergamon, Oxford, 1989, vol. 1, see also A.E.Pope, 
H.D.P£lug,B.Dacre and G.CBenson, Can. J. Chem. 45, 2665 (1967)) 



Hi = ^°(T,P) + RTlnXi (2.1.1) 

The necessary and sufficient condition for the equilibrium between the vapor 
phase and the solution phase is given from Eq. (1.5.1) by 
Â'i = îi (2.4.3) 

Substituting (2.4.1) and (2.1.1) in (2.4.3), we obtain 

P, = Xjexp (^?(T,P)-|i:(T)}/RT 

Since Pi=Pi for Xi=l, we have 

Pr = exp {n?(T,P)-4i:(T)j/RT 

(2.4.4) 

(2.4.5) 

Comparing Eq. (2.4.4) and (2.4.5), we have 

Pi = P°(T,P)xi (2.4.2) 

Here, P is the total pressure (See, Francois Marie Raoult (1830-1901), Compt. 
rend. 104, 1430 (1887); Z physik. Chem. 2, 353 (1888)). 

Figure 2-4.(b) is the vapor pressure as a function of mole fraction for the 
system methanol-ethanol. 

* A more exact treatment suggests that the molecules of solvent and solute should have the 
same size if Raouh's law holds (E. A. Guggenheim, Trans. Farad.  Soc. 33, 151 (1937)). 

* Examples of solutions obeying Raouh's law are 
(a) methylsalicylate in diethylether 
(b) ethylene bromide-propylene bromide at 85°C (J. Z. von Z;awidzki, Z phys. Chem. 35,129 
(1900)), 
(c) benzene-bromobenzene at 80**C (M. L. McGlashan and R. J. Wingrove, Trans. Farad.  Soc. 
52,470(1956)). 
(d) benzene-chlorobenzene (R. S. Beny, S. A. Rice and J. Ross, Physical Chemistry, p912, 
John Wiley & Sons, 1980) 
(e) benzene-toluene (methylbenzene) (P. W. Atkins, Physical Chemistry, p212, Oxford Univ. 
Press, Oxford, 1978) 

* Gilbert Newton Lewis defined a 'perfect solution' as one which obeys Eq. (2.4.2) (Gilbert 
Newton Lewis, J. Am. Chem. Soc. 30,668 (1908)) and Washbum caDed a solution which 
obeys Raouh's law throughout the whole range of compositions as *ideal' (Edward W. 
Washburn, Z phys. Chem. 74, 537 (1910)). Mixture of benzene and ethylene chloride obeys 
Raouh's law throughout the whole range of compositions (Gilbert Newton Lewis, J. Am. 
Chem. Soc. 30, 668 (1908)). 
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«Problem 2 - 5 » Boiling point elevation and freezing point depression (I) 
Consider a solution which is in equilibrium with a vapor phase or a solid 

phase at T and P, and also consider the vapor phase or the solid phase to be in 
equilibrium with pure liquid solvent at To and P. The temperature difference 
T-To=AT is directly related to the mole fraction of the solvent in the solution 

Xoby 

AT^.RXinxo (2.5.1) 
T Lo 

Here, LQ is the molar heat of vaporization. Derive Eq. (2.5.1). 

Answer 
The chemical potential of the solvent component in the vapor phase |io(T,P), 

and in the solution phase |io'(T,P), are the same at T and P (see Eq. (1.5.1)): 

|lo(T,P) = |lo(T,P) (2.5.2) 

The chemical potential of ideal solution |io*(T,P) is given from Eq. (2.1.1) by 

|Lio(T,P) = ^2(T,P) + RTlnxo (2.5.3) 

Combining Eq. (2.5.2) with Eq. (2.5.3), we obtain 

^o(T,P) = HS(T,P) + RTlnxo (2.5.4) 

from the condition of the equilibrium between the solution and the vapor phase. 
The chemical potentials of the solvent in the vapor phase and in the pure liquid 
phase are the same at TQ and P: 

^o(To,P) = ^^To,P) (2.5.5) 

Subtracting Eq. (2.5.5) from Eq. (2.5.3), we have 

Hri(T,P) - ^o(To,P) = ^§(T,P) - ^§(To,P) + RTlnxo (2.5.6) 

Expanding this equation in a Taylor series under the condition of AT=(T-To)< 
T, we have 

^ T - To) = ^ T - To) + RTlnxo (2-5-7) 
oT dT 

Thus, 
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( ^ -^ ) (T-To)=RTlnxo (2.5.8) 

Using the relation 

we have 

^ = -So (2.5.9) 
ax 
and 

M = . s § (2.5.10) 
ax 

Substituting Eqs. (2.5.9) and (2.5.10) into Eq. (2.5.8), we obtain 

-(So-SS)(T-To) = --^(T-To) = RTlnxo (2.5.11) 

Thus, 

AT^.RXinxo (2.5.1) 
T Lo 

«Problein 2 -6» Boiling point elevation and freezing point depression 
(II) 

Show that the molecular weight of solute evaluated using the relationship for 
(1) boiling point elevation and freezing point depression 

AT = --—Inxo (2.5.1)' 
^ 0 

and (2) Raoult's law 

Po=Po°(T)xo (2.4.2)' 

is the number-average molecular weight 
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M„ = X'MiN/Z'Ni (2.6.1) 

where Po (̂T) is the vapor pressure of pure solvent phase and Z' denotes the 
summation over all the components except i=0. 

Answer 
(1) Boiling point elevation and freezing point depression: 
The weight concentration (g/cm^) is given by 

C = E^MiNiA^ (2.6.2) 

From Eqs. (2.6.1) and (2.6.2), we have 

r Ni = j ^ r MiNi = j ^ C V = T^CNoV" (2.6.3) 

where VQ is the molar volume of the pure solvent. 
In dilute solution (1 > Z'Xj, No> S'Nj), 

lnXo = l n f l - X ' X i U - X ' x i = -X'Ni/No (2.6.4) 

Substituting Eq. (2.6.3) in Eq. (2.6.4), we have 

(2.6.5) 

(2.6.6) 

, -cv° 
i n x o s - j ^ 

Thus, Eq. (2.5.1)' 

^ T - R T V g C 
Lo Mn 

(2) Raoult's law: 
In dilute solution. 

X o = l - X ' x i S l -

reduces to 

> 

Then Raoult's law is rewritten as 

(2.6.7) 



22 

Po = Po(T) 1 (2.6.8) 

(See F. M. Raoult, Compt. rend, 104, 1430 (1887); Z physik Chem. 2, 353 
(1888)) 

«ProbIein 2-7»Membrane osmometry 
When a solution is separated by a membrane permeable only to solvent but 

not to nonvolatile solutes (the membrane is referred to as a semipermeable 
membrane), the solute molecules are unable to pass through the membrane, 
resulting in a pressure difference, n , between the liquid phases, which is 
defined as the osmotic pressure. Derive the relationship between 11 and the 
difference A|lo in chemical potentials between the pure solvent 

|Llô (T,P) and the solvent component in the solution |Llo(T,P) at T and P: 

n = - Â ioÂ g 

where 

A^o = ^o(T,P)-^8(T,P) 

and VQ is the molar volume of the solvent. 

(2.7.1) 

(2.7.2) 

Answer 
From the equilibrium condition (see Eq. (1.5.1)), the following relationship 

Membrane 

Fig. 2-7 Phase equilibrium between solution and pure solvent through 
semi-permeable membrane 
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holds: 

M^T,P) = |io(T,P + n) (2.7.3) 

This is called the condition of osmotic equilibrium or solution-membrane-
solvent phase equilibrium. |lo(T,P+n) can readily be represented by 

^o(T,P + n) = ti§(T,P + n) + RTlnao (2.7.4) 

Here, ao is called the activity of solvent, and in ideal solution, from Eq. (2.1.1), 
ao=Xo holds. If I K P , v^e can use a Taylor series to expand A|io (T,P) with 
respect to n to obtain an approximate equation: 

M T̂,P + n) = n8(T,P) + ( M ] n (2.7.5) 

According to Eq. (1.2.2), 

(f)=v8 (2.7.6) 

Combination of Eqs. (2.7.3)-(2.7.6) gives 

^°(T.P) = n°(T,P) + V°n + RTlnao= ̂ lo(T,P) + V°n (2.7.7) 

Thus, 

A^o = M T , P ) - ^8(T,P) = - nvg (2.7.8) 

* A botanist PfefFer discovered the phenomenon of osmosis (W. Pfeffer, Osmotische 
Untersuchungen, Leipzig, 1887). 

«Problem 2 . 8 » van't Hoff s equation 
Show that the osmotic pressure n of ideal solution is given by 

n = RTC/Mn (2.8.1) 

Equation (2.8.1) is the well-known van't Hoffs equation. 

Answer 
|Xo(T,P) of ideal solution is expressed as: 
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|lo(T,P) = |l8(T,P) + RTlnxo 

According to Eq. (2.7.8), 

x̂  is expressed by using the mole fraction of solute Xj as 

Xo = 1 - ^ ' Xi 

(2.1.1) 

(2.8.2) 

(2.8.3) 

For dilute solutions, L'x, and the total volume of solution V are approximated 
by 

No + I 'Ni No (2.8.4) 

(2.8.5) 

Here, NQ and Nj are the mole number of solvent and solute i, respectively, and 
VQ and Vj are the molar volume of solvent and solute i, respectively. By 
substituting Eqs. (2.8.3)-(2.8.5) into Eq. (2.8.2), we have an approximate 
relationship such as 

I TN; 
n = -RTlnl 1-4: l/V°= ^^ rN. 

where ZNjCNo. Total concentration of solute C is expressed as 

(2.8.6) 

C=X'Ci = X'NiMiA^ = 
TN, 

V I 
V 

= M X N i / V (2.8.7) 

If we substitute Eq. (2.8.7) in Eq.(2.8.6), the following relation is obtained: 
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I'N; 

where the number-average molecular weight M^ is defined by 

i 2 . XiM 
M n ^ ^ ^ ^ T T — = - ^ . ^ (2-6.1)' 

i 

* In case of non-ideal solution, 11 is expressed using Eq. (2.10.1), in the form 

RT 
n = - A^oA^o= - TTo *"^o (2.8.9) 

Here, ao is the activity of solvent. Expanding the term Inao, Eq.(2.8.9) can be expressed as 

n / C = R T J ^ + A2C + A3C2 + . . .j (2.8.10) 

with 

A2=Vo%2Mn),A3=(VoV/(3Mn) ... A„=(VoVV(nMn) (2.8.11) 

(See J. H. van't Hoff, Z. phys. Chem. 1,481 (1887) and confer «Problem 5-2»). 

* In general van't Hoff s equation is valid only in extremely dilute solution (J. H. van't Hoff, 
Vorlesungen uber Theoretische und Physikalische Chemie, Part 2,1903). 
* The ratio n/C is called the reduced osmotic pressure. 

* Osmotic pressure of solutions of polymers including dyestuff, gelatin, starch (1910-1916), 
rubber (1914), cellulose ester (1927-1934), and proteins (1919-1930) were measured as early 
as 1900-1930s, before the establishment of the concept of macromolecules. 

* Wo Ostwald analyzed the literature data on rubber-benzene, guttapercha-benzene, cellulose 
nitrate-acetone, gelatine-water and hemoglobin-water systems, showing that van't Hoff s 
eqation did not hold for all the systems. He considered that the experimentally observed 11 
is the summation of osmotic pressure, defined by Eq. (2.8.1), Flos and swelling pressure Ps, 
proposing the equation 

n /C=nos + Ps=RT/M + bC""^ (2.8.12) 
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where b and n are parameters. Experimentally, n~2 was confirmed (Compare with Eq. 
(2.8.10)). This means that the plot of Il/C against C is roughly linear and its slope depends 
on the degree of solvation (Wo Ostwald, KolloidZ. 23, 68 (1918), ibid. 69, 60 (1929)). 

* G. V. Schulz constructed a convenient osmometer ( so-called Schulz-type osmometer) for 
polymer solutions (G. V. Schulz, Z physik. Chem. 176, 317 (1936)). He demonstrated that 
the plots of (FI/C-RT/M) vs. C, for example, for polyvinylacetate-acetone system constructs 
roughly a single master curve, irrespective of M. lim (JVC) (c^o) was confirmed to obey 
van't Hoff s law 

H n i ( n / C ) = RT/M„ (2.8.1)' 

* Following polymer solutions were cofirmed to obey van't Hoff s law: 
(a) glycogen (Mn=2.80xl0^) in water, O.IN CaCl2 aqueous solution and formamide at 10°C 
(C=5-50g/l) 
(b) egg albumin in water (C=52.8-238.5g/l) 
(c) serum albumin in water (C=5.90-16.22g/l) 
Note that these polymers are globular or highly branched molecules, and they do not swell in 
solvents (See I. Sakurada, Kobunshi Kagaku Gairon  (Polymer Chemistry), p49, Kobunshi 
KagakuKyokai (Polym. Pub. Assoc), (1948)). 

* Molecular theories of osmotic pressure (See, for example, (3.16.9), (5.2.7), (5.11.4), (5.14.4) 
and (5.19.2)) were proposed after large accumulation of experimental data. 

«ProbIem 2-9-a» Empirical determination of osmotic pressure 
Estimate the osmotic pressure in atm of a polymer solution consisting of 

polymer ŵ ith the molecular weight 1x10^ and solvent with the concentration of 
polymer, Ig/100ml at BOOK, using van't Hoff s equation. 

Answer 
Using the equation 

n = RTC/M (2.8.8)' 

we have n=(0.0821/gK)(300K)(10g/l)/(lxl0^)=2.46xl0"^atm=2.54cmH2O. 

«Problem 2-9-b» Empirical determination of number-average 
molecular weight 

Estimate the number-average molecular weight Mn of polystyrene from the 
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4 6 
c dCT^gcm"^) 

Fig. 2-9-b Plot of the ratio of osmotic pressure 11 and concentration C 
against C for polystyrene in toluene at 25 T (See K. Kamide, Colligative 
Properties, in Comprehensive Polymer Science, Eds. C.Booth and C.Price 
eds., Pergamon, Oxford, 1989, vol. 1) 

osmotic pressure data for System a, b, c and d shown in Fig. 2-9-b. 

Answer 
From Eq. (2.8.10) and the intercepts in Fig. 2-9-b, we can estimate Mn for 

System a, b, c and d as 3.5, 6, 7.2 and 12.3x 10\ respectively. 

«ProbIem 2 - 1 0 » Non-ideal solution (I) 
Solutions whose components greatly differ in chemical structure and in 

polarity exhibit remarkable deviations from ideal solution. The chemical 
potential of the component / in nonideal solutions is generally given by 

Hi = H?(T,P) + RTlnai (2.10.1) 

with ai=YiXi. Here, aj and y-, are the activity and the activity coefficient of the 
component /, respectively, y-  ̂ represents the extent of deviation from ideality 
and is a complicated function of Xj G =̂  i) or the interaction between solutes and 
solvent. (1) Derive theoretical equations for (i) vapor pressure depression, 
(ii) membrane osmotic pressure and (iii) boiling point elevation and/or 
freezing point depression. (2)Derive the theoretical equation between the 
osmotic pressure n and the vapor pressure PQ given by 

^0 
(2.10.2) 
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Answer 
For nonideal solutions, the equations for ideal solution are modified by 

substituting â  in place of Xi. 
(l)(i)Vapor pressure depression; instead of Raoult's law (Eq. (2.4.2)),we have 

Po = Po'(T)ao (2.10.3) 

(ii) Membrane osmotic pressure; instead of 

n = - BJ l̂nxo (2.8.2) 

we have 

n = -RTinao (2.10.4) 
v8 

(iii)Boiling point elevation and/or freezing point depression: instead of Eq. 

(2.5.1), we have 

AT = - - ^ l n a o (2.10.5) 

(2) Combination of Eqs. (2.10.3) and (2.10.4) gives Eq. (2.10.2). Note that 
this equation holds its validity irrespective of whether the solution is ideal or 
nonideal. 

«Problem 2-11» Non-ideal solution (II) 
Show that the following equations hold for nonideal solutions: 

Vi^V? (2.11.1) 

Si^S? (2.11.2) 

Hi^H? (2.11.3) 

The above equations mean, respectively, that partial molar quantities of volume, 
entropy and enthalpy of / th component of real solutions do not coincide with 
those of pure liquid. 

Answer 
Referring to Eq. (2.10.1), we have 
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|ii = ̂ f(T,P) -h RTlna- ^f(T,P) + AHJ(T,P,XO,-) (2.11.4) 

On the other hand, the relations between chemical potential and partial molar 
volume for solution and pure solvent are: 

'I) =v, 

dp 

(2.1.6) 

= V̂  
T,Nj 

Partially differentiating Eq. (2.11.4) with respect to pressure P at constant T 
and Nj and combining with Eq. (2.1.6) gives 

dP 
T,N. 

0 (^^i^i^ 
?iO 

ap 
'T,Nj l "'^ ; T , N J 

In similar manners, the following equations are obtained: 

(2.11.5) 

^^u l̂ ^̂ p̂ . V /P,Nj 

=Hi-Hr= dim) j ^0 

(2.11.6) 

(2.11.7) 

«Probleiii 2-12» Mixing in non-ideal solution 
Derive the equations for (1) heat of mixing, (2) volumetric change in 

mixing, (3) entropy of mixing, (4) Gibbs free energy of mixing and (5) 
P F 

excess Gibbs free energy of mixing AG îx defined by AG îx '̂AGmix-
^G îx* 5 for non-ideal solutions, where the subscript id means the ideal 
solution. 

(1) Heat of mixing: 
Combination of the equations for heat of mixing 
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AQ™x = lNi (Hi -H?) (1.6.1) 

and 

^(A^J/T)' 

"'""'=1 d(irT) 
'P,N: 

gives 

AQ™x = l N i \dM~j ^0 
P,Nj 

(2.11.7) 

(2.12.1) 

(2) Volumetric change in mixing: 
Following the same procedure as (1), we obtain 

AV„, = lN,(v,-V°) = S N i % l ] ^0 
i i V >/T,NJ 

(3) Entropy of mixing: 
Following the same procedure as (1) and (2), 

AS. 
1 i V /P,Nj 

(2.12.2) 

(2.12.3) 

Using activity a; and activity coefficient YJ (ai=XiYi), Ajij is expressed as 

A^i(T,P,Xo,x„-) = RTlnaj = RTln x j ^ RT l̂n Xj + In y-  ̂ (2.12.4) 

Differentiating Afij by T, one obtains 

ax 
P,N: 

ainYi 
Rln Xj + Rln YJ + RT-^— (2.12.5) 

Combination of Eqs. (2.12.3) and (2.12.5) affords 
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_ _ _ 3lnYi 
= - R X Njln Xi - R X Njln YJ - R T ^ N,-  ̂ (2.12.6) 

i i i 

(4) Gibbs free energy of mixing: 
According to the definition (See Eq. (2.3.3)), 

AG^ix = AQn,ix-TASn,ix (2.12.7) 

where 

Since Ap,j is expressed as Eq. (2.12.4), we have 

dlAil/T) ainy. 
- b N̂  = R̂ 7̂ T (2.12.8) 

a(i/T) a(i/T) ^ ^ 
Combining Eqs.(2.12.1) and (2.12.8), we obtain 

Substituting Eqs.(2.12.9) and (2.12.6) into (2.12.7), we have 

AG^i, = R T X Njlnx j + R T ^ Njlny- R T ^ Njlnaj (2.12.10) 
i i i 

(5) Excess Gibbs free energy of mixing: 
According to the definition, we obtain 

A G L = AG^ix - AG|^i,= AG^ix" R T ^ NjlnXi (2.12.11) 

Substituting Eq. (2.12.10) in Eq. (2.12.11), we have 
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AGL = RTXNMi (2.12.12) 

* Entropy of mixing for ideal solution is expressed as 

ASL = -RlNilnXi 
i 

(2.1.13)' 

According to the definition of excess entropy of mixing, 

ASL = AS„,ix-ASSi, (2.12.13) 

Substituting Eqs. (2.12.6) and (2.1.13)' in Eq. (2.12.13), we have 

ASL = -R^lNilnYi + T X N i ^ U R l N i l n Y i + ̂  (2.12.14) 

From these equations, excess entropy of mixing and excess Gibbs free energy of mixing per 
mole are derived as 

(2.12.15) 

A G L = Â l̂ î  = — ^ = R T X XjlnYi (2.12.16) 
Z.Ni i 

«ProbIein 2-13» Real solution 
How can we learn that a real solution is not an ideal solution? 

Answer 
(1) Heat of mixing AQn̂ ĵ  is not zero. 
(2) Volumetric change in mixing AV ĵx is not zero. 
(3) Excess entropy of mixing AŜ ix̂  is not zero. 
(4)n/C, AT/C and Po/Pô  depends on concentration,where AT is the boiling 
point elevation or freezing point depression. 
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Fig. 2-13 Vapor pressure depression AP plotted as a function of mole 

fraction of atactic polystyrene with the number-average molecular weight 

Mn = 2.59 X 10"̂  in cyclohexane at 34 °C. Open circles are experimental 

results obtained by Krigbaum and Geymer. The broken line represents 

Raoult's law. (See K. Kamide, Colligative Properties, in Comprehensive 

Polymer Science, Eds. C.Booth and C.Price eds., Pergamon, Oxford, 1989, 

vol. 1) 

Figure 2-13 shows the plot of AP(=Po-Po^) against Xi for atactic polystyrene-

cyclohexane system at 34°C. 

* In ideal solution, cohesive energy is completely homogeneous. If any heat of mixing is 
neglected, the mixtures are called athermal solutions. 

* We can characterize physico-chemical properties of real solutions from the deviation from 
well known standard solutions such as ideal solution, regular solution and athermal solution. 
The name regular solution was first introduced by Hildebrand (See J.H.Hildebrand, J. Am. 
Chem. Soc, 51, 66 (1929)) to describe mixtures whose behavior was found experimentally to 
have certain regularities. So the definition was essentially an empirical one. Now we 
commonly use Guggenheim's definition of regular solution, i.e., any mixtures of molecules 
satisfying all the conditions for forming an ideal mixture except that interchange energy w 
defmed in «Problem 3 - 3 » is not zero (See E.A.Guggenheim, Proc. Roy. Soc. A 148, 304 
(1935)). The molecules are thus assumed to be sufficiently alike in size and shape to be 
interchangeable on a lattice or quasi-lattice, but the configurational energy is no longer 
independent of the mutual disposition of the two or more kinds of molecules. When it is 
necessary to distinguish this use of the name from Hildebrand's ori^al use of it, it is called 
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strictly regular solutions, or for brevity, s-regular solutions. 

«Problein 2 - 1 4 » Vapor pressure osmometry (I) 
Consider the case where a drop of pure solvent at temperature To and a drop 

of solution containing No(t) moles of solvent and N, (=constant) moles of 
solute at temperature T(K), each located on a thermistor bead, are in contact 
with saturated vapor of the solvent at temperature To and vapor pressure 

Po(To)(gw/cmO. 
time dX/dt. 

Determine the change in temperature of the drop with 

Answer 
Describe the surface area of the solution drop as A, (cm ) and the area of 

contact between the solution drop and the thermistor or the thermocouple 
including the lead wire as A2 (=constant)(cm^) as shown in Fig.2-14. By 
representing the condensation rate of the solvent vapor on to the solution drop 
with dNo/dt(mole/s), the rate of heat transfer due to the condensation with 
dQ,/dt (cal/s), the rate of heat exchange due to the solution drop/ ambient 
solvent vapor temperature difference (i.e., difference in temperature between 
the solution drop and the pure solvent drop)(T-To) with dQ2/dt(cal/s) and the 
rate of the heat conduction from the solution drop to the thermistor or the 

heat transfer from drop 

heat of condensation* 

r/^Jthermoclectromotivc meter 

thermistor with surface area Aj 

solution drop with 

surface area A| 

drop to ambient vapor 

Fig. 2-14 Illustration of vapor pressure osmometer 
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thermocouple with dQ3/dt(cal/s), these rates of heat transfer dQ,/dt, dQ2/dt, and 
dQ3/dt are given by 

dQ, dNo(t) 
--~^ = A H — ^ (2.14.1) 
dt dt ^ ^ 

^ = kiA,(T.To) (2.14.2) 

^ = k2A2(T-To) (2.14.3) 

respectively, where AH is the heat of condensation (cal/mole), and k| and ki are 

the coefficients of the surface heat transfer (cal/cm^sK). The following 
exothermic or endothermic changes in the solution drop/ambient vapor system 
could be disregarded: (l)heat loss required by solvent condensed at temperature 
To for attaining to T, (2) heat production by the thermistor for self-heating, (3) 
heat dissipation due to radiation, and (4) heat of mixing of the condensed 
solvent and solution. 

Taking into account the heat balance achieved by the solution drop in 
question, the change in temperature of the drop with time dT/dt can be written 
through use of Eqs.(2.14.1) to (2.14.3) in the form: 

^ dT ^ d Q i 
CpPV^ = I - ^ (2.14.4) 

1=1 

where Cp(calg/K) represents the specific heat under a constant pressure, V 
(cm^) the volume, and p (g/cm^) the density of the solution drop. Substituting 
Eqs. (2.14.1)-(2.14.3) in Eq. (2.14.4), we have the relation for the 
temperature change of the solution droplet: 

dT 
dt '' CppV U ( ^ ] A H - ( k , A . - . k , A , ) { T - T o ) (2.14.5) 

«ProbIein 2-15» Vapor pressure osmometry (II) 
It seems plausible to assume that solvent molecules in the vapor phase 

transfer only through the diffusion mechanism when the solvent vapor 
condenses onto the solution drop. Therefore, the rate of condensation 
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dNo(t)/dt (here, No(t) is the solvent molecules of the solution drop at time t) is 
shown to be related to the difference between the saturated vapor pressure 
Po(To) (g/cm^) of the ambient pure solvent and the vapor pressure P(T) (g/cm^) 
of the solvent in the solution drop through the formula: 

* ^ = k3A,{Po(To)-P(T)} (2.15.1) 

where k  ̂ (mole/g sec) denotes the mass transfer coefficient which depends upon 
the detailed mechanism of diffusion. Modify Eq. (2.15.1) by expressing P(T) 
in terms of Po(To). 

Answer 
The vapor pressure of solvent in the solution drop P(T) at temperature T is 

related to the vapor pressure of pure solvent Po(T) through the relation: 

P(T) = aoPo(T) (2.10.3 ) 

Here ao is the activity of solvent in the solution. Since the temperature of 
solution drop T is very close to that of ambient atmosphere To, then Po(T) can 
be expressed with sufficient accuracy in the form: 

Po(T) = Po(To)-
dPo(T) 

dT /T=To 
(T-To) + ^ 

rd^Po(T)^ 

dT' 
(T-To)^ 

/T=To 

(2.15.2) 

Assuming ideal gas for solvent vapor, (dPo(T)/dT)T=To in Eq. (2.15.2) is related 
to Po(To) through the Clausius-Clapeyron equation: 

'dPo(T)^ 

dT 

AH 

>'T=T„ RX 
PO(TO) (2.15.3) 

0 J 

(See Clapeyron, J. L 'ecole poly technique 14, No. 23, 153 (1834)) 
Differentiation of both sides of Eq. (2.15.3) by T yields 

fd^PoMl 
d r 

if ^ 
AH 

LV^TQ J 

Po{To) (2.15.4) 

Eq. (2.10.3) can be rewritten by using Eqs. (2.15.2)-(2.15.4) in the form: 
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P(T) 

loPo(To) 1 + 
^ AH^ 

V^TQ ) 
(T-To) + -

\[ AH 

21RTO^ 

AH 
(T-To)^ 

(2.15.5) 
Substituting Eq. (2.15.5) into Eq. (2.15.1) we obtain 

dNo(t) 

dt 
-k3A,Po(To) 

1-ao 1 + 
^ AH^ 

(T-To) + • 
1 AH \\{ AH ^ 2 

vRTo^ iRT, 2 
0 J 

(2.15.6) 

«Problem 2-16» Vapor pressure osmometry (III) 
Using Eq. (2.14.5) for dT/dt in «ProbIem 2-14» and Eq. (2.15.6) for 

dNo(t)/dt in «Problem 2-15», derive the equation for the temperature 
difference (T-To) at steady state, (T-To)s. 

Answer 
Combination of Eqs. (2.14.5) and (2.15.6) gives 

dT - = ̂ - [ k 3 A , j l - a o f l + f ^ l ( T - T o ) 

AH AH 2 
V^TQ Toy 

T-To)= 

xPo(To)AH-(k,A, +k2A2)(T-To)] 

In the steady state, dT/dt=0. Then we obtain 

k , A , 0 - a f . j y - v , 

( ( 
1 + 

(2.16.1 ) 

AH 
(T-To) +• yRTo^/ " ' ' 2 

AH 
vRTo^ 

AH 

'•0 J 
(T-To), 

xPo(To)AH-(k,A,+k2A2)(T-To) =0 

(2.16.2 ) 
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(1) Approximate approach 
If the term containing (T-To)s^ can be neglected, Eq. (2.16.2) is simplified into 

( T - T o ) ^ -
1-an 

AH k|A,+k2A2 
(2.16.3) 

R V k3A,Po(To)AH 

Eq. (2.16.3) was first derived in a different manner by Kamide and Sanada 
(See K. Kamide and M. Sanada, Kobunshi Kagaku 24, 751 (1967)). 
Note that the steady state can be applied not only to vapor pressure osmometry 
but also to boiling point elevation method and cryoscopic method. In other 
words, the classical equilibrium theory is not valid in these methods. 

(2) Rigorous approach 
Eq. (2.16.2) can be rearranged as 

;^aoAB(AT,)'+[aoA + C']AT3-(l-ao) = 0 
2 " 

whe 

AT, 

A = 

B = 

r'  -

re 

= ( T -

AH 

RTo^ 

AH 

_ k,A 

V L w 

To)s 

2 

' T o 

H-kjAj 

(2.16.4 ) 

k3A,Po(To)AH 

D = (aoA + C')^ +2ao ( l - ao )AB 

From Eq. (2.16.5), we obtain 

-(aoA + C ' )±D" ' 

(2.16.5 ) 

AT = 
aoAB 

(2.16.6 ) 

ATs^O is the necessary condition. So, Eq. (2.16.6) with plus sign ahead of 
D"^ has a physical meaning. On the other hand, ATj can be expanded in a 
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power series of (ao-1) as 

AX rAT̂  Jd^T'^ 
V^aoy 

(ao -1) 
ao=l 

+ — 
1Td^AT^ 

ao=l 

V 0 / y 
Vdao^y 

(ao-1)^ + • (2.16.7) 
ao = 

From Eq. (2.16.6), we can calculate (dAT/dao), (d̂ AT/daô ) and (d̂ AT/daô ), 
and the results are: 

dAT 

^̂ 0 ABao^D 

d̂ AT 

4 {-aoA(B+C')-C'̂  +C'D''H (2.16.8) 

da. 

1 
ABan^D " | - A ( B . C - ) . C - ' ^ < ^ » ^ ^ ^ ' ) ; g - ' ° ' " ^ ° ^ ^ ° } a . ' D " ' 

-{-aoA(B + C')-C'2+C'D"^} 

2A(aoA + C) + 2{(1 - ao) - ao}AB] 
x-{2aoD"^ +ao^ 

2D 

= ̂ ^g^[{aoA(B + C')-2C'^}D"2 -2C'D + 

X {A(ao A + C) + (1 - 2ao )AB}] 

d̂ AT 1 

ao{aoA(B + C') + C'^} 
'D + !̂  775 ^ 

(2.16.9) 

daô  ABaô D^ 

X([A(B + C')D"^ + {aoA(B + C) + 2C'^}{A(aoA + C) + (l - 2ao)AB}D"^ 

- 4C'{A(aoA + C) + (l - 2ao)AB} + D""' {ao A(B + C) + C'̂ } 

c {A(aoA + C) + (1 - 2ao)AB} + aoA(B + C'){A(aoA + C) + (l - 2ao)AB} 

•ao({aoA(B + C') + C'̂ }(A^ - 2 A B ) ) (2.16.10) 

Using Eqs. (2.16.8)-(2.16.10), we obtain equations of (dAT/dao) at ao=l 

X-

+ ; 
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(designated as (dAT/dao)ao=i), (d^AT/dao )̂ atao=l, (d̂ AT/daô )ao=i and 
(d^AT/dao )̂ at ao=l, (d^AT/dao )̂ao=i, respectively, as 

''dAx'̂  1 

d^AT 

ao=l 

l ^ao J 
d^AT^ 

A + C 

A 

ao=. (A + C ) 
- { 2 ( A + C ' ) -B} 

vdao y 
^ - - 6 A ( A + C') + 3 B ( A - C ' ) + 3 A B - ^ ^ ^ 

. , (A + C ) . 

Substitution of the relationships between ao and C 

l - a o = V o 
M I ^ 2M^ 

/ 
A , - A , - ^ + -

iVo^ 

V M 6 M-

A + C 

C^+-

(2.16.11) 

(2.16.12) 

(2.16.13) 

^ ^' \MJ { ^ 2 MJ M 

(2.16.14) 

(2.16.15) 

(2.16.16) 

(Note that Eqs. (2.16.15) and (2.16.16) are derived from Eq. (2.16.14), C in 
these equations means concentration (g/cm^) and A2, A3 are the second- and 
third virial coefficients determined by membrane osmometry) into Eq. (2.16.7) 
gives 

A T 3 = - | 

+ 

dar, 

dAT. 

1=1 
M 

da 0 J an=l 

dAT. 

da 0 ^a„=I 

2M^j ' 2tdao^ Ĵ^̂  IM 

V A T , ] 

d^o^ Ja„=. 

x2 A 
2 MJ M 6 d^o^ Ja„=, M 

(2.16.17) 

In deriving Eq. (2.16.17), (ATs)ao=i=l was considered. 
Substitution of Eqs. (2.16.11)-(2.16.13) into Eq. (2.16.17) yields 
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AT, = K, 

with 

^ j + A2,,C^+A3.,C^+- (2.16.18) 

K = - ^ = ^^ (2.16.19) 
A + C _Mi_ k.Ai+k^A; 

RTo'''k3A,Po(To)AH 

where Vo(cm /̂mole) is the molar volume of solute, M the molecular weight of 
solute, A2,v (mole cm^/g^), Aŝ v (mole cm^/g^), the second- and third virial 
coefficients determined by vapor pressure osmometry, Ks the calibration 
parameter depending on the nature of solvent (Po(To), AH) as well as the 
dimensions of an apparatus (k|, k2, Ai and A2) in a very complicated manner. 
Ks is experimentally determined by using 

 ̂ ^'" (2.16.20) 
KMiml^JM 

for the standard system of a solute with definite M in a solvent. 
Combination of Eqs. (2.16.3) and (2.16.14) gives Eqs. (2.16.18) and (2.16.19). 
In this case both approaches yield the same results. 

* Typical example for the application of the above method is shown for the system 
polystyrene in benzene in Table 2-16. (See K.Kamide K.Sag^miya & C.Nakayama, 
Makromol Chem. 132,15(1970); K.Kamide, Kobunshi Kagaku 25,64^ (\96S)) 

«ProbIein 2-17» Vapor pressure osmometry (IV) 
According to the classical equilibrium theory of vapor pressure osmometry, 

the temperature difference at equilibrium state (T-To)e is given by 

(T-To)^ = K , | g ] + A,.,C^+... | (2.17.1 ) 

with 

V RT ^V 
K=.Z± =  ^loJl  ̂ (2.17.2) 

' A AH 
Show that these relationships are a special solution of the general theory (steady 
state theory): 
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( T - T o ) , = K , | ( ^ ^ ] + A , , C ^ + A 3 , C ^ + . . . | 

Ks = 
AH 

1 + 
RX 

2 ^ 

= K,/- 1 + 
rk^AjjHcjAj^ RT 

PO(TO)AH^ 

2 M 

PO(TO)AH^ 
7J 

(2.16.18) 

(2.16.19) 

Answer 
In the equilibrium theory any heat transfer except heat of condensation (Qi) 

is assumed to be neglected. In other words, 

dQ2/dt = 0 

dQ3/dt = 0 
(2.17.3) 

or 

k, =0 

kj = 0 

are assumed. Putting Eq. (2.17.4) into Eq. (2.16.19), we obtain 

K , ( k , = k , = 0 ) = ^ ^ . K , 
^ '' AH 

(2.17.4) 

(2.17.5) 

In any practical case ki#=0 and k2=#0, the equilibrium state can never be 
realized. The term (k,A,+k2A2)RTo^/(k3A,Po(To)AH2) in Eq. (2.16.19) is 
always positive. Then the inequality Ks<Ke holds. 

«ProbIem 2 - 1 8 » Vapor pressure osmometry (V) 
Derive the relationship between the second- and the third virial coefficient 

determined by vapor pressure osmometry (VPO) and those determined by 
membrane osmometry: 
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^ 2 , v ~ ^ 2 , 0 "̂  AH 2 

^ K ^ 

V^ey K. 2| 
(2.18.1) 

•^3,v —-^S.o+^Ajo 
^V^ 

vMy 
RTo n K3 
AH 2 K ey 

K, 1 
K. 2 

r , , 2 \ 

. Ml , 

- 4 ^ 

AH 2 
^_1 
AH 2 

(Ky K. 

V^-ey K, 
- 2 

^ K ^ 

V^e/ 

+ 
^KV 

v^^ey 

Ks 1 
— ^ + -

K, 6 
(2.18.2) 

Here, Aio and A3 o are the second- and the third virial coefficients in Eq. 
(2.8.10) determined by membrane osmometry 

" = RT{(^^1+A,,„C + A 3 , C ^ + - (2.8.10)' 

Answer 
Eq. (2.16.17) is rearranged with Eqs. (2.16.11)-(2.16.13) in the form 

' A + C M 
[ 

A + fC'l '" 2M=J ° 2(A + C') (M) 

,_J_|A3„-A,„^.lf^YK A + C'[ '•" '•" M 6 V M ; J " 

+ - ^ { 2 ( A + C ' ) - B } 2 f A , „ - - ^ l ^ ' 
2(A + C') H • 2M'JM 

- - 7 - ^ { - 6 A ( A + C) + 3B(A - C) + 3AB - | ^ | f ^ T 
6(A + C') 1 ^ > ^ ' A + C'JVMJ 

|C^+-

(2.18.3) 
Comparison of Eq. (2.18.3) with 
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AT,=K,o ^ j + A 2 , , C ^ + A 3 , , C ^ + -

affords us the evaluation of A2,v and A3 y. That is, we obtain 

^ 2 , v ~ A 2,0 
M M 2 K. 2 

f K , n 1 K , A K^ •̂ s.O *^s,0 

Ke Vo T 

(2.16.18) 

(2.18.4) 

Using the relationship 

(2.18.5) 

which is derived from Eqs. (2.16.19) and (2.17.5), Eq. (2.18.4) is directly 
converted into Eq. (2.18.1). 
In a similar manner, we have 

•^3,v -
A + C 

Vo 
-

I dao J 
^ 3 , o ^ 2 , o • + -

IVo^ 

ao=l 
M 6 M^ 

d'AT. 

da 0 Van^l 

1 VoWo^ ifd^AT, 

•̂° 2 M^ J M 6 i da ^ 
0 >ao=l 

" 0 

M 

= A, - -

1 
+ — 

1 V„ 

3 M̂  I '̂° 2 M ^ ; M 
i ^ ^ ^ AB-(A + CO(A-CO 

(A + C'f 

2 (A + C')'L 
(A + C')̂  2A( C - - 1 + C { A - -11 + Af A - -

V 2 

M-

Here 

(A + CO(C^-A) - fAB_ _ fK 
/ \ 2 (A + C ) 

and 

1 A 

vKe 

s 1 ^ s 
K 

ey 

K3 K,,o 2 

K e ' K, T 

(2.18.6) 

(2.18.7 ) 

2(A.c'rL''^'W-^)-''("-i^r-T 
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2I K 

K 

ej 

\' 

1 
+ -

2 

v^ey 

K. 1 
• — + 

^K ^ 

Vn T y^ej 

2 / 

K, K. 1 

K. Vo T K 
K. 

e y 

V^o y 
(2.18.8) 

Substituting Eqs. (2.18.7) and (2.18.8) into Eq. (2.18.6), we obtain 

^ 3 , v " - ^ 3 , 0 
M 

'•2.0 1 - 2 ^ + 
v^ey .KeJVo T 

V. 
M̂  

^ + 2 
6 K. v^ey 2 t K e J K, Vo T 

CM 

CD 
en 
E 
u 
Q> 

0 
E 

VM>^ 

• 1 ^ 
0 

« 

E 
.<l» 
h-
• 0 
C 
0 
0 

if) 

JO 

0.2 

0 

-0.2 

-0.4 

-0.6 

-0.8 

- 1 0 

-1.2 

1 08^^ 

0 . 6 ^ 

1 /^^ 

1 ^ 0 . 2 ^ 

1 / / 

rill 

To 1 

/o 

1 J 

10-= 10' 
M 

10* 

Fig. 2-18 Dependence of the second term in the right-hand side in Eq. 
(2.18.1) on molecular weight of solute M for benzene solution at 37 °C. 
Various values for Ks/Ke are indicated on curves. (See K. Kamide, K. 
Sugamiya and C. Nakayama, Makromol Chem. 132, 75 (1970)) 
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(2.18.9) 

It is worth noting that Eq. (2.18.9) was derived by neglecting the terms of the 
order higher than the third on the right-hand side in Eq. (2.18.3). Therefore, 
Eq. (2.18.9) is a closely approximate expression for As.v Using Eq. (2.18.5), 
Eq. (2.18.9) is rearranged to Eq. (2.18.2). Eqs. (2.18.1) and (2.18.2) indicate 
that generally the second virial coefficient determined by VPO, A2,v, does not 
coincide with that determined by membrane osmometry, A2,o-

'•2,v ^A 2,0 (2.18.10) 

«Problein 2-19-a» Vapor pressure osmometry (VI) 
The efficiency of measurements in vapor pressure osmometry is defined by 

( T - T O ) 
s _ ^ s _ 1 (2.19.1) 

( T - T O ) ^ K , ^^(k,A,+k2A2) RTQ' 

kjA, "AH^PO(TO) 

Discuss the experimental conditions effective to improve the efficiency on the 

Fig. 2-19 Theoretical relationships between the efficiency K /̂Ke (ref. Eq. 
(2.19.1)) and vapor pressure of solvent Po(To) (mmHg), where AH = 7 x 10̂  
(cal/mol) and To=300 K. (See K. Kamide, M. Sanada, Kobmshi Kagaku 
29, 751 (1967)) 
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basis of Eq. (2.19.1). 

Answer 
In order to increase the ratio Kg/Ke, it is effective 

(1) to increase drop size (through the increase in Ai) 
(2) to measure at lower temperature (To) 
(3) to utilize solvent with larger heat of condensation (AH) 
(4) to utilize solvent with higher vapor pressure (Po(To)) 
(5) to measure at lower atmospheric pressure (difflisibility of gas is 
approximately inversely proportional to atmospheric pressure ?„. Then as Pn 
decreases diffusion coefficient increases and ks increases) 
Note that the measuring efficiency does not mean the sensitivity. 

«Problem 2-19-b» Vapor pressure osmometry (VII) 
Discuss the effect of vapor pressure of solvent Po(T) on the sensitivity of 

vapor pressure osmometry on the basis of Eq. (2.16.19) or Eq. (2.19.1) 

(2.16.19) 

Vo _ 
A+C AH 

RTo' 

Vo 
K 1 J\ |"r K2 A 2 

'k3A,Po(To)AH 

^Jk,A,+ k,A,) RTQ̂  (2.19.1) 
k , A , 'AH^PofTo) L3 r-n 

and calculate Ks/Ke as a function of Po(To) in case of (k,Ai+k2A2)/k3A3 (cal 
g/mol cm^) = 5 X 10\ 1 x 10\ 2 x 10\ 4 x 10^ AH (cal/mol)=7 x 10^ 
T(K)=300. 

Answer 
As Po(To) increases both Ks and Ks/K^ increase. Fig. 2-19 show Po(To) 

dependence of Ks/K^ . 

«Problem 2 - 2 0 » Vapor pressure osmometry (VIII) 
Discuss the conditions under which 

A , , = A , , (2.20.1) 

is realized. 
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Answer 
A2,v is related to A2,o through Eq. (2.18.1) 

v2 r 
^ 2 , v ~ ^ 2 , 0 "*" 

AH 2 

^K V 

v^ey K. 2 
(2.18.1) 

When Eq. (2.20.1) is satisfied, Eq. (2.18.1) is converted to 

^RTo 0 ^ 
—^ + - ^ - - = 0 

K, 2 vKe AH 2 

From Eq. (2.20.2), we obtain 

1 K 

K 

1 + 1 
V 

2RTo 
AH 

When the ratio Ks/Ke is in agreement with Eq. (2.20.3), Eq. (2.20.1) 
In case where 

Ks=Ke 

is hypothetically valid, Eq. (2.18.1) is simplified into 

^ 2 , v "" ^ 2 . o "̂  
Vo RTo 

= A2.o + 
K, 1 

M^ A H ; "'" To M^ 

Generally, the relationship 

K e « T o M 2 

holds, then Eq. (2.20.5) is reduced to 

"•2,\ = -^2 ,0 

(2.20.2) 

(2.20.3) 

is realized. 

(2.20.4) 

(2.20.5) 

(2.20.6) 

(2.20.1)' 

* Putting R(cal/(degmoie))= 1.987, To(K)=300, Vo(mymol)=100, AH(cal/mol)=l x 10\ 
M=300, we obtain Ke= 1.8 x 10^«ToM ̂ =2.7 x 10'. 
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Chapter 3 Lattice Theory 

«ProbIem 3 - l » Lattice theory for low molecular weight solution 
Suppose a binary mixture consisting of Â ^ molecules of A and N  ̂ molecules 

of B on a lattice with a coordination number z (each molecule has z nearest 
neighbors). Here, the total number of sites Â  is the sum of Â A and ÂB*-

N = N  ̂ +  N  ̂ (3.1.1) 

We consider only the interactions between the nearest neighbor molecules and 
denote the interaction (potential) energy for a pair of molecules A-A, B-B and 
A-B as e^A' ^BB and ê B (^^BA)' respectively, and the numbers of the three pairs 
byPAA. PBB^ndP^. 
(1) Evaluate P ^ and Pge when P ^ is given by 

P A B - ^ ^ (3.1.2) 

(2) Evaluate the total lattice energy E (with neglecting non-nearest neighbor 
interaction) 

(3) Show that with a formation of single pair A-B, the increase in the lattice 
energy is given by 

e=e^-§AA±eBB 

(4) Discuss the sign of e in relation to the solvent nature. 

(3.1.3) 
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Fig. 3-1 Monomeric solute molecules distributed over a liquid lattice 
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Answer 

(1) The total number of pairs being originated from A is ZÂ A? which is the 

summation of two times P^A and PAB? that is, 

ZNA=2PAA+PAB=2PAA+ZX (3.1.4) 

Then we obtain 

PAA = Z ( A ^ A - X ) / 2 (3.1.5) 

Similarly, 

PBB = Z ( A ^ B - X ) / 2 (3.1.6) 

(2) Total lattice energy E is 

E=PAAeAA +PABeAB +PBBeBB (3.1.7) 

From Eqs. (3.1.2), (3.1.5) and (3.1.6), we obtain 

(3) In Eq. (3.1.8), the first two terms correspond to the interaction energy for 
pure components before mixing, and the third term to the interaction energy 
generated by mixing. Then, we have Eq. (3.1.3) for the interaction energy 
for forming a single pair A-B. 

(4) The lattice energy EQ for Â A molecules of pure A and N  ̂molecules of pure 
B before mixing is given by putting X=0 in Eq. (3.1.8) as 

f̂ A^AA + f̂  Eo = ^A^AeAA + ?^BeBB (3.1.9) 

Then the energy of mixing AE is given by the difference E-EQ: 

^ = z x [ 8 A B - ^ ^ ^ ^ ^ ) = z X e (3.1.10) 

The energy increases by mixing when e>0. In this case, mixing is not favored. 
When e<0, mixing is favored. Note that, in practice, the entropy contribution 



52 

can never be ignored and we cannot judge the solubility simply from the sign 
of e. 

* Coordination number z is defined as the number of the nearest-nei^bor lattice points of 
an arbitrary lattice point, z of a simple cubic lattice, a body-centered cubic lattice and a face-
centered cubic lattice are 6,8 and 12, respectively. A lattice with z=12 is called close-packed 
because no higher value of z is geometrically possible. 

* Usefulness of the lattice theory in study of the mixing entropy of polymer solutions were 
suggested also by Meyer and Mark (K. H. Meyer and H. Mark, Hochpolymere Chemie, Bd. 
2, p549 (1940)). (See also N. Saito, Polymer Physics, Shoka-Bo, p 108, 1960) 

«ProbIein 3 - 2 » Bragg-Williams approximation 
Evaluate V^^'m Eq. (3.1.7) in case of random mixing [i.e., the case 

Answer 
Choose two neighboring sites ((i) and (ii)) on the lattice. Then the 

probability of molecule A on (i) is 

^ ® = ^ P.2.1) 

and the probability of B on (ii) is 

Then the probability that a given (i)-(ii) pair is a pair A-B (A(i)B(ii) or 
A(ii)B(i)) is given by 

ÂA + Â B ÂA + Â B (A^A + A^B)2 ^^'^'^^ 

In Eq. (3.2.3), the factor 2 is multiplied in order to take into consideration the 
two cases: Case 1; A is located on (i) and B is located on (ii) and Case 2; B is 
on (i) and A is on (ii). P^B is given by the product of the factor of Eq. (3.2.3) 
with the total number of nearest neighbor pairs in the system z{Nj^N^I2 as 
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PAB = Z — - — (3.2.4) 

Consequently, the parameter X is obtained as 

for random mixing. This assumption is called the Bragg-Williams 
approximation. This is also referred to as the zero-th approximation. 
Combination of Eqs.(3.1.10) and (3.2.5) leads to 

4H = ^ = E z X = e z ^ ^ ^ - ^ (3.2.6) 

* Bragg and Williams proposed the above assumption in their study of the arrangement of 
atoms in an alloy (See W. L. Bragg and E. J. Williams, Proc.  Roy. Soc. A145, 699 (1934)). 

«ProbIem 3 - 3 » Free energy of mixing for random mixing 
Consider two kinds of molecules A and B sufficiently similar in size and 

shape so that they are interchangeable on a lattice. Assume a crystal of the 
pure substance containing N molecules of A has an energy -Nx^ when all the 
molecules are at rest on their lattice points and the zero of energy is defined as 
that of the molecules at rest at infinite separation. If interactions between 
pairs of molecules are not nearest neighbors, we may regard ''2XpJz as the 
mutual energy of neighbors both at rest on their lattice points. The mutual 
energy -Ix^/z is similarly defined for the crystal B. If we mix the two 
substances, there will be contributions to the potential energy of the crystal 
from AB pairs of neighbors as well as from AA and BB pairs. The mutual 
energy of a pair of neighbors, one A and the other B, is denoted by ('XA' 
XB+W)/Z and w is called the interchange energy. Let's mix A^(l-x) 
molecules of A and Nx molecules of B on the lattice. Derive the expressions 
for (1) the partition function Z, (2) the change in free energy AF ĵ̂  by 
mixing (i.e., free energy of mixing), and (3) the partial molar free energy of 
mixing for each component AF̂ îx̂  and AFĵ ĵ ^ , on the assumption of w=0 
(^AA=^BB=^AB)-
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Answer 
(l)The partition function Z is expressed as 

Z = coWx)e-^ ' ' ' ' (3.3.1) 

Here, co(A ,̂x) is the total number of distinguishable ways of arranging NA='N 
(1-x) identical molecules of A and NB=NX identical molecules of B on the 
lattice, and thus, the number of combinations of taking A (̂ 1-x) lattice sites 
from total Â  lattice sites at a time, 

co(N,x) = 
{7V(1-X)}!{A^X}! 

AE, the energy of mixing is given by 

Substituting Eqs. (3.3.2) and (3.3.3) in (3.3.1), we obtain 

m 
z= {yV(l-x)}!{A^x}! exp |A^(l-x)%A + ^xXB|/kT 

(3.3.2) 

(3.3.3) 

(3.3.4) 

(2) Helmholtz free energy F is related to partition function Z through the 
relation 
F = -kTlogZ (3.3.5) 

where k is the Boltzmann constant. Substituting Eq. (3.3.4) for Z in Eq. 
(3.3.5), we obtain the free energy for the binary mixtures of A and B, 

F = -kTlogZ = -Ar(l-x);i:A-^x;^B + ̂ T / ( l - x ) l o g ( l - x ) + x logx | 

(3.3.6) 
In derivation of Eq. (3.3.6) we utilize Stirling's approximation 

\ogNl = NlogN-N (3.3.7) 
The free energy of the system consisting of pure A and pure B, Fo, is given by 

Fo = -Ar(l-x)XA--/VxXB (3.3.8) 
Then the free energy of mixing AF ĵ̂  is obtained as 

^mix = F-Fo = ̂ T { ( l - x ) l o g ( l - x ) + xlogx| (3.3.9) 
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* Since at constant pressure the e>q5ression for Gibbs free energy of mixing AG îx for the 
lattice is the same as that for Hehnholtz free energy of mixing AFmix, Eq- (3.3.9) is identical to 
Eq. (2.3.1) for ideal solution. Thus, the assumptions that two molecules in the solution are 
interchangeable and the interchange energy is zero (random mixing) are the conditions 
sufficient for a mixture to be ideal. _ _ _ _ _ _ _ _ _ « _ 

(3) Partial molar free energy of mixing of the component A is calculated as 

. ^ A ^ ^ m i x , ^ , / X \ 

^ - ^ T ^ = = ^ ^ ^ ° ^ \ r : ^ / (3.3.10) 

Similarly, AF ĵ̂  is obtained as 

AF;^i, = kTlog 1 ^ 1 (3.3.11) 

«ProbIem 3 - 4 » Free energy of mixing for athermal solution 
The partition function Z for athermal solution is given by 

^ ^ ^ ^ ^ ^ ^ ' ^ ^ ^ "'̂ P | - ^ ( ^ . ^ n + ^ 2 % ) | (3.4.1) 

where we consider the case that iV, molecules of A and N2 molecules of B are 
placed on N1+N2 lattice sites with lattice coordination number z (i.e., the 
number of the nearest neighbors of a site), q, and q2 are the partition 
functions relating to the molecular motions of molecules A and B, respectively, 
around a lattice site, and £,, and £22, the interaction energy of A-A pair and B-
B pair, respectively. On the basis of Eq. (3.4.1), derive (1) Gibbs free 
energy, (2) chemical potentials of A and B, |ii and 2̂̂  ^^^ (3) entropy of 
mixing AS^ix- Here, assume that the total volume of the mixture V can be 
considered as the summation of the volumes of pure liquid A and pure liquid B, 
that is, 

V = 7V,V,-hAr2V2 (3.4.2) 

where V, and V2 are the volume of a molecule in pure A and B liquids, 
respectively. 
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Answer 

(1) Partition function Z is related to Helmholtz free energy F and Gibbs 
free energy G as 

F = -kTlogZ (3.3.5) 

G = F + PV = - kTlog Z + PV (3-4.3) 

Substituting Eq. (3.4.1) for Z in Eqs. (3.3.5) and (3.4.3), we obtain 

G = - kT [ (A î + A 2̂) log (A î +/V2) - N^logNi - A ĵlog Â2 

+ NM<\x+N2\ogq2-^(N,ei^+N2e22)] +  P{N^W,+N2W2) 

(3.4.4) 

In derivation of Eq. (3.4.4), Stirling's approximation (Eq.(3.3.7)) is used. 

(2) The chemical potential |Xi is obtained by partially differentiating Eq. 
(3.4.4) with respect to A'']NA as 

dG 
^̂ l = bx^ NA 

NA (3.4.5) 

Here we denote the chemical potential of pure liquid A at T and P as ̂ li : 

[iM -kTlogq,+|eii+PV,K (3.4.6) 

Then Eq. (3.4.5) is reduced to 

^ , = ^ i ^ + RTlogx, (3.4.7) 

where x, is the mole fraction 

" ' = ( A ^ T A ^ (3.4.8) 
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Similarly, we obtain 

H2 = H2̂  + RTlog X2 (3.4.9) 

(3) The chemical potential |Lii is related to the partial molar entropy S, by 

^ , . S , - S , « = - ? i t | ^ P.4.10) 

Substituting Eqs. (3.4.7) and (3.4.9) in Eq. (3.4.10), we have 

ASi = -RlogXi (i=l,2) (3.4.11) 

The entropy of mixing is expressed as 
AS„î  = S-S° = ZNi(Si-S|') =ZNiASi=-k(yV,logx,+^2logX2) (3.4.12) 

«ProbIem 3 - 5 » Flory's theory (I): 0*" approximation theory for 
polymer solution 

Calculate the total number of ways w of arranging vV, identical polymer 
molecules, each of which is composed of n chain segments, and Âo identical 
solvent molecules on the lattice consisting ofN (=No+  nNO sites. Here, 
assume that a chain segment is equal in size to the solvent and neglect the 
possible variation of the energy for given ways of arranging the polymers and 
solvent molecules. 

Answer j , . , • /t-
A segment or a solvent molecule can be located on a site of the lattice (l^ig. 
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Fig. 3-5 Segments of chain polymer molecules located on a liquid lattice 



58 

3-5). Let's insert each segment of the first polymer molecule and the second, 
the third,... polymer molecules. After / / ' -1 polymer molecules have been 
inserted previously, polymer molecule Â ' is inserted. The total number of 
the arrangement of this case is denoted by v^.. Then, w is given by the 
product of Vj for each molecule added consecutively to the lattice divided by 
TV,! as 

w = ^ v , V 2 V 3 . . . v ^ ^ (3.5.1) 

Here, note that all A'̂ , polymer molecules are indistinguishable from each other. 
The way of arrangement of Âo solvent molecules on the remaining lattice sites 
Â -n/V, (̂ =Â ô  is evidently unity. Next let's evaluate v^^/for polymer Â '. 
Let's define the number of ways of arranging the first segment (in this case, the 
end segment) on the lattice as v̂ .̂ ,, and that of the second segment neighbor 
to the first segment as v̂ ,̂ j v , then v̂ .̂ is given by 

v^ = (l /a)v^;,v^2-VVn (3.5.2) 

Here, a is two for the case when the head and the tail of a polymer molecule 
are indistinguishable and one for the case when the head and the tail are 
different. When we try to insert the first segment of molecule N' into the 
lattice, A '̂-l polymer molecules, that is, n( A^'-l) lattice sites have been 
arranged previously. Then the first segment can be inserted on the remaining 
sites N'(n(N'-l)). That is, v^., coincides with the total number of vacant 

sites, 

v ^ - i = A ^ . n ( V . l ) (3.5.3) 

The second segment can only be inserted to any of the z neighbors of the site 
occupied by the first segment of polymer molecule Â '. Note that the first 
and the second segments are directly connected. It can never be considered 
that all the z neighbors are vacant, because Â ' -1 polymer molecules have been 
arranged previously on the lattice. Let's assume that the probability of 
occupation of a given neighbor site by any segment of 1 -^ Â ' -1 polymer 
molecules equals the average probability of occupancy n(N''l)/N, that is v̂ y. 2 
is given by 

v^'2^z[l-niN-l)/N) (3.5.4) 
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This assumption is equivalent to assuming that the average concentration of the 
polymer segments in the site adjacent to the sites unoccupied by the polymeric 
solute is taken to be equal to the overall average concentration. Similarly, the 
third segment is located at a site immediately adjacent to the site occupied by 
the second segment. In this case, one site occupied by the first segment 
eliminates one of the neighboring sites; one of the neighboring sites of the 
second segment has been occupied by the first segment, and the third segment 
can be located on a vacant site among (z-1) sites; 

Vv3 = ( z - l ) { l - n ( y v ' - l ) / A r } (3.5.5) 

All expected numbers Vŷ . 4, v̂ y. 5,... for each successive segment are taken to 

be equal to (z-l){l-n(A^'-l)/A^, that is, 

V;v,4 = V^'5= ...V^;„ = ( z - l ) { l - n ( N ' - l ) / A r } (3.5.6) 

Substituting Eqs.(3.5.3)-(3.5.6) in Eq. (3.5.2) yields 

v^- = c' z(z-l)"-' ( N - n (N-DYN'M (3 5 7) 

Substituting Eq. (3.5.7) for v^. in Eq. (3.5.1), we obtain 

w=-—^^z^Kz-l)^'^""V^""^^^'/MA^-n)(A^-^^^ (3.5.8) 

The term { } in the right-hand side of this equation can be simplified as 

JV( yV̂- n) ( yV̂ - 2n ) - [ TV- n (y^ . 1 ) ] 

=(-:)(-:-)(f|-(f(-'))" 
Ly/n)! ^ {jV/n)\ ^ 

(y\^-nyV;)/n ! (>%/nj! 

Then, Eq.(3.5.8) reduces to 
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yv,!a^' W n ) ! (3.5.10) 

* Flory proposed 0* approximation theory in 1941-1942. (See P. J. Flory, J. Chem. Phys. 9, 
660 (1941);/7?/V/ 10,51(1942)) 

«ProbIein 3 - 6 » Flory's theory (II): Entropy of polymer solution 
The total number w of ways of arranging Â i identical polymer molecules 

and Âo identical solvent molecules on N (=NQ-^ nN^) lattice sites with the 
coordination number z is given by Eq.(3.5.10). Derive the entropy of the 
polymer solution using Boltzmann's principle 

S = klogw (3.6.1) 

where k is the Boltzmann constant. 

Answer 
Substituting Eq. (3.5.10) for w in Eq. (3.6.1), we obtain 

S = klogw = k l o g ^ ^ ^ ^ 
a ^1 

-k logyWi! + (n-l)yV^,logyi^-mV,logn-nlog(yV^/n)!+nlog(yV^o/n)! 

(3.6.2) 
Using Stirling's approximation of Eq.(3.3.7), Eq. (3.6.2) reduces to 

S-'^^^g ^ . 

-k< y^log yV,+ (n-l)yV,log A^- nyVjIog n-yVHog - + ̂ V̂ olog — + ^- (^i+^o) 
n n 

(3.6.3) 

Equation (3.6.3) can be rearranged in the form 
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(3.6.4) 

«ProbIem 3 - 7 » Flory's theory (III): Entropy of mixing for polymer 
solution 

Entropy of mixing AS for polymer solutions is defined by 

Here, S is the entropy of the mixture and S** is the summation of the entropies 
of pure liquid solvent and the amorphous disorientated polymer solid. AS is 
closely correlated with the configurational entropy of the system. Using 
Eq.(3.6.4), determine ASmix. 

Answer 
The entropy for pure liquid solvent is S at iV, =0 and the entropy for an 

absolutely amorphous solid is S at A'o=0 in Eq. (3.6.4). Then S° is given by 

0 z'̂ '(z-l)'̂ '<"-^^ 
°= S(iV,=0)+S(A ô=0) = kl- ~ ^ ^ 

Then, ASmJx is obtained as 

S 
/ 

V 

S"= S(iV,=0)+S(iVo=0) = klog " ^""'; + IdVjlog n - k (n - l)iV, 
" (3.7.2) 

AS„,i, = S-S° 

= -k 
^ 0 1 ^ . 

^ » ^ ° ^ ^ ^ " ^ ' * ° ^ ^ ^ l (3-7.3) 

If we define the volume fractions of solvent and polymer, (t)o and (  ̂j by 

^« = ] V o T ^ (3.7.4) 

nAT, 

No + nNi <l>l=x. .l.r (3.7.5) 
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Eq.(3.7.3) is rewritten as 

ASmix = - k (yVolog % + yW,log 0, ) (3.7.6) 

On the other hand, from Eq. (3.4.12) the entropy of mixing for ideal solution ASĵ ĵx is 

/ 

^olog 
/V^n 

JVo + ^'^ 
+ ^i log 

>Vi 

Â o + Â i 
= -k(yyoiogxo+yv^,iogxij 

J 
(3.7.7) 

where XQ and Xi are the mole fractions of solvent and solute, respectively. By comparing 
Eq.(3.7.6) with Eq.(3.7.7), it is clear that the entropy of mixing of polymer solutions can be 
expressed by the volume fraction in place of the mole fraction. 

*Eq.(3.7.6) does not contain z. Therefore, Eq.(3.7.6) is expected to be valid, regardless of 
the lattice model. Figure 3-7 shows the plots of ASmix vs. logxi for polymer and ideal 
solutions. 

* In deriving Eq.(3.7.2), we used the relationship 

limx log X = 0 
x->o 

(3.7.8) 

0 0.5 1 1.5 2 2.5 3 

lOgXi 

Fig. 3-7 Calculated entropy of mixing for No=9 and Ni=l. Solid, broken 

and chain lines denote the entropy of mixing for polymer solution (Eq. 

(3.7.6), ideal solution (Eq. (3.7.7)) and the difference of them (ASmix-

ASmix'"̂ ), respectively. 
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Proof: On putting x=l/t, the left-hand side of Eq. (3.7.8) can be rewritten as 

lim X log X =lim -(log t)/1 = - lim 1 /1 = 0 

«ProbIein 3 - 8 » Flory's theory (IV): Partial molar entropy of mixing 
of solvent and polymer 

Consider a system consisting of Â , polymer molecules, each occupying n 
sites, and Âo solvent molecules, each occupying one site, the total number of 
sites being A =̂ii/V, H-A/Q- The entropy of mixing of disorientated polymer and 
solvent is given by 

ASmix = - k (yvyog <|)o + ^ilog 01J (3.7.6) 

Here, 00 and 0 j are the volume fractions of solvent and polymer, respectively. 
Using Eq. (3.7.6), derive the partial molar entropy of mixing of solvent and 
polymer, ASQ and AS,. 

Answer 
The partial molar entropies of mixing of the solvent and the polymer are 

obtained by differentiating the entropy of mixing ASmix with respect to the 
number of moles NQ/NA of solvent molecules and to the number of moles 
A^J/NA of polymer molecules, as given by 

respectively. From Eq. (3.7.6) we obtain 

-NA = - R log 

= -R^log( l -< | ) , ) + l l - i | ( | ) , } (3.8.1) 
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^ ^ S n . i x . . ^ - ^ 0 . , ^X . ^ 0 

= -R | ( l -n ) ( t )o + log(l.(t)o)| (3.8.2) 

Accordingly, 

ASo = - R | l o g ( l - 0 , ) + l-ij(t)A (3.8.3) 

A S i = . R / ( l - n ) ( t ) o + log(l - ( t )o) \ (3.8.4) 

Note that Eqs. (3.8.3) and (3.8.4) are valid for the solution of random mixing. 

«Problein 3 - 9 » Flory's theory (V): van Laar-Scatchard approximation 
van Laar and Scatchard showed that the heat of mixing for regular 

solution which consists of ÂQ solvent molecules and Â i solute molecules is 
given by 

where e is the change in energy for formation of an unlike contact pair (0-1 
pair) and z is the lattice coordination number. Now consider Â i polymer 
molecules, each consisting of n segments as solute, and derive expressions for 
the heat of mixing AHmix and the partial molar heat of dilution of the solvent 
and of the polymer AHQ and AHi, respectively. 

Answer 
Suppose that AHmix is proportional to the total contact number between 

polymer segments and solvent molecules. Eq. (3.2.6) can be rewritten by 
replacing Â , with nÂ , in the form 

m^,= ezN^N,l[N^^nN,] (3.9.1) 

AHo and AH, are defined by (See Eq.(1.2.12)) 
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r)AH 

^ " ^ ^ ^ a A ^ (3.9.2) 

aAH 

^ • ^ ^ ^ a A ^ " (3-9-3) 

respectively. Combination of Eq.(3.9.1) and Eq.(3.9.2) or Eq.(3.9.3) leads to 

AHo = BN,^ ^ = BN,(|),2 (3.9.4) (Â o + nA î) 
2 

AH, =BN. "^" ,2=BN^"<l>o' (^-^-S) 
(Â o + nAT,) 

HereB = ez. 
van Laar-Scatchard equation (Eq. (3.2.6)) is derived on the assumption of 
random mixing. (See J.J. van Laar, Z phys. Chem. A 137, 421 (1928); 
G.Scatchard, Chem. Rev, 8, 321 (1931)) 

«Problem 3-10» Flory's theory (VI): Gibbs free energy of mixing of 
polymer solution 

Suppose heat of mixing AH and entropy of mixing AS are given by the 
relations 

AHmix = e2^on^i/(^o + nA î) (3-9.1) 

ASn,ix = - k (^olog (|)o + ̂ log (t),) (3-7.6) 

respectively. Here the volumetric change of mixing AVmix is implicitly 
assumed to be zero. Derive the expression for the free energy of mixing 
AGmix. 

Answer 
Substituting Eq. (3.9.1) for AHmix and Eq. (3.7.6) for AS îx in the equation 

AG ,̂, = AF î, = AH ,̂, - TAS,,, (2.3.3)' 

at constant pressure and temperature, we obtain 
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AG,,, = zzN^, l[N  ̂ + nN,Y kT (^yog <Sf  ̂+ JV,\og (|),j 

= kT|yvyog(i)o+yi^,iog(t),j + ezA^o ,̂ (3.10.1) 

«Problem 3-11» Flory's theory (VII): Chemical potential of solvent 
for non-athermal random mixing polymer solution 

In «Problem 3-8» the partial molar entropy of mixing of solvent ASQ was 
derived in the form 

ASo = -R| log(l-( t ) , ) + l l - i j ( t ) A (3.8.3) 

In «Problem 3-9» the partial molar heat of mixing of solvent AHQ was 
derived in the form 

AHo = BN^(t)i' (3.9.4) 

Derive the expression for the chemical potential of solvent \i  ̂for non-
athermal random mixing polymer solutions using these equations. 

Answer 
At constant temperature and pressure, A|Xo is related to AHo and ASQ through 
the relation 

A|io = AHo - TASo (3.11.1) 

Substituting Eqs.(3.8.3) and (3.9.4) in Eq.(3.11.1), we have 

A^, = BN,(t),' + RT|log(l .( t) ,)+ 1 - i U , 

= RT|log(l-(t),)4- l . i L + ^ ^ ^ (3.11.2) 

Using the thermodynamic interaction parameter %=B/kT, Eq. (3.11.2) is 
rewritten as 
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A^o = RT|log(l-(!),)+ 1 - ^ (t),+x<t),4 (3.11.3) 

Equations (3.11.2) and (3.11.3) are the most popular equations for describing 
the chemical potential of polymer solutions. 
If (|) , « 1 , log(l-(j),) is expanded in a Taylor series as 

log(l-(l),) = - ( t ) i - ^ - ^ + - - (3-11-4) 

Then Eq. (3.11.4) can be further rewritten into 

AHo = -RT | i ( l ) ,+ [ l - | , ] ( t ) ,2 + j<t>,̂  + - 4 (3.11.5) 

* X defined in Eq.(3.11.3) is the parameter for enthalpy of mixing and should be expressed as 
Xh. AHo and % are related to the Flory enthalpy parameter KQ. (See « Problem 4-23») 

«Problein 3-12» Flory's theory (VIII): Chemical potential of polymer 
for non-athermal random mixing polymer solution 

The partial molar entropy of mixing of polymer ASj is expressed by 

ASi = -R/(l-n)(|)o + log(l-(t)o)\ (3.8.4) 

The partial molar heat of mixing AH, is given by 

AHi=BN^n(t)o' (3.9.5) 

Derive the chemical potential of polymer A|Li, for non-athermal random 
mixing polymer solutions using these equations. 

Answer 

At constant temperature and pressure, 

A|ii, =AHi-TASi (3.12.1) 

Then, 
A|X,=BN,nV+RT|(l-n)( |)o + log(l-(t)o)| 



68 

= RT log(l-(^,)-(n-l)(D, + | ^ v | 

3 

-RTin*..(i-2s]^„.,:^,...^ (3.12.2) 

«Problem 3-13» Flory's theory (IX): Gibbs-Duhem relation for 
polymer solution 

Verify that A|lo in «Problem 3-11» and A î, in «Probiem 3-12» satisfy 
the Gibbs-Duhem relation; 

lN id^-=0 (1.3.1) 

Answer 
The total differentiation of the equations 

AHo = RT|log(l-<|),) + |l-ij(t),+x(t),n (3.11.3) 

and 

A|ii=RT|log(l.(|)o)-(n-l)(t)o + %n(t)on (3.12.2) 

is given by 

dÂ io = RT y ^ + |l-^jd(^, + 2x(|),d(t),| (3.13.1) 

dA^,=RT|y^- (n - l )d< | )o + 2xn<|)od<|)o| (3.13.2) 
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respectively. Considering 

<t)o + <t>i = l (3.13.3) 

the relationship between the total differential d(t)o and dc]), 

d(t)o = -d(t)i (3.13.4) 
holds. Then Eq. (3.13.2) can be modified into 

d A ^ , = R T | ^ + (n-l)d(t)^.2xn(l-(!) ,)d( | )A (3.13.5) 

For binary systems, the Gibbs-Duhem relation (Eq. (1.3.1)) can be simplified 
into 

NodA îo + NidA^ii = 0 (3.13.6) 

Eq. (3.13.6) can be rewritten as 

Then, 

(l-<t),)dA^o + l Y j d A ^ , = 0 (3.13.8) 

Substitution of Eq.(3.13.1) for dA|ioand Eq. (3.13.5) for dA|X, in the left-hand 
side of Eq. (3.13.8) yields 

(1 - <t),) Y7T-+11 - - ( H i ) d(|), + 2x(t), (1 - (t),) d<t), 

= dJ- l+f l - l j ( l - ( | ) , ) + 2x(t),(l-(t),) + ̂  + ̂ (|),-2x(l),(l-(t),) 
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= d(t) •1+1 (b. + — + - + *, — 
n ^' n n ^' n , 

= 0 (3.13.9) 

«ProbIem 3 - 1 4 » Flory's theory (X): Assumptions in Flory's 0*** 
approximation theory 

Discuss the approximations and assumptions employed in Flory's 0̂  
approximation theory for polymer solutions in «Problem 3 - 5 » . 

Answer 
Flory's theory of the zeroth approximation^'^ assumes: 

(1) There is no volume change on mixing. 
(2) The lattice possesses a definite co-ordination number (i.e., the number of 
nearest neighbours of each segment per solvent molecule in the solution) z. 
(3) The entropy of mixing ASmix can be calculated without reference to the 
possible energy change caused by the pair formation (i.e., Bragg-Williams 
approximation^). In other words, the polymer segments mix with solvent 
randomly and AS^ix is the entropy of mixing of athermal solution. 
(4) In the calculation of the total number of configurations w, from which the 
combinatory entropy of mixing is derived, the possibility that the nearest-
neighbour lattice point to the lattice point in question has been already occupied 
by polymer segment equals the probability of the case where all the polymer 
segments are uniformly distributed over all the lattice points (i.e., the average 
concentration approximation of the chain segment). This means that the 
two segments belonging to the same polymer molecule are allowed to occupy 
the same lattice site. For rearrangement of the expression for w, Stirling's 
approximation is applicable. 
(5) The potential energy of the mixture is the sum of contributions from each 
pair of the closest neighbouring segments (van Laar-Scatchard 
approximation^'^). 
(6) The heat of mixing AHmix can be calculated from the average contact 
numbers where all the segments comprising polymer chains are completely 
disconnected and randomly mixed with solvents (i.e., the average 
concentration approximation). In this case, the total number of polymer-
solvent contact pairs nc is given by 

nc=z(t) o<t) 1L (Average concentration approximation) (3.14.1) 

where L is the total number of lattice sites, 00 the volume fraction of solvent 
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and 01 the volume fraction of polymer. The thermodynamic interaction 
parameter % can be purely phenomenologically 
expressed by^ 

X=Xo(l+2pi0i') 

Xo=Xoo(l+kVn) 

k'=ko(l-e/T) 

for monodisperse polymer-single solvent system (Refer to Eqs. (3.16.4), 
(3.16.11) and (3.16.12)). Here Xoo is a parameter independent of (j) i and n, k' 
and Pi (i=l...nt), the molecular weight- and concentration-independent 
coefficients, ko the parameter independent of temperature T and the degree of 
polymerization n, and 6, the Flory temperature. Xoo coincides with 0.5 if the 
second virial coefficient A2 vanishes at 6. 

Generally speaking, the %-parameter is not the parameter representing 
polymer-solvent interaction only (typical example is shown in Fig. 3-15), but 
can be divided semi-empirically into two parts: 

X=Xh+Xs (3.14.2) 

Here Xh is the enthalpy term and %s is the entropy term, and both terms may 
have concentration dependence as expressed by 

Xh=(AHo-AHo^''V(RT(t)i')=AHo/(RT(t),2)=Xh,o(l+2phjCt)i'^ (3.14.3) 

Xs= - (ASo-ASo^''V(RT(t) i')=Xs,o (l+2:ps,iCt) 0 (3.14.4) 

where AHo is the partial molar heat of dilution of solvent in real solution, 
AHô '*̂  is AHo in quasi-ideal (i.e., random mixing-zero heat of mixing ( n » l ) ) 
solution, ASo is the partial molar entropy of mixing of solvent in real solution, 
ASo^'^ is ASo in quasi-ideal solution, and phj and psj are the concentration 
dependence parameter of Xu and Xs, respectively. 

Hypothesis (6) means that in calculation of AH the consecutive characteristics 
of chain segments is neglected. In his theory AH is expected to be strictly 
proportional to <[) i(l-(t) i) and x-parameter consists of solely the enthalpy term 
Xh (See Eq. (3.14.14)) as given by 

X=Xo=Xh,o (3.14.5) 

and 

Pi=Ph,i=Ps,i=0(i=l,...,nt) (3.14.6) 

Only in the case where Eq. (3.14.5) holds the x-parameter is strictly a polymer 
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-solvent interaction parameter, as first defined by Flory.^ 

1. P. J. Flory, J. Chem. Phys. 9, 660 (1941). 
2. P. J. Flory, J. Chem. Phys. 10, 51 (1942). 
3. P. J. Flory, J. Chem. Phys. 12,425 (1944). 
4. P. J. Flory, J. Chem. Phys. 13, 453 (1945). 
5. P. J. Flory, Principle of Polymer Chemistry, Cornell Univ. Press, Ithaca, New York, 1953, 
Chapter XII. 
6. W. L. Bragg and E. J. Williams, Proc. Roy. Soc. A145, 699 (1934)). 
7. J. J. Van Laar, Z phys. Chem. A137, 421 (1928). 
8. G. Scatchard, Chem. Rev. 8, 321 (1931). 
9. See for example, K. Kamide, Thermodynamics of Polymer Solutions, Phase Equilibria and 
Critical Phenomena (Polymer Science Library 9), Elsevier, 1990. 

*Note I Improved zeroth approximation theory (Athermal solution) 
Within the scope of Bragg-Williams approximation and taking into account the succession 

of segments comprising a polymer molecule and rigorous pattern of arranging segments around 
a given lattice point Miller* ,̂ Guggenheim'̂  and Kurata et al.'̂  calculated the partial molar 
entropy of mixing of solvent A So as 

z , _ z n - 1 
ASo / R = ~ l n ( l - 0 , ) - h - l n ( l •(t),) (3.14.7) 

Eq. (3.14.7) is similar to that derived by Huggins'̂ "'*, who took into consideration the effect 
of blocking of sites by other distant segments of the same polymer on the number of sites 

Fig. 3-14.1 Relationship between pi and n (full line); 

broken line: improved zeroth approximation with z=12 

chain line: improved zeroth approximation with z=6 
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available for the segments of each polymer molecule'^. Eq. (3.14.7) indicates that %  ̂is not 
zero and is given by^^ 

Xs=(l - l /n) ' /z+4( l . l /n)>iV(3z ' ) - f . 

Xs,o=(l-l/n)Vz 

P3,,=4(l.l/n)/(3z) 

(3.14.8) 

(3.14.9) 

(3.14.10) 

Thus, Miller, Guggenheim, and Kurata et al.'s theories as well as Huggins classical theory 
predict that %s depends on concentration. This suggests that the consecutive properties of 
polymer chain segments might be one of causes, which lead to pî ^O. Note that Ps i value 
given by Eq. (3.14.10) is too small to explain the experimentally determined pi value for non-
polar polymer- non-polar solvent systems (See Fig. 3-14.1). Table 3-14 summarizes AS and 
Xs proposed by them, including Flory and Fig. 3-14.2 shows a typical example for careful 
determination of Xh as a function of concentration. 

10. A. R. Miller, Proc.  Cambr Phil. Soc. 39, 54 (1943). 
11. E. A. Guggenheim, Proc.  Roy. Soc. A183, 203 (1944). 
12. M. Kurata, M. Tamura and T. Watari, J. Chem. Phys. 23, 991 (1955). 
13. M. L. Huggins, J. Chem. Phys. 9, 440 (1941). 

-0.3 
0.01 0.04 0.02 0.03 

4)1 

Fig. 3-14.2 Xh determined from the heat of dilution as a function of volume 

fraction of polymer ^x for the systems polystyrene in cyclohexane and 

polystyrene in benzene. polystyrene/cyclohexane • Mw=6200, O 

Mw=10200, O M^=42800, • Mw=107000; polystyrene/benzene A 

Mw=6200, + Mw=10200, • Mw=107000 (I. Fujihara and R. Fujishiro, 

unpublished results) 
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14. M. L. Huggins, J. Phys. Chem. 46, 151 (1942). 
15. M. L. Huggins, Ann. N.Y. Acad ScL 41, 1 (1942). 
16. M. L. Huggins, y. Am. Chem. Soc. 64, 1712 (1942). 
17. M. L. Huggins, y. Phys. Colloid Chem. 52, 248 (1948). 
18. M. L. Huggins, Physical Chemistry of High Polymer, John Wiley & Sons, Inc., New York, 
1958, Chapter 6. 
19. K Kamide and H. Shirataki, Mem. Fac.  Educ, Kumamoto Univ. 47, 137 (1998). 

*Note 2 First approximation theory (Non-athermal solution) 
For non-athermal solutions (AH^̂ O), Bragg-Williams and van Laar-Scatchard 

approximations (hypotheses (3) and (6), respectively) might seem more or less unrealistic and 
less appropriate. Then several attempts to improve Flory's zeroth approximation theory 
were made by calculating the total number of configurations w through the use of quasi-
chemical equilibria method, which is equivalent to the mathematical technique originally 
developed by Bethe^^ for treating order-disorder transitions in alloys. This method was 
occasionally reffered to as the Floiy-Huggins first approximation theory. The disparity of 
values of AH for polymethylmethacrylate/trichloroethylene^^ and AS for rubber/ 
ethylacetate^^, both calculated on the basis of the first approximation theory from their 
corresponding experimental data is significantly larger than those by the zeroth approximation 
theory, indicating that the first approximation is less reliable and cannot be recommended to 
use it for analysis^*^^. This might appear to be somewhat surprising to note that allowance 
for hypotheses (3) and (6) does nothing to improve the agreement with experiments. 

20. H. A. Bethe, Proc.  Roy. Soc. A150, 552 (1935). 
21. H. Tompa, Polymer Solutions, Butterworth Sci. Pub., 1956, §3.7. 
22. C. Booth, G. Gee and G. R. Williams, J, Polym. Sci. 23, 3 (1956). 
23. See for example, N. Saito, Polymer Physics (revised ed.). Syoka-bo Pubs., Tokyo, 1967, 
Chapter 4. 

*Note 3 Huggins' *new' theory (1964) 
In his 'new' theory, Hugginŝ "* assumed as basic tenet that the interior segments of a 
convoluted molecule are partially shielded from contact with interior segments of other 
polymer molecules and the shielding factor depends on the concentration. He derived 
theoretical equations for Xh and Xs in closed form and as expansions in powers of the 
concentration, introducing a number of physical quantities, such as molecular surface area, 
effective surface area, multiple contact factor, shielding factor and empirical constant relating 
to shielding factor's concentration dependence. All of which cannot be determined by 
independent absolute method, although he described that these quantities are "observable". 
He considered that from experimental data of x and its dependence on concentration and 
temperature one can evaluate ail the parameters introduced. That is, the parameters 
introduced in his theory are only adjustable parameters to fit the experimental relations 
between x, <t>i and T. Note that in mid-1960s the methods based on phase separation and 
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critical phenomena were not yet established and there was lack of extensive and reliable 
experimental data to judge theories. Mugginŝ "* described "Testing of the equations presented 
in the paper, using published experimental data, has been begun. The results will be reported 
in due course". Unfortunately as far as we know, there is no his succeeding paper. 

24. M. L. Huggins, J. Am. Chem. Soc. 86, 3535 (1964). 

"^Note 4 Validity of hypothesis 6 
The most probable inadequate hypothesis in the Flory theory is that the total number of 

solvent-polymer contacts is strictly proportional to the product <t)o<t)i (hypothesis 6). For 
example, K defined by AHo/(RT<t)î ) is expected, if the above hypothesis is accepted, to be 
constant over wide ranges of T and ̂ \, but it was confirmed by numerous experiments that K 
directly measured by accurate calorimetry, depends strongly on both T and ^\}^ Validity of 
the application of overall average concentration approximation of polymer segment to 
estimate the heat of mixing has never hitherto been tried to examine thoroughly due to 
mathematically extreme difficulty, although the first approximation, of course, did also treat 
this problem in rather rough and insufficient manner. 

25. See for example, A. Kagemoto, S. Murakami and R. Fujishiro, Bull Chem. Soc. Jpn. 39,15 
(1966); I. Fujihara, PhD Dissertation in Osaka City Univ. (1979). 

"^Note 5 Strictness and adequacy of the model, and mathematical complexity and 
approximation 

As Florŷ ^ pointed out at Fifteenth Spiers Memorial Lectures in 1970, sponcered by the 
Royal Society, that "to be ffective, any conceptual scheme, or theory of liquids and solutions 
must entail approximations, either in model or in mathematical technique, even for the 
simplest of real liquids". Mathematical approximations become more serious in the first 
approximation theory than in the zeroth approximation theory and this is the reason why 
introduction of more adequate concepts into the first approximation theory failed, on the 
contrary, to get rid of the disparity between the theory and actual experiments. This means 
that even if seemingly more adequate models are used, we cannot always derive accurate 
theoretical relations between the time-average observable physical quantities like AG, AS and 
AH, and the structural, molecular and thermodynamic parameters (for example, z, n and the 
enthalpy change of formation of an unlike contact pair Ae) from the models by traditional 
method of statistical mechanics, because the system in question is too complicated. Since 
then, serious limit of further evolution of the lattice theory was widely recognized, although it 
was largely successful in semi-quantitatively accounting for unusual (from the stand point of 
low molecular weight solutions) behavior of AG, observed in polymer solutions, by 
differences in size and shape of the species that make up the solution, and there has been no 
generally accepted explanation of physical significance of the concentration- and molecular 
weight-dependences of x-parameter, in spite of its experimentally imquestionable existence. 
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26. P. J. Flory, Dis. Farad  Soc. 49, 7 (1970). 

*Note 6 New strategy to give theoretically reasonable explanation to x-parameter: 
Computer simulation of lattice model 

Recently Kamide and Shiratakî ^ examined the validity of average concentration 
approximation in hypotheses (4) and (6), employed in the Flory-Huggins lattice theory of 
polymer solution, and investigated the concentration- and molecular weight-dependences of X 
(accordingly, the reliability of the expression of x (Eqs. (3.16.4), (3.16.11) and (3.16.12))) for 
quasi-strictly regular solution (i.e., random mixing-nonathermal solution^^). For this purpose, 
computer experiments by applying Monte Carlo simulation method to the lattice model, 
where hypotheses (1), (2) and (5) are strictly adopted, were carried out to calculate the total 
number of polymer segment-solvent pairs at equilibrium state n̂ ê as functions of the 
concentration ^\ and the degree of polymerization n of the polymer solutes. Two types of 
chain motions (crankshaft motion and then reptation motion) were applied to all the polymer 
molecules in the lattice simultaneously and this operation (crankshaft-reptation motions) was 
repeated 1500 times. Any possible multiplicated arrangement of two or more segments 
belonging to the same or different chain was avoided. 

By using Eq. (3.14.3), nc,e is given by 

nc.e/(<t)o<l).L)=Cx (1+Zpi(l),') (3.14.11) 

with 

C , = limn,,/((t)o<l)iL) = Co(l + k ' / n ) (3.14.12) 

C o = R b / A 8 (3.14.13) 

When the average concentration approximation (hypothesis (4) is applied, Cx and pj are given 
by 

Cx=z (3.14.14a) 

Pi=0 (3.14.14b) 

Then, from the plots of Cx vs. 1/n and the plots of nc,e/(<|)o<t>iL) against <t)i the validity of the 
expression of x (Eqs. (3.16.4), (3.16.11) and (3.16.12)) could be confirmed by the computer 
experiments (Figs. 4a, 4b and 5 of reference 28). If Eqs. (3.16.4), (3.16.11) and (3.16.12) is 
applicable, k' and pi can be determined from the above plots, respectively. Figure 3-14.1 
shows the plots of pi estimated thus against logn. pi first increases rapidly with an increase 
in n, then slowly approaching an asymptotic value (ca. 0.6) at n-200. Inspection of the 
figure shows that successive connection of the polymer segments brings about the 
concentration dependence of x-parameter. p i values of PS in non-polar solvents are close to 
2/3 (See «Problem 3-16-b»), theoretically predicted at T=9 for random mixing-non zero 
heat of mixing solution^^ and are little higher than the value (ca. 0.6) obtained in this computer 
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experiments, but no significantly so. 
Computer experiments on random mixing-nonathermal polymer solutions indicated that the 

average concentration approximation hypothesis cannot be approved even if random mixing is 
assumed and Eqs. (3.16.4), (3.16.11) and (3.16.12) appears to be of correct form to represent 
X-parameter. In other words, this hypothesis employed in Flory-Huggins theory can never 
be accepted even in the quasi-regular solutions and the concentration- and molecular weight-
dependences of the x-parameter, observed in actual experiments, can be explained reasonably, 
if the consecutive characteristics of linear chain molecules is strictly considered. 

27. K. Kamide and H. Shirataki, Mem. Fac. Educ, Kumamoto Univ. 47, 137 (1998). 
28. K. Kamide, Mem. Fac. Educ., Kumamoto Univ., 46, 213 (1997). 
29. K. Kamide, S. Matsuda and M. Saito, Polym. J. 17,1013 (1985). 

«ProbIein 3 - 1 5 » Thermodynamic interaction parameter ^ 
The thermodynamic interaction parameter % in the Flory-Huggins theory 

[see Eq. (3.11.3)] can be experimentally evaluated by the following methods. 

(1) Determination of the activity of solvent â  by vapor pressure depression, 

Po = aoPo^ (2.10.3) 

or membrane osmometry, 

RT 
n = - 7 r o l ^ 8 ^ o (2.10.4) 

(2) Substitution of a ,̂ determined by the above methods into the equation: 

logao = log(l-( t ) , )+ l - i Ui+xct ) , ' (3.15.1) 

Originally, % was assumed to be independent of polymer concentration (j) j . 
Figure 3-15 shows the plots of %, experimentally determined, against (j) j for 
polystyrene-cyclohexane. The figure shows a significant (j), dependence of %. 
In this sense, % should be considered to be an empirical parameter, defined by 
the equation: 

AHo = RT|log(l-(t),) + |l-ij<t),+x<t),4 (3.11.3) 
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X0.9 

Fig. 3-15 Concentration dependence of % parameter for polystyrene in 
cyclohexane. (O) osmotic pressure isothermal distillation by Krigbaum and 
Geymer\( # ) vapor pressure by Krigbaum and Geymer , ( D ) 
ultracentrifuge by Scholte^. Lines a to fare calculated using pi and pa, in the 
equation X=Xo(l"̂ Pi0i"̂ P2<t>î )> obtained by experiment, (a) Krigbaum and 
Geymer^; (b) Scholte^;(c) Koningsveld et al.^ (d) Koningsveld et al/; (e) 
Kuwahara et al.^ (f) Kamide et al̂ . This expression for % yields a better 
fit compared with Eq. (3.16.1). (SeeK. Kamide, S. Matsuda, T. Dobashi 
and M. Kaneko, Polym. J, 16, 839 (1984)) 

1. W.R.Krigbaum and D.O.Geymer, JAm.Chem.Soc. 81,1859 (1959) 

2. Th.G.Scholte, Eur.Polym.J. 6,1063,(1970): J.Polym.Sci.,Polym.Phys.Ed. 9,1553 

(1971) 

3. R.Koningsveld, L.A.Kleintjens and A.R.Shultz, J.Polym.ScL, Polym.Phys. Ed. 8, 

1261 (1970) 

4. R.Koningsveld and L.A.Kleintjens, Macromolecules 4,637 (1971) 

5. N.Kuwahara, M.Nakata and M.Kaneko, Polymer 14,415 (1973) 

6. K. Kamide, S.Matsuda, T.Dobashi and M.Kaneko, Polym.J. 16, 839 (1984) 

Derive the expression for A|Xi in the case where % depends on concentration 
using the Gibbs-Duhem relation of Eq.( 1.3.1). 
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Answer 
The number of molecules i, N-,, is related to the mole fraction Xj through the 

equation 

M 
(3.15.2) Î  

Then, Eq. (1.3.1) can be rewritten as 

I x , ( | l ) =0 (3.,5.3) 

The suffix denotes that the differentiation with respect to Xj is carried out at 
constant T, P and the composition excepty th component. 
For binary polymer solutions, the mole fraction of polymer X] is related to the 
volume fraction of polymer (j) i as 

x. = ,, / V u / ^ (3.15.4) 
(1-(l)i) + (<t),/n) 

where n is the number of segments constituting a polymer molecule. 
From Eq. (3.15.4), (1-1/xi) is written as 

(l-l/x,)=-(l-<l>i)/(<t>i/n) (3.15.5) 

Equation (3.15.3) can be expressed in the form 

I 3̂ 0 an,\d(t), 
= 0 (3.15.6) 

a»|), j ax, 

and then we have 

| i ^ = ( l . J _ ) M (3.15.7) 
3(1)1 V M/d(^i 

Differentiation of Eq.(3.11.3) with respect to <|), leads to 
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Substitution of Eq.(3.15.5) for (1-1/x,) and Eq.(3.15.8) for d^l^di^  ̂ both in Eq. 
(3.15.7) gives 

a<t), = RTJl.K,).„(,-l)4-(x.,^)j 

= RT ^^("-^)-"4^^'(^'^')}""'' 
Then, 

4i,=^l,-|X?=RT 
<t>, ("-^)-" a^i''^'(^ "'"')}• "̂  d(!), 

(3.15.9) 

=RT|log(|),-(n-l)(l-(]),)-xn(t),(l-(|)i) + n£xd<t), (3.15.10) 

If X in Eq. (3.15.10) is constant, the last term in {} is reduced to 

n|xd<t>i=nx(l-<t),) (3.15.11) 

and we have 

A^i,=RT log<t),-(n-l)(l-(|),) + xn(l-(]),)' (3.12.2) 

Equation (3.12.2) was derived for the case where % does not depend on 
polymer concentration. 

«ProbIein 3-16-a» Concentration dependence of % 
When X is linearly proportional to (|) j in the form 

X = Xo(l+Pi<t)i) (3.16.1) 
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show that A|i| is given by the expression 

A|l,=RT|log(t),-(n-l)(l-(t),) + Xon(l-(l),)' + Xonp, l^- |<t) ,H 
1 3 . , . 3̂  

(3.16.2) 
Answer 

A|J,| is generally expressed as 

An,=RT/log(t),-(n-l)(l-(t),)-xn<t»,(l-(t),) + n|xd(t),l (3.15.10) 

Combination of Eq.(3.16.1) with Eq.(3.15.10) leads to 

A l̂,= RT/log(t),-(n-1) (l-<!),)-Xo(l+Pi4>,) n0,(l-(t),)+ n £ Xo(l+Pi<t>i)d(|), 

=RT|log(|),-(n-l)(l-(|),) -Xon<l),(l-<1),)-%on<|),'(l-<l),) 

+ Xon(l-0,)H-Xonp,(f ^ ] | (3.16.3) 

Rearrangement of Eq. (3.16.3) gives Eq. (3.16.2). 

«Problem 3-16-b» Virial coefficient at 6 point 
If higher order terms of the concentration dependence of % is required, 

Eq.(3.16.1) is replaced by the equation 

X=XoO + P,<t>.+P,(t>>--+P„<l);) (3.16.4) 

the condition that all the virial coefficients are concurrently zero at 6 point is 
given by 

Xo=j (3-16.5) 
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p. 

De 

_ 2 _ 2 _ 2 _ 2 
3 4 5 n+2 

irive Eqs. (3.16.5) and (3.16.6). 

(3.16.6) 

Answer 
If X depends on volume fraction as Eq. (3.16.4), the chemical potential of 

the solvent A|Lî  can be given by 

A|iio-RT|ln(l-(t),) + ( l - i j ( t ) ,+Xo( l + ip,̂ ^^^^^^ (3.16.7) 

where nn is the number-average chain length. A|l̂  in Eq. (3.16.7) can be 
rewritten by expanding the term ln(l-(t) i) in a Taylor expansion form, and by 
expressing (j) ^ by the weight concentration C, as 

^.._RTcvjii-+^(i-x.)c-^|:i;;;(^-x.P:)c-j p.ia.s) 

Here, v is the polymer specific volume, and M^ the number-average 
molecular weight. Osmotic pressure H is given in a virial expansion form as 

n = - ^ = R T c | j ^ + A,C+A3C^ + - j (2.8.10) 

For the case in question, the virial coefficients A^, A3,... are given with using 
Eq. (3.16.8) as 

and 

^^^^^^(TT2~5CoPi) ( i=l ,2 , - ,n) (3.16.10) 

If we assume that A2=A3=A^=*"=0, we obtain Eqs. (3.16.5) and (3.16.6). 
Eq. (3.16.6) is only applicable to the systems of non-polar polymer in non-
polar solvent. 
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* PI for atactic polystyrene (PS) in cyclohexane (CH) system was determined to be 0.630 by 
osmotic pressure (34°C)^ 0.534 by ultracentrifuge (34^C)^, 0.610 by solution critical point 
(SCP) (34''C)\ 0.622 by SCP(34°C)\ 0.607 by threshold cloud point^ 0.642 by SCP^ and 
0.600 by cloud point curve combined with relationship between the relative amount of 
polymer partitioned in a polymer-rich phase and the phase separation temperature^. The 
results indicate that no significant difference in pi exists among various methods and pi values 
for atactic PS-CH system are averaged to 0.619±0.023, except for the ultracentrifuge data^. 
The best and most widely used method for estimating pi and p2 is SCP method, pi values 
for atactic PS in various non-polar or less polar solvents, whose upper or lower critical 
solution points (UCSP or LCSP) data in literature were analyzed systematically by Kamide et 
al.̂  according to Kamide-Matsuda method^ (See «Problem 4-23-b»), are 0.618 
(methylethylketone, LCSP), 0.615 (cyclopentane, UCSP), 0.631 (cyclopentane, LCSP), 0.642 
(cyclohexane, UCSP), 0.638 (cyclohexane, LCSP), 0.602 (methylcyclohexane, UCSP), 0.649 
(methylcyclohexane, LCSP), 0.673 (isopropylacetate, UCSP), 0.839 (isopropylacetate, 
LCSP), 0.643 (n-propylacetate, UCSP), 0.797 (n-propylacetate, LCSP), 0.650 
(dimethoxy methane, LCSP), and 0.630 (trans-decalin, UCSP). pi values are averaged to 0.663 
for all the above systems or 0.636 except two LCSP of PS in iso- and n-propylacetates. It 
can therefore be concluded that pi values of PS in non-polar solvents are close to 2/3, Eq. 
(3.16.6), and are sli^tly hi^er than the value (ca. 0.6) obtained in a computer ejqjeriment, but 
no significantly so. At the risk of oversimplifying, we could say pi will increase with 
decrease in z. Then, p i value estimated here for z=12 is not the maximum value theoretically 
attainable. The correct value of z should be, if possible, determined by other absolute 
method. 

1. W. R. Krigbaum and D. O. Geymer, J. Am. Chem. Soc. 81, 1859 (1959). 
2. Th. G. Scholte, J. Polym. ScL A-2,8, 841 (1970). 
3. R. Koningsveld, L. A. Kleinjens and A. R. Shultz, J. Polym. ScL A-2, 8,1261 (1970). 
4. R. Koningsveld and L. A. Kleintjens, Macromolecules 5, 637 (1971). 
5. N. Kuwahara, M. Nakata and M. Kaneko, Polym. J. 20,231 (1988). 
6. K. Kamide, S. Matsuda and M. Saito, Polym. J 17,1013 (1985). 
7. K. Kamide, Mem. Fac.  Educ. Kumamoto Univ. 44,199 (1995). 
8. K. Kamide and S. Matsuda, Polym. J. 16, 825 (1984). 

« P r o b l e i n 3 - 1 6 - c » Determination of % from cloud-point curve 

The parameter % can be expressed in a power series of concentration as Eq. 

(3.16.4). The molecular weight dependence of X is phenomenologically 

given by 
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Xo=Xoo(l + k V n J (3.16.11) 

The temperature dependence of k' and Xoo can be empirically expressed as 

k ' = k , ( l - 0 / T ) (3.16.12) 
and 
Xoo=a + b /T (3.16.13) 

where ko, a and b are the constants independent of temperature and 6, the Flory 
temperature. Describe methods for determining the parameters a, b and pj 
(j=l,...n) from the cloud-point curve and an empirical relationship between 
temperature and relative amount of polymers partitioned in polymer-rich phase 
with the corresponding theoretical ones. 

Answer 
Parameters a, b, pj(j=l, " ^ n ) can be determined when the cloud point 

temperature Tcp,e, experimentally determined, coincides with that calculated by 
a computer simulation for phase equilibrium due to Eqs.(3.16.4) and (3.16.11)-
(3.16.13), Tcp,c. 
(1) Determine the relationships between Pp(pp is the weight fraction of the 
polymer partitioned into the polymer-rich phase to the polymer dissolved in the 
initial solution) and the temperature T from the two-phase equilibrium 
experiments. 
(2) Carry out a computer simulation assuming arbitrarily chosen values of pj 
(j=l,...n) to obtain the relationship between Xoo and pp. 
(3) Construct the relationship between Xoo and 1/T by using pp vs. T 
relationship obtained in step (1) and Xoo vs. pp relations obtained in step (2) and 
a and b determined as the intercept and slope of Xoo vs. T plot, respectively. 
(4) Calculate CPC (Tcp,c vs. (|) i relationship) using a and b obtained in step (3) 
(5) Compute 5=2:N(TCP,C- Tcp,e)̂ /N (N is the total number of the solutions, for 
which the cloud point was determined) and determine a set of pj (j=l,...,n) to 
minimize 6 (where N » n ) . 
(6) Repeat steps 2-5 and evaluate a, b and pj where 8 is below the permissible 
limit. See «Problem 4-21 .d» for the details of the simulation. 
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(b) 

^•,«:0.00600 
a 0.0118A 
o 0.01737 

10 T(^h 
30 

Fig. 3-16-c.l (a) Experimental relationship between Pp and T and (b) 
temperature dependence of Xo in Eq. (3.16.4) for polystyrene (nw*̂ =2117, 
nw7nn*'=2.8) in cyclohexane. The polymer volume fractions of the starting 
solution (1),° are 0.6x10-̂  ( V ) , 1.184xl0-2(n) and 1.737x10-^(0), 
respectively. Full line in (b) is the theoretical curve calculated by assuming 
Pi=0.62, p2=0.20 and ko=0. (See K. Kamide, S. Matsuda, T. Dobashi and M. 
Kaneko, Polym. J. 16, 839 (1984)) 

(a) (b) 

Fig. 3-16-C.2 (a) Relationship among pi, p2 and 5 for polystyrene/ 
cyclohexane system: numbers denote 6 and the full line is the contour line of 
the same 6. (b) Cloud point curves for polystyrene/cyclohexane system; full 
line shows the theoretical curve calculated using the values of a',b', pi and 
P2 summarized in Table 3-16-c. Lines a-f have the same meaning as those 
in Fig. 3-15. Unfilled circles are experimental data points. (See K. Kamide, 
S. Matsuda, T. Dobashi and M. Kaneko, Polym. J, 16, 839 (1984)) 
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Table3-16-c.l Parameters a', b', pi and p2 in Eq.(3.16.14) for polystyrene-
cyclohexane system (T=299K) 

Author(s) b' Pi P2 

Krigbaum, Geymer(1959) 

Scholte(1970) 

Koningsveld et al. (1970) 

Koningsveld et al. (1971) 

Kuwahara et al. (1973) 

Kamideetal.(1984) 

Kamideetal.(1995) 

0.2496 

0.2631 

0.2035 

0.2211 

0.2798 

-0.02424 

0.23 

76.67 

74.31 

90.50 

85.313 

67.50 

158.79 

82.89 

0.6304 

0.5344 

0.6106 

0.6222 

0.6073 

0.643 

0.600 

0.4808 

O.43O4 

O.92O7 

0.289, 

0.512i 

0.200 

0.460 

l)W.R.KrigbaumandD.O.Geymer,y.̂ /w.C/2^7w.5oc. 81,1859(1959). 
2)G.Scholte,^ Polym.Sci. A-2, 8, 841 (1970). 
3)R.Komngsveld, L.A.Kleintjens and A.R.Shultz, J, PolymScL A-2,8,1261 (1970). 
4)R.Koningsveld and L.A.Kleintjens, Macromolecules 4, 637 (1971). 
5)N.Kuwahara,M.Nakata and M.Kaneko, Polymer 14,415 (1973). 
6)K.Kamide,S.Matsuda,T.Dobashi and M.Kaneko, Polym. J. 16, 839 (1984). 
7)K.Kamide,S.Matsuda and H.Shirataki, Mem. Fac. Education, Kumamoto Univ. 44,199, 
(1995); They recalculated based on the data of ref. 6). (See K.Kamide, Thermodynamics of 
Polymer Solutions: Phase Equilibria and Critical Phenomena, Elsevier, 1990) 

Table 3-16-C.2 Some characteristics of three typical solutions 

Solutions 
ideal 

quasi-ideal 

real 

Characteristics Equation 
random mixing 

(solute=solvent in size) . 
zero heat of mixing 
'random' mixing 
(solute>solvent in size) 
zero heat of mixing 

non-*random' mixing 
(solute»solvent in size) 
non- zero heat of mixing p 

yX 

seudo-€ 
inction 

(3.2.6) 
(3.8.3-4) 

excess 
function (3.2.6) 

r 

jxcess (3.16.1-2) 



*Fig. 3-16-c.l (a) shows the relationship between ppand T, obtained by an actual phase 
separation QxpenmQnt for the system poly sty rene(PS) in cyclohexane(CH). The 
relationship can be roughly approximated by a part of a circular arc with pp approaching zero 
most appropriate set of pi and p2, giving the minimum 8(-0.1), could be determined as 
p 1=0.643 and p2=0.200. These values are very close to the corresponding values evaluated 
from the critical point data (See K. Kamide and S. Matsuda, Polym. J. 16, 807 (1984)). The 
cloud point curve, calculated with using these values of a', b ' , pi and p2 can e}q)ress 
accurately the e?q)erimental data except for the threshold point region ((t)i~0.07). The 
concentration dependence of the parameter X, evaluated for PS/CH system by many 
investigators, is plotted in Fig. 3-15. In the figure, the curves have been calculated from the 
Pi and p2 values evaluated from the critical points. The experimental data points can be 
reasonably represented by Eqs. (3.16.11), (3.16.12) and (3.16.4) for n=2, in which terms 
hi^er than <t>î  are neglected. That is, in the <t)| range of 0-0.15, both p2 and p i are necessary 
to represent the concentration dependence of X and in a comparatively dilute range, there is no 
sharp distinction in X between the investigators. 

Table 3-16-c.l shows the parameters determined for the system polystyrene in 
cyclohexane and Table 3-16-C.2 summarizes some characteristics of three typical solutions. 

« P r o b I e i n 3 - 1 7 » Chemical potential of polymer in multicomponent 
polymer solution 

Generalize Eq.(3.16.2) to the case where the polymer solute has a molecular 
weight distribution. 

Answer 

The chemical potential of n th polymer component A|LLn in multicomponent 

polymer solutions with constant % can be expressed as 

A^i, = R T | l o g ( | ) , . ( n - l ) + ( t ) , n | l . i - U x n ( l - ( ^ (3.17.1) 

Here, nn is the number-average chain length (average number of segments in 
a 
polymer). Then, Eq.(3.16.2) can be generalized to this case as 
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A|i„ = RTilog(t)„-(n.l)+(t),n|l.i-W 

Eqs. (3.16.2) and (3.17.2) are practical equations to describe the 
thermodynamic properties of multicomponent polymer solutions. Eq. 
(3.17.2) was derived by Huggins-Okamoto (See M. L. Huggins and H. 
Okamoto, Polymer Fractionation  (Ed. by M. J. R. Cantow), Chapter 4, 
Academic Press, 1967) and Kamide-Sugamiya (See K. Kamide and K. 
Sugamiya, MakromolChem. 139, 197 (1970)) 

«Problein 3-18» Huggins' free energy correction parameter g 
An alternative expression for free energy of mixing is 

^ = (l-(|),)log(l-(|),)+X(t),Xi-'log(t)i + g(l-<|),)(t)i (3.18.1) 

Here, g is the Huggins free energy correction parameter and Z <j)j=(t), is the total 
polymer volume fraction. Verify the relationship between g and %, given by 

X = g- (1 - ( | ) i ) - ^ (3.18.2) 

Answer 
Differentiation of Eq.(3.18.1) with respect to solvent mole (No) and 

solute mole (Ni) yields 

AHo/RT = log(l-(]),) + [ l - ^ k + {g-(H,)^W (3.1S.3) 

A^li/RT = log(|)i+l-ni(!),/n„-ni(l-<t),)+ g + ( | ) , ^ ni(l-<t),)^ (3.18.4) 

V 

On the other hand, referring to Eq.(3.11.2), A ÎQ is expressed as 
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A|io/RT = log(l-(t),) + f l - ^ | ( t ) , + x ^ i ' (3.18.5) 

Comparison of Eq.(3.18.3) and Eq.(3.18.5) leads to Eq.(3.18.2). 

«ProbIem 3-19» Gibbs free energy of mixing for ternary system 

Consider a solution of single-component polymer dissolved in a binary 
solvent mixture. Derive expressions for AGmix, Mo» M̂i ^^d |l2» by 
generalizing the Flory-Huggins theory for binary solutions. 

Answer 
The entropy change by mixing three amorphous solute AS* is given by 

A S l = - k I yvyog (t)o + ̂ ,log (l),+yV̂ 2log (^2] (3.19.1) 

Here, NQ, TV, and N2 are the numbers of molecules of components 0, 1 and 2, 
respectively, and (t)o. ̂  1 and (^2 ^̂ e their volume fractions. The heat of 
dilution can be written, with reference to Eq. (3.9.1), as 

AH,ix = zXniyK(|)jeij 
i<j 

= kTX^(t>jXij V (3 19 2) 
i<j 

= kT|A^0*,X01 +^0<t)2Xo2 + ^1^2%12) 

J 
with 

Xij y.j 

AGmix is given by the combination of Eqs. (3.19.1) and (3.19.2) as 

AG ,̂, = AH^,,.TAS^, 

: kT JV^og 00 + vVilog (t)i + JV2^og (t)2 + Xoi^o^i + Xo2̂ ô 2 + 5C 12̂ 1*2 

(3.19.3) 
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The chemical potentials are defined by 

The subscript Â j means that the amounts Â j of all the components other than 

component] (0 or 1 or 2) are held fixed. The volume fractions of solvent 1, 

solvent 2 and solute 3 are expressed as 

noÂ o "̂  
<t>o = -

(3.19.4) 

' noÂ o + n 1^1+112^^2 

n2Â 2 
<l>2 = 

(3.19.5) 

'•] 
noÂ o + n 1^1+02^2 

Here, n,,, n, and nj are the degree of polymerization. Differentiation of Eq. 

(3.19.5) with respect to NQ yields 

300 "o (n(Ao + n lÂ i + njA^j) - ("0^0) "o 

^^0 (noA ô + n,A^,+n2A^2f 

(l-«l>o) 

3(1), 

(noA ô + n 1^1+112^^2) (3.19.6) 

-n,A^,no 

^^0 (noATo + n.N.+njA^jj' 

. = - ( > , 
no^o + n ,A ,̂ + n2Â 2 

^ 2 

noAfo + n i ^ i + n 2 ^ 2 
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From Eqs. (3.19.3) and (3.19.4), we obtain 

i,T,P 

/ 

= RT| 

I 

1 3(t)o 1 301 1 5<t>9 

3(1) J d(^2 ^^2 

log(t)o + ( l - d 

+ —̂ ^ -\-^A 

yV^2fnoA^o+n,yV,+n2^2l , , 
. ^ ^( - (^2) 

2^2 

"2^2 ^ *^'''(no/Ko+ni^i+n2^2) 
+Xoi<t>i+Xoi(-<l>i)<l>o 

^xo2^2^xo2(-^2)vx.Hj^^^^";;;;;^^^^ 

+Xoi(<l'l - <l>0«t>l) + X02 (<t>2 - <t>0<t>2) - X 12<t»2 

/ '„ A 

v"'y 
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= RT/log(t)o + ( l - ( l ) o ) - P U i - R (t)2+(Xoi<l>i+Xo2<t>2)(<t>i + *̂ ^ 

-X 12 <t»|<l>2 

Similarly, we have 

A^,=RT|log(|), + (l-<t),)-R Uo-Fi(t)2 

+ ( X 10*0 + X I2<t>2) (<t)o + <!>2) - 5^02 b ^ <l>0<t>2 j 

Â 2 = RT|log(^2 + (l-<l>2)-k^Uo-^^<^^ 

+(X2i<t>i + X2o<l>o) (<l>i + <t>o) - Xoi ^ <t>o<l>i 

The following relationship holds between X]\ and %[•{. 

Xji A.ij I 
" i , 

For ternary systems, Eq. (3.19.10) reads 

X.2 = X2.(2^) 

X.3 = X 3 . ( | ) 

X23 = X32(2^) 

Therefore, three among six Xy are independent variables. 

(3.19.7) 

(3.19.8) 

(3.19.9) 

(3.19.10) 

(3.19.11) 
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Chapter 4 Phase Equilibria 

«Problein 4 - l » Stability of thermodynamic system (I) 
If a system is in contact with temperature and pressure reservoirs, the 

condition of equilibrium is that Gibbs free energy of the system has a 
minimum; i.e., virtual change in Gibbs free energy 6G from a certain initial 
state to neighboring states must be positive, 

(5G)p,T>0 (4.1.1) 

Prove this inequality. 

Answer 
From the first law of thermodynamics, the infinitesimal change in internal 

energy of the system dU is the sum of the work done by the surroundings to the 
system and the heat flow from the surroundings to the system 

dU = d'Q + d'W (4.1.2) 

If the work is performed as a volumetric change by pressure, we have 

d'W = -PdV (4.1.3) 

Thus, 

dU = d ' Q - P d V (4.1.4) 

From the second law of thermodynamics, the following equation must be 
satisfied for closed systems: 

d S > ^ (4.1.5) 

If the inequality condition 

8 S < ^ (4.1.6) 

holds for any possible change from a certain initial state to neighboring states, 
such a process does not happen naturally. Thus, the initial state should be the 
equilibrium state. From Eqs. (4.1.4) and (4.1.6) we have 
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5U-T6S + P6V>0 (4.1.7) 

Equation (4.1.7) can be also expressed as 

6(U - TS + PV)T,P > 0 (4-1-8) 

at constant temperature and pressure (5T=5P=0). Using the relationship 

G=U-TS+PV (1.1.9) 

we finally obtain 

( 5 G ) T , P > 0 (4.1.1) 
In other words, the equilibrium condition is that G has the minimum. 

«Problem 4 - 2 » Stability of thermodynamic system(II) 
Consider a closed system which consists of two phases,(l) and (2), each open 

to the other. The virtual variation in Gibbs free energy by a continuous 
process from a certain initial equilibrium state to a neighboring state can be 
expressed in a Taylor series as 

AG = 6G + 6^G + 6^G + . • (4.2.1) 

(1) Prove that the equality 

(5G)T,P = 0 (4.2.2) 

holds at equilibrium state. 

(2) Derive the criteria for stable, metastable and unstable equilibrium states. 

Answer 
(l)At constant temperature and pressure, AG can be expressed as 

(AG)T,P = (5G)T,P = X |L î(i)SNi(,) + X ^̂ i(2)SNi(2) (4.2.3) 
i i 

by neglecting the higher order terms in Eq.(4.2.1). Using the phase 
equilibrium condition 

m(i) = ^i(2) ( i= 1,2,3,.-.) (1.5.1) 

6Ni(,) = .6Ni(2) (i= 1,2,3,..-) (1.5.5) 

we obtain 
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(AG)T,P = I (^i(,) - ^i(2))SNi(,) = 0 (4 2.4) 

(2)If 

(6^G)T,P > 0 (4.2.5) 
the Gibbs free energy has a minimum at the equilibrium state and then the state 
is stable. If 

(5^G)T,P < 0 (4.2.6) 

the Gibbs free energy has a maximum and the equilibrium state is unstable. If 

(5^G)T,P = 0 (4.2.7) 
it is called the neutral state. In this case, the sign of even higher order terms 
must be examined. The sign of the first non-zero term must be positive for 
stable state. If 

6 G = 62G = . . . = 52'^G = 0 (4.2.8) 
then 

52n+lQ > Q (4 2.9) 

must be satisfied for stable equilibrium. The variation 5̂ ""̂  G cannot always 
be positive for bidirectional variations, thus it must be zero. Therefore, 

(6^G)T,P = 0 ( n = l ) (4.2.10) 

In this case, the criteria for stable equilibrium is 

( 8 ^ G ) T , P > 0 (4.2.11) 

In summary, the criteria for stable equilibrium is 

(6(J)T,P = 0 

(62G)T,P > 0 

(6G)T.P = 0 

(52G)T,P = 0 

(b^Gh,p = 0 
(S^'OT.P > 0 

If 6 G is zero, 6 G must be zero and 8*G must be positive. 

(4.2.2) 
(4.2.5) 

(4.2.2) 
(4.2.7) 

(4.2.10) 

(4.2.11) 
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«Problem 4 - 3 » Stability of thermodynamic system(III) 
The criterion for stable equilibrium in binary systems is given by 

(S'G)T,p = ^ ^ n 5 N , ' > 0 (4.3.1) 

where [ly is a derivative, 

•̂J = a 0 ^ (4.3.2) 

Derive Eq. (4.3.1) using the result of «Problem 4 - 2 » 

Answer 
Consider a solution which consists of NQ solvent and Ni solute molecules. 

A conceptual small region inside the solution (Region I) is defined such that at 
any instant it contains ^o(\) nioles of solvent and N^,) moles of solute, and the 
complementary region (Region II) external to Region I contains No(2) moles of 
solvent and N,(2) moles of solute. Using mole fractions x^ and x, (=l-Xo), we 
have 

No(i) = (1 - x,)(No(i) + Ni(,)) (4.3.3a) 
No(2) = (1 - xi)(No(2) + Ni(2)) (4.3.3b) 
Ni(i) = xi(No(i) + Ni(i)) (4.3.3c) 
Ni(2) = xi(No(2) + Ni(2)) (4.3.3d) 

Here we assumed x,=Xi(,)=x,(2). By virtue of the assumption that Region II is 
very small in comparison with Region I, 

No(i) + N i ( i ) « No(2) + Ni(2) (4.3.4) 

If we transfer a small amount of solute 6Ni(2) from Region II to Region I while 
keeping No(i) constant, we have 

6Ni(2) = -5Ni(,) (4.3.5) 

from the mass balance. The variation of Gibbs free energy in Region (I), 
6G(i), and that in Region (II), 6G(2), can be expressed as 

(5G(1))T,P = (a^| ,p^^^5N,(i) = H,(,)6Ni(,) (4.3.6) 

and 

(5G(2))T,P = ( a ^ L p ̂  5Ni(2) = Hi(2)5Ni(2) (4.3.7) 
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Equations (4.3.6) and (4.3.7) can be expressed simply as 

(5G(a))T,p = Hi(a)SNi(a) (a = 1,2) 

The second-order variation of Gibbs free energy is written as 

2 1 ^ (ot) o 2 1 o 2 
^ ( a ) ) T , P = 2 ; ^^ ^ 2^^,(01) =2"M'i i (a )SNi(a) 

Here, 

^ l l ( a ) = 

(a =1,2) 
'1(a) 

g'C}(«) ] J 9m \ 
1 (a)5N 1 (a) /T,P \3N 1 (a) /NQ 

(a =1,2) 

(4.3.8) 

(4.3.9) 

(4.3.10) 
a N 1 (a)3N 1 (a) / r,p \̂ ^ ̂  i (a) /Mo(a) 

The total Gibbs free energy is the sum of those of Region I and Region II; 

G = G(i) + G(2) (4.3.11) 
Then, using Eq. (4.3.5), we have 

(5G)TP = (5G(i))^p + (SG(2))T,P =^Al(l)SN,(,) - ^i(2)5Ni(j) 

<^(K\) - ^^o(2))5Ni(i) = 0 (4.3.12) 

From Eq. (4.3.12), we can directly obtain |Lio(i)=|io(2) as the phase equilibrium 
condition. Using Eq. (4.3.9), we have 

(S'G)T,p=(6^G(i))^p-h(5^G(2))TP= ^(|iin(i)+ l^um^^^Hi' (4.3.13) 

The differential of |l with respect to mole number can be replaced by that with 
respect to mole fraction as 

1(a) â̂ i 1(a) 

1(a) ,dx 

1-x 

^(Xa) 

1(a) 

1(a) 

N 1(a) 

^^l^Ua)\ 

(No(a) + N,(«)) 1̂ 9̂  1(a) 

9Ni(a)lNo(oc) + Ni(ot) 

(a =1,2) 

From Eq. (4.3.4), we have 

H l l ( l ) » ^ l l ( 2 ) 

Thus, |Li, ,(2) in Eq. (4.3.13) can be neglected, resulting in 

(4.3.14) 

(4.3.15) 
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(S'G)T.p = | H n S N , ' (4.3.16) 

Here, we abbreviate the superscript (1), since the two regions belong to the 
same phase. Combination of Eqs.(4.3.16) and (4.2.5) yields 

^ n > 0 (4.3.17) 

that is, 

ax 
-1 >0 (4.3.18) 
/T,P 

(See for example, R. Haase, Thermodynamics of Irreversible  Processes^ 
Addison-Wesley Pub. Co., Massachusetts, 1969 (translated from Germany); H. 
B. Callen, Thermodynamics, John Wiley & Sons, New York, 1960) 

«Probleiii 4 - 4 » Stability of thermodynamic system(IV) 
(1) The criterion for stable equilibrium of binary mixtures is given by 

(8^G)T,P = 2 X 1 ^̂ ij5Ni8Nj > 0 (4.4.1) 
i=0 j=0 

Derive Eq. (4.4.1). 

(2) Prove that the necessary and sufficient condition for Eq.(4.4.1) is given by 

^̂00 > 0 (4.4.2) 
^^ii>0 (4.4.3) 

M-oo 1^01 
^10 j l l l 

>0 (4.4.4) 

(3) Prove that Eqs. (4.4.2)-(4.4.4) reduce to the equation 

(4.4.5) 
^xifr,p 

Answer 
(1) The first order and the second order variations of Gibbs free energy are 
expressed as 

(5G(a))T,P = |llO(a)5No(a) + |Lll(a)5Ni(a) (a = 1,2) (4 .4 .6 ) 
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1 ] 

(S'G(a))^ p = 2 X 1 ^ îj(a)8Ni(a)8Nj(«) (a = 1,2) 
i=0 j=0 

where 

â G (a) 
'̂i<«) aNi(«)9N3(„) 

an. 
aN 

(a =1,2) 
j(a) 

T,P V - ^i>i(a) 

Similarly to «Problem 4 - 3 » , the following inequality is assumed. 

No(i)+Ni(i)« No(2)+Ni(2) 

Total G is the sum of G in Region I and Region II: 

G = G(i) + G(2) 

According to «Problem 4 - 3 » , we have 

(5G)T,P = (^o(i) - |Xo(2))5No(i) + (^o(i) - Ho(2))5Ni(i) = 0 

Similarly, 

1 ^ ^ 
( 8 ' G ) T . P = 2 X 1 (̂ îj(i) + ^^ij(2))8Ni(,)5N 

i=Oj=0 
j(l) 

(4.4.7) 

(4.4.8) 

(4.3.4) 

(4.3.11) 

(4.4.9) 

(4.4.10) 

Differentials of the chemical potentials with respect to mole numbers can be 
replaced by those with respect to mole fractions as 

â îi i(a) N 1(a) 

0(a) ^ 
Nl(a) 

^l(a) 

i a^ 1(a) j I ^No(a) 1 No(tt) + N i(ct) , 

'dli i(a) 

M'il(a) -

(No(a)+N,(„)) [^^m) 
(i = 0,l; a =1,2) (4.4.11) 

N 1(a) 

9N 1(a) j 
'(Ka) 

i a^ 1(a) 1 I ^N ,(a) 1 No(a) + N K^) 

1-x 1(a) ^3H i(a) 

(N (Ka) + N,(oj) dx 1(a) i 
(i = 0,l; a=l,2) (4.4.12) 

From the condition (4.3.4), 
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Hij(i)»Hij(2) (4.4.13) 

Thus, Eq. (4.4.10) is reduced to 
I I I I 

(S'G)T,P = 2 IIHij(,)SNi(,)6Nj(,)= -SX^i j6Ni6Nj>0 (4.4.1) 
1=0 j=0 i=Oj=0 

Here we abbreviate the subscript (1) because both regions belong to the same 
phase. 

(2) Equation (4.4.1) is a quadratic form in 6Ni with coefficients |iij/2. The 
necessary and sufficient condition for (6^G)j p to be positive definite is that all 
the minor determinants constructed on the principal diagonal line must be 
positive or zero. This condition is expressed as Eqs. (4.4.2)-(4.4.4) 
mathematically. In other words, (6^G)jp is positive only when all the 
solutions of the determinant 

^00 - ^ N l 

are positive or 

= 0 (4.4.14) 

^ ^ (̂ 00 -H Hii) ± V(|iioo -  ̂^iii)^ -4(|ioo|Lin - îQî ) ^ ^ (4.4.15) 

The conditions of Eqs. (4.4.2)-(4.4.4) are identical to the condition that Eq. 
(4.4.15) always holds. 

(3) From the Gibbs-Duhem relation, we have 

i N i d ^ l - O ( 1 3 1 ) 

l N ~ = 0 (4.4.16) 

For binary mixtures, Eq. (4.4.16) reads 

N . ^ . N , | L = o (4.4.17, 

Eq. (4.4.17) can be rewritten as 
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No|Lioi+Ni^ii=0 (4.4.18) 

Then |ioo and |ioi can be expressed as -(Ni/No)|iio and -(Ni/No)|Lli i, respectively. 
Substituting these expressions in the determinant of Eq.(4.4.4), we find it 
always zero. From Eqs. (4.4.11) and (4.4.12), 

Hoo = (No + N 
II ^ 1 - X l 

M-ii = 

Hence, Eqs. (4.4.2) and (4.4.3) can be expressed as 

respectively. The Gibbs-Duhem relation is expressed as 

for binary mixtures. Thus, considering the constraint 0<xi<l, Eq.(4.4.21) is 
identical to Eq.(4.4.5) and either the condition Eq.(4.4.21) or Eq.(4.4.4) is 
required for stable equilibrium. 

«Problem 4 - 5 » Criteria for stable equilibrium for binary mixture 
Gibbs free energy of mixing AGmix is expressed as a function of mole 

fraction of solute Xj in binary mixtures at constant temperature and pressure. 
If AGmix has an upward curvature, the system is unstable, and if AGmix has a 
downward curvature, the system is stable. 

(1) Prove 

SAG^x^O (4.5.1) 

for the former case and 

5AG^i,<0 (4.5.2) 

for the latter case. For convenience, assume that the system contains one mole 
of solution. The Gibbs free energy variation AGmix per one mole is also called 
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the mean molar Gibbs free energy G. 

(2) A\XQ and A|i| are related to AG îx as 

f9AG^;,^ 
dxi 

'P,T 

A|^i=AG^ix + Xo 
^AG^ix 

3xj 

Derive these equations. 

(4.5.3) 

(4.5.4) 
'P,T 

(3) Express the criteria for stable equilibrium in binary mixtures using Eq. 
(4.5.4) for AGmix- If AGmix has an upward curvature in a certain 
concentration range, the solution is unstable in this range. How stable is the 
system when AGmix is at an inflection point? 

Answer 
(1) Figures 4-5(a) and 4-5(b) are schematic plots for AGmix as a function of Xi. 
Molar Gibbs free energies of pure solvent and pure solute are expressed as Ao 
and Ai, respectively. AGmix for a certain concentration A (AAo=xi) is AB. 
Now imagine a solution with concentration A separates into two phases with 
the concentrations A' and A". The weight ratio of these phases is AA":AA*, 
according to the law of mass conservation. Thus, we have 

AoA = AoA' . ^^[\^  ̂ + AoA'' ^ ^^^^^ ^.. (4.5.5) 
AA'+AA' AA'+AA' 

(a) 

k 

k 
A 

\ 
B' 

• X 

A 

B* 

^^^^^^^^Z^—1 

1 
A"A,| 

J 
y \ ^ ^ 

3 

Fig. 4-5 Gibbs free energy of mixing as a function of mole fraction 
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If AGmix has a downward curvature, the Gibbs free energy of mixing increases 
from B to B* by phase separation (See Fig. 4-5(a)). 

5 AG„i, = AG,i,(B*) - AG,i,(B) > 0 (4.5.6) 

This fact implies that if AG^ix has a downward curvature, phase separation does 
not take place. On the other hand, if AG îx has an upward curvature, AGmix 
decreases from B to B* (See Fig.4-5(b)). 

6AG^i, = AG^i,(B*) - AG,i,(B) < 0 (4.5.7) 

Thus, if AGmix has an upward curvature, phase separation occurs throughout the 
concentration range. 

(2) AGmix is expressed as 

AG^i, = XoA^o + x,A^j (4.5.8) 

Differentiation of Eq. (4.5.8) with respect to mole fraction yields 

Using Eqs. (4.5.8) and (4.5.9), we have 

A^o = A G , i , - x , [ ^ ^ ] (4.5.3) 

A n , = A G , i , - X o p ^ (4.5.4) 

From Eqs. (4.5.3) and (4.5.4), we have 

(^^"»*4,=o"^^o"^'^o (4.5.10) 

(AG^ix)^^ = AiB,=A^i, (4.5.11) 

(3) Substituting Eq.(4.5.4) in the equation for the criterion of stable 
equilibrium for binary mixtures 

we have 

i > 0 (4.4.5) 
dXi/T,p 
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(4.5.12) 

for the stable state. At the inflection point the sign of (d AGmJ^X] ) varies 
from positive to negative. Then we have 

(4.5.14) 

= 0 (4.5.15) 
'yT,p 

Thus, the system is at neutral equilibrium state at the inflection point of AGmix-

«ProbIein 4-6» Gibbs free energy surface and phase diagram for binary 
mixture 

Figure 4-6.1(a) is a plot of mean molar Gibbs free energy G defined by 
^ Xj Ajlj against mole fraction Xi at various temperatures. At high 
temperatures, G has a downw ârd curvature over the entire range of 
composition of the mixture. On the other hand, at loŵ  temperatures G has an 
upward curvature between C and C" (inflection points). The points B' and B" 
are double tangential points. 

(1) Where are the stable region, the metastable region, the unstable region 
and the critical point ? 

(2) Fig. 4-6.1(b) is a plot of the phase diagram in mole fraction-temperature 
space. The solid curve is the binodal curve which is the locus of the double 
tangential points in Fig. 4-6.1(a), and the dashed curve is the spinodal curve 
which is the locus of the inflection point in Fig. 4-6.1(a). The line connecting 
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(a) 

Fig. 4-6.1 (a) Mean molar Gibbs free energy as a fiinction of mole fraction 
for various temperatures (T5>T4>T3>T2>Ti) and (b) phase diagram of 
binary solution 

Fig. 4-6.2 Partial derivative of mean molar Gibbs free energy as afimction 
of mole fraction 
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B' and B" is called the tie line, 
unstable region ? 

Where are the metastable region and the 

Ansfver 
(1) The extrapolation of the double tangential line B'-B" to the perpendicular 
axes at X]=0 and Xi=l gives |Llo and |i i, respectively (See Eqs. (4.5.10) and 
(4.5.11)). The compositions at B' and B" are denoted as Xi' and Xi", 
respectively. Then we have phase equilibrium conditions 

^o(xr) = |io(x,") (4 6.1) 

^,(xr) = ^i(x,") (4.6.2) 

Now, we take a certain point D between B' and C or between B" and C". 
Since G has a downward curvature in this region, the system is stable for 
continuous variations of the concentration of the components. However, the 
total G for the system which consists of two phases denoted by B* and B" is 
lower than G for D by DD*. That is, 

(SG),,p<0 

Thus the system is not stable. This region is called the metastable region. 
Between C and C", G has an upward curvature and the system is unstable. 
The system corresponding to this region separates into two phases with the 
compositions Xj* and Xi". Thus, all the systems corresponding to the region 

a) b) 

LCST 

UCST 

UCST 

LCST 

X, X, 

Fig. 4-6.3 Phase diagram of binary solutions with UCST and LCST 
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between B' and B" separate into two phases with concentrations Xi' and Xi". 
Stable regions are in the range 0<Xi<Xi' and xr'<Xi<l. At the temperature 
for Curve 4 in Fig. 4-6.1(a), both B' and B", and C and C" coincide with each 
other. Since C is the inflection point of G, we have 

r ^ ) = 0 (4-6.3) 

at C. In Fig.4-6.2, (3^G/9XI^)TP has a downward curvature against Xi. Then 
we have 

3x1^/T,P 
and 

= 0 

â G > 0 

(4.6.4) 

(4.6.5) 

Here, C is the critical point. The concentration and the temperature at C are 
called the critical solution concentration and the critical solution 
temperature, respectively. Eqs. (4.6.4) and (4.6.5) correspond to the 
equations 

(5'G)r,P = 0 

and 

(5^G)r,p > 0 

Table 4-6 Polymer solutions having both UCST and LCST. \|/ and K are the 
entropty and enthalpy terms of/ (See «Problem 4-25») 

Polymer/solvent 

polystyrene/cyclohexane 

polystjrrene/cyclopentane 

polyisobutylene/benzene 

thermodynamic properties 

UCST(OC) 
34(M—oo) 

20(M-^oo) 

25(M->oo) 

4'>0 

K>0 

d^S/di^O 

LCST(OC) 
180 (M--00) 

154(M—oo) 
160(M=1.5xl08) 

4'<0 

K<0 

a2s/a<t)2>o 
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respectively. Eqs. (4.6.3), (4.6.4) and (4.6.5) are also expressed as 

= 0 
T,P 

>o 
9XI2/T-,P 

(4.6.6) 

(4.6.7) 

The degree of freedom at the critical point of binary mixtures is, obviously, 1. 

(2) The solution which corresponds to the region between B* and B" separates 
into two phases with concentrations x' and x". The hatched region in Fig. 4-
6.1(a) is the metastable region and the region enclosed by the curve CC'C" 
(called spinodal or limit of stability) is the unstable region. 

* The critical temperature is called the upper critical solution temperature (UCST) when 
the phase separation occurs at temperatures below the critical temperature, and it is called the 
lower critical solution temperature (LCST) when the phase separation occurs at 
temperatures above the critical temperature, as shown in Fig. 4-6.3. The mechanism of 
LCST could not be explained by the lattice theory alone but was further elucidated with the 
free volume theory proposed by Patterson and Flory et al. (See D. Patterson, 
Macromolecules 2, 672 (1969); P. J. Flory, R. A. Orwoll, and A. Vrij, J. Am. Chem. Soc. 86, 
3507, 3515 (1964)). According to their theories, LCST is caused by a considerable 
difference in thermal expansion coefficients between polymer and solvent. For polymer 
solutions, UCST is commonly lower than LCST, as shown in Fig.4-6.3(a). Table 4-6 shows 
typical polymer solutions which exhibit both UCST and LCST. 

* The term "limit of stability" was first utilized by Gibbs (J. W. Gibbs, Collected works. Vol. 
I, Yale University Press, 1948). 

« P r o b I e m 4 - 7 » Criteria for stable equilibrium for ternary mixture 
(1) Prove that the criteria for stable equilibrium of ternary solutions are 
given by the follow^ing seven inequalities. 

^ o o > 0 , ^iii > 0 , | i 2 2 > 0 

t̂oo 
^10 

Hoi 
Hii 

>0 , Hoc 
^20 

H02 

1̂ 22 >o. Hn 
^21 

^tl2 

^22 
> 0 

(4.7.1) 

(4.7.2) 



no 

> 0 
^00 fioi ik>2 

HlO 1̂ 11 M̂ 12 

^20 ^21 H22 

Here, the partially differential coefficients are defined by 

(4.7.3) 

Hij = 
^ a^G 
aN:9N: 

J / T,P,N|, 

(i,j= 0,1,2) 

(2)Prove that the seven inequalities can be reduced to the following three 
inequalities. 

H l l > 0 , H22>0 

^11 ^12 

1̂ 21 ^22 
= H l l ^ 2 2 - 1 1 1 2 ^ ^ 0 

(3) Prove that Eqs. (4.7.4) and (4.7.5) can be rewritten as 

Gil > 0 , G22>0 

G = 
G,iG,2 

G21 G22 
= G,,G22-G,2 > 0 

(4.7.4) 

(4.7.5) 

(4.7.6) 

(4.7.7) 

using partially differential coefficients of mean molar Gibbs free energy with 
respect to mole fraction of / th component Xj, Gij , defined by 

(a^G/axiaxj)T.,p. 

Answer 
(1) The criterion for stable equilibrium of ternary solutions is given by 

2 2 
(4.7.8) 

i=0 j=0 

The condition for 6^G to be positive-definite is that all the minor determinants 
which can be constructed on the principal diagonal line of the matrix 

I M^oo M^oi M^o2 I 

^10 y-u ^12 

.̂ ^20 t̂ 21 ^A22. 

are positive or zero. Thus, we obtain Eqs. (4.7.1)-(4.7.3). 
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(2) From the Gibbs-Duhem relation ZNid|Xi=0 (Eq. (1.3.1)), we have 

No^loo+N,^l,o+N2^l2o=o 
No^oi+N,^,,+N2H2i=0 ^ (4.7.9) 

No^02 + N|^i2 + N2H22 = 0 

Since No,Ni and N2 are not zero, we have 

0̂0 Ni H02 
M̂io |J-ii |ii2 
R20 H21 M̂22 

> 0 (4.7.10) 

Therefore, Eq. (4.7.3) is automatically satisfied. 
Eqs. (4.7.9) can be rewritten in the form 

^iol=-(l/No)(Nl^l^+N2^2l) 

HO2 = -(1/NO)(N,|LI,2 + N2H22) 

Hoo = -(l/No)[N,|i,o + N2|i2o 

(4.7.11) 

Substituting the first and the second equations in the third equation of Eq. 
(4.7.11), we have iio^as an explicit function; 

0̂0= - (1/No) [N, (- 1/No) (N,|ln + N2H21) + N2 (- 1/No) (N,H,2 + N 2 M 

= (l/No') [ N , V I I + 2N,N2m2 + N2V22] 

Combination of Eqs. (4.7.11) and (4.7.12) yields 

1 ^ Moi 
^10 ^lll 

= fel 
iNo^) 

^11 H12 

1̂ 21 ^22 

Similarly, we have 

Moo M02 
M20 M22 

= (N2^ Mil Mi2 
M21 M22 I 

(4.7.12) 

(4.7.13) 

(4.7.14) 

Eqs. (4.7.13) and (4.7.14) imply that three inequalities of Eq. (4.7.2) are 
identical with each other. Now let's assume arbitrarily two of three 
inequalities of Eq. (4.7.1) hold. For example, assume jlj i>0 and |i22^0. 
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The case (i) [in^O 

Then we have |ioo^O, from Eq. (4.7.12). 

The case (ii) |ii2<0 

From the third inequaHty of Eq. (4.7.2), 

^ 1 1 ^ 2 2 - H l 2 ^ > 0 

Then, 

\\i\i<f}Mni22 (4.7.15) 

Substitution of Eq. (4.7.15) in Eq. (4.7.12) gives 

^00 = (l/No^) (N, Vi 1 + N2V22 + 2N,N2|Hd) 

> (l/No^)(NiVpTr- N2Vp^f > 0 (4.7.16) 

Thus, if |Ll, ,>0 and |l22^0, then ^oo^O. This result means that two inequalities 
arbitrarily chosen among three inequalities in Eq. (4.7.1) are independent. 
Therefore, Eqs. (4.7.1)-(4.7.3) reduce to Eqs. (4.7.4) and (4.7.5). 

(3) Let's choose x, and X2 as independent variables and XQ (=1-XI-X2) as a 
dependent variable. Referring to Eqs. (4.4.11) and (4.4.12), we have 

With partial differentiation of both sides of the equation 

we have 

| | = 5,-ixJ5g-)=G„.ix,G, (4.7.19) 
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where 

Gii = 
^ a ^ G 

V 'JT.f 

(4.7.20) 

Substitution of Eq. (4.7.19) in Eq. (4.7.17) yields 
_ 2 2 _ 2 2 _ 

(No + N,+N2]^ij = Gi j -XxAj-XxkGi , + XExiXkG,k (4.7.21) 
^ ' 1=1 k=I 1=1 k=l 

Now we define the matrices 

H = (?" -A (4.7.23) 
\ G2I G22 / 

_ / X l X2 

|E| = | ' ' ' j (4.7.25) 

Using these matrices, Eq. (4.7.21) can be rewritten as 

(No+N,+N2) IMI = |G| - |x| |G1 |E| - |E| |G| |X|T + |XI |G| M^ 

= (|E|-|x|)|Gl(|El-|x|f (4.7.26) 

If we denote the determinants which correspond to the matrices in Eqs. 
(4.7.22)-(4.7.25) as |n|, |G| ,|x| and |E|, we can rewrite Eq. (4.7.26) as 

(NO+N.+N2)1M| = | E - ) ^ 0 | E - X ) 1 = | E - X 1 2 0 1 E - X ) ^ | E - ; ^ 

= |E-xl2^ = ( l - x , - X 2 f ^ (4.7.27) 

Eq. (4.7.5) is rewritten as 

|H|>0 (4.7.28) 

The signs of \\i\ and |G| are the same from Eq. (4.7.27). Hence, Eq. (4.7.28) 
can be rewritten as 
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n= = GnG22-(G,2) > 0 (4.7.29) 
Gil Gi2 

G21 G22 

Eq. (4.7.21) for 11 component is expressed as 

(No+Ni+N2)^ii =(1 - xif Gn - 2x2 (l - x,) G,2 + X22G22 (4.7.30) 

From the first inequality of Eq. (4.7.4), we have 

( l - x , ) ^ G n - 2 x 2 ( 1 - X , ) G , 2 + X 2 ^ G 2 2 > 0 (4.7.31) 

If 

G n < 0 (4.7.32) 

then 

G22 < 0 (4.7.33) 

must be satisfied from the condition of Eq. (4.7.29). Then, 
(i)The case Gi2>0: 
All the terms in Eq. (4.7.31) are negative. Thus, Eq. (4.7.31) cannot hold. 
(ii) The case Gi2<0: 
Eq. (4.7.29) can be rewritten as 

PA  ̂V^„|p2^ (4.7.34) 
where I I means the absolute value. Substitution of Eq. (4.7.34) in Eq. 
(4.7.31) with refererence to Eq. (4.7.16) yields 

(No+Ni+N2)^l| = - (1 -X,f |GII| + 2X2(1 -XI ) |GI2 | -X2^ |G22 | 

< - (1 - X,f | G „ | + 2X2 (1 - X,) V | G „ | | G 2 ^ - X22 IG22I 

= -|(l-x,)VpJ-X2VlGm'<0 
(4.7.35) 

Thus, Eq. (4.7.31) does not hold either. These results imply that the 
assumption (4.7.32) must be wrong and we finally obtain 

G i i > 0 (4.7.36) 

and then, from Eq.(4.7.29), 
G22 > 0 (4.7.37) 



115 

«Problem 4 - 8 » Gibbs free energy on composition triangle 
Consider the case in which G has a downward curvature in the entire range 

of concentration for a ternary system. Figure 4-8 shows the Gibbs free energy 
on the composition triangle ( the magnitude of each side is unity and the 
apexes correspond to the pure components). G of the solution with 
concentration A is B and the intercepts of the tangential surface at B on the 
axes Xo=0, Xi=0 and X2=0 are BQ, BI and B2, respectively. The curve B'BB" is 
the intersection of the G surface with the plane which is parallel to the 0-1 
axis and passes through the point B. Describe the physical meaning of (1) the 
length AB, (2) the line A'A" which is parallel to the 0-1 axis, (3) the curvature 
of B'BB" and (4) the heights AQBO, A , B , and A2B2. 

Answer 
(1) Mean molar Gibbs free energy of the solution with concentration A. Here, 
the length of the perpendicular line drawn from A to the three axes gives the 
composition of each component. 

0 1 

Fig. 4-8 Mean molar Gibbs free energy on the Gibbs composition triangle 
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(2)The line A'A" shows constant X2. 
(3) The curve B'BB" denotes G as a function of Xi at constant X2. The 
curvature is defined by (3^ G/3XI^)X2=G 11. 
(4) AoBo=|io, A,B,=^, and A2B2=|i2. 

<Problem 4 - 9 » Critical condition for ternary mixture 
The critical point of ternary mixtures can be calculated from the 

simultaneous equations: the spinodal condition 

0 = G,iG22-(G,2f = 0 (4.9.1) 

and the equation 

m m 
 ̂=  0 (4.9.2) 

G21 G22 

where 

Gi = ® (4.9.3) 

Mil < '̂-^> 
Derive Eq. (4.9.2). 

Answer 

The total differentials of G" and G7 are 

dGi =Giidxi +Gi2dx2 (4.9.5) 

dG2 = G2idxi + G22dx2 (4.9.6) 

where 

Using (4.9.6), the differential of X2 at constant G2 is related to the differential 
of xi as 
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Mor-elK'lG (4.9.8) 

Substitution of Eq. (4.9.8) in Eq. (4.9.5) yields 

(d^')o=P 
M 

"""5 22 J 
(dx,)i (4.9.9) 

Then we obtain 

(BGA 
9xi L 

G I I G 2 2 - ( G 2 I ) 

G22 

2 , — , 

G 
(4.9.10) 

where An denotes the cofactor of ij component of the matrix; 

G2, G22 

Thus Eq. (4.9.1) can be also written as 

= 0 (4.9.11) 
I 9xi I -

As shown in Fig. 4-6.2, (dG\ 19xi )^^ has the minimum with respect to Xi at 

the critical point C. Then we have 

a^Gi 
0 

Substitution of Eq. (4.9.10) in Eq. (4.9.12) gives 

um -^m\ G.-P1 G.U 
X2 ax 

0 
2/x axA9xiJ/G2 Au^U^^i 

Eq. (4.9.13) can be expressed in the form of determinant as 

(4.9.12) 

(4.9.13) 

3X1 ix2 Wllxx 

G21 G22 

= 0 (4.9.14) 
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«ProbIem 4 - 1 0 » Critical condition for (r+l)-component system 
Prove that the limit of stability (spinodal) for (r+l)-component systems is 

given by 

0= 
G„ 
G21 

Gr, 

G|2 

G22 

Gr2 

Gi3 

G23 

Gr3 

G,r 

G2r 

G,T 

= 0 (4.10.1) 

Then, prove that the critical condition for (r+l)-component systems is given by 
the combination of Eq. (4.10.1) and the equation 

G21 

ag 
3X2 

G22 

m 
3X3 

G23 

m 
G2r 

G, r2 Jr3 Grr 

= 0 (4.10.2) 

Answer 
The condition for stable equilibrium of (r+l)-component systems is given by 

(s'G)^p = i t t^i j8N,8Nj>0 
i=0 j=0 

where 

'̂'=ii(̂ )M=î p)-ŝ S^ 

(4.10.3) 

(4.10.4) 

i=0 

and 

îi = G + U - - I x , (4.10.5) 
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Substitution of Eq. (4.10.6) into Eq. (4.10.4) gives 

,i=0 
E - X 

where 

|IH|= 

f 

I 

U 2 I M 2̂2 

. „ ^ 
-Ir 

^l2r 

H„ y 
From Eq. (4.10.7), we have 

IN, 
,i=0 

|^| = |E-x| |G| | (E-xf = E - x 

Thus, the condition for the limit of stability 

lMl = 0 

can be replaced by Eq. (4.10.1). 
The total differentials of d , G2,... Gr are expressed as 

dGi =Giidxi +Gi2dx2 + - - + Girdxr 

dG2 = G2idX| + G22dX2 + • • • + G2rdXr 

(4.10.6) 

(4.10.7) 

(4.10.8) 

(4.10.9) 

(4.10.10) 

(4.10.11) 

(4.10.12) 

(4.10.13) dGr = GrldXi + Gr2dX2 + • + GndXf 

The relation between the differentials dxi and dx2,...,dXr at fixed Gj with i=2 
to r (dG2=dG3=...=dGr=0) is expressed as 

_ dx^ ^ _ dx2 - dx3 
-G2i=G 22 15^7 ""^23 3 ^ ^ « 2 r d l 
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^ ^ dx9 ^ dxi 

dx 

__ dx. 
- G 3 , = G 3 2 : ^ + G 3 3 ^ + . . . + G 3 , ^ 

- _ dx2 - dx3 _ dx, 
'^dxi '^ dx, "^dxi (4.10.14) 

Eqs. (4.10.14) are simultaneous linear equations which have r unknown 
variables, dx2/dxi, dxs/dxi,..., dXf/dXj. According to the Cramer's rule (See 
e.g., V.I.Smimov, Linear Algebra and Group theory, Dover, New York, 1961), 
we have 

= Dj ( r^L = ^ (j = 2.3,--,r) (4.10.15) 

Here, D is the determinant, the elements of which are the coefficients for the 
unknown variables: 

D = 

G22 G23 

G32 G33 

Gr2 Gr3 

G2r 

G3r 

G„ 

= A I t (4.10.16) 

Here, A| i is the cofactor of 11 elements of the matrix || G ||. If D=Ai i is non­
zero, Eq. (4.10.14) has a set of solutions (Eq. 4.10.15). Dj is the determinant 
derived from D by replacing jl row by -Gn Q=2 to r). 

Dj = 

G22 

G32 

Gr2 

-G2, 

-G3, 

- G H 

G2r 

G3r 

G„ 

= A,(-1) 
J-i (4.10.17) 

Here, A|j is the cofactor of Ij element of the determinant! ^ || • Substitution 
of Eq. (4.10.17) inEq. (4.10.15) yields 
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^ 1 _ = ^ ( - l ) * - ' (j = 2,3,-- ,r) (4.10.18) 
axi /G2,G3, • •• ,Gr All 

Substitution of Eq. (4.10.18) in Eq. (4.10.11) yields 

dXi 

J-1 

(-.k...,.r^...ioJ|i (dx.),̂ .̂..̂ ,̂  

^G, jA , ( - l ) 

j=2 
= i°..-2^i^[(dx,),,....o, 

(4.10.19) 
Partial derivative of G with respect to Xi at constant Gi (i=2-r) is derived as 

Thus, Eq. (4.10.1) can be rewritten as 

fe] =0 (4.10.21) 

Partial differentiation of Eq. (4.10.20) with respect to xi yields 

^2?; 

X4- iA, i (4.10.22) 

Using the second critical condition 

(f%)_ =0 (4.10.23) 
' G 2 , •• • ,Gr 

we have 
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j= l " " J 

Eq. (4.10.24) is expressed in the form of determinant as 

ag ag ag a@ 

0 = 

3x1 

G21 

3x9 

G22 

Jr2 

3X3 

G23 G2r 

Jr3 G^ 

(4.10.24) 

= 0 (4.10.2) 

«Problem 4 - 1 1 » Critical condition for ideal solution and regular 
solution 
Derive the conditions for the limit of stability and the critical point for 
homogeneous binary ideal solutions (1) and homogeneous binary regular 
solutions (2). 

Answer 
(1) Chemical potentials of solvent and solute |io and ^i for ideal solution are 
given from Eq.(2.1.1) by 

^o = Ho^ + RTlnxo 

^ j = | i , ^ + RTlnxi 

where xo + xi = 1 

Mean molar Gibbs free energy for ideal solution is given by 

G = Xo(|io-|Lio^) + x , ( ^ i - ^ , ^ j = ( l -Xi )A^o + x,A^i 

Substitution of Eqs. (4.11.1) and (4.11.2) in Eq. (4.11.3) yields 

G = R T / ( l - x , ) l n ( l . X i ) + Xilnx,\ 

(4.11.1) 

(4.11.2) 

(4.11.3) 

(4.11.4) 
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Substitution of Eq. (4.11.4) in the condition for the limit of stability 

G , i = 0 (4.11.5) 

gives 

1-x, 
G n = R T — + — ^ =0 (4.11.6) 

Thus, 

- l - + _ l _ = o (4.11.7) 
Xl l - X ] 

Here, Eq. (4.11.7) has no solution in the concentration range of physical 
meaning 0<xi<l. This result means that there is no limit of stability in binary 
ideal solution. Accordingly, ideal solution has no critical point. In ideal 
solution, only entropy of mixing contributes to G, resulting in no phase 
separation. 

(2) Chemical potentials of solvent and solute |io and ii\ for regular solutions 
are given by 

A|Lio = RTlnxo + NAze(l-Xo)^ (4.11.8) 

A^,=RTlnxiH-NAze(l-Xi)^ (4.11.9) 

v^here z and e are the coordination number and the increase in the lattice energy 
for formation of a solute/solvent pair, respectively (See Note of «Problem 2-
1 3 » ) Using Eqs. (4.11.8) and (4.11.9) for A îo and A|Lii, mean molar Gibbs 
free energy of regular solutions is given by 

G = XoA^o + XiA|i, 

= R T n i - x , ] l n ( l - X i ] + XilnxJ + NAzexi(l-Xi] (4.11.10) 

Substituting Eq. (4.11.10) in the condition for the limit of stability 

G n = 0 (4.11.5) 

we have 

Gn 1 1 _ 2ze 
R f = ^ ^ r : i : - k T = ^ (41111) 
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Substituting Eq. (4.11.10) in the second critical condition 

we have 

RT ax, ~"v - (.-x,r 
= 0 

(4.11.12) 

(4.11.13) 

Simultaneous equations of (4.11.11) and (4.11.13) yield the critical 
concentration and the critical temperature as xi"̂ =0.5 and 

^ _2ze 

respectively. 

(4.11.14) 

«Problein 4-12» Critical condition for Flory-Huggins solution 
The Gibbs free energy of mixing for polymer solutions AGmix and chemical 

potentials can be expressed as a function of volume fractions of solvent and 
solute, (|)o and <|) i. For example, according to the Flory-Huggins theory, the 
following equations hold their validity: 

Â lo = RT 

A|l,=RT 

Inl (1-*.) + 1-^U,H-X<t>' '1 

ln(l-(t>o)-(n-l)(t)o + Xn(t)ô  

(3.11.3) 

(3.12.2) 

where (|)Q = 1 - (t)i. In polymer solutions it is more convenient to define the 
mean volume Gibbs free energy Gv (or AGv) in place of mean molar Gibbs 
free energy G (or AG). Gv is Gibbs free energy per unit volume of 
solution and AGv is the Gibbs free energy change needed to make a unit 
volume of solution from pure solvent and pure solute. (1) Derive the equation 
for AGv from Eqs. (3.11.3) and (3.12.2). (2) When G is expressed in terms 
of mole fraction Xi, the condition of stability limit (i.e., spinodal) is given by 
the relationship 

ax,2 
= 0 (4.12.1) 

T.P 
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Correspondingly, using Gv it is replaced by 

|̂ _Gv ^Q (4.12.2) 

Derive the equation for the spinodal condition using Flory-Huggins theory. 

(3) At the critical point both Eq. (4.12.2) and the relationship 

^ 1 -

1 /T,P 
= 0 (4.12.3) 

hold their validity. From Eqs. (4.12.2) and (4.12.3), derive the equation for 
the critical solution point of polymer solutions w ĥich obeys Flory-Huggins 
theory. 

Answer 
(1) Assume that one mole of solvent occupies volume of VQ and one mole of 
solute occupies volume of nVo. Then, AGy is defined by 

AG. = ( l - ( ^ . ) ( ^ ) . < ^ , 
(AH/ 
Wo (̂ -̂ 2.4) 

Substituting Eqs. (3.11.3) and (3.12.2) into Eq. (4.12.4), we obtain 

AG, = ̂ | ( l -<t) ,) ln(l-( l) , ) + ̂ ln<l),+X(t),(l-<t),)| (4.12.5) 

(2) Differentiating Eq. (4.12.5) with respect to <l>i, we obtain 

Further partial differentiation of Eq. (4.12.6) with (j)! gives 

^ +;;Jr-2x (4.12.7) ^i  ̂ j ^0 l̂-<l>i ' n<t), 

Thus, the condition for spinodal, Eq.(4.12.2), is expressed as 



126 

-rhr'^-^' ^^ = ^ (4.12.8) 
l-<t>i n(l)i 
Eq. (4.12.8) enables us to calculate the relationship between x and (j) i (spinodal 
curve) for given n. 

(3) Differentiation of Eq. (4.12.7) with respect to (j) i yields 

RT [ 1 1 ) a^AGvl RT f 1 1 

r*> iT.P '''W-H "*̂ '' 

Accordingly, the condition for the critical solution point is given by 

1 L_ = 0 (4.12.10) 
( I ' h f n(t),̂  
Among the solutions of simultaneous equations (4.12.8) and (4.12.10), the 
solution which satisfies the condition 0<^ \<l gives the critical solution point. 
That is, 

* " T 7 7 r (4.12.11) 

X.4(l^;^) (4.12.13) 

* On the other hand, x can be assumed to be divided into an entropy term and 
an enthalpy term as 

X = XS + XH (4.12.14) 

where 

^ S - 2 " ^ (4.12.15) 

X H = K = ^ (4.12.16) 
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Substituting Eqs. (4.12.15) and (4.12.16) in Eq. (4.12.14), we obtain 

X = ^ - V + ^ (4.12.17) 

Eq. (4.12.17) can be rewritten as 

= ^ + i ( x - y (4.12.18) I 
T e ey 

Using Eq. (4.12.18), %c can be converted to the critical solution temperature Tc. 
Substitution of Eq. (4.12.13) in Eq. (4.12.18) yields 

1 1 1 f 1 l\ 

Eq.(4.12.19) was first derived by Shultz-Flory and applied to the systems polystyrene in 
cyclohexane and polyisobutylene/diisobutyl ketone (See A.R.Shultz & P.J.Flory, J.Am. Chem. 
5t>c. 74,4760(1952)) 

* The polymer concentration at the critical solution point of polymer solutions is shifted to 
extremely low concentration side. For example, <t)i*'=0.091 for n=100, <t)i''=0.031 for n=1000 
and <t)i''=0.01 (i.e., 1%) for n=10'* for Floiy-Huggins solution. Therefore ^x"" is at most in the 
range of <t),'<10%. 

* If the overall volume fraction of the polymer ^\  ̂is larger than (|)î , the volume ratio R of 
polymer-lean phase to polymer-rich phase in the vicinity of the cloud point is rather smaller 
than 1, but if (t)î <(t)î , R » l is realized. Then, by measuring R in the vicinity of the cloud 
point as a function of <t)î  we can determine ^\  ̂on the basis of this criterion, experimentally. 
See «Probrem 4-41» 

«ProbIem 4-13» Range of critical temperature and critical composition 
Discuss the range oi^x^ and Xc, which can be varied over a wide range of n, 

for Flory-Huggins solution. 

Answer 
In «Problem 4-12» we derived 

^'' = TT7r (4-12.11) 1+v/n 
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Xc = 2 l ^ " ^ ^ ^ l (4.12.13) 

for Flory-Huggins solution. For n=l, we have 

^ 1 ' = ^. Xc = 2 (4.13.1) 

For n=oo, we have 

^ i ' = 0, Xc = ^ (4.13.2) 

Therefore, ŵ ith increase in molecular w êight, (() 1̂  decreases from 1/2 to zero 
and Xc from 2 to 1/2. Accordingly, (j) i*" ranges from 1/2 to 0 and Xcfrom 2 to 
1/2. 

«Problem 4-14» Determination of 6 and V|/ (I): Shultz-Flory plot 
The following relationship holds between the critical solution temperature Tc 

and the Flory temperature G. 

1 1 1 f 1 1 "̂  
Tre^e^[7^^2^] (4.12.19) 

Discuss experimental methods for determining 6 and \|/ based on Eq. 
(4.12.19). 

Answer 
If \pO, Tc is always smaller than or equal to 6; Tc ̂  6. Eq. (4.12.19) 

shows that Tc approaches 6 when n—̂ 00 . That is, 

Tc(n^oo) = 0 (4.14.1) 

Eq. (4.14.1) means that Tc for the polymer with infinite molecular weight (or 
degree of polymerization) coincides with the Flory temperature. Thus, 0 can 
be determined experimentally by measuring Tc for solutions of a series of 
polymers with different n and making a plot of 1/Tc versus (l/n*^^+l/(2n)). 
The slope of the plot yields l/( 0 \|/) and the intercept at n=oo gives 1/ 8. Then, 
we can determine 6 and \j/concurrently. This plot is often called the Shultz-
Flory plot (See A.R.Shultz and P.J.Flory, J. Am, Chem. Soc, 74, 4760 (1952)). 
Note that in this plot the concentration dependence of % is not taken into 
account, so that the plot has a tendency to overestimate \|/. 
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«Problem 4-15» Determination of 0 and \|/ (II). Application to 
experimental data 

Figure 4-15 shows the relationship between observed critical temperature Tc 
and the molecular weight of solute M for polyisobutylene in mixtures of 
ethylbenzene and diphenylether (See T.G Fox and P J.Flory, 
J.Am,Chem,Soc.73, 1909 (1951)) Determine 0 and \|/ for this system. 

Answer 
For Flory-Huggins solution, we have 

— = 1 -LIA. J-] 
Tc 0''0V|/\/ir"^2nJ 

If n » l , the equation reduces to 

b "1 

where 

Mv 
n = -

'0 

(4.12.19) 

(4.15.1) 

(4.15.2) 

20 40 

Fig. 4-15 Critical temperature as a function of molecular weight of 
polyisobutylene in mixtures of ethylbenzene and diphenylether (See T.G 
Fox and P.J.Flory, J, Am. Chem, Soc. 73, 1909 (1951)) 
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V o V " 

b = -^p— (4.15.3) 

Here, M,v, and VQ are the molecular weight of the polymer, the specific 
volume and the molar volume of the polymer. Eq. (4.15.1) is rewritten as 

Te = e 1 ^ e ( l - - k . l (4.15.4) 
1 + _b_ \ iul 

The intercept of the plot of Tc vs. M"*̂ ^ at ]Vr'̂ ^=0 gives 6 and the negative sign 
of the slope gives b. Then, from the figure we obtain 0 =26.8''C (=300K), 
and M"̂ '̂  =43x10"' at Tc=273K. From Eq. (4.15.4), 273/300=l-b(43xl0"') 
and b= (l-273/300)(l/43xl0'V20.9. In the original paper, b=13, which was 
erroneously determined. 

«ProbIem 4-16» Determination of 9 and V|/ (III): Application to 
experimental data 

Table 4-16 lists the viscosity-average degree of polymerization nv for 
polyvinylbenzoate-xylene solutions. Determine the Flory temperature 0 and 
the entropy parameter V|/ for this system. 

Answer 
Chain length P, defined as the ratio of molar volume of polymer Vp to that 

Table 4-16 Viscosity-average degree of polymerization and critical 
temperature of polyvinylbenzoate fractions in xylene 

sample 
Fl 
F2 
F3 
F4 

nv 
1620 
1300 
990 
820 

Tc(K) 
289.2 
287.8 
285.0 
283.4 

(See I. Sakurada, Y.Sakaguchi and S.Kokuryo, Kobunshi Kagaku 17, 227 
(I960)) 
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of solvent Vs can be calculated from the degree of polymerization n using the 
relationship 

V. 
M 

p \Ppj Ps2Mo 
P = T r = T — T = TT—n (4.16.1) 

where ps and Pp are the densities of solvent and polymer, 2Mo the molecular 
weight of repeating unit, Ms the solvent molecular weight. For the above 
system, we obtain ps=0.881 (for o-xylene), pp=1.23, 2Mo=148, Ms=106. 
Therefore, if we use ny in place of n, P=0.998nv=nv. From the intercept and 
the slope of the plot of 1/Tc against (l/n^^^+l/(2n)), we obtain 6 =305.8K and 
\|/=0.47. 

* The experimental method for determining 0 and x in various concentrations is summarized 
in «Probrem 4-23-b». 

«Problein 4-17» Chemical potential in Flory-Huggins solution 
Based on the Flory-Huggins theory, plot A\iQfKT against (  ̂i for the cases of 

n=10, 100 and 1000. 

Answer 
The chemical potential of solvent A|LIO is given by 

A|Lio = RT|ln(l.(t)i) + fl.ij(^jH.X(t)i4 (3.11.3) 

Figures 4-17.(a)-(c) show the plots of A^IQ/RT against 01 for various n and %. 

«Problem 4-18» Mean molar Gibbs free energy of regular solution 
Mean molar Gibbs free energy AGmix of the regular solution, in which low 

molecular weight solute is dissolved, is given by 

AG„i, = RT Xolnxo + x,lnx,+zexoX, /kTj (4.11.10') 
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Plot AGmix against Xi. 

Answer 
Figure 4-18(a) shows the plot AGmix vs. x, for Z8=1250, 1500 and 1750 

cal/mol at 273K and (b) shows the plot for ze=1500 cal/mol at temperatures 
ranging from 248 to 373K. Two-phase separation occurs by increasing ze or 
decreasing temperature. The coexistence curve is symmetrical if the molar 
volumes of solvent and solute are the same. 

(a)n=10 (b) n=100 

0 

< - 0 . 1 

-0.2^ 

(c) n=1000 1 
X=0.5321 (=Xc) 

^^^^^^^^^0 .6 

\ $ ^ 0 - 6 5 

- ¥' 
1 . 1 1 
D 0.5 1 

<I>1 

Fig. 4-17 Chemical potential of mixing 
as a function of volume fraction for 
Flory-Huggins solution for diJBFerent 
degrees of polymerization 
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(a)T=237K 

-10% 

1250 

•(b)ze=1500 cal/mole 
T=248K 

b 

a 

-1001 

0.6 
Xi 

-150] 

Fig. 4-18 Gibbs free energy of mixing as a function of mole fraction for 
regular solution for different interaction energies 

«Problein 4-19» Mean volume Gibbs free energy and critical condition 
for Flory-Huggins solution 

When the polymer-solvent interaction parameter % in the Flory-Huggins 
theory depends on the solute concentration, the chemical potentials of solvent 
and polymer solute Ajio and A|LLI are given by 

Â o = RT|ln(l.(t)i) + fl-ij(^i+x(t)i^ (3.11.3) 

and 

AH,=RT|ln(t)j-(n-l)(l-(t)i).xn(t)i(l-(t),) + n|Jxd(t)i^ (3.15.10) 

respectively. Based on Eqs. (3.11.3) and (3.15.10), derive (1) the mean 
volume free energy of mixing, and (2) the expression for the condition of 
the spinodal (stability limit) and the critical point. 
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Answer 
(1) AGv is defined by 

Substituting Eq. (3.11.3) for A|Llo and Eq. (3.15.10) for A|Li, into Eq. (4.12.4), 
we obtain 

RT I 0 r̂  
^Gv = ^ | ( l -< | ) , ) ln ( l -<t ) , ) + -j^ln(|),+(}),| xd<l) (4.19.1) 

(2) The spinodal condition is expressed by 

â AGv = 0 
\d^\^ /T,P 

At the critical point, Eq. (4.12.2)' and the equation 

/a^AGv\ = 0 
I 5<t>î  /T,P 
hold their validity. 
Differentiation of Eq. (4.19.1) with respect to ^ i yields 

^aAG \̂ RT I / ^ f 1 

(4.12.2)' 

(4.12.3)' 

- ln( |) ,+ | Xd(|), - x<j), I (4.19.2) 
n j(|), I 

and further differentiation of Eq. (4.19.2) with respect to <l)i leads to 

''a^AG. 

Vo^l-<t) , n<t)," ^'\d<^,r 
V ' yT,p 

At spinodal, Eq. (4.19.3) is zero: 

l - < | ) i n<|)i \d<| ) i / 

From Eq. (4.19.3), 

(4.19.3) 

(4.19.4) 
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RT 
y 

'T,P 
0 1(1-(t),) n<t>,' 

-3 fax 
a<^, 9(t), 2.^1 (4.19.5) 

Accordingly, at the critical point, the equation 

1 
[l-hf n(l)î  

L^.sm.m 
\a<t)i' 

|(t»i=0 (4.19.6) 

should hold in addition to Eq. (4.19.4). 

* When X does not depend on 01, the following relations hold. 

I Xd(l)l=X(l-<t>l) (4.19.7) 

and 

- ^ = A3L = 0 (4.19.8) 
a<t>l d(\>i^ 
Then Eqs. (4.19.4) and (4.19.6) coincide with Eqs. (4.12.8) and (4.12.10) in «Problem 4-
1 2 » , respectively. When % depends linearly on (j)], as given by 
the equation 

X = Xo(l+Pi<|)i) (̂ -̂ -̂l) 

we have 

a% - Xopi 

jB^X. = 0 

(4.19.9) 

(4.19.10) 

(4.19.11) 

Then Eqs.(4.19.1), (4.19.4) and (4.19.6) are simplified as 

kT 
AG,= (l-(t),)ln(l-(t),) + -^ln(t),+Xo4», (l-t>.) + y ( l -< t> i ' ) | 

(4.19.12) 
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1 1 
l-(t)i ncj)! 

1 1 
(I'hf n(t),̂  

Xo(2 + 3pi(t),) = 0 

3XoPi = 0 

(4.19.13) 

(4.19.14) 

respectively. If we put pi=0, Eqs. (4.19.12)-(4.19.14) is reduced straightforwardly to those 
for the simple case when % does not depend on concentration (Eqs.(4.12.8) and (4.12.10)). 
Two methods have been proposed for calculating cloud-point curves of poly disperse polymer 
solutions, one by Kamide et al. and the other by Sole, the comparison of those is given in (K. 
Kamide, S. Matsuda and H. Shirataki, Eur. Polym. 7.26,379(1990)). 

«ProbIein 4-20» Critical condition for homologous polymer solution 
The chemical potential of solvent A|io and that of solute A îj in 

multicomponent polymer solutions are given by 

A îo = RTiln(l-(t),) + jl--lj(t),+x«t), (3.18.5) 

A|ii = RTiln(|),-(ni-l)(l-(|),)-xni(t),(l-(t),) + nij '̂xd<t)i> (3.18.4)' 

where 
r 

i=l 

By employing mean volume free energy of mixing AGy in place of mean molar 
free energy of mixing, the conditions for spinodal and neutral equilibrium (See 
Eqs. (4.9.1) and (4.9.2)) are written in the form 

A G J = 

AG,,, AG,,2 AG,,3 

AGv2] ^^V22 AG,23 

AG,^, AG,^ AG,̂ 3 

AG 

AG, 
vir 

AG. 

= 0 (4.20.1) 
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AGJM 

a AG J a AG J a AG J 

a(t)| d(^2 ^ ^ 3 

AGv2, ^^V22 ^Gv23 

a|AG, 

AG 
V2r 

where 

AGvij = 

AGv̂ , AĜ 2̂ ^Gvr3 

â AGv 

AG, 

= 0 

a(t)ia(t)j /T,P 

Combination of Eqs. (4.20.1) and (4.20.2) leads to 

rhi'i^Mw]^'^' 
and 

^\ d\ 
(l-*,f n^\' 1̂ 1 j \d<^, 2 M'l 

(|),=0 

(4.20.2) 

(4.20.3) 

(4.20.4) 

Here, Hn, n* and n  ̂are the number-, weight- and z-average degree of 
polymerizations, respectively. (1) Calculate AGy using Eqs. (3.18.5) and 
(3.18.4)'. (2) Derive the spinodal condition, Eq. (4.20.3). (3) Derive the 
condition for the neutral equilibrium, Eq. (4.20.4). 

Answer 
(1) AGv is defined by (See Eq.(4.12.4)) 

(A^, 
AG. = (1-^,)[^J.I^. 

AHj 

'0 / i=, yniVo, 

Substitution of Eqs. (3.18.5) and (3.18.4)' in Eq. (4.20.5) gives 

(4.20.5) 
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RT I ' 0 r̂  
(4.20.6) 

(2) Differentiation of Eq. (4.20.6) by (j)] leads to 

VofaAG, 
RT ^]^^=-l„(l-*,).jl-lj.lln*,.£xd*,-X0, 

Further differentiation of Eq. (4.20.6) by (|)i and (t)j leads to 

VQ [a'AG,] ^Vo 
RT [ acD̂ â . j^^ - RT ^ ^ v i j = T ^ - 2x - ( a ^ j ^ . = L 

â̂ AG 

RT 
^ 0 Ar^ T I I I 

â ^̂  I =Rf ^ ^ - = L . - . L . L . 
' 'T,P 

Substituting Eqs. (4.20.8) and (4.20,9) in Eqs. (4.20.1), we obtain 

"-(Mi--i= 

L+L, L L 
L L+L2 L 
L L L+L. 

L L L 

L 
L 
L 

- L+L, 

= 0 

U = 

-L2 L+L2 L 
0 L L+L. 

0 L : 

0 L L 

L 
L 
L 

L+L, 

(4.20.7) 

(4.20.8) 

(4.20.9) 

(4.20.10) 
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L, 0 0 

-L2 L2 0 
0 -L3L3 

0 0 -L. • 

... 0 

... 0 

... 0 

. 

L 
L 
L 

: 

0 0 0 
'r-l 

-Lj. L+Lr 

(4.20.11) 

U can be divided into two determinants as 

U = L 

+ L'' 

L2 0 0 
-L3 L3 0 

0 -L4L4 

0 0 -L5 • 

• 0 
• 0 
•• 0 

L 
L 
L 

; 

0 0 0 

0 0 0 

=L,V, + L2W2 

0 0 0 
-L3 L3 0 

0 -L4 L4 

0 0 -L. • 

... 0 

... 0 

... 0 

. 

L 
L 
L 

: 

T-l 

-Lr L+Lr 

(4.20.12) 

Note that the determinant of the right-hand side in Eq. (4.20.11) has the same 
form as the determinant Vi in Eq. (4.20.12). The determinant W2 can be 
further calculated as 
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W2 = L3 

0 0 0 

-L4 L4 0 

0 -L5 L5 

0 0 -L 

0 0 0 

0 L 
0 L 
0 L 

Lr-i L 
-L, L+Lr 

-L3L4L5 T- l 
0 L 

= L3L4L5 • - • Lr-iLfL 

V| is also divided into two parts as 

L3 0 0 

-L4 L4 0 

V,=L2 
0 

0 0 

L5L5 

0 
0 
0 

L 
L 
L 

+ L, 

0 0 0 

0 0 0 
-L. L. 0 

0 

0 0 

L5L5 

-U 

0 0 0 

Lr-i L 
-L, L+Lr 

0 L 
0 L 
0 L 

= L2V2 + L3W3 

(4.20.13) 

(4.20.14) 

U, V| and V2 are of the same form, and W2 and W3 are of the same form. 
From Eqs. (4.20.13) and (4.20.14), we have 

Wi = L n L j 
j=i+l 

(4.20.15) 
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Vi = Li„Vi„+Li ,2Wi ,2 (4.20.16) 

With aid of Eq. (4.20.16), Eq. (4.20.11) can be rearranged. As we can put 
U=Vo, then referring to Eq.(4.20.13), we have 

Vn = L,V,+L,W. 1*1 2*»2 

V,=L2V2 + L3W3 

V2 = L3V3 + L4W4 

Vi = Li„Vi , ,+Li ,2Wi,2 

Vr-3 = L,2V,2 + L , , W , , 

Lr-1 L 

-Lr L+Lr 
= Lr.iLr + L (Lr-i + U) Vr-2=| 

and 

0 L 

-Lr L+Lr I 

From Eqs. (4.20.15) and (4.20.17), we obtain 

Wr., = = LrL 

ifQ^i^j (L2V2 + L3W3J-r 1̂ 2**2 

= L ,L2 (L3V3 + L4W4] + L ,L2W2 + L2W2 

=L iLjLjVj + L ,L2L4W4 + L jLgWj + L2W2 

r.2 n Lj 
- L 1L2L3 ••• Lr.3Vr.3 + X j=l W; 

i=2 L j . ] 

= L,L2L3-L,3V,.3 + L l C l _ n L, 
i=2 ^i-1 k=i+l 

= L,L2L3.-.L,3V,3 + L OLi I j L 

(4.20.17) 

(4.20.18) 

(4.20.19) 

(4.20.20) 

Substitution of Eqs. (4.20.18) and (4.20.19) for Vro and Wr., in Eq.(4.20.17) 
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yields 

Vr.3 = Lr-2Lr-lLr + U-2^ (Lr-I+Lr) + U i L f L 

From Eqs. (4.20.20) and (4.20.21), we have 

u=(riL,|.L(fiL,|Li-.J_.^LL nL. 
ii=l i=l 

iS'-i •nUi 
Finally, Eq. (4.20.10) is reduced to 

i-L t r ,=,Li 
= 0 

(4.20.21) 

(4.20.22) 

(4.20.23) 

From Eq. (4.20.23), (4.20.8) and (4.20.9), we have 

tni<t)il = 0 ^^'TkMwM' i=l 

(4.20.24) 

Using nw defined by 

i=l 

Eq. (4.20.24) can be rewritten as 

(4.20.25) 

(4.20.26) 

or 

(4.20.27) 

Eq. (4.20.27) enables us to calculate the spinodal curve by using experimental 
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data of n„ and %. This equation has been first derived by Koningsveld and 
Staverman in a different way. (See R. Koningsveld and A.J.Staverman, J. 
Polym, Sci A-2, 6, 325(1968)) For monodisperse polymer solutions the 
condition of stability limit (i.e., spinodal) is expressed as 

1 1 
n^\ 1 - (|)i 

- 2 X -
3(1)1 

< t ) i = 0 (4.19.4) 

(3) First, let's calculate (91 AGv I ldif{) using Eq. (4.20.22). Here, Ui is 
defined by 

" ' • ! = ' 
Vo N A G V 

RBT d(sf, 

H: 

nw<Pi 
(4.20.28) 

Substitution of L, Lj and Uj defined by Eqs.(4.20.8), (4.20.9) and (4.20.28) in 
Eq.(4.20.2) leads to 

V = 

U, U2 U3 

L L+L2 L 

L L L+L3 

L L L 

Ur-l Ur 

L L 

L L 

L 

L L+Lr 

= 0 (4.20.29) 

L L L 

Cofactor expansion of the determinant V results in 

j=2 

where 

(4.20.30) 
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A, = 

L+L2 L L 

L L+L3 L 

L L L+L4 

L L L 

and 

Aj = 

L L 

L L+L2 

L L 

L L 

L L 
L L 

L L 

L L 

L L 

L 

L L+Lr 

= 0 

L 
L 

L 
L 

L+Lj., L 

L L+L i+l 

L 
L 

L 
L 

L 
L 

L 

L 

(4.20.31) 

L 
L 

L 

L 

L+L J. J L 
L L+Lf 

0 = 2,3,4, • • • ,r) (4.20.32) 

Equation (4.20.31) can be rewritten with the aid of Eq. (4.20.22) in the form 

Subtraction of the first column from each second to r th column of the 
determinant of Eq. (4.20.32) yields 
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Aj = 

L 0 
0 L2 

0 0 

0 0 

00 
00 

0 
0 

'j-l 

0 

0 
0 

0 
0 

0 

0 0 
0 0 

0 0 

0 0 

0 - Lr., 0 
0 ••• 0 L, 

LlLj U: 
TIL, 

(4.20.34) 
Substituting Eqs.(4.20.33) and (4.20.34) in Eq. (4.20.30), we have 

V = r—I I I L . K i + L I 7.— \ } -\ I | L ; I I - ^ I I / , r - | (4.20.35) -(n.){..(t4.(n..)fe)(tS) 
From the spinodal condition of Eq. (4.20.23), it is clear that { } in the 
first term of the right-hand side of Eq. (4.20.35) is zero. Then, we have 

V = -
Vi=i ; 

^ ^ L U ^ u ̂  m^^ 0 

i=i ^ i 

Substituting Eq. (4.20.28) and 

njCJ)! 

in Eq. (4.20.37), we have 

(4.20.36) 

(4.20.37) 

(4.20.9)' 

(4.20.38) 

and then 
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3(1), (nw<l>i)̂ -nz = 0 (4.20.39) 

Partial differentiation of Eq. (4.20.8) with respect to <j) i yields 

<̂t>i (l-<t)if 13(1)1̂  
(|) i-3 i2L (4.20.40) 

Combining Eq. (4.20.40) with Eq. (4.20.39), we have 

"*'*''"4̂ ]M'r-"̂ =̂  (4.20.41) 

Eq. (4.20.41) is finally rearranged by dividing each term by n^j^i  ̂to 
1 

(1-0.)' Ml) ' "l̂ '̂ 'j 
-3 

ad ) , ' 
<|),=0 (4.20.42) 

* In deriving Eq.(4.20.33), it is recommended to employ the following relationship: 

D 

where 

Xi a 

a X2 ••• a 

a a 

=t̂ )-4# (4.20.43) 

f(x) = fljxi-x) (4.20.44) 

and 

i^^i=iGh-^) l + a g - L 
k = i Xj^-a 

(4.20.45) 

(See K.Kamide, S. Matsuda, T.Dobashi and M. Kaneko, Polym.J. 16,839(1984)) 

«Problein 4-21-a» Critical parameters for homologous polymer 
solutions with concentration-independent % 
Derive expressions for the critical concentration ^\  ̂ and the critical value 
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of % (x c) for multicomponent (i.e., molecularly heterogeneous) polymer 
solutions with concentration-independent %, based on Eqs.(4.20.27) and 
(4.20.42). 

Answer 
The condition for the critical solution point (CSP) is given for polymer 

solutions by 

* +T-^-2?C-f^]<|),=0 (4.20.27) 

(l-*,f M.f l̂ f.j \^,-
If the concentration dependence of % can be neglected, these equations are 
reduced straightforwardly to 

—ir + T-ir-^x=o (4.21.1) 

1 " z 

(1-(]),)' (n,0,y 
= 0 (4.21.2) 

By solving these simultaneous equations, we have 

<t)[= L _ (4.21.3) 
1 + 4 ^ 

/n. 

^ 1 ^/n.. I n^y^n^ 

«ProbIem 4-21-b» Chemical potential for polydisperse polymer in 
single solvent (P/S) with concentration-dependent % 

When the thermodynamic interaction parameter X\ of / th polymer 
component is expressed by Eqs. (3.16.4) and (3.16.11), the heat of dilution AH 
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of the solution and the chemical potential of the solvent A|lo can be written by 

AH=RT Xoo 
k' V 

1 + — 
n 

1 ^ 

^<t>n<t) 'OM'I (4.21.5) 

f. k'Y 
AHo = RTln(l-<t),)+ 1 + — k ) , + X o o l + — l + ZPj<t>; r (4.21.6) 

I n „ I I n„ 1 î i " 7 V ^ " A 

Using the Gibbs-Duhem relation (See Eq.( 1.3.1)), the chemical potential of 
nj-mer, A|ii, is expressed as 

A|ii=RT 

+ ni(l-<t>JXoo 

1 ^ 
ln(t) i -(ni- l )+ni 1 + — to, 

•xrlFrfe^" '̂ 
+k1 1 1 ^ 

V"! " n y 

1 — I — + y - £ i - y - i L . 
1-01 t ? J + l q^l-<l> 

(4.21.7) 
V " ' ' • yj j j 

Derive Eqs. (4.21.6) and (4.21.7). Note that the applicability of Eq. (4.21.7) 
is not restricted only to the lattice model used originally in the Flory-Huggins 
theory. 

Answer 
The chemical potentials of the solvent and n-mer, A|lo and A|ij (i=l,...m) for 

a multicomponent polymer-single solvent system are given by 

A ô = RTJln(l-<t),)+ 

and 

1 "i 1 
. "nf 'J 

(4.21.8) 

1 aAH 

'"rhrSN (4.21.9) A^ii=RT|ln(l)i+(ni-l)+ni 

where Nj is the niunber of moles of ni-mer. Substituting Eqs. (3.16.4) and 
(3.16.11) into Eq. (4.21.8), we obtain Eq. (4.21.6). In Eq. (4.21.8), X<|),2 
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must be of the form 

(4.21.10) 

where No is the number of moles of solvent. The necessary and sufficient 
condition under which A|a,o and Aflj satisfy the Gibbs-Duhem relation 
Eq.(1.3.1) is 

aAH_ a JfNoraAHV 1 
(4.21.11) 

On substituting Eq. (4.21.5) in Eq. (4.21.11), we obtain 

1 aAH_ 

+ Xookni 

^ k'Y/, ^ 2̂ v O J + 2 
1+—[0-<t)i) + X P J 

m p 
n„ 

M 1 ^ 

yn, n„ ^ 

J+1 J+1 ̂
t'+K' 

(4.21.12) 

Combination of Eq. (4.21.12) with Eq. (4.21.9) leads to Eq. (4.21.7). 

«Problem 4-21-c» Critical condition for polydisperse polymer in 
single solvent (P/S) with concentration-dependent X 

Substituting Eqs. (4.21.6) and (4.21.7) into Eq.(4.20.5), we obtain 

k; 
n„ 

An RT 

^ 0 

( l-( t ) ,>nO-<^,K2:^^^+Xoo|l + ^ ( l + n „ - n J [ 
i=l 

j=lJ+Mq=0 I (4.21.13) 

The critical solution point for the Gibbs free energy expressed as Eq. (4.21.13) 
is given by the following equations 

1 1 

nw<l>i 1-0I 
-Xoo l + k1 1+-L-^'^ 2 + XPJO + 2>; =0 (4.21.14) 
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(l-<t)J {nj,f Xoo l + kl 
1 n. 

1 + — -
n„ n. 

IPjjO + 2)})f' =0(4.21.15) 

Derive Eqs. (4.21.14) and (4.21.15) using the condition for the critical point, 
Eqs. (4.20.1) and (4.20.2). 

Answer 
The derivative of Gibbs free energy is given by 

V, 1 / 

RT "J l-(t), ^^"l I 

(for i + j) 
or 

From Eqs. (4.21.16), (4.21.17) and (4 

M i+-L-i^ 2 + Ip<,(q + 2>; 
q=l 

i = j ) 

' =M 

(4.21.16) 

(4.21.17) 

|AGv|= 
^RT '̂ 

^Vo; 

^RT '̂ 

M + M, M 
M M + M, 

M M 

Then we have 

' m Y m 1 ^ 

flMi H - M Y — 

20.1) , we obtain 

M 
M 

M + M„ 

= 0 (4.21.18) 

m 1 

I + M Y — = 0 (4.21.19) 

for the spinodal. Rearrangement of Eq. (4.21.19) with the aid of Eqs. 
(4.21.16) and (4.21.17) gives Eq. (4.21.14). In deriving Eq. (4.21.18), we 
employed Eq. (4.20.43). 

Differentiating Eq. (4.21.18) by (j)], we obtain 
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a^G.|_rRT '̂"^ 
vVo, i=i A o^i nw<t>i 

= W (4.21.20) 

Then, from Eqs. (4.21.16), (4.21.17) and (4.21.20) and using Eq. (4.21.19), 
we obtain 

(-1)2 W, 

M + M2 

M 

M 

fA M 
M M + Mj 

M M 

M M 

pvl N 1 

M 

M + M3 

M 

M + Mj_, 

M 

... 

M 

M 

- M + M , 

M 

M + M3,, 

m 

i+2 

M 

M + M^ 

Y M W; 
=0 

(4.21.21) 
Eq. (4.21.21) can be rewritten, using Eqs. (4.21.16) and (4.21.17), as Eq. 
(4.21.15). 

«Problein 4-21-d» Determination of cloud point curve for polydisperse 
polymer in single solvent (P/S) with concentration-dependent % 

Describe methods for determining the cloud point curve (CPC) of 
multicomponent polymer-single solvent systems from the chemical potentials. 

Answer 
The Gibbs condition for the phase equilibrium of quasi-binary 

solutions at constant temperature and constant pressure is given by (See 
«Probrem l -5») 
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(4.21.22) 

(4.21.23) 

Here, the suffixes (1) and (2) denote the polymer-lean and the polymer-rich 
phases, respectively. Combining Eqs. (4.21.6), (4.21.7), (4.21.22) and 
(4.21.23), we have 

l - d ) , s r<t) <t> ^ 
Till) . A i \ I T|(|) T l " T T ^ + (<t>.<-,-<!)„.,>-

Xoo 
l - ( t ) 1(2) 

1) ^1(2) 

^ n ( l ) ^ n ( 2 ) 

fc-<t>u>k 
/ " A Z 

<t>i(2) <t>l(» 
2 > 

, n ,,, n „, , 
V̂  11(2) n(2) J 

ip.(c-0-k 
/̂ /KJ^2 

(t>;(i) c 2 M 

ŷ  n(2) n(l) y 

and 

a.llnl-=a„-.^ 
" i <t>,(i) n , 

with 

(4.21.24) 

(4.21.25) 

^0 - Vl(l) ^ Vl(2) . - * 1 ( 2 ) ) -

2^u.)-^2)>^f,u-<t>fa>|pj{^fe-<2,)-fe-K4 

<I>1(1) <l'l{2) ' ^1>J., 4 . ? , ) ^ 
^ ^ n ( l ) ^n(2) y "n(1) I^n(2) 

hipr 
i+1 \ c <H;2', 

^ ln(l) " n ( 2 ) ^ ^n(l) ^n(2) 

and 

<̂o, = k'|i.,-<t>„2,>-|-j|Yfc-<4 

(4.21.26) 

(4.21.27) 

* An example of the flow chart of the computer simulation of cloud point curves is given as 
follows.The volume fi-ac ion of nj-mer in two coexisting phases, <l>(i)(ni) and <|)(2)(ni), are given 
by 
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R + 1 

_(R + l)exp(ajn.) 
R + expCOjiii) 

<t)o(n.) 

<t)„(n.) 

(4.21.28) 

(4.21.29) 

Fig. 4-21-d.l Flow chart for calculating the cloud point of a 
multicomponent polymer/single solvent system (See K. Kamide, S. Matsuda, 
T. Dobashi and M. Kaneko, Polym. J. 16, 839 (1984)) 
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where R is the ratio of the volume of the polymer-lean phase V(i) to that of the polymer-rich 

phase V(2) and <t>o(ni) is the volume fraction of nj-mer in the starting solution. The <t>(i)(ni) and 

<t>(2)(ni) at the cloud point, (referred to as <t>(i)'''(ni), <l>(2)'''(ni)), are given from Eq. (4.21.28) and 

(4.21.29) as limiting cases of R~*°° when the polymer volume fraction of the starting 

solution ^i" is lower than ̂ i'' and R-*0 for (̂ I'x)),'̂  in the form 

(1) 

<t):r.(ni)=(t)o(ni) 

<^Z ("i )= ^0 ("i )exp(-Oini) (4.21.30) 

for <!),"< (t),' (i=l,—,m) 

(2) 

<t);p(ni)=(t)o(ni)exp(-CTin.) 

<t);P(n.)=(t)o(ni) (4.21.31) 

for<t),°>0,' (i=l,-,m) 

^4 

Fig. 4-21-d.2 Effect of weight-average molar volume ratio n„*' of the 
polymer in a single solvent on cloud point curve (Eqs. (4.21.24)-(421.27)) 
for X in Eq. (3.16.14) for p,=0.5, p2=0 and ko=0: n „ V = l (a), 1.1 (b), 2 
(c ), and 4 (d); (O), critical point (Eqs. (4.21.14) and (4.21.15)); ( • ) , 
precipitation threshold point; number on the curve denotes n*** (See K. 
Kamide, S. Matsuda, T. Dobashi and M. Kaneko, Polym. J. 16, 839 (1984)) 
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Thus, on the basis of Eqs. (4.21.24H4.21.27), (4.21.30) and (4.21.31) 

%oo at the cloud point (Xoô O? ̂ » ̂ (i)(ni) and <t>(2)(ni), <t>i(i) and (t>i(2) can be directly calculated for 

a solution with given <t)î . A brief flow chart for computer simulation is shown in Fig. 4-21-

d. 1. The prerequisites for this simulation are 

(a) molecular weight distribution and accordingly the weight- and number-average degree of 

polymerization n of the original polymer (n^^ and Uw^n^) 

(b) polymer volume fraction of the starting solution (t>î  

(c) parameters ko and 6 in the expression of % 

(d) concentration dependence parameters pj(j=l,2,...,n) in the expression of % 

* Figure 4-21-d.2 shows the effect of n^^ on CPC, calculated for the solutions of four 

polymers (Schulz-Zimm molecular wei^t distribution, nw /̂nn^=l, 1.1, 2 and 4) in a single 

solvent (pi=0.6, p2=0 and ko=0 in Eq. (3.16.14)). The unfilled circle in the figure is the 

critical point and the filled circle, the threshold cloud point. (See K. Kamide, S. Matsuda, T. 

Dobashi and M. Kaneko, Polym. J. 16, 839 (1984)) 

«Probiem 4-22» Effect of molecular weight distribution on critical 
concentration 

When the molecular weight distribution (MWD) of a polymer is expressed 
by Schulz-Zimm type distribution or Wesslau type distribution, estimate the 
dependence of the breadth of MWD, njn^, on (j) i*̂  for the cases of nw=10 
and 1000. Here, the weight distribution of the degree of polymerization fw(n) 
of Schulz-Zimm-type distribution is expressed by 

fw(n) = - p ^ n ' ' e x p ( - y n ) (4.22.1) 

h h +1 h +2 
y = - ^ = - n — = - n - (4-22.2) 

and fw(n) of Wesslau-type distribution is expressed by 

'"̂ "̂ =p̂ H -̂ ('"̂ '̂ (4.22.3) 

p W ^ j , nO=(n,n„)' (4.22.4) 



156 

where the weight fraction of polymer molecules with molecular weight 
between n and n+dn is denoted by fw(n)dn (See «Problem 9-8»). 

Answer 
If X is independent of (|) j and n, (j) î  is given by 

(t)?= ^ (4.21.3) 
n... 

1 + 

Table 4-22 shows the critical concentration of solutions of the polymer with 
Schulz-Zimm-type and Wesslau-type molecular weight distribution for typical 
values of n^ and n /̂nn. The critical concentration (j) î  decreases with 
increasing the average molecular weight of the sample nw and increases with the 

Table 4-22 Critical volume fraction of polymers with different molecular 
weight distribution 

(a) nv̂ l̂O 
njxin 

Schulz-Zimm 

Hz 

<t>î  
Wesslau 
nz 
<^i' 

(b) nw=1000 
n^tin 

Schulz-Zimm 
Hz 

< ! > . ' 
Wesslau 
Hz 

hi 

1 

10 
0.240 

10 
0.240 

1 

1000 
0.0307 

1000 
0.0307 

2 

15 
0.279 

20 
0.309 

2 

1500 
0.0373 

2000 
0.0428 

3 

17 
0.290 

30 
0.354 

3 

1666 
0.0392 

3000 
0.0519 

10 

19 
0.304 

100 
0.500 

10 

1900 
0.0418 

10000 
0.0909 
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breadth of the molecular weight distribution. 01^ for the polymer with Schulz-
Zimm distribution is larger than that for the polymer with Wesslau-type 
distribution. 

«Problein 4-23-a» Experimental method for determining Flory's 6 
condition 

Describe experimental methods for determining Flory's 9 condition of 
polymer solutions and compare the methods. 

Answer 
(1) Critical point method 
0 is Tc of the solution of a polymer with infinite molecular weight. Plot 1/Tc 
versus l/n^^^+l/2n for a series of combinations of Tc and n, both 
experimentally determined. 6 is determined by extrapolating 1/Tc to n-*oo, 
according to the relationship 

ĉ Q^[sf^ 
The plot is usually curved when % depends on concentration or when the 
polymer has a molecular weight distribution. Solutions of crystallizing 
polymers do not yield two phase separation, frequently, for which the above 
method cannot be used. (See K. Kamide, S. Matsuda, Polym. J. 16, 825 
(1984)) 

(2) Second virial coefficient method 
Second virial coefficient A2 is given by the relationship 

^ [ I - | ] F ( X ) (4.23.1) 

(See «Problem 5-21») Then, the temperature at which A2 equals zero, is 
0. The method is based on experiments by means of membrane osmometry, 
light scattering, etc. as a function of temperature or solvent composition for 
determining the temperature at A2=0 or the composition at A2=0. 

(3) Limiting viscosity number-moiecular weight method 
The exponent a in the Mark-Houwink-Sakurada equation 
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[n] = K„,M" (4.23.2) 

becomes 0.5 in 0 solvent. Here, [r|] is the limiting viscosity number, M the 
molecular weight and Km a constant (See «Problem 8-30») . Then, we can 
determine 6 or solvent composition at 0 condition by measuring [r|] at various 
temperatures or solvent compositions for a series of polymers with different 
molecular weights, dissolved in solvents. 

«ProbIein 4-23-b» Experimental method for determining 0 and V|/ 
Describe methods for determining the Flory theta temperature 0 and entropy 

parameter \|/, and the concentration dependence of the parameter % of single- or 
multicomponent polymer-single solvent system from the critical solution point 
(CSP) data. 

Answer 
(1) Koningsveld et al. method 
The interaction parameter g defined in Eq.(3.18.1) is expanded as 

n 

& = ^&A' (4.23.3) 
i=0 

Here go could be devided into temperature-independent and -dependent 
components given by 

go=goo+g. , /T (4.23.4) 

^ and 0 can be calculated from 
1 

V = - ~ g o o - g , (4.22.5) 

0 = goi/V (4.22.6) 

Note that the concentration- and temperature-dependence of the parameter g, in 
the other words, the parameters goo, goî  gi ^^  ̂ g2 are evaluated so that the 
deviation of the experimental critical volume fraction  ̂ î  and critical 
temperature Tc data for all the samples from the theory would be the minimum. 

* This method was applied to PS-CH and PS-methylcyclohexane (MCH) and V values were 
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(A) (B) 

a2a 0.74' ,a2 
1/Tc-103{K-') 

3.3 3.A 35 

VTc1Q3(K-t) 

Fig. 4-23-b. 1 (A) Plot of Y in Eq. (4.23.7) against (j),' and (B) plot of go 
in Eq. (4.23.8) vs. 1/Tc for UCSP (a) and LCSP (b) of the system 
polystyrene/cyclohexane. (O) Koningsveld et al. (1970); ( • ) Kuwaharaet 
al. (1973); (O) Saeki etal. (1973) (See K. Kamide and S. Matsuda, Po/yw. 
J. 16, 825 (1984)) 

- re 

Fig. 4-23-b.2 The critical concentration experimentally determined, ^x" 
(exp), plotted against the critical concentration theoretically calculated, 
<|)i'(theo) for UCSP (a) and LCSP (b) of the polystyrene/cyclohexane 
system. ( A ) Shultz-Flory [Eq. (4.23.14)'];( A ) Stockmayer [Eq. 
(4.23.14)]; (O) Kamide-Matsuda [Eq. (4.23.9-10), pi=0.6, p2=0]; ( • ) 
Kamide-Matsuda [pi=0.623, p2=0.290]; (D) Kamide-Matsuda [pi=0.642, 
P2=0.190 for UCSP and p,=0.602, p2=-0.347 for LCSP]. (See K. Kamide 
and S. Matsuda, Po/yw. J. 16, 825 (1984)) 
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S'Kf^U 

yos 
V/O.3 J 
v;o.2 1 
A,0-15 
Xo.12-

\ \ ' 

-0.1 

-0.2 

-0-3 KJO 

-0.A 

-0.5 

-ae 0 fe OS 0.̂  tf/ OS K 
Pi 

Fig. 4-23-b.3 Relationship among p,, pz and 6 for UCSP (a) and LCSP (b) 
of the polystyrene/cyclohexane system. Numbers on the curve denotes 
SxlO"*. Filled circle corresponds to the most ideal combination of pi and p2 
to describe the critical solution point. (See K. Kamide and S. Matsuda, 
Polym. J. 16, 825 (1984)) 

30 

20 

10 

0 

-10 

-9n 

V 

\ P O Q O 

i t j i ^ \ 

273 293 313 

T /K 

333 353 

Fig. 4-23-b.4 Changes in ko-parameter in Eq. (3.16.14) with temperature 
T; closed and half-closed marks, PS/CH system ( • ) Kamide-Miyazaki; (O) 
Scholte by light scattering: open marks, PS/MCH system ;( D ) 
(t) ,"=0.50x10"^ (O) (|) i"=0.47x 10-^ (O) (t) ,"=0.86x10-^ (A) (^ ,̂ =2.0x10"^ 
(V) (|) 1̂ =1.86x10*1 (See K. Kamide, T. Abe and Y. Miyazaki, Polym, J. 14, 
355(1982)) 
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calculated. In their method, the curve fitting was repeatedly used to determine g (for 

example, see Fig. 4-23-b.l). The concentration dependence of the parameter g (accordingly 

that of the parameter X) can be determined not only from the critical point, but by various 

other methods such as osmotic pressure, li^t scattering, ultracentrifuge, vapor pressure, and 

phase separation. In the present method, gi and ^ in Eq. (4.23.3) are calculated from <t)î , 

wei^t- and z- average degree of polymerization, n^ and n̂  by applying the curve fitting 

method to the equation 

Y = g i - g 2 + 4 g 2 ( l ) [ = -
o (l--(t)?)' (n,~(^[)' 

(4.23.7) 

for neutral equilibrium condition, go is evaluated from gi and g2 thus determined and <t>î  and 
nvv, by using the spinodal equation 

^̂ 0 = 7 ^ ^ 1^^28,(1-3(^,^)-h6g, (1-20^ ) < (4.23.8) 

goo and goi can be estimated from the plot of go vs. 1/Tc, according to Eq. (4.23.4). 
(See R. Koningsveld, L. A. Kleintjens and A. R. Shultz, J. Polym. Set A-2,8,1261 (1970)) 

(2) Kamide-Matsuda method 
The parameter % can be phenomenologically expressed as Eq. (3.16.4). At the 
critical point, the following equations can be derived: 

n„<l), l - < t > i j=' 

and 

1 
o-<i)rr (n.<t)n -Xo'XPjJ(J + 2)(t)r'=0 

(4.23.9) 

(4.23.10) 
j=i 

where n„ and tiz are the weight- and z-average degree of polymerization. Both 
Xo*̂  and <t)i' can be obtained concurrently through the application of Eqs. 
(4.23.9) and (4.23.10), using a numerical method, to the data of n„, n̂  and Pj 
0=1,2). Xo*̂  is related to Tc, V and 6 through the relation 



162 

1 Y'' 1 1 

— = i ^ + i ( l ~ — ) (4.23.11) 
Te e\|/ e 2\|/ 
with 

i ( /^ l /2-x ,^ , Q^XJ{\I2-XJ (4.23.12) 

where %o,s and Xo,h are the entropy and enthalpy components of Xo, respectively 
(i.e., Xo=%o,s + Xo,h). Using Xo", calculated from Eqs. (4.23.9) and (4.23.10) 
and experimental Tc, we can determine 6 and V|/ from the plot of 1/Tc against 
Xo". (See K.Kamide and S.Matsuda, PolymJ. 16, 825 (1984)) 

(3) Stockmayer method 
Putting pj=0 (for j=l,..., n) in Eq. (4.23.9), we obtain 

Xo=^-4;r-^-r-W) (4-23.13) 

Substitution of the Stockmayer equation which was derived for 
multicomponent polymer-single solvent system 

(t)̂  = jTj- (Stockmayer equation) (4.23.14) 
1+n /n 

w z 

intoEq. (4.23.13) yields 

Xo = ^ ( ^ + — X - ^ + l ) (4-23.15) 

Combining Eq. (4.23.11) with Eq. (4.23.15), we obtain 

Ic «\|/ 2 n^ n^ n„ n, « 2\|/ 

(See W. H. Stockmayer, J. Chem. Phys. 17, 588 (1949)) 

(4) Shultz-Flory method 
When n„=nzis assumed, Eqs. (4.23.14) and (4.23.16) are reduced to the well 
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Table 4-23-b. 1 Various methods for estimating 0 and \\f from critical point 
data 

Method Parameter prerequisite for applying Parameters deduced 
method from the method 

Molecular Critical Concentration 
characteristics point dependence of 

data X 
Schulz-Flory nw 
[Eq.(4.23.14)'] 
Stockmayer n ,̂ nz 
[Eq.(4.23.14)] 
Koningsveld et al. nw, nz 
[Eq.(4.23.7,8)] 
Kamide-Matsuda nw, nz 
rEq.(4.23.9,10)1 

T 

Tc 

Tc,(t)i' 

Tc 

-

— 

gl.g2 

P1.P2 

e,\|/,(t),' 
e.Y,^,' 

Q,^,&)0,&>i,gl,g2 

e,¥,<t>l̂ 5Coo 

(See K.Kamide and S.Matsuda, Polym.J, 16, 825 (1984)) 

Table 4-23-b.2 Flory 6 temperature and entropy parameter \|/ for the upper 
solution critical point of the polystyrene-cyclohexane system 

Critical 
point 

Second 
viriai 

Method 

Shultz-Flory 

Stockmayer 

Koningsveld el al. 

Kamide-Matsuda: 
Phase separation 
Cloud point 
Critical point 
Critical point 

Membrane 
osmometry 

Light scattering 

coefficient 

Equation 

(4.23.14)' 

(4.23.14) 

(4.23.7,8) 

(4.23.9,10) 

Concentration 
dependence 

ol 
Pi 

0 

0 

0.623 
0.623 

0.6 
0.643 
0.623 
0.642 

_ 

fx 
P2 

0 

0 

0.308 
0.290 

0 
0.200 
0.290 
0.190 

__ 

e/K 

306.2 

306.5 

305.2 
305.6 

306.4 
306.6 
305.6 
305.1 
307.6 

307.6 
308.4 
307.0 
307.4 

V 

0.75 

0.80 

0.29 
0.30 

0.35 
0.27 
0.27 
0.27 
0.36 

0.23 
0.19 
0.36 
0.18 

(See K.Kamide and S. Matsuda, Polym, J. 16 825 (1984)) 
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known equations derived by Shultz and Flory 

<t>. =77^p7r (4.23.14)' 
w 

and 

1 1 r l . 1 ,̂ 2^ 1 „ K 1 / 1 1 ^ 1 

(See A. R. Shultz and P. J. Flory, J. Am. Chem. Soc, 74, 4760 (1952)) 

* Eq. (4.23.16)' is strictly valid only for a monodisperse polymer-sin^e solvent system, in 
which the parameter X is assumed to be independent of the molecular wei^t and the 
concentration of the polymer. Whether the concentration dependence of the parameter X and 
the polymolecularity of the polymer should be taken into account to e?q)lain the critical point 
and, in the former case what would be the most reasonable values of pi, P2v-,Pn -> can be 
decided by comparing the e?q)erimental critical volume fraction of the total polymer (<t>i*̂ (e?q3)) 
and the theoretical one (<t)î (theo)) calculated using Eqs. (4.23.9) and (4.23.10) (Kamide-
Matsuda), Eq. (4.23.14) (Stockmayer), and Eq. (4.23.14)' (Shultz-Flory). An analysis of 
the data on <t)i*̂ (e?q5), n̂  and n^ would provide the most ideal values of pi, p2, ...and Pn as a 
combination yielding the minimum 6, defined by 

S = i((t)?(exp)Ht)J(theo))f / N (4.23.17) 

where No is the total number of samples. That is, using an appropriate choice of p i, P2, ..., 

Pn, <t)i*̂ (theo) will fit <t)î (e?qp) for the entire set of data If 0î (e5q)) and experimental Tc 

(Tc(e?q))) data are available for a polymer-solvent system, we can determine pi, ...,Pn from the 

plot of <t>î (exp) vs. <t>î (theo) and 0 and \|/ from the plot 1/Tc vs. Xo"" concurrently, as shown in 

Fig.4-23-b.2,3,and4. 

Table 4-23-b.l presents the features of the various methods proposed for estimating B and 

Vj/ from the critical point data. When Eq. (3.16.12) is applicable, Eqs. (4.23.9) and (4.23.10) 

can be modified as. 

1 1 f 

nw*? l-<t>? 
Xoo i + k „ | i _ A i x i i + . 

"n n n j ; V J=l 
= 0 

(4.23.9)' 
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^-(t)[J (l„(t)fj 
Xoo 1 + k, 

X 
V J 

1 ^ z 

1 + —--^-

Y n 

A A 

IPj(J + 2)(t)f 
A 

= 0 

(4.23.10)' 

Parameters in X determined for polystyrene solutions by various methods are summarized in 

Tables 4-23-b.2,3, and 4. 

*In contrast to the systems of non-polar polymer in non-polar solvent, for PS-aromatic 

solvent systems pi value at CSP deviates significantly from 2/3. (See Note in «Probrem 3-

16-b»). For examples, pi=0.494 (toluene) and 0.388 (benzene) were obtained. Kamide et 

al. pointed out, from an analysis of ' H N M R spectra with the aid of infra-red spectra and 

adiabatic compressibility, that the PS phenyl ring is stacked in parallel to the solvent phenyl 

ring for PS/aromatic solvent system. This strongly suggests that marked difference in 

thermodynamic parameters, including the concentration dependence coefficients pi and p2 of 

the parameter X, and Flory entropy parameter at infinite dilution Vo, observed for atactic 

PS in aromatic and aliphatic solvents, are accounted for, at least in part, by the formation of 

some supramolecular structure in the former solutions, which may affect the entropy term in 

the parameter X and the entropy of mixing. (See K. Kamide, S. Matsuda and K. Kowsaka, 

Po/y/w. J : 2 0 , 2 3 1 ( 1 9 8 8 ) ) 

«ProbIein 4-23-c» Experimental method for determining KQ 
Describe the methods for determining the Flory enthalpy parameter at 

infinite dilution KQ, defined by 
K„=lim{AH„/(RT(t)f)} (4.23.18) 

Answer 
(1) The temperature dependence of vapor pressure and osmotic pressure 

through the use of the relationship 

K„=iim {i/(RT(i)f)}{a(A^„/r)/a(in')} 
p,̂ . 

(4.23.19) 

(See Eq.( 1.2.3) and the relationship between chemical potential and osmotic 
pressure, Eq. (2.7.8)). The partial differentiation of A|LIO/T with respect to 1/T 
is carried out under constant pressure and constant composition except the 
polymer. 
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(2) The critical parameters (critical solution temperature Tc and the critical 
polymer volume fraction <[) i'̂ ). KQ is related to the Flory theta temperature 6 
and the Flory entropy parameter \|/o through the definition of 0 as 

Ko = eM/o/T 
with 

(4.23.20) 

vi/„ = lim(AS„ -ASr')/(R<|),')= lim(A^„ - AH„ - TASr'MRTct)^) (4.23.21) 
«l>V-*o • V ^ o 

Vapor pressure 
Osmotic pressure 

Membrane osmometry 
Light scattering 

Fig. 4-23-c. 1 Routes of calculation of the Flory enthalpy parameter from 
experimental data of vapor pressure, osmotic pressure, light scattering, and 
critical solution points (see K. Kamide, S. Matsuda and M. Saito, Polym. J. 
20,31(1988)) 
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Here, ASQ is the partial molar entropy of dilution and ASô "̂ ""̂  the 
combinatorial entropy. 6 and \|/o can be evaluated from Tc and (]) î  for a series 
of solutions of polymers having different molecular weights by the following 
methods. 
(a) Shultz and Flory (SF) method {J.Am.Chem.Soc.l4, 4760 (1952)) 
(b) Stockmayer method (J.Chem.Phys, 17,588 (1949)) 
(c) Koningsveld et al. (KKS) method {J.Polym.Sci. A-2, 8, 1261 (1970)) 
(d) Kamide-Matsuda (KM) method (PolymJ. 16, 825 (1984)) 
(See «Problem 4-23-b» for detailed description) 

(3) Temperature dependence of Ai by membrane osmometry or light 
scattering measured in the vicinity of 6 temperature via 0 and \|/o as 

Vo=(VoVvOeOA,/dT), (4.23.22) 

Here v is the specific volume of polymer (See also «Problem 5-17») and 
note that Vo estimated by Eq. (4.23.22) corresponds to a finite molecular 
weight. 6 is determined as the temperature at which A2 becomes zero. KQ 
can be evaluated by substituting 6 and \|/o thus obtained into Eq. (4.23.20). 

(4) Calorimetry 

The heat of dilution AH and accordingly AHo(=(9 AH/9NO)T,P, NQ is the 
mole number of solvent) can be directly measured with calorimetry. Figure 
4-23-c.l demonstrates schematic routes for determining KQ. 

* In order to obtain a better understanding of the molecular wei^t dependence of KQ, a log-log 
plot of KQ against M "̂̂  or Mn"̂  for atactic polystyrene (PS)- cyclohexane (CH) system at 
307.2K is shown in Fig. 4-23-C.2 All available data points yielded a straight line given by 

Ko (= X|/0 ) = 0.924M , (or M „ )-^-'' ' (4.23.23) 

Eq. (4.23.23) is valid over the entire e>q)erimentally accessible molecular wei^t range from 6.2 
X 10-̂  to 5.68 X 10̂ . h should be concluded that the most probable K̂  value is, in a strict 
sense, dependent on M^ (or Mn), irrespective of the method employed and that if Eq. 
(4.23.23) can be expanded its applicability to Mw=°°, ^0 at infmite molecular wei^t may be 
zero. This is an experimental indication that both the randomness in the mixing of a polymer 
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10̂  
L atactic PS/CH system at 308 K 

10<> 

KT̂  
1 0 ^ 

/fo«=a924Mw"^^ 

KT' 1^ 10^ 

(1/Mn) 

W^ W'̂  

Fig. 4-23-C.2 Log-log plot of Flory enthalpy parameter at infinite dilution 
KQ, evaluated by the temperature dependence of the chemical potential and 
the second virial coefficient A2 in the vicinity of the theta temperature and 
by calorimetry versus the reciprocal weight- (or number-) average 
molecular weight Mw (Mn) for atactic polystyrene/cyclohexane system: ( • ) 
Krigbaum^ by membrane osmometry (MO);(H) Krigbaum-Geymer̂  (MO); 
( O ) Scholte^ by ultracentrifuge; ( A ) Krigbaum-Carpenter̂  by light 
scattering (LS); (V) Schulz-Baumann^ (LS); (O) Kotera et al.̂  (LS); (O) 
Outer et al7 (LS); (D) Miyakî  (LS); (®) Fujiharâ  by calorimetry. Solid 
line, the equation Ko=0.92Mw'̂ ^̂ .̂ (See K. Kamide, S. Matsuda and M. 
Saito, Polym. J. 20, 31 (1988)) 

^ W.R.Kri^aum, J.Am. Chem.Soc. 76,3785 (1954). ^W.R.Kri^aum and D.O.Geymer, 

J.Am.Chem.Soc. 81,1859 (1959). ^Th.G.Scholte, J.Polym.Sci. A-2,8, 841 (1970). 

'•w.R.Kri^aum and D.K.Carpenter, J.Phys.Chem. 59, 1166 (1955). ^G.V.Schulz and 

H. Baumann, Macromol Chem., 60,120 (1963). ^A.Kotera, T.Saito, and N.Fujisaki, 

Repts.Progr.Polym.Phys.Jpn. 6, 9 (1963). ^P.Outer, C.I.Can*, and B.H.Zimm, JChem. 

Phys. 18,830 (1950). ^Y.Miyaki, PhD. Dissertation, Osaka Univ (1981). ^LFujihara, 

PhD. Dissertation, Osaka Univ (1979). 
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Table 4-23-c Flory B temperature and enthalpy parameter K~ at infinite dilution for the upper critical solution point of 

0 K o(M, or M,X lo-') (Data) 
K at 308°C 
- Method 

(1) Chemical potential Membrane osmometry - 0.2 l(44) (Krigbaum-Geymer)' 
Sedimentation equilibrium - 

(2) Critical point Shultz-Flory 306.2 
Stockmayer 306.5 
Koningsveld et al. 305.2 
Kamide-Matsuda 305.1 

(3) Second virial Membrane osmometxy 307.6 
coefficient 307.6 

Light scattering 308.0 
308.4 
307 
307.4 
308 
307.7 

0.32( 15.4) 
0.75(-) 
0.80(-) 

[0.28]" 
0.27(-) 0'29(-)} 0.26( W) 

[0.28]" 

0.19( 163) 
0.19(320) 
0.39(17) 

[ 0.261" t 0.26(30) 

0.30(=) 
0.22(-) 

( Scholte)2 

(Koningsveld et al., 
Kuwahara et al., 
Saeki et al.)3-s 

(Krigbaum)6 
(Krigbaum-Geymer) ' 
(Outer et a1.1' 
(Krigbaum-Carpenter)* 
(Schulz-Ba~mann)~ 
(Kotera et al.)" 
(Miy aki-Fuj ita)" ' I 

(Tong et al.)13 
(Fujihara)' Calorimetry - 0.28(=) J 

(4) Heat of dilution 

'W.R.Krigbaum and D.O.Geymer, 1Am.Chem.Soc. 81, 1859 (1959). 3R.Koningveld, 
L.A.Kleintjens and A.R.Shultz, JPolymSci. A-2, 8 1261 (1970). 'S.Saeki, 
N.Kuwahara, S.Konno and M.Kaneko, Macromolecules 6,246 (1973). 6W.R.Krigbaum, JAm.Chem.Soc. 76,3785 (1954) 'P.Outer, C.I.Cm 
and B.H.Zimm, JChemPhys. 18, 830 (1950). *W.R.Krigbaum and D.K.Carpenter, JPhys.Chem. 59, 1166 (1955). gG.V.Schulz and 
H.Baumann, Makromol.Chem. 60, 120 (1963). "A.Kotera, T.Saito and NPujisaki, ReptsProgrP0lymPhys.J~~. 6,9  (1 963). "Y.Miyaki and 
HFujita, Macromolecules 14, 742 (1981). I3Z.T0ng Sohashi, Y.Einaga and HPujita, 
Polym. 1 15,835 (1983). 

Averaged value (See K.Kamide, S.Matsuda and M.Saito, PoZm. 1 20.3 1 (1988)) 
2Th.G.Scholte, JPolym.Sci. A-2, 8, 841 (1970). 

4N.Kuwahara N.Nakata and M.Kaneko, P o l p s  14,415 (1973). 

"Y.Miyaki, PhD. Dissertation, 1981 Osaka Univ. 
I4IFujihara,PhD. Dissertation, 1979, Osaka City Univ. 
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and solvent and the spacial homogeneity of the polymer segment density in solution are 

ejq êcted to be realized in dilute solutions of polymer with infinitely large molecular wei^t 

(i.e., ASo=AV°'"*'). The fact that the above methods give essentially identical KQ value 

within ±0.02 for a given PS sample in CH, strongly supports the validity of the modified 

Flory-Huggins theory. Flory 6 tempereture and enthalpy parameter KQ determined for PS/CH 

with various methods are summarized in Table 4-23-c. 

«Problein 4-24» Critical condition in terms of g 
The spinodal condition for multicomponent Flory-Huggins solution is given by 

- V + T ^ - 2X - i^] (t>, = 0 (4.20.27) 
nw<t>i 1-01 \«t>ij 

The critical point is determined by solving simultaneous equations of Eq. 
(4.20.27) and the following equation: 

1 (4.20.42) 
(1-0 , ) ' (n,<t),)' 

According to «Problem 3-18», 

X = g - ( l - ( t ) i ) ^ (3.18.2) 

holds between % and g. 
Derive equations corresponding to Eqs. (4.20.27) and (4.20.42) for spinodal 
and neutral equilibrium conditions in terms of g and 3g/3<t)i and rewrite the 
equations for the case when (j) i dependence of g obeys the equation 

3 

g = Z g k 0 i ' (4.24.1) 
k=0 

Answer 
Substituting Eq. (3.18.2) for x in Eq. (4.20.27), we obtain 

i4-«-('-*.)(t)-M'-*.)(0)=-4 <--' 
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and similarly, using Eq. (4.20.42), we obtain 

1 ag â g 
( , , ) . n^J^^(^-^ '̂)ia.. .0,(1-(|),) 

a<^ , ' (nw<t>i)' 

If g is expressed as Eq. (4.24.1), we have 
(4.24.3) 

ag _ 
a(t)i 

a^g 
ad),^ 

1&. 

gi + 

= 2g2 

= 6g3 

2g2<t)l + 

+ 6g3(l)l 

3g3(|)l^ 

(4.24.4) 

Substitution of Eq. (4.24.4) in Eq. (4.24.2) yields 

2 |go + gl<l'l+g2<t»l +g3<t>I 1 = 

+ 2 

1 - <t>i nw<t»i 

(l-2(|),)|g,+2g2<|), + 3g3(|),2J + <t),(l-(l),)(2g2 + 6g3<t),) (4.24.5) 

Equation (4.24.5) is rearranged as 

2go = - r i - + - X + 2gi(l-3(|),) + 6g2<|),(l-2(t),) + 4g3(|),2(3-4<t),) (4.24.6) 

In a similar maimer, from Eqs. (4.24.3) and (4.24.4), we obtain 

1 
= 6g, - 6g2 + 24g2(|), + 60g3(t), - 3g3<t),' 

( l-( | ) , ) ' (n,(D,)' 

In case of g3=0, Eqs. (4.24.6) and (4.24.7) are reduced to: 

1 f 1 "z ^ 
g 1 - g2 + 4g2<t>i = T I 7 2̂ • 7 ^ 

(4.24.7) 

(4.24.8) 

(4.24.9) 
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respectively. These equations were derived by Koningsveld et al. (See R. 
Koningsveld, L.A.Kleintjens and A.R.Shultz, J. Polym, ScL A-2, 8, 1261 
(1970)). 

• When <t)i dependence of g are completely negligible, Eqs. (4.24.8) and (4.24.9) are 
simplified as 

, n^ (4.21.3) 

Then, if g does not depend on <t>,, <t>,' can be calculated from n^ and n̂ . But ample 
experiments demonstrate significant (t>i dependence of g. If we consider temperature 
dependence of &, as 

^'-^^^f (4.24.11) 

Eq.(4.24.8) can be rewritten in the fonn 

1 0.5-goo i l l 1 
+ • Tc goi goi [s/n 2nj (4.24.12) 

where goo and goi are the phenomenological coefficients. This is no more than Shultz-Flory 
equation (4.12.19). In 0 solvent (Xo=l/2), go-gi=l/2. 9 can be determined from Tc at go-
gi=l/2 in the plot of go vs. 1/Tc. 

* Comparing Eq. (3.16.4) with the general forni of Eq. (4.24.1) or 

g = £&(!)•, (4-24.13) 
i = 0 

and using Eq. (3.18.2), we can derive the relationship between the coefficients of % and gas 

X o = g o - g . (4-24.14) 
P i = ( i + l ) ( g i - g i ^ , ) / ( g o - g , ) (i = l, - - . n - l ) (4.24.15) 
P „ = ( n + l ) g „ / ( g o - g , ) (4.24.16) 

Koningsveld and Kleintjens expressed g in a closed form of <t)| as 
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g = a-fp/(l-7(t)i) (4.24.17) 

where a, p and y are phenomenological parameters. In the range of 0<Y< 1, the relation 
0<7it)i<l is valid and the second term of the right-hand side of Eq. (4.24.17) can be expanded 
in infinite series so that Eq. (4.24.17) may be rewritten as 

g = a + P + f;p(7ct),)' = a + P + ip(7<t)i)' (424.18) 
i = l i = l 

By putting a + P=7o and pV=̂ i (i=l,...,n), Eq. (4.24.18) is reduced to Eq. (4.24.13). 
Parameters Xo, Pi» and pn can be expressed in terms of a, P and y as follows: 

Xo=OC + P a - Y ) (4.24.19) 
Pi =(i + l)pY'(l-Y)/{oc + P(l -Y)} (i = l , - , n - l ) (4.24.20) 

p„ = (n + DPY" /{a + p(l ~ Y)} (4-24.21) 

«ProbIem 4 - 2 5 » Relationship between g, 6 and \|/ 
Show that the equation 

1 \|/e 
80-81 = 2 " ^ " ^ ! ^ (4.25.1) 

holds between go, gi, \|/ and 0, 

Answer 
In the Flory-Huggins theory, Xo can be divided into two parts: entropy term 

\|/ and enthalpy term K, that is, 

1 f, ^\ 
2-Xo=V-K=\|/ l - j (4.25.2) 

where ic=\|/ 9 /T. 
Xo is related to go and g, through Eqs. (3.18.2), (4.24.1) and (4.24.4) as 

Xo = go-gi (4.24.14) 

Then Eq. (4.25.1) is directly derived. 

* If temperature dependence of go is given by Eq. (4.24.11), Eq. (4.25.1) can be rewritten as 

1 
V = 2 - 8 0 0 + gl (4.25.3) 
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Thus we can determine \\f from goo and gj. This method is more reasonable than the method 

of Flory-Shultz plot because in the former method <t)i dependence of % is taken into account. 

«Problem 4-26» Slope of spinodal curve 
Determine the slope of the spinodal curve as defined by (dT/d(t) i)sp. 

Answer 
From Eqs. (4.24.8) and (4.24.11), we have 

^^^^^-T^,^-^,^^^^ (4.26.1) 

Differentiation of Eq. (4.26.1) with respect to ^] yields 

(^i/l;ld^^*(*'-«^)(T^^'^^^J (4.26.2) 
At the critical solution point, Eq. (4.26.2) is expressed as 

Provided that gi and g2 are known in advance, we can determine goi from the 
slope of the spinodal curve at the critical point by using Eq. (4.26.3). 

«Problein 4-27» Phase equilibria of polymer blend (P1/P2) (I): Gibbs 
free energy of mixing per unit volume for monodisperse polymer / mono-
disperse polymer 

Derive the chemical potentials of mixing and Gibbs free energy of 
mixing per unit volume of polymer blends which consist of polymer (0) 
with the degree of polymerization n=no and polymer (1) with n=ni. 

Answer 
Referring to Eqs. (3.11.3) and (3.12.2), we have 
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A|lo = RT|ln{l-(|),)+ l - ^U ,+noX( | ) , n (4.27.1) 

A|i,=RT|ln(t),+ 1 - ^ (l-(t),) + n,x(l-(t),f I (4.27.2) 

with a generalization of the Flory-Huggins theory. Gibbs free energy of 
mixing per unit volume AGy is given by 

«ProbIein 4-28-a» FIory-Huggins free energy for multicomponent 
solution 

Gibbs free energy of mixing AGmix for binary Flory-Huggins mixtures is 
given by 

^Gmix = RTi(Noln(t)o + Niln(t)i] + ezN(t)o(t)i/kTl (4.28.1) 

where 

N = No + nNi (4.28.2) 

Note here the number of molecule (not number of moles of molecule) is used. 
(Compare with Eq.(3.10.2)). Gibbs free energy of mixing per unit volume 
(mean volume Gibbs free energy) AGy is given by 

AG, = ̂ | ( l - ( ^ , ) l n ( l - ( t ) , ) + ̂ ln(t),+x^l-<|),) (4.12.5) 

(1) Generalize these equations to multicomponent solutions which consist of 
Ni molecules of / th component with the degree of polymerization ni with the 
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volume fraction (|)i (i=l to r). 
(2) Using Eq.(4.12.5), derive the expressions for tlie differential coefficients 

•J kT\^a<t)ia(t)jJ 

_ VQ [a^AG, 

L;: = (4.28.3) 

(4.28.4) 

Answer 
(1) A generalized equation of Eq. (4.28.1) is given by 

r 

AG î, = RT X ^Mi + zNN^ X Wii 
i=0 »<J 

where 
r 

i=0 

(4.28.5) 

and Eij is the energy for forming a pair of / th segment andj th segment. 
Referring to % for binary solutions, we can define 

Z£;: 
Xij j^ j (4.28.6) 

Equation (4.28.5) reduces to 
r 

AG„i, = RT X Niln(|)i + NRT X <t>i<t)jXij 
i=0 '<J 

Similarly, Eq.(4.28.2) can be generalized as 

(4.28.7) 

t'-^^J.W. 
•=o " i ' < j 

(4.28.8) 

(2) Considering the constraint 

i=0 

(4.28.9) 



Eq. (4.28.8) can be expressed as 

l-I<^R 
AG„ = 

RT / k=i I, ^Mi 

(i=l, - .0 
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v = T r \ n H ^ ' ^ ^ k M - E - 7 r - ^ + X <t>i<t>jXij/ (4.28.10) 
0 0 \ k=l / i=l ' i<j 

Differentiation of AGv by (j) i and (j)j yields 

VQ (aAG,1 
RT [ d<^., j 

1 , 1 , V A 1 "̂*i 1 = - — In 1 - X 0 J - — + + — 

j=i+I 1=1 k=l 

VQ [a'AG,] 
RT(^a(l)ia(t)jj 

1 

no<t>o 
Xoi-5Coj+Xij = Lij (i,j = l, •••/) 

RT 

''a^AGv \ 1 1 
+ ;rX-2Xoi = Lij (i = l , - , r ) 

V 
a<|)i^ I no<t>o ni<t>i 

(4.28.11) 

(4.28.12) 

(4.28.13) 

For homologous polymer solutions (polymers of the same species with 
different molecular weights in a solvent), we may put 

Xij = 0 
Xoi ~ XiO ~ X 

no= 1 

Then we have 

Vo fa'AG,"! 1 
DTl :iA:iA l = ;sr-2x = L (i,j = l,---,r) 
R T 1̂  d^-^(^j j <t>o 

Vofa^AG,"! 1 1 ^ ^ r 1 ^ 

F̂F -T-^- =;ir + ̂ r-2x = Li (i = i,-,r) 
R T l 9<i).2 I <t)o ni<t)i 

(4.28.14) 

(4.28.12') 

(4.28.13') 
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«ProbIem 4-28-b» Phase equilibria of polymer blend (P1/P2) (H): 
Critical parameters for monodisperse polymer/ monodisperse polymer 

Scott is probably the first who carried out a theoretical study on phase 
equilibria of polymer solutions consisting of two kinds of polymer with 
different chemical compositions (polymer 1 and polymer 2), without solvent 
(i.e., quasibinary polymer mixture). He derived, based on Flory-Huggins 
solution theory, relationships giving the chemical potentials of monodisperse 
polymer 1 and monodisperse polymer 2, A|ix and A îy: 

A^,=RT[ln(t),+(l-X/Y)(t),+Xx,,(t)n (4.28.15a) 

A|i,=RT[ln(t),+(l~Y/X)(|),-hYx„(t)n (4.28.15b) 

where X12 is the thermodynamic interaction parameter between polymers 1 and 
2, X and Y are the degree of polymerization, DP (in a strict sense, the 
molecular volume ratio of the polymer and the lattice unit (the polymer 
segment)), and ^i and (^2 are the volume fractions of polymers 1 and 2 ((t)i + (|)2 
=1). Derive the equation for spinodal curve (SC) and the neutral equilibrium 
condition for the above system and derive the equations for Xn, ^i and ^2 at 
the critical solution point (CSP). 

Answer 
The spinodal curve and the neutral equilibrium condition are given by 

aA|ix/9(t>i=0and 9 ^A^x/9 (|) i M (or 9 Ally/9 (1)2=0 and 92A|iY/9(t)2M) 
and finally we obtain 

X(t), + Y<t), ~2XYx,,(l),(t), =0 (4.28.16) 

for SC and 

X - Y + 2XYx„((t). -( t) , )=0 (4.28.17) 

for the neutral equilibrium condition. At the critical solution point (CSP), 
both Eqs. (4.28.16) and (4.28.17) should be satisfied concurrently and Xn  ̂01 
and <t>2 at CSP are given by 

X^,=l/2(X-'^' -\-Y-"y (4.28.18) 

^';=Y"/(X'^'-^Y'') (4.28.19) 
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(t)^=X'̂ V(X'̂ ^+Y'̂ 0 (4.28.20) 

* Scott predicted that values of %,2 for these systems are several digits smaller than those for 

a mixture of two low molecular wei^t liquids (%,2~2.0) and those for polymer-solvent 

systems (Xi2~0-5) (SeeR. L. Scott,.( Chem. Phys. 17, 268 (1949)). An attempt to generalize 

CSP equations (Eqs. (4.28.18)-(4.28.20)) for two monodisperse polymer mixture to the case 

of multicomponent polymer 1/ multicomponent polymer 2 systems was made by 

Koningsveld et al. (See R. Koning3veld, H. A. G. Chermin and M. Gordon, Proc. Roy. Soc. 

London A319, 331 (1970)). They derived the equations of spinodal and neutral equilibrium 

conditions (Eqs. (12) and (13) in their p^er) for systems of multicomponent polymer 1/ 

multicomponent polymer 2/ single solvent. As Kamide et al. pointed out, they did not show 

the detailed mathematical derivation of the equations. Koningsveld et al. described that the 

spinodal condition for the multicomponent polymer 1/ multicomponent polymer 2 system 

was derived as Eq. (23) of their paper after multiplying Eq. (12) of their paper by <t>o and 

reducing (t)o to zero. But we should first define the Gibbs free energy of mixing AG (See Eq. 

(4.28.21)) and derive the equation strai^tforwardly from the determinant (Eq. (4.28.26)) 

constructed using AG. They described that the equation of the neutral equilibrium condition 

(Eq. (24) in their paper) for two different multicomponent polymers was derived using a 

method analogous to the spinodal condition. The equation should be rigorously derived from 

the determinant (Eq. (4.28.29)) of the neutral equilibrium condition. (See H. Shirataki, S. 

Matsuda and K. Kamide, Brit. Polym. J. 23,285 (1990)) 

• Compare Eq. (4.28.18) with %n'^ for polymer solutions Eq.(4.12.13) or 

^^'2- 2n 

X12'' of polymer blends is much smaller than that of polymer solutions (polymer in low 
molecular weight solvent). For exan^le, if we put no=100 and ni=100, Eq. (4.28.18) yields 

, (10+lo]^ 

2x10'* 

2 

02 

whereas, if we put n=100 in Eq. (4.12.13), we have 
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The former is one thirtieth of the latter. 

«ProbIein 4 -28-c» Phase equilibria of polymer blend (P1/P2) (HI): 
Chemical potential for polydisperse polymer/ polydisperse polymer 

The mean molar Gibbs free energy of mixing AGmix for a multicomponent 
polymer 1/multicomponent polymer 2 system is given by 

AG„i,=RTL! 
m, (j)^ m2 ( ( )Y 

(4.28.21) 

where L is the total number of lattice site (̂ ^ ĵXiNxi+^ ĵYjNyj; Nxi and Nyj are 
the numbers of Xf-mer of polymer 1 and that of Yj-mer of polymer 2, 
respectively), mi and m2 are the total numbers of the components consisting 
polymer 1 and polymer 2, ^xi is the volume fraction of Xj-mer of 
multicomponent polymer 1, ^Y) is the volume fraction of Yj-mer of 
multicomponent polymer 2, and 0i and (^2 are the total volume fractions of 
polymer 1 and polymer 2 as defined by the relations (t),=ri(t)xi and (t)2=Î jCt>Yj. 
The first and the second terms in the right-hand side of Eq. (4.28.21) are the 
combinatory terms and the third term is the term relating to the mutual 
thermodynamic interaction. Derive the equation for the chemical 
potentials of Xj-mer and Yj-mer, Ap.xi and AjLiyj. 

Answer 
Differentiation of Eq. (4.28.21) with respect to Nx, and Nyj gives rise to 

^x,=RT[ln(|),,-(X^-l) + x i l - ^ k + X ^ \-l' B>.+x,x„«t)n 

/ 
An,̂  = RT[ln(t),̂  - (Y -1) + Y. 1 - - 1 - b, + Ŷ  

1 \ / 
(4.28.22) 

1 - — t o , + Y.X„<|>,] 
V 'J 

(4.28.23) 
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where Xn and ¥„ are the number-average X and Y (i.e., the number-average 
DP of the original polymers). In deriving Eqs. (4.28.22) and (4.28.23), we 
assumed that, first the molar volume of the segment of polymer 1 is the same 
as that of polymer 2; secondly, polymer 1 and polymer 2 are volumetrically 
additive; and thirdly, the densities of polymer 1 and polymer 2 are the same 
(i.e., unity). Note that Eqs. (4.28.22) and (4.28.23) are symmetrical with 
respect to the exchange of polymer 1 and polymer 2. When both polymer 1 
and polymer 2 are monodisperse (i.e., single component), Eqs. (4.28.22) and 
(4.28.23) straightforwardly reduce to Eqs (4.28.15a) and (4.28.15b), 
respectively. 

«Problem 4-28-d» Phase equilibria of polymer blend (P1/P2) (IV): 
Critical condition for polydisperse polymer/ polydisperse polymer 

The equations of spinodal and neutral equilibrium conditions for a 
multicomponent polymer 1 and multicomponent polymer 2 system are 
expressed in the form: 

i=i Mj H N: I i=i Mj I j=iN N. 
= 0 (4.28.24) 

W„ \ 

j=i N j=i N 

V 
= 0 (4.28.25) 

Derive Eqs. (4.28.24) and (4.28.25). 

Answer 
The thermodynamic requirement for spinodal is that the second variation of 

Gibbs free energy of mixing is always zero and this requirement can be 
described for multicomponent polymer 1/multicomponent polymer 2 systems 
as the spinodal condition of (mi-l-f-m2)x(mi-l+m2) determinant: 
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AGJ = 
\^G 

AG 

AG 
VXiX, 

VXjXi 

AG 

AG. 
VX2X, 

VX„,X2 

AG 

AG 
VY,X2 

VY2X2 

AG, 

AG 

AG 
VY,X, 

VYjX, 

^G V Y. jX: 

AG 

AG 

AG 
VXjY, 

VXjY, 

VY«2X3 

AG 

AG 
VX2Y2 

VX3Y, 

^ G v x . , Y , A G v x ^ . Y , 

AGvY.Y, ^GvY.Y, 

AGvY^Y, ^GvY2Y, 

AG VY Y. AG VY.,Y, 

AG, 

AG 
vx,x„, 

AG VX,,X„i 

AG 

AG 
VY,X., 

VY,X„ , 

AG V Y ^ X . i 

AG 

AG 
VX,Y. , 

VX,Y.; 

AG 

AG 

AG 

V X . , Y . , 

VY,Y. 

AG 

V Y,Y., 

VY„Y.3 

= 0 (4.28.26) 

Here, we employed the Gibbs free energy change of mixing per unit volume 
of the solution, AGv, defined by 

AG, =I<D^ 
x.v„ + i<i>Y 

j=1 

fA^i, 

YjV„ 
(4.28.27) 

The second-order partial derivative of AGv is defined by 

AGvxiYj = 
8'AGV 

/r.P.K 
(4.28.28) 

(i = 23,...,m,;j = l,2,...,mj;k?iXi,Y,) 

where the subscripts T, P and (t>k indicate that the differentiation is carried out 
at constant temperature, pressure and volume fraction (except for Xj-mer and 
Yj-mer), respectively. As compared with the determinant giving spinodal 
condition for multicomponent polymer 1/ multicomponent polymer 2/ single 
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solvent systems, the term AGvxixi is dropped and the matrix starts with X2 in 
Eq. (4.28.26), making the calculation somewhat complicated (See Eq. (10) in 
K. Kamide, S. Matsuda and H. Shirataki, Polym. J. 20, 949 (1988)). At the 
critical solution point (CSP), in addition to Eq. (4.28.26), it is simultaneously 
needed that the third variation of Gibbs free energy change is also zero; in 
other words, the neutral equilibrium condition Eq. (4.28.29) should be 
satisfied. 

|AG'|= 

^|AGv| a|AG,| 

AG 
vxp(, 

AG VX3X, 

" ^ VX„,X2 ^ ^ V X ^ j X j 

^ ^ V Y , X 2 ^ ^ V Y i X j 

AG. AG VY,X, 

3|AGv| a|AG,| 

^ ^ V X j Y , ^ ^ V X j Y j 

A^Jvx„,Y, AvJvx^.Yj 

AGvY.Y. AG^ ' VY.Yj 

AG VYjY, AGv 

VY^jY, ^ ^ V Y ^ j Y j 

ajAG, 

AG vx,x., 

AG vx.,x„, 

AG 

AG 

AG 

VY,X„ , 

V Y , X „ 

V Y . , X . , 

ajAG, 

AG vx,y.; 

AG, 

AG 

AG 
VV,Y„ 

AG 

VY,Y„ 

V Y . j Y . , 

= 0 (4.28.29) 

In Eq. (4.28.29), the term of partial derivative of AGv with respect to ^x\ is 
dropped and this also makes the calculation tedious. Substitution of Eqs. 
(4.28.22) and (4.28.23) into Eq. (4.28.27) leads to 
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RT 
AG =, 

1=1 X : j=l Y: 

(4.28.30) 

From Eqs. (4.28.28) and (4.28.30), we obtain 

" ^ ^ VkJ ;M 
IRTJ - X,(t),, 

(fork^l (k,l)=(X„X^)) 

^ V k l 
2X..^N 

'1 
RT 

(fork^l (k.l)=(Y,Y)) 

. = M O_VG =—— = 1 

(fork^l (k,l)=(X,,Y)or(Y,Y3)) 

1 1 « W,„=—^—+ — ^ = M+M. 
RTf"'^"' X,(t)„ X,(>,, 

(fork=l = X,) 

(4.28.31a) 

(4.28.31b) 

(4.28.31c) 

(4.28.3 Id) 

(fork=l = Ŷ ) 

Combining Eqs. (4.28.3 la)-(4.28.31e) with Eq. (4.28.26), we finally obtain 

l-vh(f^J 
, inl+m2-l 
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X 

M + Mj 

M 

M 

M 

M 

M 

M 

M + M3 • 

M 

M 

M 

M 

M 

M 

•• M + M, , 

M 

M 

M 

M 

M 

M 

N + N, 

N 

N 

M 

M 

M 

N 

N + N2 • 

N 

M 

M 

M 

N 

N 

•• N + N „ , 

vVoy 
ml I 

ml Y'"^ 

riMijinNj i=l 

'J 1 

i=iMi j=iNj 

ml 1 ^ ml 

1~ 
\' ^N j y 

= 0 (4.28.32) 

Similarly, combination of Eqs. (4.28.3la)-(4.28.31e) with Eq. (4.28.29) 
yields 

A G ; ' ^^^ 

w. 
M M + M, 

M 

M~ 

M 

M 

M 

M" 

M 

M 

X . , 

M"' 

M + M 

M 

M 

M 

W, 

M" 

M 

W, 

M 

N+N, 
N 

N 
N + N, 

/ \inl+m2-2 

^ 1 5;^fnM,TnN,|x V o ) M ^ V i ^ i 

N 

W, 

M 

N 
N 

N + N 

V 

m2 1 

j=i N 
V 

V 

m2 I 

§N" 
r»uw.. Yi?i 1 "i 

M M . 

=0 (4.28.33) 
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Here, Wxi and Wyj are given by 

"' 1 a* . J,,,,„ (4.28.34a) 

(4.28.34b) 
W = 

J 

From Eqs. (4.28.32) and (4.28.33), Eqs. (4.28.24) and (4.28.25) are derived 

(k ;^Y. ,k=X„- ,X„„Y„- ,Y^,) 

«Problein 4-28-e» Phase equilibria of polymer blend (P1/P2) (V): 
Critical condition for polydisperse polymer/ polydisperse polymer 

Express all the parameters in Eqs. (4.28.24) and (4.28.25) by using Eqs. 
(4.28.3l.a)-(4.28.31e), (4.28.34a) and (4.28.34b) in terms of experimentally 
determinable physical quantities such as volume fraction, average DP and Xn-

Answer 
We finally obtain 

1 1 

<i),x: (|),Y: 

X" Y° 

- 2 x „ = 0 (4.28.35) 

= 0 (4.28.36) 

«Problem 4-28-f» Phase equilibria of polymer blend (P1/P2) (VI): 
Critical parameters for polydisperse polymer/ polydisperse polymer 

By solving simultaneous equations, Eqs. (4.28.35) and (4.28.36), and using 
the relationship <t>i+<t>2=l with given values of Xw', Y^', X '̂ and Yz' of the 
original polymers, derive the expression for the critical values for Xn and  ̂i 
and ^2^, 
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Answer 
We obtain 

A*12 

0? = 

<t>^ = 

1 
0 Y " 
w w 

2X!,Y 

Y" 

Wff 
X" 

| ^ - ^ ) k r - ( Y : r ] (x: 

(x:)" 

x° y o 

X° Y" 

(4.28.37) 

(4.28.38) 

(4.28.39) 

Thus, we can calculate these values analytically. In the case when both 
polymer 1 and polymer 2 are single-component polymers, Eqs. (4.28.35)-
(4.28.39) reduce to the well known equations (4.28.16)-(4.28.20), originally 
derived by Scott. 

* We can take into consideration the concentration (in this case compositional) dependence 

of Xi 2' given in the form 

Xl2 ~Xl2 
n, 

l + X(Pl,t<t>l+P2,t*2) 
t=l 

(4.28.40) 

where t=l,2,...nt, and iit is the hi^est order number of concentration dependence parameter 
taken into account in the calculation. Eq. (4.28.40) is symmetrical with respect to the 
exchange of polymer 1 and polymer 2. The coefficient Xn^ in Eq. (4.28.40) is a 
parameter, independent of <[), and ^2 and inversely proportional to T. The coefficients pi t 
and p2,t are the parameters of concentration dependence. After combining Eq. (4.28.21) 
with Eq. (4.28.40), we can obtain AjXxi and A|XYJ in the case when Xj2 is concentration-
dependent in a similar manner as the derivation of Eqs. (4.28.22) and (4.28.23). 

'^^^xi=hr;— (k = l,.--,m,;k^i) 

r n, n, 

>< j l + l(Pl.t<t)I +P2,t<l>2) + St(pi,,(l);-^ -P2,f2'')t>l 
t=! t=l 
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(i=l,-"4ni) (4.28.41) 

AHxj = 
aAG 
dN YJ; 

(k = l , " , m 2 ; k ? t j ) 

T.P.NYK 

= RT[ln(|)v3 - (Yj - 1) + Y / I - ^ k + Ŷ  

x|i+i(pi,t<t>i+P2..<i>2)+it(P2.,<t>2'' -p.,.<i>r')t>2 

|<t)2+X?2Yj(!)^ 

t = l 

(i=l,"-^,) (4.28.42) 

Substitution of Eqs. (4.28.41) and (4.28.42) into Eq. (4.28.27) yields A Gy in the form 

AG = !:|^ln(l.„+|:|lLln(t),+X: 
M X ^Y, 

X i+i(Pu<i>:+p.,.<t>;)k 

RT 
(4.28.43) 

From Eqs. (4.28.43) and (4.28.28), we obtain 

(fork^l (k,l)=(X,,X.)) 

(4.28.44a) 

RTj '" X,(l), d^. 

l " A.|2 _ 

0<l>2 

(4.28.44b) 

(fork;tl(k,l)=(Y,T)) 

r v „ ^ 
, R T , 

(fork^tl (k,l) = (X^,Y)or(Y,X)) 

(4.28.44c) 
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(fork=l = X,) 
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(4.28.44d) 

# 2 

(4.28.44e) 

(fork=l = Y) 

Substitution of Eq. (4.28.30) into Eqs. (4.28.34a) and (4.28.34b) gives Wxj and Wyj, 
respectively: 

W = RT 

V " y 
riM, 

m2 \ 

nN, |(-X, + X.]|l + (N-M)X 
J=l ^ N ^ 

(4.28.45a) 

(k^Xj jk — X, ,---,X^,,Y,,-*-,Y^2) 

W = 
9|AGJ^ ^RT^' 

/r.p.». V » y V 

.X,|..(N-M)|i-j.Y,{,.(N-M)|i-j 

a(N-M)| 
^ Y j 

V ml 1 \ f m2 1 

(k9tYj ,k-X, , - - - ,X„ , ,Y , , ••-,¥„ 2) 
(4.28.45b) 

By substituting Eqs. (4.28.44a)-(4.28.44e) into Eq. (4.28.24) and substituting Eqs. 
(4.28.44a)-(4.28.44e) and (4.28.45a)-(4.28.45b) into Eq. (4.28.25), we obtain the equations 
for spinodal and neutral equilibrium conditions: 
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1 1 2X,2 + 2 ( ( t , , - < ^ , ) ^ + M , ^ = 0 
3(1) ^l 

(4.28.46) 

(4.28.47) 

<|).Xt (|)2Y° 

We can calculate the differential term of X12 in Eqs. (4.28.46) and (4.28.47) with using Eq. 
(4.28.40) to obtain the following equations: 

1 1 o 0 
• + ^ - 2 X u 

n, 

•Pl-̂ w Y2Jfw L t=l 

-2(<t),-<t)2)x?2!:t(p,,,(t)i-'+p,,,(t)'-') 
t=i 

+<t),<i)2x?2it(t - i)(p,,(i);-'+P2,<t)r')=0 (4.28.48) 

X Y? 

(4.28.49) 

/ 0x2 , o,2+6x?2it(p,,(!>i- '-p,,(i .r ') 

+3((t), -<t)2)x?2it(t-i)(p,,<t)r' -P2,.<t)r') 
t=i 

-<t>,<t)2X?2 i t(t - l)(t - 2)(p„(t)S-^ + P2,<t)2"' ) = 0 
t = l 

Note that Eqs. (4.28.48) and (4.28.49)(and (4.28.46) and (4.28.47)) are symmetrical with 
respect to the exchange of polymer 1 and polymer 2. In the case when all the 
concentration-dependence parameters are zero (i.e., Pi,t=P2,t'=0; t=l,...,nt), Eq. (4.28.48) 
reduces to Eq. (4.28.35), and Eq. (4.28.49) to Eq. (4.28.36). We can calculate SC from Eq. 
(4.28.48) and CSP by solving simultaneous equations (4.28.48) and (4.28.49). Then, SC 
(i.e., Xi2̂  versus <t)i (or <t>2) relation) can be calculated, using Eq. (4.28.48), from Xj^, YJ^ and 
the concentration-dependence parameters. CSP (i.e., (t>i'' (or (t>2̂ ) and X\2^) can also be 
determined, using Eqs. (4.28.48) and (4.28.49), from X / , X^^ Y^^ Ŷ ^ and the 
concentration-dependence parameters. 

•Koningsveld and Kleintjens expressed the Gibbs free energy of mixing in terms of g as 
follows: 
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with 

S^ln(l)xi + SY''"<t)v;+g(|),<t>2 
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(4.28.21) 

g = l^g,<l>: = g o +g><t>2 +g2<t'2 + - + g „ . < l > " ' (4.28.50) 
t=0 

Here, go is a parameter depending on T alone and gi, g2,.- gnt are concentration-dependent but 
T- and <t)2-independent. Substituting Eq. (4.28.50) into X,2 in Eqs. (4.28.46) and (4.28.47), 
we obtain the spinodal and neutral equilibrium conditions, given in the framework of 
Koningsveld and Kleintjens expression in the forms 

1 1 JLL Jli. 

Y, „ Y2 „ . " (4.28.51) 
•-2i:g.(|);+2((|),-(|),)Xtg,(l);-

t=0 t=l 

+<i)><t>.it(t-i)g.<i)'-^=o 
t=l 

7^+7rT;^-^t tg,(t)r' + 3((t),-<t):) 

x i t(t-i)!g.(|)';̂  +<i),<i).i: t(t-iXt-2)g,<i)r=o 
t=l t=l 

Using these equations, we can also determine SC and CSP in the same maimer as in the case of 
using Eqs. (4.28.48) and (4.28.49). Differing from Xn, given by Eq. (4.28.40), g is e?q)anded 
into a series of <t>2 alone and then is not symmetrical with respect to the e?Qchange of polymer 1 
and polymer 2. In addition, it is assumed that the expanded terms in Eq. (4.28.50) are 
independent of temperature. This is equivalent to an assumption that the third, fourth and 
hi^er order virial coefficients are absolutely temperature-independent. Therefore, in 
Konin^veld et al's theory it can be said that the concentration dependence of g was 
simplified under the sacrifice of the physical strictness. It follows that Xi2=g. 

*To confirm the reliability of the theory of phase equilibria of multicomponent polymer 
1/multicomponent polymer 2 systems (i.e., quasi-binary systems) and the method of 
computer ejqjeriment based on this theory (See H. Shirataki, S. Matsuda and K. Kamide, Brit. 
Polym. J. 23, 285 (1990); ibid. 23, 299 (1990); Polym. Int. 29, 219 (1992)), CSP has been 
determined experimentally for the quasi-binary mixtures of poly (ethylene oxide) (Mw=647, 
Mv,/Mn=1.15) and poly(propylene oxide) (Mw=2028, Mw/Mn=1.08 and M^=2987, 
Mw/Mn=1.13). Xi2 and the concentration dependence parameters for the above quasi-binary 
systems were determined and cloud point curve (CPC), phase volume ratio R and CSP values 
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Table 4-28 Comparison of experimental and calculated CSPs 

System polymers (|)i'(exp.) <|),'(calc.) T^ '̂'(exp.)/°C T^^''(calc.)/t: 
A E-600/P-2000 0.5875 0.5841 46.3 
B E-600/P-3000 0.613 0.6264 59.8 

47.0 
61.2 

(See H.Shirataki and K.Kamide, Polym.lnt. 34,73(1994)) 

^5 ?/0 

Fig. 4-28.1 Effects of molecular weight distribution and weight-average 
degree of polymerization of the original polymer 1 on SC and CSP: 
Original polymers 1 and 2,Schulz-Zimm type distribution; Yw"Af„'*=2, and 
(a) Y„°=50, (b) Yj=\{)0, (c ) Y«°=300, (d) Yw°=lxlO\ (e) Yw'̂ =5xlÔ  and 
(f) Yw''=lxlO'*; pi,,=p2,,=0; (O), CSP;(A), Flory 9 point. (See H. Shirataki, 
S. Matsuda and K. Kamide, Brit. Polym. J. 23, 285 (1990)) 
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Fig. 4-28.2 Phase diagram of monodisperse polymer l/monodisperse 
polymer 2 (X=Y) system with % in Eq. (4.28.40) for pi,u=P2,u=0. Solid line 
and dotted line denote CPC and SC, respectively. The open circle denotes 
CSP. Coexistence curve (CC) coincides with CPC. (See H. Shirataki, S. 
Matsuda and K. Kamide, Polym, Int. 29, 219 (1992)) 

70 

60 

. ^50 
d. 
E 

30 

20 

E-600/P-3000 CSP(cal.) 

E-60<VP-2000 

0.2 0.4 0.6 0.8 

Fig. 4-28.3 Theoretical CPC and CSP for PEO/PPO systems. Solid lines, 
theoretical CPC with p,,,=-0.0917 and pi^=0.0022 for E-600/P-2000, and 
with p,.,=-0.1120 and pi;i=0.0027 for E-600/P-3000; ( D ) and (O) 
experimental CPC for E-600/P-3000 and E-600/P-2000. ( • ) and ( • ) 
experimental CSP for E-600/P-3000 and E-600/P-2000. ( • ) and (A) 
theoretical CSP for E-600/P-3000 and E-600/P-2000. (See H. Shirataki and 
K. Kamide, Polym. Int. 34, 73 (1994)) 
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calculated on the basis of the theory are in good agreement with the values determined 
experimentally (See H. Shirataki, S. Matsuda and K. Kamide, Brit. Polym. 1 23, 299 (1990)). 
Fig. 4-28.1 shows the calculated effects of average molecular weight and molecular weight 
distribution of the polymer on SC and CSP, and Fig. 4-28.2 shows the calculated phase 
diagram for monodisperse polymer blends. Figure 4-28.3 shows the experimental and 
theoretical CPCs and CSPs for the system A and B in Table 4-28. The full lines are the 
theoretical CPCs calculated taking into consideration the concentration dependence of Xi2-
The theoretical CPCs are in excellent agreement with the actual experiments for both systems. 
The parameters in Eq. (4.28.40) were found to be pi,i=-0.0917, p,,2=0.0022, a=-0.3125 and 
b=131.59 for System A and pu=-0.1120, pi,2=0.0027, a=-0.2045 and b=98.09 for System B. 

« P r o b l e i n 4 - 2 8 - g » Second-order derivatives of Gibbs free energy for 
ternary mixtures P2/S1/S0, P2/P1/S0 and P2/P1/P0 

Derive the expression for L n , L12 and L22 in Eqs. (4.28.12) and (4.28.13) 
(1) for the system solvent(0)/solvent(l)/polymer(2), 
(2) for the system solvent(0)/polymer(l)/polymer(2), 
(3) for the system polymer(0)/polymer(l)/polymer(2). 
These are the cases for i j = l , 2 in the equations. 

Answer 
(1) Putting no=l and n ,= l in Eqs.(4.28.12) and (4.28.13), we have 

L12 = L21 = - L - X02 - Xoi + X12 (4.28.53) 

L i i = : ; r + 7 ^ - 2 X 0 1 (4.28.54) 
00 <t)i 

L22 = - L + —(— - 2X02 (4.28.55) 
q>o n2(t)2 

(2) Putting no=l in Eqs.(4.28.12) and (4.28.13), we have 

L12 = L21 = - i - - X02 - Xoi + X12 (4.28.56) 

^11 = r ^ "̂  - 4 r • 25C01 (4.28.57) 
00 n i0 i 

^22 = 7 - + - ^ - 2X02 (4.28.58) 
00 n202 

(3) From Eqs.(4.28.12) and (4.28.13), we have 
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L,2 = L21 = - i - - - X02 - Xoi + X12 
nocpo 

no<l>o ni<|)i 
L22 = _ 1 1 

no(|)o n2(|)2 

2X01 

-2x02 

(4.28.59) 

(4.28.60) 

(4.28.61) 

* Spinodal condition is given by 

Lii L12 

L21 L22 

Critical conditions are given by solving simultaneous equations of Eq. (4.28.62) and 

|AGv| = = 0 (4.28.62) 

a|AG, 

1 ^ 

\\ 9|AG, 

^2 

\\ 

'21 '22 

= 0 (4.28.63) 

«ProbIem 4-29-a» Spinodal condition for quasi-ternary system 
poiydisperse polymer/ polydisperse polymer/ solvent (P2/P1/S0) 

Gibbs free energy of mixing AGmix for quasi-ternary systems consisting of 
multicomponent polymers 1 and 2 in a single solvent is given, based on the 
Flory-Huggins lattice theory of dilute polymer solutions, by 

AG„.. =RTL <|)oIn(l)„ + I^ln( | ) , , 

+ 
,4) 

2-Tr l^Y, + X o M , +XO2*O02 +X.2<t>.̂ 2 (4.29.1) 

where L is the total number of lattice points =No+XiXiNxi+£jYjNYj , No, Nxi 
and Nyj the number of solvents, Xj-mer and Yj-mer, respectively. The 
chemical potentials of solvent, polymer 1 (Xj-mer), and polymer 2 (Yj-mer), 
A|io, A|Lixi, and A|IYJ, are directly derived from Eq. (4.29.1) as 
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AHo = RT 
( 1 ^ 

ln(|)o+ l -^^M)! 

( 1 "l 
l - T T ft>2 +Xoi<t>,(l-<t)o)+Xo2<t>2(l-<t>o)-Xl2<l'.<l>2 

V "J 

(4.29.2) 

A^x.=RT Incj), - ( X i - 1 ) + X i 1--
X 

" J 

+ X: 
f 1 

1 - : ^ R>2 + X j & , 2<t)2 (1 - <t>l ) + Xo l<t>0 0 - <t>, )-Xo2<t>0<t>2 } 

(i = l,--,m,) 

A^i, RT 

+ Y: 

l n < t ) v ^ - ( Y ^ - l ) f Y / l - ^ \ , 

- : ^ k + Yj^,2<t),0 - <t)2)+Xo2<l>o (1 - <t>2 )-XoI't'o't)!} 

0 = l,--,m2) 

(4.29.3) 

(4.29.4) 

Assume that (a) Xoi. X02 and 
Xn ^  ̂ independent of concentration and molecular 

weight of polymers, (b) the molar volume of solvent and the segment of 
polymers 1 and 2 are the same, (c) solvent, polymers 1 and 2 are 
volumetrically additive, and (d) the density of solvent is the same as that of 
polymers 1 and 2. Note that Eqs. (4.29.3) and (4.29.4) are strictly 
symmetrical with regards to the exchange of polymer 1 and polymer 2. 
Derive the expression for the spinodal condition for the Gibbs free energy of 
Eq. (4.29.1). 

Answer 
Thermodynamic requirement for the spinodal curve is that the second-order 
derivative of Gibbs free energy should always be zero on the curve and then the 
conditions of spinodal are given by the (mi+m2)x(mi+m2) determinant in the 
form: 
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|AGv| = 

^Gvx,x, ^Gvx,x, 

'^^vx„,x, ^^^/x„,x, 

AG 

AG 
VY,X, 

VY,X| 

AG, 

AG, 

^^vv.,x, ^^y^^,x. 

AGvx.Xm, AG^x^Y, ^^WX,^, 

AG V X j X , 

AG 

AG 

AG 

vx„,x„ 

VYiXiti, 

VYjXm, 

AGvx,Y, ^GyX.Y, 

AGvx„,Y, ^G^x„,y, 

AG 

AG 
VY,Y, 

VYjY, 

AG 

AG. 
VY,Y2 

^GvY„,X„, ^GvY.,Y. ^GvY„,Y, 

Here AGv is the Gibbs free energy of mixing per unit volume 
defined by 

AG, 

AG VX,Y„; 

AG VX„,Y„ 

•• AG 

•• AG, 
VY,Ym2 

AG 

= 0 

Y,V„ 

VYm^Ymz 

(4.29.5) 

(4.29.6) 

\^m:)r, (k,l = X„X„-,X„,,Y„Y„-,Y„jn^k,lj (4.29.7) AGvw = 

AGv can be rewritten by combination of Eqs. (4.29.2)-(4.29.4) and (4.29.6) 
as 

AG,, = 
RT m, (b ln<t) 

i=l A , 

AJn^ 3,9 in 9 
+ Z ' \ , '' +X<,Ml + X02<t>0<l>2 + X,2<l>><l>2 

(4.29.8) 

Substitution of Eq. (4.29.8) into Eq. (4.29.7) yields five types of derivatives 
ofAGvki: 

^ 1 A G , „ = 1 - 2 X „ . = M (fork^l,(k,l)=(x„X3)) (4.29.9a) 
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f F f V G v . = : ^ - 2 X o : - N (fork^l,(k,l)=(Y,Y)) (4.29.9b) 
[RT) (t)o 

( ^ ] A G V „ = ^ + X , 2 - X O I - X O 2 - K (fork^l,(k,l) = (X„Y>r(Yj,Xi)) 

(4.29.9c) 

f ^ V G v . = : ^ - 2 X o . + ̂ - M + M, (fork = l = X )̂ (4.29.9d) 

f ^ V o , = — - 2 x „ , 4 — ^ = N + N, ^ork = l = Y ) (4.29.9e) 

Spinodal condition can be rewritten by substituting Eqs. (4.29.9a)-(4.29.9e) 
into Eq. (4.29.5) as 

AG, 

M + M, 
M 

M 
"~K 

K 

K 

M 
M + M, • 

M 
.^. .. 

K 

K 

M i 
M 

•• M + M 
m, 

••" "K 
K 

K 

K 
K 

K 
•N+'N," 

N 

N 

K 
K 

K 

N" " 
N+N, • 

N 

K 1 
K 

K 

••" "N 
N 

•• N + N 

(4.29.10) 
Using the addition rule, Laplace expansion, and cofactor expansion of the 
determinant, I AGv I is reduced to 

M-K+M, M-K 

N - K ••• M-K + M. 

N+N, 

N 

N 

N + N_ 
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+ I [ K 
i=l 

M-K + N, M-K 

[i] 

M-K M-K-M„ 

!N-K + N, ••• 

m, 

+ 1 

J 

m, 1 

1 + (M-K)I— 
k=lM, 

N - K 

N - K 

N-K+N 
mj 1 

1 + N I -

1 z^-"' N l + (M-K)[x-i Ll 
^ li^M, M,J 

mi J /^™. \ 
K(M.K)I—LJnM, 

j*i M M jV" 
DN, 1 + (N-K)I -^ 

k=iN, 
(4.29.11) 

In the derivation of Eq. (4.29.11), we used the relationship (4.20.43). Now 
we can readily rewrite Eq. (4.29.11) as 

|AG,| = 
^RT "̂"̂ *"̂  / ^ P T V ' ^ ^ 

V^oy 
( 

OM. ON, 

LV 

^ 1 I ^ 1 

1+MS— I + N £ — 
' A ^ 

-K^ 

Spinodal condition is then given by 

( i t i j i V I n 2 1 ^ 

SM, A 
j=.'Nj 

1 1 Y""̂  1 ̂  

1=1 Mi I ; H N J , 
= 0 

= 0 

(4.29.12) 

(4.29.13) 

«ProbIem 4-29-b» Neutral equilibrium condition for quasi-ternary 
system polydisperse polymer/ polydisperse polymer/ solvent (P2/P1/S0) 

For quasi-binary systems consisting of multicomponent polymers 1 and 2 in a 
single solvent, the neutral equilibrium condition is given bv 
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'' mh. WY Y HU 1 1 f'"' 

Derive Eq.(4.29.14) 

^ N j 
- K 

1 Y^^Wy^ 

-^M r^ N 
=0 (4.29.14) 

Answer 
At CSP, in addition to Eq. (4.29.5), the following neutral equilibrium 

condition should be satisfied concurrently: 

iAG;|= 

8|AGv| 8|AGv| a|AGv| a|AGv| a|AGv| 

^ ^ V X , X . , ^Gvx^Y, AGvx^Y, 

ajAGy 

AG VXjY^ 

^Gvx.,x, ^Gvx„x, 

AG„„„ AGv 
A G w V ^ G y y Y ^Gvx Y ••• '^Gvx Y 

AG 
'VY,X, 

VY,X, 

Y,X, AG VY,Xm, AGvY.Y, AGvY.Y, 

AG. AGv YjXm, AG VY,Y, AG VY,Y, 

••• AG 

••• AG 
VY,Ym2 

VY2Yni2 

lAGvY X ^GvY X ^ ^ V Y . , X . , ^GvY_^Y, ^GvY.^Y, ••• ^GvYm.Yn,, 

= 0 

(4.29.15) 
Eq. (4.29.15) can be rewritten through the use of Eq. (4.29.9a)-(4.29.9e) as 

|AG;|= 
/'„y\™l+'"2-l 

V " y 

M M + M2 

W 
M 

WY, 

K 

Wv, 
K 

M M ••• M + M„, K K 

K K ••• K N + N, N 

K K ••• K N N + N2 

K K K N N 

W Y 
^in2 

K 

K 

N 

N 

N + N m2 

(4.29.16) 
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Eq. (4.29.16) can be rewritten with the help of a cofactor expansion, Laplace 
expansion, and Eq. (4.29.12) as 

RT 
|AG;|=W. 

1 m, Y*": A 

1+M '̂ ^ J 1_̂  
k=i M. M, 

HNS^l-K-fi^-^TSl 
'N. k., iN , j ^^"M, M, j^k=iN^^ 

•iw„ M 

M,M, 
MJllNjl + Nl-i-

= vi-f flM. TflN. j f i^ |K.£i-M[. .Mi± 

-K 
W„ 

M 

Combination of Eqs. (4.29.12) and (4.29.16)' yields 
(4.29.16)' 

r^j\""*'"^ , I WT \ * Y "* Y "a Y jBi. 1 \ 

/ i 

= 0 

where Wxi and Wyj are 

falAG'l 
>'T.P,(|>k ^ 

k ^Xj,k — X,,*",X^^,Y,, •••,!, 

ld\AG'\\ ( \ 
Wvr[-^J^^ (k;.Y,,k = X„-,X„.,Y.,-,Y„J 

(4.29.17) 

(4.29.18a) 

(4.29.18b) 

* Equations (4.29.13) and (4.29.14) agree completely with Koningsveld-Chermin-Gordon 
equations (Eqs. (12) and (13) in their paper), respectively (See R. Koningsveld, H. A. G. 
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Chermin and M. Gordon, Proc.  R. Soc. London Ser. A 319, 331 (1970)). The parameters in 
Eqs. (4.29.13) and (4.29.14) can be replaced with experimentally determinable parameters 
such as (t)o, <>,, (t)2, Zoi» %02» Xi2» ^^e wei^t- and z-average Xi (and Yj), X^^ and X^̂  (Y^^ and 
Y,^)and 
the theoretical expressions finally rewritten as 

' \ 1 o ^ 
<t>o <t>|X„ 

A 

1 1 

<l>0 <t>2Yw 

1 

<t>0 
= 0 

and 

X 
-̂ + - W - 2X02I + i ( i - + ̂ i r 1 - 2Xo, '̂o (<D,xyMi<t>o ( O X ^"^J ô̂ t̂̂ o <t>.x; 

' A2I A X12 Xoi %02 <t>o (^Y: 
• -2X 02 

w 

Y» 1 X _ L 1 1 ^ 1 . 

0̂ ((o^Y^rjî 'o^x ^^"j^i^iioUk]'^^'' 
~ ^ l ^ "*"'^'^"'toi-X02JI ̂  + X12-X01-X02J = 0 

with 

<t>o+<t>i + < 1 > 2 = 1 

•Symmetry of (4.29.19) and (4.29.20) 
By introducing parameters Qx and Qy defined by the following equations 

1 mi 1 

Qx i=i Mi 

1 m2 1 

QY >rNj 

(4.29.19) 

(4.29.20) 

(4.29.21) 

(4.29.22) 

(4.29.23) 
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= 0 (4.29.24) 

into Eq. (4.29.10), we obtain 

M + Q^ K 

K M + Qy, 

Eq. (4.29.24) can be rewritten as 

(M+Qx - K X N + Q Y - K ) + K ( M + Q X - K ) + K ( N + QY - K ) = 0 (4.29.25) 

Substitution of Eqs. (4.29.9a)-(4.29.9e), (4.29.22) and (4.29.23) into Eq. (4.29.25) yields 

1 Y 

xt«t>, 
+ Xo2~Xoi ""Xo2 

1 A 

A 
Y:*. 

+ 5Coi ' "X02~Xl2 

Y 
"̂  T~"^5Cl2 Xoi 5Co2 

+ 1^0 
'^X\2 5Coi X 02 

A 

1 
•r̂ ——+5Co2 5Coi 5Co2 
Xw<t>l 

T7oT~''"5toi ~Xo2 ~X\2 
Yw<t>2 

\ 

\ 
= 0 

The neutral equilibrium condition (Eq. (4.29.14)) can also be represented as 

I K N + Q Y | 

where Rx and Ry are defined by 

M Mi 

m: Wv 

(4.29.26) 

(4.29.27) 

(4.29.28) 

(4.29.29) 
j=, Mj 

Eq. (4.29.27) is rewritten with the help of Eq. (4.29.25) as 

- ^ ( M + Q X - K / C N + Q Y - K ) ? 

+ X^Q'^K'(N + QY-Ky+Y^Q^K'(M + Q x - K N 0 (4-29.30) 

Substituting Eqs. (4.29.9a)-(4.29.9e), (4.29.22) and (4.29.23) into Eq. (4.29.30), the following 
equation is obtained: 
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/k2 vO A ^ 0 2 Xo\ X12 KTOA 5Coi X02 X12 

Xz ( I Vl\ 

yO / . ^3 

' r^rox A2 Y O A ' ^ 5 C O 2 - X O I ~ X I 2 hjT "̂  X12 ~ Xoi"" XO2 ~ 0 (4.29.31) 
(Yw(t)2) l ^ w ^ i j \^o j 

Eqs. (4.29.26) and (4.29.31) are obviously symmetrical with respect to the exchange of 
polymers 1 and 2, respectively. 

•Multiplying both sides of Eq. (4.29.26) by <t)o(t>i<t>2 8̂ ^̂ ^ 

* 0 | ^ + ( X 0 2 - X 0 1 - X I 2 ) 1 | ; ^ + ( X 0 1 ~ % 0 2 - % I 2 ) ^ ^ 

+ < t ) l | l + ( X l 2 - X o i - X o 2 ) < t ) o | | ~ F + ( X o i - X o 2 - X l 2 ) < l > 2 | 

+ ^ 1 +(Xi2-Xoi -Xo2)4>o|< ^ + (Xo2-Xoi -Xi2)<t>i > = 0 (4.29.32) 

By putting <t)o=0 (and of course utilizing the relationship <t),-i-(t)2=l) in Eq. (4.29.32), we can 
obtain the condition for the crossing point of SC and the three axes (^Q axis) of the Gibbs 
composition triangle as 

| ^ + «t>2-2Xo2<l>o<l>2=0 (4.29.33) 

The following equations are similarly derived: 

i 2 _ + (|),-2X0,(1)00, = 0 (4.29.34) 

| r + ^ - 2 x , A ( t ) 2 = 0 (4.29.35) 

« P r o b l e i n 4 - 3 0 - a » Chemical potential of mixing for (H-l)-component 
Flory-Huggins solution 

Gibbs free energy of mixing for (r+l)-component Flory-Huggins 
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solutions is given by 

r r 

AG„,i, = RT X N M + LRT ^ <t>i<t>jXij (4.30.1) 
i=0 i<j 

where N=ZNi, L=ZniNi and Z(t)i=l. 

(1) Derive the expression for the chemical potential of mixing 

(2) Derive the expression for the chemical potential of mixing A|lk(k=0,1,2) 
and the Gibbs free energy of mixing per unit volume for the system 

(i) solvent(0)/solvent( 1 )/polymer(2), 
(ii) solvent(0)/polymer( 1 )/polymer(2), 
(iii) polymer(0)/polymer( 1 )/polymer(2). 

Fig. 4-30 Cloud point curve (full line), spinodal curve (broken line) and 
critical solution point (unfilled circle) of a quasi-ternary system. Original 
polymer, Schulz-Zimm type distribution (nw^=300, nw^/nn^=2); Xi2=0.5, 
X,3=0.2 and X23=1.0. (See K. Kamide and S. Matsuda, Polym, J, 18, 347 
(1986)) 



208 

Answer 
(1) Differentiating AGmix with respect to Nj, we have 

A^lj = RT H + X|l~|<Dj + nJ(l-«t)i)t<|)jXij4t¥.cXjk; 

= RT 

(4.30.2) 

(2) For r=3, we have 

A^IQ = RT ln<l>o+ l - r ^ U , + l-r^M>2 

+ % I Xoi (1 - <t>o) <t)i + Xo2 (1 - <t>o) <t)2 - X12M2 

A|i ,=RT ln(l),+ l - - i (|)o+ l - - i U j 

• n 1 1 X o i ( 1 - <t>i) <t>o + X 1 2 ( 1 - <t>i) <l>2 - Xo2<l>o<t>2 

(4.30.3) 

(4.30.4) 

A|Li2 = RT ln<|)2 + i-^M>o+ 1--^ U, 



+ 1̂ 2 I X02 (1 - ^2) 0̂ + X12 ( 1 - ^2) 1̂ ' XOÎ Î 

Gibbs free energy of mixing per unit volume AGv is given by 

noVo niVo n2Vo 

Substituting Eqs. (4.30.3)-(4.30.5) in Eq. (4.30.6), we have 

RT 
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(4.30.5) 

(4.30.6) 

AG,= 
(|)oln<l)o (t))ln(t), ^2^ni^2 

+ + —- + 5Coi<t>0<l>l + X02<t>0<t>2 + 5Cl2<l>l<l>2 Tin n. 

(4.30.7) 
(i) For the system solvent(0)/solvent(l)/polymer(2), putting no=ni=l in 
Eq.(4.30.3)-(4.30.6), we have 

A[IQ = R T ln(j)o + 1 - — U j + Xoi (1 - <t»o) <I>1 + X02 (1 - <l'o) <l>2 - Xl2<t>l<l>2 

(4.30.8) 

A ^ l i = R T ln<l>i + 1 - — H>2 + Xoi (1 - <t>i) <t>o + X12 (1 - <l>i) <l>2 - Xo2<t'o<t>2 

(4.30.9) 

Â i2 = RT i"V (1 -^2) (1 - ̂ 2)+"2(xo2(i -̂ 2) V5c,2(i -̂ 2) '̂ r'Co, V , 

/ 
RT' 

AG. = , „ 
<t>2ln<t>: 

^ 

( 4 . 3 0 . 1 0 ) 

<t>oln<t)o + <^M\ + —Z— + Xoi<t>o<t>i + Xo2<l'o<l>2 + X n'^A 

V 
(4.30.11) 

(ii)For the system solvent(0)/polymer(l)/polymer(2), putting no=l in 
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Eqs.(4.30.3)-(4.30.6), we have 

ln(t)o+ 1-—<!),+ l - - i U 2 + Xo,(l-(l)o)<t),+Xo2(l-<l'o)<t>2-Xi2W^ 

A n , = R T 
(4.30.12) 

ln<t>i + (l -n,)<t)o + ( l -n,)<|)2+ n, ixoi (l-<t)i)<t>o + Xi2(l-<t>i)<t>2-Xo2<t>o<l>2 

A|i2 = RT 
(4.30.13) 

ln<t)2 + (1 - nj) (t)o + (1 - nj) (t), + n2 I Xo2 (1 - <t'2) <t>o + X12 (1 - <t>2) <t>i - X12M2 

-H€ <|),ln<|), ^2^ni^2 
*t>oln<t>o + —;;— + —;;— + Xoi<l>o<t>i + Xo2<t>o<t>2 + X i2<l'i<l>2 

(4.30.14) 

V J 
(4.30.15) 

(iii) For the system polymer(0)/polymer(l)/polymer(2), we have just Eqs. 
(4.30.3)-(4.30.6). 

«Problein 4 -30-b» Critical condition for quasi-ternary system 
polydisperse polymer in mixed solvent (P3/S2/S1) 
The chemical potentials of solvent 1, solvent 2 and Xj-mer A^i, A^a* and A(lxi 
are given by (See Eq. (3.19.2)) 

An, = RT ln(|), + + X , ^ 2 0 - <l>l )+X,3<l>pO-<t>I )-X23<t>2<l>p (4.30.16) 
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A|i2 = RT IrKJ), ^ -1 ^ k + Xl 2<t>l (1 -<l>2 ) + X 2 3 ^ 0 - <t)2 ) - X l 3̂ 1<t)p 

AH,^=RT[ln<t),^-(Xi-l) + Xi 1 -
X H>r 

n / 

Xi {X,3<t>l (l - <t>p) + X23<l>2(l - <l>p) - Xl2<t).<t>2}] 

(4.30.17) 

(4.30.18) 

where 01, <))2 and <|)p are the volume fractions of solvent 1, solvent 2 and 
polymer, and x,2, X.j and X23 are the interaction parameters for the pairs solvent 
1/solvent 2, solvent 1/polymer and solvent 2/polymer. 

For this system the condition of CSP is given by 

1 1 

(t),"'(t)2 ^ " H p x : (t>, 

\ 

- + : r - 2 X i 13 
1 

— •''X23 Xl3 X12 
01 

= 0 (4.30.19) 

1 / 

<|)pX° 
1 J_ +-

I V <l>2 
23 

<̂  <t>i 

f 1 i_ ^ 

T-+X23 Xl3 X12 
<t>l A^i 0: 

- 2 X 23 + 
1 

<|)?<l>pXw 

X^ J 1 2x,3 2 x 
<l>pX„ [<1),02 <1>2 

Derive Eqs. (4.30.19) and (4.30.20). 

7 '"20Cl2Xl3 + Xl3X23 + X23Xl2)~VCi2 "^X,, +X23/f 
<t>l J . 

(4.30.20) 

Answer 
Substitution of Eqs. (4.30.16)-(4.30.18) into the equation 

AGv= (t)I(A^,/Vo) + <t)2(A^2/Vo) + 2,- (|)xi(AHxi/XjVo) 
yields 

AG = 
^RT^ 

V 
(|),ln(t), +(t),ln(|)j + | ; - f ln<|)̂ ^ +Xn<t>,<t>2 +Xn<t>,<l>p + X23<l>2<l>p 

The second-order derivatives of AGv 
(4.30.21) 
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AG = 
VIJ 

^a^AG ^ 

3 < ! ) x , ^ . 
(i,j = N,l,2,---,m;k?ii,j) 

• A.P.V,, 

are given by 

'wWr 2x„ = M (fori ;̂  j,i and j^N) 

(4.30.22) 

(4.30.23a) 

^ p G , , , = M + x,3 + X„-Xn = M + K (fori;^j,iorj = N) (4.30.23b) 

I^RTf G,, = M+_+2Cc,3-X,:)=M+U (fori = j=N) (4.30.23c) 
<t) 

V "l 1 
—^^^G^,.=M+ =M + M. (fori = j?tN) 
RT r ' Xd) , V J ^ 

(4.30.23d) 

Substituting Eqs. (4.30.23a)-(4.30.23d) into the spinodal condition, we obtain 

AGJ = f — 1 

/ \nM-l 

y \ j 

M + U M + K M + K ••• M + K 
M + K M + M, M ••• M 
M + K M M + M, ••• M 

M + K M M ••• M + M 

IM+M, M 
M M + Mj ••• 

(-1)^(M + U) 

M 

M M 

+ i(-l)'^^'(M+K){-l)^(M + K) 

M 

M + M. 

j=i 
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+ M, 
M 

M 

M 

M 
M + M, • 

M 
M 

M 
M 

•• M + M., 

M 

M 
M 

M 

M + M.̂ , •• 

M 
M 

M 
M 

j+l 

M M M M 

+ I(-1)'"'(M + K) 

|M 

M M, 

|M 
M 

M 
M 

M 

^Rjr*' 

, V o , 

M. 

M.. 

M,, 
M j+i 

(M + U) 
^ m V 

VJ=' A 

m , ^ 

M + M 

M. 

J = i M j ^ j=, 

\ 

f—1" 

riMj I l+Mfl— |-£(M + K)[(M + K) 

M m 1 1 

Y——L ^i=iMi M j 
-E(M + K ) - _ n M 

• ' 'J 
M j M j k=l 

m+1/ \r 
I m 1 

V>=' A 

I "̂  1 1 ' " I 
(M + U)l + MXr^ -(M + KlFXri 

H M J , J=.M3 
= 0 

Eq. (4.30.24) can be rewritten as 

( m i l m i 

>jMjJ j^, Mj 

(4.30.24) 

(4.30.25) 
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Combining Eq. (4.30.25) with Eqs. (4.30.23a)-(4.30.23d), we obtain Eq. 
(4.30.19). Here, in deriving Eq. (4.30.19), we employ Eq. (4.20.43). 
Partial differentiation of Eq. (4.30.24) with (t)xi(i=N,l,2,...m;(|)xN=<l)2) yields 

3<|)x, 
T,P.<»x, 

^ 1 frtM^ 

0<|>xi 

s W (k^ i,k = N, 1,2,-••,m;<|),̂  = ()),) (4.30.26) 

Substituting Eqs. (4.30.23a)-(4.30.23d) and Eq. (4.30.26) into the neutral 
equilibrium condition, we obtain 

RT l ^ : i = 

w w w ••• 
M + K M+M, M 

M + K M M + Mj ••• 

M+K M M 

M + M, M 
M M+Mj 

I M M 

X(-l)^>'W.[(-inM + K) 

M ••• M 

+ 

IM + M 
M M + M, 

M 

M 

M 

M 

M 

M 

M 

M + M . 

W 
m 

M 

M 

M + M„ 

M 
M 

M + M„ 

M 

M 

M 

M M + M 
j+i 

M M 

M 

M 

M 

M 

M + M. 
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+i:(-ir'(M+K) 
M 

X 

( 

M M, 

|M 

M 

M 

M 

M 

M 
Y 

M, 

M 
M 

M j - i 

M j+i 

M 

= W, 
m 1 ^ 

A 
/ J m Y m \ 

A 
' * j 

M 
•"J MiMj ji=, 

\ " 1 

( 
Wx 1+MX-f 

H M i 

m W. 

j=iMj 
= 0 

(4.30.27) 
In deriving Eq. (4.30.27), we utilized Eqs. (4.20.43) and (4.30.26). Eq. 
(4.30.27) can be rewritten in the form: 

W, 
>=.Mj 

m 1 \ »" W 

l + M £ - i - - (M+K)£-^ = 0 j= iMi 
(4.30.28) 

Eq. (4.30.20) can be derived from Eq. (4.30.28), considering Eqs. (4.30.23a)-
(4.30.23d) and Eq. (4.30.26). Figure 4-30 exemplifies CPC, the spinodal 
curve and CSP for quasi-ternary solutions. As the theory requires, the cloud 
point and spinodal curves intercept beautifully on CSP. This strongly implies 
that both the present theory and the simulation technique used here are 
reasonable and unconditionally acceptable. (See K. Kamide, S. Matsuda and 
Y.Miyazaki, Polym. J. 16, 479 (1984); K. Kamide and S. Matsuda, Polym. J. 
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18,347(1986)) 

* The conditions for spinodal and neutral equilibrium for monodisperse polymer with the 
degree of polymerization X in binary solvent mixtures are given by applying Eqs. (4.9.1) and 
(4.9.2) to this case (P3/S2/S,) as 

1 1 1 1 

<t)> <|)2 A < t > x X (t), 

\(\_ _ _ V 
. ' X23 >Cl3 X12 

0 (4.30.29) 

1 

(\ 

J 1_ 
' / 

± A-23 Xl3 Z12 

/ J 

^ 1 1 , ^ 

1 

Lr 
1 

7d:r-2x, 
1 

<l> OxX 
1 ] 1 2x,3 2x„ 

<l>x l<l>l<t>2 <t>2 <t>, 
"*"2\Xl2Xl3 + Xl3X23 +X235C 2)-fc+x!,+xL> =0 

(4.30.30) 
In deriving Eqs. (4.30.29) and (4.30.30), the equation (4.30.22) with m=l (monodisperse 
polymer) was employed. Eqs. (4.30.19) and (4.30.20) reduce to Eqs. (4.30.29) and 
(4.30.30) by putting Xw=X2=X and <t)|=<t>x and are equivalent to Kurata's equations (2.3.30) 
and (2.3.31) in his book (See M.Kurata, Thermodynamics of Polymer Solutions, Harwood 
Acad. Publ., New York, Ch^.2, p. 127 (1982)). In addition, Eq. (4.30.29) coincides 
completely v^th Eq. 26 in Scott's equation (See R.L.Scott,y. Chem. Phys, 17,268 (1949)). 

«Problein4-30-c» Symmetry of critical condition 
Prove that Eqs. (4.30.19) and (4.30.20) are symmetrical with respect to the 

exchange of solvents 1 and 2. 

Answer 
Eq. (4.30.25) can be rewritten as follows: 

{(M + K)(U-K) + ( U - K ) ( Q , - K ) + (Q„-K)(M + K)}=0 

where 
1 ^ 1 

Qw H M J 
p w 

(4.30.31) 

(4.30.32) 
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Substitution of Eqs. (4.30.23a)-(4.30.23c) and (4.30.31) yields 

( 

<t>, 

' 1 

V l _ _ ^ 
~ + X l 3 X23 X12 

V 
—•'"X13 X23 X12 

,<t>2 

1 
. vO ''"5Ci2 X n X23 
<l>pXw 

1 V 

<t) X " 
•"•"Xn Xi3'"X23 

A 

1 
T—'"X23"")Cl3 X12 
4>1 

We can rearrange Eq. (4.30.28) into the form: 

(4.30.33) 

1 ^ W 
W^ {(M + K) + (Q^ - K)}- (M + Ki - ^ r r l r r 

•fpX^tTMi 

w. = JfZ^^  ̂ + K)(U - K) + (U - K)(Q^ - K) + (Q«, - K)(M + K)} 

M + K 
U - K 

1 "1 W 
1 ^ VVj 

<t)px;:^Mj 
X77^KU-K)+W^(Q^-K) = 0 

Eq. (4.30.34) can be simplified using Eq. (4.30.31) as 

1 
Q w - K 

1 ^ _ ^ 

y^(i)px:trMi 
w, N _ 

U - K 
= 0 

(4.30.34) 

(4.30.35) 

Combination of Eq. (4.30.31) and (4.30.27) gives 

W. = 
^ R T ^ - ' 

v ^ o . 

I I I T ( Q ^ - K ) + ( U - K ) Xi{(M + K) + (U-K)} 

(^? ((^pXt) 

WN = 
RT 

\in+l 
(4.30.36) 

V ( Q ^ - K ) + (U-K) (M + K) + ( Q ^ - K ) 

/- <l>2 

(4.30.37) 

From Eqs. (4.30.35)-(4.30.37), we obtain 
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{(Q^-K) + ( U - K ) ^ (M + K) + (U-K) (M + K ) + ( Q ^ - K ) _ 

<t)f(Qw-K)(U-K) (0pX»J(Qw-K) (t>2(U-K) 

By combining Eq. (4.30.31) with Eq. (4.30.38), we can derive 

0 

(4.30.38) 

1 | j _ X l 2 " ' " X | 3 X23 

M+K M+K 
+ —}—.(\ I X|2'*"X23 Xl3 

U-K U-K / 

X, 

Qw-K 
2_Xl3+X23 + Xl2 

V Q w - K 
= 0 

J 
(4.30.39) 

Eq. (4.30.39) can be rewritten using Eqs. (4.30.23a)-(4.30.23c) and Eq. 
(4.30.32) as 

_1_ 

I V <l>2 

Ŷ 
" 5Ci2 X23 "'"5C 

•-M-

^ 0 X ^13 X23'^5Cl2 

vr 

V 

"5Ci2 Xl3'*'X23 
1 

\3 

Xw(|)p 
"Xn X23"^Xi2 

4-

(^X) 
\3 

X12-X13+X23 7 — X 1 2 - X 2 3 + X 1 3 
<P2 

= 0 (4.30.40) 

Eqs. (4.30.33) and (4.30.40) are obviously symmetrical with respect to the 
exchange of the solvents 1 and 2 and are consistent with Eqs. (4.30.19) and 
(4.30.20). 

«ProbIein 4-31» Fractionation (I): Coexistence curve of polymer 
solution 

Describe how to determine the coexistence curve of polymer solutions 
consisting of monodisperse polymer with the degree of polymerization n and a 
single solvent using chemical potentials of polymer and solvent. 

Answer 
Phase equilibrium condition for binary solutions is that chemical potentials 

of two phases are the same for each component (See Eq. (1.5.1)). That is, 
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A^o(i) = Â lo(2) (4.21.22) 
AHi(i) = A î(2) (4.21.23) 

Of course, the following equations hold at equilibrium state. 

T(i) = T(2) 
(4.31.1) 

P(1) = P(2) 
Here, the subscripts (1) and (2) denote different phases. According to the 
Flory-Huggins theory, the chemical potentials of solvent and polymer are given 
by 

ô = H^RT|ln(l.(^,) + fl.ij(t)i+x<t>iH (3.11.3) 

^,=^VRT/ln(t) , . (n. l ) ( l . ( t ) , ) - fxn(t)o' | (3.12.2) 

respectively. Substituting Eqs. (3.11.3) and (3.12.2) in Eqs. (4.21.22) and 
(4.21.23), we have 

^ = . 2 \ 2 f " r l ^ ^ (^n.) - <̂ U2)) - ( ^ - ^ 1 (4-31-2) 
01(2)̂  - 01(1)̂  I 1 - <t»l(2) ^ " " 'I 

a 4 lnjl|?i = (<}>,(,) - (̂ ,(2)) - ( ^ - ^ ) - X (2 ((^u.) - <D.(2)) - ((̂ .(2)̂  - (t>.(i)̂ )) 

(4.31.3) 

A pair of volume fractions (|)i(l) and (t)i(2) or (|)o(l)(=l-(|)i(l)) and (|)o(2) (=1-
(|)o(2)) which satisfy the conditions Eq. (4.31.2) and (4.31.3) are the volume 
fractions in conjugate phases for arbitrary % (or temperature T). Here, a is 
called the partition coefficient. Substituting Eq.(4.31.2) in Eq. (4.31.3), we 
have 

'-'t'lm /. . 1 /• id) * 

'""T^*(*'<""M 
n(i) Yi(2) 

n n 
(4.31.4) 
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Imagine that polymer with weight go is divided into phase(l) and phase(2) 
which contain polymers with weights g(i) and g(2), respectively, 

go = g(i) + g(2) (4.31.5) 

and the total volume V is divided into the two phases with volumes V(i) and 
V(2), i.e., 

V = V(,) + V(2) = Vo + Vp (4.31.6) 

Here, VQ and Vp are the volume of solvent and polymer, respectively. Now 
we define phase-volume ratio as 

(4.31.7) 
V(2) 

From Eqs. (4.31.6) and (4.31.7), 

V(i) = ^ E - V 
^' R+1 

V(2) = - J - V 
^' R+1 

we have 

(4.31.8) 

(4.31.9) 

The volume fractions of the polymer in phase (1) and phase (2) are given by 

<t>i(i)=Vpg(,/goV(,)=Vp" Ps (R+l)/R and <t),(2)= Vpg(2/goV(2)=Vp"(R+l). 

Here, Vp" is the overall polymer volume fraction 

vO = ^ (4.31.10) 

ps and Pp are the relative amoimt of polymer partitioned in polymer-lean phase 
(1) and polymer-rich phase (2) or the fraction size, defined by 

P s - g^ (4.31.11a) 

P p - T 7 (4.31.11b) 

If the overall concentration Vp" and the fraction size Pp(=l-ps) are known, ^m) 
and (|) 1(2) are fimctions of R. Thus, the coexistence curve is calculated by 
solving Eq. (4.31.4) for R. 
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«ProbIeiii 4-32» Fractionation (II) 
Chemical potentials of solvent and solute for polydisperse Flory-Huggins 

solutions are given by 

AHo = RT|ln(l-(!),) + [ l.-i-U.+xct)? 

where 

r 

i=l 

Phase equilibrium condition for this system is 
^ 0 ( 1 ) ~ ^M^0(2) 

^i(i) = A î(2) (i=l,2,3, •••) 

(3.18.5) 

(3.18.4)' 

(4.21.22) 

(4.21.23) 

The ratio  ̂i^-/ îd) is given by the equation (|) i(2/(l) i(i)=exp(an). a is the 
partition coefficient which determines how polymers are divided into two 
phases. Derive the relationship between a ,(|)i(i)and (t)i(2) and clarify the 
factors which control a. 

Answer 
Substituting Eqs. (3.18.5) and (3.18.4)' in the phase equilibrium conditions 

of Eqs. (4.21.22) and (4.21.23), we have 

X = 
1 

<l>l(2)^-<t>l(l)^ 
In 

^ M'l(2) ^ •' y^n(\) ^n 

1(1) fici) 

1(2), 
(4.32.1) 

and 

5c((i-M'-(^-M'}^(^-t)^K.)-(i-;|;)v = nia 
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Here, 
(4.32.2) 

<t>i(i) + V ) 
lni^4l-^l^n-|l4^K2) 

A 1(2) 
'l(l) 

-In 
1 - ( | ) 

1(1) 

l - < t ) 1(2) 

(4.32.3) 

Eq.(4.32.3) shows that o depends only on  ̂ KD, <|) I(2) and On. If a does not 
depend on n, the volume fraction ratio <() i(2/<t) i(i) increases with n exponentially. 
Eqs. (4.32.2) and (4.32.3) are the fundamental equations for molecular 
weight fractionation based on the solubility difference of polymers with 
different molecular weights. 

«Problem 4 - 3 3 » Fractionation (III): Partition coefficient 
Chemical potentials for polydisperse polymer solutions with % having a 

linear concentration dependence 

X = Xo(l +P\h) 

are given by 

A|Xo = RT 

AHi = RT 

ln(l-(l),) + [l-^](t),+Xo(l+Pi<t>,)<t),^ 

ln<|)i-(ni-l) + ni 1 - ^ <l>i 

X o n i ( l -< t> , )^ + X o n i P , ^ + | < t ) , ^ + <t>, 

(3.16.1) 

(4.33.1) 

(4.33.2) 

Eq. (4.33.1) is derived straightforwardly from Eq. (3.11.3). Derive the 
expression for a defined by 

In to = an. 
<t>i(i) 

(4.32.2)' 
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Answer 
Substituting Eq. (4.33.1) in the phase equiHbrium conditions of Eq. (4.32.1), 

we have 

Xo"" 

' i ( i) 

Substituting Eq. (3.16.1) in Eq. (4.32.2) and rearranging the equation, we have 

n, <t>l(l) • h • H ; ^'(2) + 5Co I 2 ((t),(2) - <t>l(l)) - (<t'l(2)^ - <!>l(l)^) J 

+ PiXo I 2 [^H2)^ - *f>i(i) j - (<t>i(2)̂  - <l>i(i) j ] (4.33.4) 

Substituting Eq. (4.33.3) in Eq. (4.33.4), we obtain 

[2 4p,(*,a.-M} '»^4-(;^)*-.-('-(^)*.«. 
a=-

l . ( t ) 

(^l( l) + ^1(2)) + P1 (^1(1)^ + *l(l)<t>l(2) + ^ 1(2) 

1(1) 
~ ^ ^ M ^ (4.33.5) 

^1(2) 

If we put p,=0, Eq.(4.33.5) is reduced to Eq.(4.32.3). 

«Problem 4-34» Fractionation (IV): Mass of polymer partitioned in 
each phase 

Let's denote the volumes of the dilute phase and the concentrated phase are 
V(i) and V(2), respectively and the weight (equal to the volume, if the specific 
gravity is regarded as 1) of polymers with the degree of polymerization n in the 
dilute phase, in the concentrated phase and in the overall system are g(i)(n), 
g(2)(n) and go(n), respectively. Derive the expressions for g(i)(n) and g(2)(n) 
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as a function of partition coefficient a and phase volume ratio R=V(i/V(2). 

Answer 
From the definition, we have 

g(i)(ni) = V(i)(t)(i)(ni) (4.34.1) 

g(2)(ni) = V(2)(t)(2)(ni) (4.34.2) 
go(ni) = g(i)(ni) + g(2)(ni) (4.34.3) 

Substituting Eqs.(4.34.1) and (4.34.2) in the definition of the partition 
coefficient 

In $i2)N = an, (4.32.2)" 

<l>(i)(ni) 

we have 

g(2ini) 
V(2) = exp(ani) (4.34.4) 

( i( i)N\ 
I V(,) / 

Eq. (4.34.4) can be rewritten as 

f ? M = YO) expianO = 1 exp(ani) (4.34.5) 
g(i)(ni) V(i) R 

From Eqs. (4.34.3) and (4.34.5), we have 

g(i)(ni) = go(ni) R (4.34.6) 
R + exp(ani) 

Substituting Eq. (4.34.6) in Eq. (4.34.3), we have 

g(2)(ni) = go(ni ) /^P<^ ' ) (4.34.7) 
R + exp(ani) 

«Problem 4 - 3 5 » Fractionation (V): Characteristic specific value for the 
degree of polymerization n. 

There exists a characteristic specific value for the degree of polymerization 
n=na such that the polymer with n>na is found more in the concentrated phase 
and the polymer with n<na is found more in the dilute phase. Discuss this 
phenomenon with the aid of the results in «Problem 4 - 3 4 » . 
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Answer 
Imagine equal amounts of polymers with n=na separate into two phases. In 

this case, we have 

l = 8 ( 2 M = lexp(ana) (4.35.1) 
g(i)(ni) R 

That is, using the relationship 

l ^ = na (4.35.2) 

we can calculate na. For n=/=na, the combination of Eqs.(4.32.2)" and 
(4.35.2) yields 

g M = 1 exp{an) = exp [o (n - n,)) (4 35 3) 

Since a is defined as positive, g(2xn) ^g(i)(n) for n^na. 
According to Eq. (4.35.2), the characteristic degree of polymerization na 
increases with increasing R and decreasing a. The volume fraction of 
polymers in the concentrated phase is larger than that in the dilute phase for 
polymers for arbitrary degree of polymerization, while the amount of polymers 
is not always larger in the concentrated phase. 

«ProbIem 4 - 3 6 » Fractionation (VI): Fractionation efficiency 
The probability fn(2) for finding n-mer in the concentrated phase can be 

calculated by using Eq. (4.34.7). Calculate the fractionation efficiencies 
defined by 

and 

e' = ( ^ l (4.36.2) 
a 

and discuss which coefficient should be used as a measure of fractionation 
efficiency. 

Answer 
According to the definition. 
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f« = | M (,3,3, 

Substituting Eq. (4.34.7) in Eq. (4.36.3), we have 

"̂(2) = -,—ST^^l : (4.36.4) 
1 + Rexp{-ani) ^ ^ 

Differentiating f„(2) by In n and rearranging it with Eq. (4.35.2), we have 

e = ^ = lnR (4.36.5) 
4 4 

Differentiating fn(2) by n, we have 

e' = 5 (4.36.6) 

From the mass balance, R is related to the difference in the overall 
concentration 01^ and the concentration in each phase (j) i(i) or (j) i(2) as 

R = 4 F ^ (4.36.7, 
^1 -01(1) 

Since (j) i(2)»(t) î , the value of R depends essentially on the denominator in the 
right-hand side of Eq. (4.36.7). Thus, R increases with decreasing (j) î  or 
decreasing (j) î -(t) i(i). The latter condition is realized by decreasing the 
fraction size p(= 2 g(2)(n/ 2 go(n)). According to Eq.(4.36.5), we need to 
increase R for increasing e. e'could be enhanced by increasing a. According 
to systematic simulations by Kamide et al., e' reflects the width of the 
molecular weight distribution more sensitively than e does. (See K. Kamide 
and C. Nakayama, Makromol Chem. 129, 289 (1969)). The parameters e and 
e' were first defined by Flory (See P.J. Flory, J. Chem. Phys. 12, 425 (1944)). 

«Problem 4-37» Fractionation (VII): Molecular weight distribution of 
polymers remaining in concentrated phase 

Derive the expression for fn(2) in case of the degree of polymerization n—• 
oo and n-^0 using the equation 

fn(2) = r -  ̂ ; ("̂ -̂ -̂̂ ^̂  

1 + Rexp(-ani) 

and discuss the molecular weight distribution of the poly disperse polymer in 
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the concentrated phase. 

Answer 
Eq. (4.36.4) is the equation for the probability of finding n-mer in the 

concentrated phase. For n-^oo, then foo(2)=l, that is, if the degree of 
polymerization is infinite, all the polymer components move to the 
concentrated phase. For n~>0, fo(2)=l/(l+R) + 0, that is, a finite amount of 
molecules moves to the concentrated phase. It's inevitable to find a certain 
amount of extremely low molecular weight components in the dilute phase. 
This phenomenon is called the tail effect. It is desired to increase R for 
reducing this effect. It should be also noted that R depends on a. 

«Problem 4-38» Fractionation (VIII): Effect of fraction size 

Fig. 4-38.1 Effect of p on njun of the first fractionation at constant pi(=0) 
(in Eq. (3.16.1)). Solid line; polymer-rich phase, dashed line; polymer-lean 
phase (Original polymer, Schulz-Zimm distribution nJu^^-LO; 01° is 
indicated on the curves) (a) nn=150, (b) nn=900, (c)nn=1500 (See K. 
Kamide, Y. Miyazaki and K. Yamaguchi, Makromol Chem, 173, 157 
(1973)) 
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Fig. 4-38.2 Standard deviation a ' for polymer in polymer-rich phase (solid 
line) and polymer-lean phase (dashed line), plotted vs. p (Original 
polymer, Schulz-Zinmi distribution, n^nn=2.0, p=0; <|),° is indicated on the 
curves), (a) n„=150, (b) n„=900, (c) n„=1500 (See K. Kamide, Y. 
Miyazaki and K. Yamaguchi, Makromol Chem. 173, 157 (1973)) 

Fig. 4-38.3 Effect of the average molecular weight of the original polymer 
on the relations n Jn„, of the polymers in both phases (solid line; polymer-
rich phase, dashed line; polymer-lean phase), and p (Original polymer, 
Schulz-Zimm distribution, n^n„=2.0 and different n„; p=0;<)) ,^=1%) (See 
K. Kamide, Y. Miyazaki and K. Yamaguchi, Makromol. Chem. 173, 157 
(1973)) 
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i\ 
6 

4 
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0 

i 1 

P^<^"^^^c: 

1 1̂̂  
0 0,5 

(b) 1 

1 . 1.0 
p p 

Fig. 4-38.4 Effect of the molecular weight distribution of the original 
polymer on n /̂nn relationships for polymer in polymer-rich phase (solid 
line) and polymer-lean phase (dashed line) (Original polymer, nw=300; 
p=0;<t)|̂ =l%) (a) Schulz-Zimm distribution (b) Wesslau distribution (See 
K. Kamide, Y. Miyazaki and K. Yamaguchi, Makromol. Chem. 173, 157 
(1973)) 

1.0 

Fig. 4-38.5 Effect of the molecular weight distribution of the original 
polymer on G ' vs. p relationships for polymers in polymer-rich phase (solid 
line) and polymer-lean phase (dashed line) (Original polymer, nw=300; p=0; 
<|),°=1%) (a) Schulz-Zimm distribution (b) Wesslau distribution (See K. 
Kamide, Y. Miyazaki and K. Yamaguchi, Makromol Chem, 173, 157 
(1973)) 
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(a) (b) 

0,5 1.0 0 0.5 1.0 
fi P 

Fig. 4-38.6 (a) Effect of p (in Eq. (3.16.1)) on n̂ ynn vs. p relationships for 
polymers in polymer-rich phase (solid line) and polymer-lean phase (dashed 
line) (Original polymer, Schulz-Zimm distribution, n^ynn=2.0; nw=300; 
(l)i^=l%) (b) Effect of p on a' vs. p relationships for polymers in 
polymer-rich phase (solid line) and polymer-lean phase (dashed line) 
(Original polymer, Schulz-Zimm distribution, nVnn=2.0; nw=3OO;0,°=l%) 
(See K. Kamide, Y. Miyazaki and K. Yamaguchi, Mahromol Chem. 173, 
157(1973)) 

"R should be increased by reducing the fraction size, then it results in 
narrowing the molecular weight distribution of each fraction". Is this 
discussion reasonable? 

Answer 
We can take njun and the standard deviation a' as measures of the width of 

the molecular weight distribution. Figures 4-38.1-6 are the examples for the 
relationship between the width of the molecular weight distribution and the 
fraction size. As demonstrated in these figures, in most cases, by coarsening 
the fraction size (increasing p), the molecular weight distribution initially 
narrows and then passes through a minimum (Pmin). Take njvin as a measure 
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of the width of the distribution, pmin increases with increasing (|) i or increasing 
the average molecular weight of the original polymer or decreasing the 
concentration dependence of %. Thus, it is not meaningful to decrease p in 
precipitation fractionation. 

Fig. 4-39 (a) Dependence of njii  ̂ (solid line) and standard deviation o' 
(dashed line) on the first fraction of (j) î  (Original polymer, Schulz-Zimm 
distribution, n^ynn=2.0;nw=300;p=0;p is indicated on the curves) (b) 
Dependence oinjvin of the first fraction on (j) î  (Original polymer, Wesslau 
distribution, nw=300; nJn^^l.O (dashed line) and 5.0 (solid line); p is 
indicated on the curves) (See K. Kamide, Y. Miyazaki and K. Yamaguchi, 
Makromol Chem. 173, 157(1973)) 
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«Probleni 4 - 3 9 » Fractionation (IX): Effect of overall concentration on 
efficiency 

"In order to improve the efficiency of the fractionation, the overall 
concentration (j) î  must be decreased («Problem 4-36») , in other words, we 
need to decrease the temperature of a dilute solution at the fractionation". Is 
this conclusion always correct? 

Answer 
We restrict our discussion to the precipitation fractionation. Figures 4-

39(a) and (b) are the examples of the plot for width of the distribution (njiin 
or a ' ) vs. overall concentration  ̂ \^, There happens to be a maximum in 
these plots. Such maximum is always found in the plot of a ' vs. (j) i^. It 
should be noted that n^nn and a ' at this maximum are far above those of the 
original polymer. For example, in Fig.4-39(b), njun is 5 in the original 
polymer, while it is more than 30 in the fractionated polymer. Thus, 
fractionation does not always yield a polymer with narrower molecular weight 
distribution than the original polymer. 

«ProbIem 4 - 4 0 » Fractionation (X): Shape of molecular weight 
distribution 

Can we always obtain polymers with a unimodal molecular weight 
distribution from the original polymer with a unimodal molecular weight 
distribution by successive precipitation fractionation? 

Answer 
From unimodal polymers with a wide molecular weight distribution, 

bimodal fractionated polymers can be obtained. The examples are shown in 
Fig. 4-40.1 and 4-40.2. When the original polymer contains a large amount 
of low molecular weight component (for example, Wesslau-type distribution), 
a new peak appears on the low molecular weight side by increasing the overall 
concentration or reducing the fraction size. 

«Probleni 4 - 4 1 » Fractionation (XI): Successive precipitation 
fractionation and successive solution fractionation 

Compare the successive precipitation fractionation (SPF) method in which 
the concentrated phase is extracted and the successive solution fractionation 
(SSF) method in which the dilute phase is extracted as the fractionated fraction. 
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Fig. 4-40.1 Molecular weight distribution of the first flection precipitated fi*om 
1.0% solutions of polymers (Wesslau distribution (solid line) and Schulz-Zimm 
distribution (dashed Une); nw/nn=2,3, and 5; nvr=300; p=0, p=l/15)(See K. Kamide, 
K. Yamaguchi and Y. Miyazaki, MaJtro/wc?/. Chem. 173, 133 (1973)) 

. ^ 2 
(b) r\p = 1/2 

/ A^'^ 

10' 10^ 10^ 10* 
n 

Fig. 4-40.2 Effect of the fi*action size p on the molecular weight distribution 
curve of the first flections (Original distribution, Wesslau distribution, nvr=300; 
p=0). (a) nMynn=2.0; <|)î =10-Vo (dashed Une), 0.1% (soUd Une), and 1% (dotted 
Une) (b) nw/nn=5.0; <|)i°=l% 
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Table 4-41 Comparison of successive solution fractionation (SSF) with 
successive precipitation fractionation (SPF) 

Parameter 

_ 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

12. 

13. 

14. 

Partition coefficient a 

Volume ratio R 

Breadth in MWD of te 
fractions 

Operation conditions for 
controlling factionation 

Effect of nwV^ 

Effect of n^^ 

Reverse-order fractionation 

Double-peaked MWD in 
fraction 

Upper limit of 
initial polymer cone. (|) i° 

Easiness of phase separation 

Accuracy of controlling 
faction size p 

Total amount of solvent in a 
given run 

Ratio of nw%n^ of the first 
fraction to nJ^/Un^ of the 
original polymer 
Effect of pi ^̂  

Comparison 

SSF> SPF 

SSFCSPF 

SSF<SPF 

Advantage 
of SSF 
yes 

yes 

yes 

(except for extremely loŵ  nw range) 
SSF: p 
SPF:(t),° 

SSF<SPF 

SSF<SPF 

only for SPF 

only for SPF 

SSF>SPF 

SSF>SPF 

SSF>SPF 

SSF>SPF 

SSF: always less than 1 
SPF: alw^ays larger than 
1 
SSF<SPF 

yes 

yes 

yes 

yes 

yes 

yes 

yes 

no 

yes 

a) For definition of pi see Eq.(3.16.4), p2="*=Pn=0. 
(See K.Kamide, Thermodynamics of Polymer Solutions: Phase Equilibria and 
Critical Phenomena, Elsevier, 1990) 
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Answer 
The difference between SPF and SSF is summarized in Table 4-41. 

* There was an extremely large gap between oversimplified theories of phase equilibria of 
polymer solutions and operational conditions of the fractionation in practice. In particular, 
the study of operational conditions of the fractionation from the standpoint of solution 
theory, even though qualitative, was limited to very special cases. The main reason for this 
limitation is that the theory of the phase equilibrium on rigorous monodisperse polymer/single 
solvent system cannot be generalized by simple mathematical analysis to polydisperse 
polymer/single solvent system, corresponding to the fractionation. It was only after many 
years, that by the use of electronic computers, the principal mechanism underlying the 
fractionation was well understood. In 1968 Kamide et al. (See K. Kamide, T. Ogawa, M. 
Sanada and M. Matsumoto, Kobunshi Kagaku 25,440 (1968) and K. Kamide, T. Ogawa and 
M. Matsumoto, ibid. 25, 788 (1968)) and Koningsveld et al. (See R. Koningsveld and A. J. 
Staverman, J. Polym. Sci. A-2,6,367, 383 (1968)) bridged this gap by using large (at that 
time) electronic digital computers. 

(See K. Kamide, Fractionation  of Synthetic Polymers (Ed. by L. H. Tung), 
Chapter 2 Batch Fractionation, Marcel Dekker (1977) and K. Kamide, lUPAC 
Macromolecular  Chemistry -8 , p l44 , Butterworth (1973)) 
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Chapter 5 Colligative Properties and Virial 
Coefficients of Polymer Solutions 

«Problein 5 - l » Osmotic pressure (I): Vapor pressure and osmotic 
pressure of polymer solution 

As shown in «Problem 3-11», the chemical potential of solvent in 
monodisperse polymer solutions is given by the equation 

AHo = RT|ln(l-(t),) + |l-ij(t),+^(l),4 (3.11.2) 

Derive the vapor pressure and osmotic pressure of the solution as 
functions of volume fraction of solute (|) i by using Eq.(3.11.2). 

Answer 
Activity of solutions ao is defined in Eq.(2.10.1) as 

ÂXo = ̂ ô-̂ ^S = RTlnao (2.10.1)' 

Vapor pressure and osmotic pressure of solutions are related to the activity of 
the solution as 

?^ = ao (2.10.3) 
P§ 

and 

RT 
n = -;;o*"^o (2.10.4) 

respectively. Thus, we have 

, Po ^0 

and 
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n = -
A|io 

(2.7.1) 

Substitution of Eq.(3.11.2) for chemical potential in Eqs.(5.1.1) and (2.7.2) 
gives 

(5.1.2) 

(A) 

TTTp 

10 

1.0 

0, 

1.0 

n 

— 1 — 1 — 1 — 1 — i — 

, / 

f^ 
[ ,1 I , . .1 . . . 1 . . J . . 

(a) J 

-̂  

1 

0.1 10 100 1000 

"0 3 6 

Fig. 5-1 (A) Reduced osmotic pressure for the system poly-a-methylstyrene 
in toluene at 25 "C against density p for various molecular weights. 10"''Mn= 
07,020,0 50.6,0 119,0182, O330, 0747. (B)(a) Osmotic pressure for 
the system polyisobutylene in cyclohexane (•) and in benzene (O) at 37 °C 
as a function of p. (b) Osmotic pressure of polystyrene in cyclohexane (•) 
and in benzene (O) at 37 °C as a function of p. (See I. Noda, N. Kato, T. 
Kitano andM. Neigasswa,Macromolecules 14, 668 (1981); J. desCloizeaux 
and G. Jaxmink, Polymers in Solution.-JTteir modelling and structure, Oxford 
Sci. Publ., Oxford (1990)) 
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f j >irilh^i*'[ 
*A^0 

Here, VQ̂  is the volume of a solvent molecule and NA is Avogadro's number. 
Figue 5.1 shows osmotic pressure plotted against density for various molecular 
weights of polymer. 

«Problem 5 - 2 » Osmotic pressure (II): Virial expansion 
Virial expansion of osmotic pressure n with respect to solute concentration 

C is given by 

n = RltAiC + AjC^ + AaC^ +• • •) (5-2.1) 

Derive the expression for the coefficients A,, A2 and A3 referring to the 
relationship between C and (j) 1. 

Answer 
Combination of the equations 

_ Volume of solute _ nÂ iVo 
^̂  - Total volume " (yv̂  + nÂ ĵv̂  (^'2.2) 

and 

—•N 
Weight of solute _ N^ ' 

Total volume " (yVo + nAr.jv^ ^̂ '̂ -̂ ^ 

leads to the relationship between C and ^ 1 as 

^,=NAV§n^ (5 2.4) 
M 

Substitution of Eq.(5.2.4) for <|), in Eq.(5.1.3) yields 

RT JNAV^ [i B ^ N A ^ V ^ D ^ 2 NA^fn^^3 
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M*\2 k T ) „ „ 2 C + 3 ^_^, C + (5.2.5) '^T.M 

Here, nio=M/n is the molecular weight of a segment. Comparison of 
Eqs.(5.2.5) and (5.2.1) gives 

A,=-I- (5.2.6) 
M 

A3=l(NAv8f (5.2.8) 
3 mô  

* Eq. (5.1.3) can also be expressed as 

RT n \2 ^r' r 
Here, x=B/kT is a thermodynamic interaction parameter and VO=NA VQ̂  is the molar volume 
of solvent. If <t)i«l/n, the higher order terms in Eq.(5.2.9) can be neglected. The first term 
is called van't HofTs term. 

«ProbIeiii 5 -3» Osmotic pressure (JH) 
Derive the equation for osmotic pressure: 

Table 5-3 Second virial coefficient of polystyrene solutions for various solvents 
at 20 ^C 

solvent molecular w êight (lOVmol) A2 (lO'̂ mol cmVg^) 
benzene 1330 to 7100 3.6 to 3.3 
bromobenzene 35.5 to 1750 6.38 to 2.15 
decalin 390 -0.06 
toluene 12.3 to 40.2 2.18 to 1.37 
trans-decalin 179.3 -0.036 
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Here, v is the partial specific volume of solute polymer. 

Answer 
Referring to Eq. (5.2.4), we can readily derive the relationship 

-i i_= C_ = _Cv_ 
Von M Von 

Here, 

NAVO° = VO 

<t),=Cv = - ^ C | (5.3.3) 
mo 

Substitution of Eq. (5.3.2) in (5.1.3) using the definition of % yields 

^ ^ " ^ ^ [ 2 " ' ^ ] (5.3.4) 

andEq. (5.3.1). 

«Problein 5 -4» Second virial coefficient (I): Internal energy and 
entropy terms 

According to Flory's theory, the second virial coefficient Aj of polymer 
solutions is given by 

r.2 
A -k{^-^) (5.4.1) 

Express (p and 6 in terms of the internal energy Aui2 and entropy AS 12 for 
forming a 1-2 pair. Here the subscripts 1 and 2 denote solvent and polymer 
segment, respectively. 

Answer 
The variation in Gibbs fi-ee energy e for forming a 1-2 pair is expressed as 

e = Awi2 = Aui2 - TAS12 (5.4.2) 
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Thus, 

zAui? zASi y ~ z e --Z£kui2 ZZA012 

kT kT k 

Substitution of Eq. (5.4.3) in Eq. (5.3.4) yields 

^ v ^ h zASi2 z^Ui2 
' Vol 2 kT 

(5.4.3) 

^ h ZAS12 
Vn 2 "̂  k 

Comparing Eqs.(5.4.1) with (5.4.4), we have 

(p = l + zASi2 
2 k 

0 _ zAUi2 
kji + ?Ml2J 

(5.4.4) 

(5.4.5) 

(5.4.6) 

«ProbIem 5 - 5 » Second virial coefficient (11): van der Waals equation 
Derive the expression for the second virial coefficient for van der 

Waals equation 

n + 
N^a 

(V-Nb) = NRT (5.5.1) 

(a and b are the van der Waals parameters representing intermolecular 
attraction and repulsion, respectively, (V-Nb) is the free volume, aN^A'̂ ^ is the 
reduction of pressure and n is the number of moles in volume V) for the 
osmotic pressure 

H = RliAi + A2C + AsC^ + • •.) (5.2.1) 

Answer 
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Eq. (5.5.1) is expanded as a series of the inverse of volume as 

„ N^a NRT 
n + v̂  

f, NbV' NRT|, Nb (Nb)' 1 

Rearrangement of Eq. (5.5.2) yields 

nv ,̂ 1 
RT=N-^V 

^NV#).^.-

Putting C=NMA^ in Eq. (5.2.1), we have 

n = C R T ( A I + A2C + A3C^ + •. •) (5-5.4) 

n v A2N^M^ A3N^M^ , ^ ^ . , 
= A iNM + — + — + ••• (5.5.5) 

Comparison of Eq.(5.5.3) with Eq. (5.5.5) yields 

N = A,NM or A , = - i - (5.5.6) 
M 

9 N a 7 9 
N^b ^ = A2N^M^ or A2 = 

RT ^ ^ 
("-^li;? (5.5.7) 

«Problein 5 - 6 » Flory temperature for van der Waals equation 
Derive the expression for the Flory temperature (0 temperature ) defined 

as the temperature at A2=0 for van der Waals equation. 

Answer 
Using Eq. (5.5.7), the temperature 0 for A2=0 is obtained as 

e = - ^ (5.6.1) 
Rb 

This temperature is called the Boyle temperature for van der Waals gas. 

«Problem 5 - 7 » Partition function for semi-grand canonical ensemble 
(I) 

Consider a solution with volume V which contains Â i solute molecules, 
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enclosed by a wall, which is permeable only to solvent molecules from pure 
solvent outside. After a certain time much longer than the time required for 
molecular motion, the temperature inside and outside of the volume V becomes 
the same (thermal equilibrium) and the chemical potentials of solvent inside 
and outside of V agree with each other. At this stage, the osmotic 
pressure of the solution 11 is given by 

n = kT ^ - ^ r S v (5.7.1) 

where 

Here, ^ is the partition fiinction of the system in question which is called 
constant jio ensemble or semi-grand canonical ensemble. Derive Eq. (5.7.1). 

Answer 
For the case both mass and heat flow through the wall of the system are not 

possible (microcanonical ensemble), the partition function n(E) is the volume 
for the energy between E and E+dE in the phase space. For the case heat flow 

^ N o 

Fig. 5-7 Constant jio ensemble 
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is permitted while mass flow is not permitted (canonical ensemble), the 
partition function Z{Tyj^o,N\) is the integral of the product of n(E) and 
Boltzmann's factor exp(-E/kT): 

z(Tyj>/oJ^,] = I Q(E)e-^'^dE (5.7.3) 

In the case when all molecular species can pass through the wall, taking account 
of the change in the number of molecules, the grand partition function E is 
given by 

2(T,V,HO,^,) = 1 1 Z ( T , V ^ O ^ , ) V o x / , 

where 

X, ==">-? (5.7.5) 

Âo is the number of solvent molecules and Ho and ^i are the chemical potentials 
of solvent and solute, respectively. 

The wall of the system in question is only permeable to the solvent. Thus, 
this system is an ensemble which has an intermediate character between the 
canonical ensemble and the grand canonical ensemble. Referring to Eq. 
(5.7.4), the partition function ^ is given by 

4 ( T , V , ^ O ^ , ) = I Z(T,V^O.A^,)A.O''» (5.7.6) 
No 

A new thermodynamic function F' is defined by 

F = - kTln ^ (5.7.7) 

F' is related to the Helmholtz free energy as 

F = F-Ho^o (5.7.8) 
Total differentiation of Eq. (5.7.8) gives 

dP = dP - iVod̂ o - ̂ ôdÂ o (5.7.9) 

Substitution of the total differential 

dP = -SdT-PdV + X îidA î (5.7.10) 
i=l 
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in Eq. (5.7.9) yields 

dF = -SdT-PdV-iVod^o + ̂ ild^l (5.7.11) 

From Eq. (5.7.11), we have 

Substitution of (5.7.7) in Eq. (5.7.12) gives 

(ain^(T,V,Ho^,)'\ 
'̂—Sv -\ (5.7.13) P = kl1 

V 

Osmotic pressure is defined by the difference of the pressure of the solution P 
and that of pure solvent PQ. Thus, we have the expression for osmotic 
pressure as 

n = p-Po 

^^ain^T.V,^o^,)^ |'ain|(T,V,tio,0)^ 

9v I av T,Ho^ , 

= kxi ^ L ^(T.V,^O^,) - In (̂T,V,̂ o,0)j 

T,tio^, 

V yT.noJV, 

«Problein 5 -8» Partition function for semi-grand canonical ensemble 
(II) 

When the wall of the system in «Problem 5-7» is impermeable to both 
solvent and solute (canonical ensemble), the partition function is given by 
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Z(T,V^O^,) = -
oW,! h'i'^ohW exp - kT IdtyVodtN, 

k=l j=l 
(5.8.1) 

Here, the factors Â o' and A î! in the right-hand side indicate that the problem 
handles indistinguishable Âo solvent molecules and Â i solute molecules, h is 
Planck's constant. For one molecule with the degree of freedom f, the inside 
of the volume of h^in the phase space is indistinguishable. Thus, for Â  -
molecule system, the inside of the volume (\\)^=h^ is indistinguishable, ĥ "̂ " 
and h '̂̂ ' are inserted for this reason. E{No,N\) is the total energy (the sum of 
potential energy and kinetic energy) of the system consisting of Ao solvent 
molecules and Â i solute molecules, pkj ̂ '̂  and qkĵ *̂  are the conjugate 
momentum and coordinate for they th degree of freedom of A: th molecule (for 
solvent, k th molecule in total Âo molecules) of / th species (solvent or solute). 
Let's define W by the equation 

exp kT 
dx Nn 

1 1 

y J L^L^^o 
ext kT P̂ ô 

Ny\ h '̂'̂ ' exp kTj 

Derive the expression for ^ ' using Eq. (5.8.2). 

Answer 
t,* defined by Eq. (5.7.2) is obtained from Eq. (5.8.1) and (5.8.2) as 

No 

(5.8.2) 



x ^ 
^NQW^I hW+f,/v,'^o expi - \j )dV^ ,̂ 

y J l-x^o exp - kT 
dt No 

A^,!hwJ - J ••• exp -
W 

dx, 
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kxr̂ /̂ . (5.8.3) 

Eq.(5.8.3) has the same form as the partition function Z(T ,V^i ) in case of no 
solvent. (Compare with Eq. (5.8.1)) 

* W is a function of momentum and coordinate of solvent molecules. When N\ =0 (pure 
solvent), the left-hand side of Eq. (5.8.2) is l/7/|!h"''', then W'=0. Suppose the internal 
energy 
can be divided into kinetic energy Ej and potential energy u as 

E = El + u 

Correspondingly, W is divided as 

W = El' + W" 

(5.8.4) 

(5.8.5) 

Here, W" is a function of coordinate of solute molecules. In order to clarify the physical 
meaning of Wand W", we differentiate W with respect to the coordinate of solute 
molecules and denote it as gradg W: 

3W' 
= - grad^W = - gradjW" as 

= -kTA 

/ 

1 

V 

1 Y—L_ 
,+f|N, 0 In^o exp - kT 

\ 

dx N^ 

kxT — i X^"— 
J;'NQ\N^\ hW+w ° as 

E(AWV^ 
"''PI - kT l^'^o 

y _J L_,, x ^ 
E(AWVi) 

Nn 
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y \ \ X 0̂1 

y _ i i x̂ o 

(-gradsE] gradgEexp -
'iNo,N,) 

kT 
dx A/„ 

exp 
'{NQJ^I] 

kT 

(5.8.6) 

Idx N„ 

Eq.(5.8.6) means that the statistical average of -gradsE is -grads W". Thus, W" is the mean-
force potential between solute molecules. 

«Problein 5 -9» N-body distribution function 
As shown in «Problem 5-8», W is divided into two factors 

corresponding to the kinetic energy E\ and the potential energy Was W'=E| 
+ W". Substituting this expression in Eq. (5.8.6), we have 

r (T,V,HO.A^,) 

^A^ij^mj-H-WJON (5.9.1) 
where 

N: f; 

dW=nndqk/'> 
k = l j = l 

Now we define WN as W" plus a certain constant and assign numbers 1,2,--%Â  
to the solvent molecules. Then the function FN defined by 

FN(l,2,...^)=exp|.^j (5.9.2) 

is a function of coordinates of Â  solvent molecules. We denote the coordinate 
of / th molecule as {i} and similarly the coordinate of m th molecule as {m}. 
The constant used for defining WN is determined so that FN satisfies the 
normalization condition 
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lim J ^ r ... r F4l,2,...̂ )d{A^} = 1 (5.9.3) 
V—>oo \ J J 

where FN is the N-body distribution function. Then we define gi(i),g2(i,j), 

by 

Fi(l) = g.( l) 
F2(l,2) = g,(l)g,(2) + g2(l,2) 

F3(l,2,3)=g,(l)g,(2)g,(3) + g,(l)g2(2,3) + g,(2)g2(3,l) 

+ g,(3)g2(l,2) + g3(l,2,3) ( 5 9 4 ) 

For example, g2(l,2) is defined by 

Fi(1) : 

F2(1,2) : 

F3(1.2,3): 

• 

gi(i) 

1 2 

• # 
gi(i)gi(2) 

1 

• 

2 3 

• # 
gi(i)gi(2)gi(3) 

1 
+ •-

+ 

2 

g2(i.2) 

1 

• 

2 3 

^ —0 

91(1)92(2,3) 

+ 
2 

# gt(ag2(3.i) 

gi(3)g2(1.2) 93(1,2.3) 

Fig. 5-9 N-body distribution function 
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(5.9.8) 

g2(l,2) = F2(l,2)-F,(l)F,(2) (5.9.5) 

Here, 1 and 2 denote the coordinates of 1st and 2nd molecule, respectively. 
Then, we divide N solute molecules into k set of nj (i=l,2,3...k) molecules. 
FN can be expressed as 

F.(l,2,...^)= I ng„|{n>}) 
{k{n,}} '=' 

n,+n2+-"+n| , = Â  (5.9.7) 

Here, 2 {k{ni}} denotes the sum over all ways of division and number of sets 
(integer partition). On the other hand, cluster integrals are defined by 

b,=^J^g,(l)d(l) 

Prove that Eq. (5.9.1) reduces to 

r(T.V,Ho,Ar) = i j . ^ ( T ) I n(Vni!b„^) (5 9 9) 

Answer 
Eq. (5.9.3) for N=\ is written as 

limJ^I Fi(l)d(l)= lim J^l g,(l)d(l)=l=bi (5.9.10) 
v->oVj^ V-^QVJ^ 

Referring to Eq. (5.9.8), bni is expressed as 

"̂' = ;^J - JMn '»dN (5.9.11) 

From Eq. (5.9.6), we have 
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/••.jF4{N})dM=J I n8„,({n,))d{n,} (5.9.12) 

Substituting Eq. (5.9.11) in Eq. (5.9.12), we have 

(5.9.13) 
Eq. (5.9.1) can be reduced to 

r(T,V,Ho^) = i j . ^ c ( T ) J j FH(l,2,...^)d{Ar} (5.9.I4) 

Substitution of Eq. (5.9.13) in Eq. (5.9.14) yields Eq. (5.9.9). 

* Fi(l)d(l) is the probability that the first molecule is found at the coordinate between (1) 
and (1) +d(l). F2(l,2)d(l)d(2) is the probability that the first molecule is located at the 
coordinate between (1) and (l)+d(l) and the second molecule is located at the coordinate 
between (2) and (2)+d(2) simultaneously. Fi(l) and F2(l,2) are called the molecular 
distribution function. 

* Eq. (5.9.3) means that the probability for 7/molecules being found somewhere in the volume 
V is unity, in other words, there are Â  molecules in the volume V. 

«ProbIen[i 5-10» Osmotic pressure (TV): Cluster integrals 
Osmotic pressure is given by 

^^J*£M) 
T.flo^ 

where 4* is expressed as 

r(T,V,Ho^) = ̂ - - i , c (T) X n(Vni!b„^) 

Using Eqs. (5.7.1) and (5.9.9), derive the equation 

(5.7.1) 

(5.9.9) 
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n = kT V - ^ ^ 2 + 4 ^ b , ^ - 2 ^ b 3 + - | (5.10.1) 

I 

Answer 
Substituting Eq. (5.9.9) in Eq. (5.7.1), we have 

= k T ^ E ri(Vni!bJ (5.10.2) 

P(Vni!bni) can be calculated as follows: 
(1) Divide Â  solute molecules into each individual molecule giving A/̂  groups 
(ni=n2=...nisf=l). The number of ways to divide in such a way is unity. 
Then ni=l and 
bi=l.Thatis, 

l i l ( V n i ! b J = n ( V - l ) = v'^ (5.10.3) 
k=N i=l ^ ^ i=l 

(2) Divide iV solute molecules into one group consisting of two molecules 
(ni=2) and all other groups consisting of one molecule (n2=n3=...nA .̂i=l) to 
make Â -1 groups. The number of ways to take one group consisting of two 
molecules from A'̂  solute molecules is N{N'l)/2, That is, 

I n (Vn,!b,,) = M ( v ) - ( v 2 ! b , ) = ̂ v - ( 2 ! b , ) ,5.10.4) 

(3) Divide Â  solute molecules into two groups consisting of two molecules 
(ni=n2=2) and all other groups consisting of one molecule (n3=n4=...nyv.2=l) to 
make Â -2 groups. The number of ways to take two groups consisting of two 
molecules from Absolute molecules is An/((A/-4)!2!2!2!). Here, 2!s are inserted 
for eliminating indistinguishable configurations. 
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I n fVn.!b„ ] = .  ̂ (V)qv2!b2) ' = .  ̂ (V)^-^f2!b2)^ 
k^2V=V^ ^̂  (A^-4) !2 !2 !2 !^ ^ v ^) (7V-4)!2!2!2!^ ^ ^ ^i 

(5.10.5) 

(4) Divide N solute molecules into one group consisting of three molecules 
(ni=3) and all other groups consisting of one molecule (n2=n3=...nyv.2=l) to 
make N-l groups. The number of ways to take one group consisting of two 
molecules from Â  solute molecules is A/l/((A -̂3)!3!). That is, 

k 

^ ' V-(V3!b3) (5.10.6) 
vi^-iii  ̂ 'I (N-3p\ V V (A^.3)!3 

Substituting Eqs. (5.10.3)-(5.10.6) in Eq. (5.10.2), we obtain 

n = kTWv«.Mv-(2!b,).^-?^-V-(2!b,) 
dVj 2 \ ^1 (//.4]!2!2!2! ^ > 

(A^ -3 ) !3 ! ^ ^f 

N\ w MA^-l)2!b2 
lnV^ + ln{l+ \ •-TT^ + v ^ 

2 V A^-4)!2!2!2! V 

(2!b2)^ 

AH 3!b3 

(A^ -3 ) !3 ! V^ (5.10.7) 

The partial differentiation of the second logarithmic term in Eq. (5.10.7) yields 

—ln{ 1+—i^ -^7 + 1 \ r + 7 X r + " -
V [JV.4]\2\ V^ (^-3)! V^ dV 
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av 1 V 2 2 v2 v2 ^ 

V V' 

J -^(JV-l)^-^(JV-l)(^r.2)(JV-3)^-2^{Ml)(M2)~^^ ){1-^^i^b 

A(jV-l)(jV-2)(jV-3)h2^ A(JV-\)(JV-2) A^(JV-l) hj^ 

V' Y' 2 v̂  

= - A(A^- 1 ) ^ - A{JV- 1 )(JV- 2)(jV-3 ) ^ + A^(JV-1) 
2^2 

V 

\2, 

+ 
^ ^ ; 1 A }_ 2 _ 2 ^ ^ _ J j | ^ _ 2 ) - | + 

2 v" " '• 'V 

Substituting Eq.(5.10.8) in Eq.(5.10.7), we have 

n=ki1 V 
• 7V(7V- 1 ) - | - iV(iV- 1 ) { (A^- 2)(iV- 3) - A^iV-1 ) | -

-2N(iV-l)(N-2)^ + 

(5.10.8) 
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= kT 

(5.10.9) 
If iV»l , then we obtain Eq.(5.10.1). 

«Problem 5-11» Osmotic pressure (V): Relationship for second and 
third virial coefficients with cluster integrals 

The results of «Problem 5-10» can be rewritten as 

n = RliA,C + AiC^ + AsC^ + • • •) (5.2.1) 

Prove that A2 and A3 in Eq. (5.2.1) can be expressed as 

A2 = - ^ 2 = - ^ f fg2 ( l , 2 )d ( l )d (2 ) (5.11.1) 
M̂  2 M V j J 

A3 = - ^ b 3 - 2 b 2 2 ) = --N^ffg3({3})d{3} + 4MA22 (5.11.2) 
M̂  2 M V j J 

Answer 
Concentration of polymer C(g/cm^) is expressed as 

Substituting Eq. (5.11.3) inEq. (5.10.1) yields 

n = RT^- - kTNA^-^b2 + kTNA^-^4b2^ - 2b3) + • • • 

= R-d i l - NAb2c2 + 2NA_(2b22 . b3)C^ + . 
LM M^ M^ 

(5.11.4) 

Comparing Eq.(5.11.4) with Eq.(5.2.1), we obtain Eqs.(5.11.1) and (5.11.2). 

«Probleni 5-12» Second virial coefficient (III): Relationship with pair 
segment potential 

The second virial coefficient A2 is given by 
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IM^Nj J 
A2 = - - ^ g2(U)d(l)d(2) 

Here, g2(l,2) is expressed using F2(l,2), Fi(l) and Fi(2) as 

g2(l,2) = F2(l,2)-F,(l)F,(2) 

Then A2 is expressed as 

A2 = - - N A _ 

2M^V j J 
[F2(l,2)-Fi(l)F,(2)]d(l)d(2) 

(5.11.1) 

(5.9.5) 

(5.12.1) 

Now let's assume that the mean force potential corresponding to F2(l,2), 
W2(l,2), can be expressed as the sum of the mean force potential for the system 
consisting of the first molecule in pure solvent, wi(l), that for the system 
consisting of the second molecule in pure solvent, wi(2), and the remaining 
part W2( 1,2) as 

W2(l,2) = wi(l) + w,(2) + W2(l,2) (5.12.2) 

Then if we apply two-body approximation, i.e., W2(l,2) is expressed as the sum 
of the interactions between arbitrary X\ th segment of the first molecule and V2 
th segment of the second molecule u(A.i,V2) as 

W2(l,2) = I I u ( ^ i , v , ) (5.12.3) 

wi(l) and wi(2) agree with Wi(l) and Wi(2), respectively. 
Express the second virial coefficient A2 of Eq. (5.12.1) in terms of u(X,i,V2). 

Answer 
Referring to Eq. (5.9.2), 

F,(l,2) = expf-^^^^)1 
kT 

Substituting Eq. (5.12.2) in Eq. (5.12.4), we have 

F2(l,2) = exp -

(5.12.4) 

[ kT exp 
kT 

exp 
W2(l,2)| 

kT ] 
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= exp 
Wi(l) 

kT exp 

:F,(l)F,(2)exp w 

Wi(2)" 
kT 

w 
exp 

>M] 
kT 

kT 
(5.12.5) 

Using the expression Eq. (5.12.3), Eq. (5.12.5) is rewritten as 

u(X„V2) 
F2(l,2) = F,(l)F,(2)exp II- kT 

(5.12.6) 

Substituting Eq. (5.12.6) in Eq. (5.12.1), we have 

A2 = -
2M^V 

. ( I ) F M exp - 1 1 % ^ -1 d(l)d(2) (5.12.7) 

(See W. G. McMillan and J. E. Mayer, J. Chem. Phys. 13, 276 (1945); B. H. 
Zimm, J. Chem. Phys. 14, 164 (1946)) 

«Problein 5-13» Second virial coefflcient (FV) 
The pair segment potential u(X.i,V2) (See Eq. (5.12.3)) rapidly approaches 

zero with increasing separation of the segments, so we can use the 
approximation 

e x [ | - ! ^ ) = l ^ f ( X „ v , ) 

Substituting Eq. (5.13.1) in Eq. (5.12.7), we have 
2 

A2 = -
2M^ 

I f(r)47a-̂ dr 

(5.13.1) 

(5.13.2) 

where r is the separation of the two segments. Derive Eq. (5.13.2). 

Answer 
Eq. (5.13.1) can be rewritten as 
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exp •II 
X , V 2 

u(V^j 
kT 

=nnexp-%^=nn(i+f(^.v,)) 

X , V 2 ^ | V 2 K , ^ 2 

Substituting Eq. (5.13.3) in Eq. (5.12.7), we have 
(5.13.3) 

-''A 
2-

2 M \ ' 

F.(1)F.{2) 
A.,V2 ' ^ l V 2 K , H 2 

d(l)d(2) 

N, 

2 M V 
F.(1)F.(2) i:if(^pV2) 

A. ,V2 

|d(l)d(2) 

(5.13.4) 

Here, we neglect higher order terms. The integration is carried out as follows. 
Let's fix the location of the X\ th segment of the first molecule and the V2 th 
segment of the second molecule and integrate Fi(l)Fi(2) over the coordinates 
of all other segments. Then we obtain unity. Next, fix the location of the X\ 
th segment and integrate over the coordinate of V2 , then we obtain the integral 
which only depends on the relative coordinate as 

p = - ff(r)47n-^dr 

Finally, by integrating over X-i , we have the volume V. Thus, 

(5.13.5) 

Since the integral in Eq. (5.13.6) does not depend on X\ and V2, the 
X\ and V2 reduces to n̂ . Thus we obtain 

(5.13.6) 

sum over 
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^^ = • ^ ^ 1 ' < ' ) * " < ^ - | F P (5.13.2) 

p in Eq. (5.13.5) means the effective excluded volume per segment pair. 

«Probiem 5-14» Second virial coefficient (V): Polymer segment with 
rigid sphere potential 

Derive the expression for A2 for the polymer segments with rigid sphere 
potential using Eq.(5.13.2). 

Answer 
The rigid sphere potential for the segment with radius â  is expressed as a 

function of r as 

"<'•) = - '^A (5.14.1) 
u(r) = 0 r > aoj 

Using the approximation 

exp(-^i<^)=l+f(X,,V2) (5.13.1) 

or 

f{r) = e x p ( - ^ ) - l (5.14.2) 

we have 

f(r) = e x p ( - ^ ) - l = 0 r>aoj 

Thus, we obtain 

2 

A2 = --^nffr)47cr^dr 
2M^ 

-j;f(r)4^' 
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N A H ^ rao 2. N A H ^ M 3^ N^n^ ran 9 IN An 4 ^\ MAII 
-47cl %'dr = ^ W U - - ^ V o (5.14.4 

2M' JO 2MM3 " j 2M' 

Here, VQ is the volume of a single rigid sphere and P= VQ. 

«Problein 5 - 1 5 » Second virial coefficient (VI): Comparison of Flory 
lattice theory with imperfect gas theory 

The second virial coefficient is expressed as 

in the Flory lattice theory and 

A2 = ^ v o = ^ (5.14.4) 
2M2 2mo2 ^ ^ 

for the rigid sphere model in imperfect gas theory (Refer to «Problem 5-
1 2 » - « 5 - 1 4 » ) . Compare and discuss these two theoretical equations. 

Answer 
In the lattice theory, the segment is defined so that the volume of the 

segment is equal to that of solvent. Thus, if we apply the rigid sphere model to 
the lattice theory, i.e., B=0, we have 

A . = ^ (5 . .5 .1 , 

This is equivalent to A2 for the imperfect gas theory. 

«Problem 5 - 1 6 » Second virial coefficient (VII): Mean force potential 
Suppose mean force potential u(r) is given by 

u(r] =00 r < an I 
. r A } (5.16.1) 

u(r) = .eoh(r) r > a o j 

where EQ is a constant and h(r) is a function which decreases rapidly with 

increasing r. Calculate 
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A2 = 7 Jo l ' ^ Anr^dr 

and compare the result with A2 for the Flory lattice theory. 

Answer 
f(r) is expressed as 

f(r) = exp !(^].l 
kT 

Thus, in this problem, 

f(r)=exp - ^ - 1 = - 1 r<ao 

f(r) = exp 
feoh(r)\ ^ 8oh(r) 

kT -1 = kT r>ao 

(5.13.2) 

(5.14.2) 

(5.16.2) 

The integral in Eq. (5.13.7), P, is calculated as 

P = - 471 f °° f(r)r^dr = - 4n f ̂ "̂  f(r)r^dr - 47i f °° f(r)r^dr 
Jo Jo Jan 

4n , 4TO 
- k r J a o ' W r d r -

1 3eo 
kT^ ao •'ao 

Substituting Eq. (5.16.3) in Eq. (5.13.2), we have 

A 2 = 
NAVO 

nif 2 kTUao'Jao ^' 

(5.16.3) 

(5.16.4) 

Comparing this expression with A2 for Flory's theory (See Eq. (5.2.7) and 
(5.3.4)) 
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A2 = ^ ^ - - ^ ) = ^ i - x ) (5.16.5) 
mo2\2 kT/ mo2\2 

we have 

(5.16.6) 

* Since p is not very sensitive to u(r), or the magnitude of Eoand the shape of h(r), we need 
not know the details of u(r) (See W. Stockmayer, Makromol Chem. 35, 54 (I960)). At 0 
temperature, u(r) =0 and then P=0 and A2=0. 

«Problein 5 - 1 7 » Second virial coefficient (VIII): Temperature 
dependence 

Prove the relationship between the heat of dilution AH and the 
temperature dependence of the second virial coefficient (dA2/dT)p as 

AH = V ^ C V ^ | 

This equation indicates that the sign of (3A2/9T)P determines the sign of AH 
(poor solvent or good solvent). 

Answer 
According to the Gibbs-Helmholtz relationship, we have 

and then 

fa(Ati/r)l 
\^,—r-\  (5.17.2) 

From the relationship between osmotic pressure and chemical potential 

Ano = - V § n (2.7.1) 

and the virial expansion of osmotic pressure 

AH = 
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n = RTJ-^ + A2C^ + AaC^ + • • .| (5.2.1) 

we have 

T T = -Vo°RU^ + A , e + A 3 e + - (5,7.3) 

Heat of dilution is then obtained as 

AH = - V j R - y ^ —+ A2C^ + A3C^ + 
e(l/T)lM 

J 
(5.17.4) 

Because of the inequality A2C^»A3C^>A4C'', higher order terms of O(C )̂ are 
negligible and then we have 

AH = - V ^ | 
( dA 

[d(irT) 
 ̂ ' C^ = V^C^"^j 

p̂ 

dAA 

Thus, with increasing temperature, A2 decreases in good solvent and increases 
in poor solvent. 

«Problein 5-18» Second virial coefficient (IX): Ideal solution 
The second virial coefficient of ideal solution Ai'̂  is given by 

^ ' = l i S ^ (5.18.1) 

Derive Eq. (5.18.1). 

Answer 
Chemical potential of solvent in ideal solution |LIO is expressed as 

^o-^o = RTlnxo (2.1.1) 

where XQ is the mole fraction of solvent. For dilute binary solutions, xo»Xi. 
Then, 

Inxo = In (1 - X,) = - xi - ^xi^... (5.18.2) 
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Substituting Eq. (5.18.2) in Eq. (2.1.1), we have 

Ho-R§ = -RTJx,+ix,2 + ...j (5.18.3) 

Using the relationship between X| and weight concentration C(g/cm^) 

Eq. (5.18.3) can be rewritten as 

/ C I^O^A] 

M 1 2 M 2 
(5.18.5) 

where we use the relation NAVO^=VO. 

Using the relationship 

A^o = |io-|^S = -Von (2.7.1) 

osmotic pressure is expressed as 

Comparing this expression with Eq. (5.2.1) we have Eq. (5.18.1). 

«Problem 5 - 1 9 » Second virial coefficient (X): Rigid sphere solution 
Derive the expression for the second virial coefficient for the solution of 

rigid spheres with radius r. 

Answer 
The radius of the excluded volume of a rigid sphere with radius r is 2r, 

Thus, the result of «Problem 5 - 1 4 » can be applied directly to this problem 
with replacing ao by 2r : 

ao=2r (5.19.1) 

If we put n=l in Eq. (5.14.4), we have 
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Fig. 5-19 Excluded volume of rigid spheres 

N A._ N A / ' 4 _ 3̂  

Substituting Eq. (5.19.1) in Eq. (5.19.2), we have 

N A / 4 
A2 = . . . a ^(2r)j = 

16nN A 3 
r 

(5.19.2) 

(5.19.3) 
2 M n ^ / 3M^ 

If we denote the volume of one mole of rigid spheres as V, then we have 

(5.19.4) 

where v is the specific volume of the rigid sphere. 

4V 4v 

«Problem 5 - 2 0 » Second virial coefficient (XI): Molecular weight 
dependence 

Eq.(5.13.2) is rewritten with the molecular weight of a segment (M/n)=mo as 

A2 = - — ^ r f ( r ) 4 7 i r ^ d r (5.20.1) 

Thus, the second virial coefficient is independent of the molecular weight M. 
However, observed A2 increases with increasing M. Discuss this inconsistency 
between the theory and experiment. 
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Answer 

In «Problem 5-13» we calculated only the first term in the bracket of 
Eq.(5.13.4) (single contact approximation). In order to obtain the strict result, 
we need to calculate higher order terms or higher order contacts. If we take 
these interactions into account, A2 is generally expressed as 

A2 = —^PF(Z) (5.20.2) 

with a factor F(Z) for correction due to the higher order terms in Eq. (5.13.4). 
Here, Z is defined by 

Z = P „ - ( ^ ) " ,5.20.3, 

where b is the bond length and P is defined by Eq. (5.13.5).(See B.H.Zimm, J. 
Chem. Phys. 14, 164 (1946).) If we put F(Z)=1, Eq. (5.20.2) is reduced to Eq. 
(5.20.1). The explicit form of F(Z) depends on how to estimate the higher 
order terms. For example, according to Flory-Krigbaum-Orofino (P. J. Flory, 
W. R. Krigbaum and T. A. Orofino, J. Chem. Phys. 18, 1086 (1950): ibid., 26, 
1067(1957)), 

^ - - ( " ) = 3 / 3 ^ 3 ''•"'-'' 
-^.—za 

4 

According to Ishihara-Koyama (See A. Ishihara and R. Koyama, J. Chem. Phys. 
25,712(1956)), 

F.K(Z) = ̂ ( ln8 .75Z)^ ' ^ (5.20.5) 

According to Casassa-Markovitz (See E. F. Casassa and H. Markovitz, J. Chem. 
Phys. 29, 493 (1958)), 

l-exp(-5.68Za-^) 
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According to Kurata-Yamakawa (See M. Kurata and H. Yamakawa, J. Chem. 
Phys. 29,311 (1958)), 

FKY(Z) = 1 - 2.865Z+ 18.51Z^ - - (5.20.7) 

* The molecular weight dependance of A2 is experimentally expressed in the fomi 

A2 oc M-^ (5.20.8) 

The exponent X in Eq. (5.20.8) can be assessed from the slope of the plot of lnA2 vs. In M: 

y _ dlnA2 

Substituting Eq. (5.20.2) in Eq. (5.20.9), we have 

^__ dlnF(z)_ n dF(z)_ n cl(z) dZ 

dlnM F(Z) dn F(Z) dZ dn 

Using the expression for Z and the first derivative of Z 

(5.20.10) 

dn '^(27tb^j 2 " (5.20.11) 

Eq. (5.20.10) is rewritten as 

^. n dF(z) / 3 y ^ . . ._ 

_ f l ] Z dF(z) 
\2JF(Z) dZ 

._L..M^.fl]p[_3_l 
F(Z) dZ \2r\2nh\ 

3/2 
1/2 

n 

(5.20.12) 

«Problem 5-21» Two-body cluster integral 
Prove that the effective excluded volume per segment or two-body 

cluster integral P is expressed as 

P = 2VoV,(l-|) (5.21.1) 
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with 

^ 2 = ^ j ^ p F ( Z ) (Zimm) (5.21.2) 

and 

^ ^ " N ^ ^ V " Tf(^^^) (Flory-Krigbaum) (5.21.3) 

N A 

where v=NAVo7mo being the specific volume of polymer. 

Answer 

Near the 0 temperature, 

F ( Z ) = F ( J ^ ^ ) = 1 (5.21.4) 

Comparing Eqs. (5.21.2) and (5.21.3) we have 
i2 

(5.21.5) 

and then we have Eq. (5.21.1) 

(See W.H.Stockmayer, J,Polym. Sci. 15, 595 (1955);W.R.Krigbaum, P.J. 
Flory, J. Am. Chem. Soc, 75, 1775 (1953)). 

«ProbIein 5 - 2 2 » Second virial coefficient (XII): Various polymer 
solutions 

Calculate the second virial coefficient for the solution of polymers with the 
molecular weight being Ix 10^ in the case 
(1) ideal solution (assume NAVQ^ =100cc/mole) 
(2) rigid sphere solution (assume v=lcc/g) 
(3) flexible polymers in good solvent (assume V|/i=0.30, 9=270K,T=350K, 
F(Z)=1, m=100andNAVo^=100) 
(4) flexible polymers in 6-solvent 

Answer 
(1) Using Eq. (5.18.1) 
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NAVQ 100 9 2 
A2= — = — ~ = 5 x 1 0 molecc/gram .^^  ̂ . . 

2M' 2(lof ^̂ -̂ -̂̂ ^ 
(2) Using Eq. (5.19.4) 

A2 = ^ = - ^ = 4 X 10"̂  molecc/gram^ CS 27 2^ 
^ M io5 ^ p.^^.2) 

(3) Using Eqs. (5.21.1) and (5.21.2) 

r2..vj(i-^)F(z) = ^ . . ( i - f ) F ( z ) A2 = 
2mo V - / luo 

0.3 1 = 6.86X 10 molecc/gram ,c oo t^ 
350 ^ (5.22.3) (100) 

(4 )AtT=0 , 

A2 = 0 (5.22.4) 

A2 of flexible polymers in good solvent is extremely large, as clearly shown 
from these typical examples. 

«Problein 5 - 2 3 » Second virial coefficient (XIII): Rod-like molecule 
Prove that the second virial coefficient for the solution of rod-like 

molecules with length / and radius r is expressed as 

A , = 
2 4 M 2 (5.23.1) 

Answer 
The second and third virial coefficients are calculated from 
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A3 = -—f|b3-2b22 ' 
M̂  

(b3-2b2^) = -^ |Jg3({3})d{3}+4MA22 (5.11.2) 

Suppose one end of the rod-like molecule locates at (xi,yi,zi) on Cartesian 
coordinate and the direction of the rod is expressed as (9i, (]) i) on the polar 
coordinate, as shown in Fig. 5-23 (a). When two molecules completely 
overlap with each other, 
F2(l,2) = 0 (5.23.2) 

From the normalization condition 

V-^ooV 

we have 

; / 
F,(l)d(l)=l 

Similarly, 
2n t 

F,(l)J f sine,de,d9,=47cF,(l) = l 

0 0 

(5.9.3) 

(5.23.3) 

(5.23.4) 

or 

(a) 

^ y 

rod 2 

Fig. 5-23 (a) A rod-like molecule on rectangular and polar coordinates and 
(b) overlapping of two rods with diameter d=2r and length 1 ( 1 being much 
larger than d). 
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F.(l) = ̂  = F.(2) (5.23.5) 

Thus, if two molecules overlap each other, we have 

If there is no overlap, F2(1,2)=1/167C^ and 

g2(l,2) = - ^ - ^ = 0 (5.23.7) 

The volume for the overlap of two molecules is 2rl sin02, as illustrated as the 
rectangle enclosed by dotted lines in Fig. 5-23(b) Here, 02 and (t)2 are the 
coordinates on the polar coordinate which is constructed such that one of the 
principal coordinates is the direction of the first molecule. The integral in Eq. 
(5.11.1) for the overlap volume is carried out as 

/ 
A2 = 

N A 
2K n 

-^ i f f fdxdydzf fsineideid9i 
I 2 M V 16TC"WX-' ^ r̂  
V A ; 0 0 0 

2n n 
X I2r/^sin02)sine2de2d92 

0 0 

N A V I \ r . Ir. i.2\ ^N^r/^ 
V47C-[^^"A'-lTir (5-23.1) \ 2M^VJ^ 1671̂  j ' ' 4M 

The volume of the rod molecule is 

V,= 71 r'l (5.23.8) 

Then, A2 is rewritten as 

Thus, A2 does not depend on M in this case, too. 
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«ProbIein 5-24» Second virial coefTicient (XIV): Chain molecule with n 
sequential rigid rod segments 

Derive the expression for the second virial coefficient for the solution of 
chain molecules with n sequential rigid rod segments with length X and 
diameter d=2r as shown in Fig. 5-24. Assume that the joints of the segments 
are freely rotated and n d » l . 

Answer 
A2 of rod-like molecules is given by Eq. (5.23.1) with replacing X by 1 as 

TiN^r .̂̂  

1^ ^'-''-'^ A, = -

The integral over d(2) in the equation 

A2 = --^ffg2(^, ,H2)d(l)d(2) 
2 M V j J 

(5.11.1) 

gives the volume of a segment V= n r̂  X. Comparing Eqs.(5.23.1) with 
(5.11.1), we have 

|g,(X„H2)r(l) = -frX^ (5.24.1) 

Eq. (5.13.2) is written for the present case with replacing f(r) by g2(^i,li2) as 

A, = -
2M^ 

J g2(>-i.^t2)4ra-^dr 

Substituting Eq.(5.24.1) in Eq.(5.24.2), we have 
2 

A2 = •rA, = rrn A, 
2M^2 4M' 

(5.24.2) 

(5.24.3) 

1 2 3 n-1 n 
Fig. 5-24 Chain molecules with n sequential rigid rod segments with length 
X and diameter d 
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If we put nX,=l, Eq. (5.24.3) gives the expression for A2 for chain molecules 
with n sequential rigid rod segments with length X and radius r=d/2. Thus, A2 
does not directly depend on flexibility of the molecular chain. 

«Problein 5-25» Relationship between second virial coefficient and 
excess chemical potential 

The second virial coefficient A2 relates with excess chemical potential A|io^ 
as 

m 
RTCV§ 

A2 can be divided into enthalpy term A2,h and entropy term A2,s as 

A2 = A2,h + A2,s 

Then A2,h is given by 

A2,h = -T 
f9A2^ 
M/«oA2 

(5.25.1) 

(5.25.2) 

(5.25.3) 

where ao is the volumetric thermal expansion coefficient. Derive Eqs. (5.25.1) 
and (5.25.3). 

Answer 
From the relationships 

A^o = A|a|f + A^g (5.25.4) 
AHo = -nV§ (2.7.1) 

n = RTJ-^ + A2C2 + AsC^ + •. .j (5.2.1) 

and the expression for the osmotic pressure and the chemical potential for ideal 
solution 
„ RTC ^ 0  ̂ w RTCVQ" 

we have 
A^o = A^|f-RTV§A2C^-..- (5.25.5) 

Here, we can neglect higher order terms in dilute solution. Then excess 
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chemical potential is derived as 

Â î  = - RTV§A2C^ (5.25.6) 

From the thermodynamic relationship 

A ĝ = AHo-TASg (5.25.7) 

we have 

A Aug ^ ^ " IT ^' 
^ RTV^C^ RTV^C^ RTV^C^ (5.25.8) 

Comparing Eq. (5.25.2) with Eq. (5.25.8), we have 

A i u — -
AHo 

'^•^ ' r>'n70/^2 RTV°C' (5.25.9) 

A 9 c — 
2.̂  RV°C^ (5-25.10) 

Eq. (5.25.1) is rewritten as 

A2V§ = - ^ ^ (5.25.1)' 
RTC^ 

Differentiating both sides of this equation with respect to temperature, we have 

f^)v8.Aj^ U - l i ^ . ^ (5.25.U) 
IdT/p \dT/p RTC^ RT̂ Ĉ  
Using the thermal expansion coefficient 

^-01 < -̂̂ -̂> 
and excess entropy 

AS§ = . ( ^ [ (5.25.,3) 

Eq. (5.25.11) is rewritten as 



'dA^ AS 
T { | - ^ | +A2ao} = — o - 2 - A 2 = A2,s-A2 = -A2,h 

ai RV^C 
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(5.25.14) 

Then, we have Eq. (5.25.3) 
Here, A2,h and A2,s are not independent variables. In general, there is a negative 
correlation in these variables. At 6-temperature, A2,h=A2,s=0. 

«ProbIem 5-26» Third virial coefficient of rigid sphere solution 
Derive the expression for the third virial coefficient A3 and the 

following equation: 

A 3 / A | M = 5 / 8 

(5.11.2) 

(5.26.1) 

Answer 
A3 is defined by 

A3 = - 2N^b3 - 2b2̂ ) = - ^ f f gmm + 4MA22 

From Eq. (5.9.4), 

g3(l,2,3)= F3(l,2,3)- F,(l) F,(2,3)- F,(2) F,(3,l>- F,(3) F,(l,2>f2 F,(l) F,(2) F,(3) 

(5.26.2) 

If mean force potential can be approximated by the sum of intermolecular 
potentials of each pair of two molecules, we have 

.F,(1,2)F,(2,3)F3(3,1) 
F3(l,2,3)=-

where 

¥,{ i, j y= exp] 

F,(1)F,(2)F,(3) 

- w ( i , j ) 
kT F,(i)F,(j) 

Using a function f(i,j) defined by 

f(i,j)=exp[^4i^l-l 
kT 

(5.26.3) 

(5.26.4) 

(5.26.5) 

Eq. (5.11.2) is reduced to 
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A3= 3 M \ / f(l'2) f(2,3) f(3,4) d(l) d(2) d(3) (5 26.6) 

Now we consider three molecules and denote the three vectors connecting each 
pair of centers of mass of the molecules as r|2, r23 and r3i, respectively as 
shown in Fig 5.26(a). Then there is a relationship between the vectors as 
'•,2+r23 + r3, = 0 (5.26.7) 

Let's denote the coordinate of the center of mass of the first molecule as 
(x,,y,,z,). Then Eq. (5.26.6) is rewritten as 

A3= ^ J f(l,2) f(2,3) f(3,l) dr„ dr,3 dr3,|JJ dx, dy, dz, 

Jf(l,2)f(2,3)f(3,l)dr,,dr,3dr3. 
3M (5.26.8) 

If the distance between the center of mass of the two molecules with radius 2r 
is fixed, the excluded volume of a molecule is the volume of the sphere with 
radius 2D. The volume of overlap one another of the two molecules is 

V( r„)=f 7C(2 r)'(l-Ii^)]2+Iij) (5.26.9) 

(a) (b) 

Fig. 5-26 Relative location of three molecules (a) and overlapping of two 
spheres (b) 
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When the center of mass of the third molecule enters into this volume, 

w(l,2)=w(2,3)=w(3,l)=oo (5.26.10) 

Thus, 

f(l,2)=f(2,3)=f(3,l)=-l (5.26.11) 

or 
(5.26.12) f(l,2)f(2,3)f(3,l)=-l 

Otherwise (in the volume of V-V(ri2)), 

f(l,2)f(2,3)f(3,l)=0 (5.26.13) 

Substitution of Eqs. (5.26.9), (5.26.12) and (5.26.13) in Eq. (5.26.8) yields 

A 3 = - j ^ £ ' (-1) V( r„)47u r], dr,̂  

^f'f^(2r)'(l-J^)^(2-^Iia^)4.r?.dr„ 3M^ 

2 

A 

3M 
_ N , 8 r'-47t 

3M 

3" 

3 •' 16r (6)(64r') 

•f|7t)8 r'-47i(-^ P-3 r'+i r'j 

iwii^y-'Hi'']' 
2XT 2,6 160K'N/r' 

9M' 

The second virial coefficient for rigid sphere solutions is given by 

A,=-
16TCNAr^ 

3M' 

Comparing Eq. (5.26.14) with Eq. (5.19.3), we have 

A / V U- 6̂07C^N,-'-̂ 9M- _ i 6 0 _ 5 
' ^ 9M'(16)VN^^r*M'(16)^~8 

(5.26.14) 

(5.19.3) 

(5.26.15) 
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* If we expand the osmotic pressure as 

r2 and r3 are related to A2 and A3 as 

r 3 = A , M / 

by comparing Eq. (5.26.16) and 

H=RT1 jJj+A.C+A^CV 

Thus Eq. (5.26.15) is rewritten as 

(5.26.16) 

(5.26.17) 

(5.2.1) 

(5.26.18) 

r3/r2 of random coil solutions is zero for the expansion factor a being 1 and increases with 

increasing a . (See W.H.Stockmayer and E.F.Casassa, J. Chem. Phys. 20, 1560 (1952)). 

* Derivation of Eq. (5.26.9) 

Let's take the center of mass of one molecule at the origin. The volume of overlap of two 
molecules with the distance of the centers of mass being r is calculated as 

V=27cr yMx 
Jr,2/2 

where 

y^+xM2r)' 

(5.26.19) 

(5.26.20) 

The integration is carried out to yield 

V=2.j;'^((2r)'-x')dx=2n|(2r)'x-ix=]'^ 
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«Problem 5-27» Relationship between second and third virial 
coefficients 

Assume the relationship 

r,=  gTl (5.27.1) 

with g=l/4 in the equation for osmotic pressure 

mi' ^2 , 

l+r,C+r3C^+-] (5.26.16) 

Here, g=l/4 is a typical empirical value for polymer solutions. Show the 
linearity in the plot (II/C)"^ vs. C. 

Answer 
From Eqs. (5.27.1) and (5.26.16), 

nfn 
c"lc i+r̂  c+̂ r̂  c 

1,1-2 r.2 
4 

H§)]l-4r2C| (5.27.2) 

Here, the higher order terms are neglected. Eq. (5.27.2) is rewritten as 

i 
2 mUhr.q 

Thus (n/C) is linearly proportional to C and the slope is r2/2. 



280 

Chapter 6 Statistical Mechanics and Excluded 
Volume of Polymer Chains 

«Problein 6 - l » Probability density distribution for Gaussian chain 
The probability density distribution that the end-to-end distance of one-

dimensional random chain assumes R is given by 

^ ^ • ' ' " ^ ^ ^ ^ ^ ^ p 
R^ 

2n/ 2 (6.1.1) 

Here, n is the number of segments in the chain and / is the length of the 
segment. This chain is called the Gaussian chain. Derive Eq. (6.1.1), by 
using Stirling s approximation 

lnx = (x + l ) l n x - x + iln(27t) (6.1.2) 

and Taylor expansion 

l n ( l ± x) = ± x - ^ .. . = ±x (6.1.3) 
2 

Answer 
[Solution 1] Method of one-dimensional random walk proposed by 
Chandrasekhar 

Suppose a particle takes n successive steps of the same length on a line. The 
probabilities that the step is to the right and to the left are the same, i.e., 1/2, 
irrespective of past history. Then the probability of an arbitrary sequence 
of n steps is (1/2)". The number of different ways that the particle performs 
n steps and its net displacement is m is 

n] 
jl(n + m) J!xji<n-m) J! (6.1.4) 

and the probability W(m,n) is expressed as 
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W(m,n) = 

-(n+m) 

n! 

!x (n-m) 

(i)"=.c<^{i)" 
(6.1.5) 

The actual displacement from the origin R is m/. Since m assumes integral 
values separated by an amount 2 for fixed n, the range AR contains AR/2/ 
possible values of m, which occur with nearly the same probability. 
For m « n and n—>oô  

1 1 m^ 
In W(m,n) = - - In n + In 2 - - In 27i - ;̂— I 2 2n 

W ( m , „ ) . m ' " e x i . ^ (6.1.6) 

Here, we use the approximation 

In (n ± m) = ± — + In n 
n 

n + 1 =n 

Then the probability W(R,n)AR is obtained as 

W(R,n)AR = W ( m , n ) j ^ j 

where 

W(R,n) = 
,1/2 exp 

R^ 

[li^lY 'I 2n/ 

(See S. Chandrasekahr,/?ev. Mod, Phys. 15, 1 (1943)) 

* Bernoulli distribution is defined by 

(6.1.7) 

(6.1.8) 

(6.1.1) 

w(x) = 
x!(n - X)! p ' ( l - p ) ' 

or 

w =„€,?"?" (6.1.9) 
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Here, the commutation nCx is a binomial coefficient and q=l-p. The average <x> and the 

standard deviation G^ are given by np and npq, respectively. 

[Solution 2] Strict solution for diffusion phenomena 
Suppose a molecular chain consists of z+1 segments. Let's denote the 

probability distribution function that the end-to-end distance of a one-
dimensional chain assumes R as w(z+l,R). This is identical to the 
probability distribution function that the projection of the position vector r 
of a molecular chain with z+1 segments on the x axis is R. The distribution 
function (p(A) of the projection of the molecular chain with z segments on x 
axis, A, should satisfy the conditions 

p(p(A)dA=l, pA(()(A)dA = 0 (6.1.10) 
J-oo J-oo 

From the definition of (p(A), we have 

w(z + 1 ,R) = f "̂  w(z,R - A)(()(A)dA (6.1.11) 
J-oo 

If z is large enough, we can expand both sides of Eq. (6.1.11) as a Taylor 
series : 

w(z,R) + ̂ ^ 5 ^ + . - =w(z,R)p(p(A)dA 

aw(z,R)f«> . . . . , ^ i a V z , R ) f ' ^ A2 /A^^A 

Here, we put dz=l. From Eqs. (6.1.10) and (6.1.12), we have 

aw(z,R) _ aV(z,R) 

where 

D = ̂ p A V A ) d A (6.1.14) 
2Joo 
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Eq.(6.1.13) is called the diffusion equation. The boundary condition of 
Eq.(6.1.13) is w(z,R)=w(R) for z=0 and w=5w/aR=0 for R=±oo. It is 
convenient to use the Fourier transform 

<w(p)> = |_"e-*P''W(z,R)dR (6.1.15) 

Then, Eq. (6.1.13) is reduced to 

^<w(p)> = - Dp^<w(p)> (6.1.16) 

The solution of Eq. (6.1.16) is 

<w(z,p)> = exp( - Dp^z) p W(y)e " - " P ^ (6.1.17) 

w(z,R) is obtained by an inverse Fourier transformation as 

w(z,R) = ^ j * ^ W(y)dyj°^ exp( - Dp^z - jpt + jpRJdp (6.1.18) 

Putting 

u = p y D ^ - j ^ ^ ^ (6.1.19) 

and then integrating Eq. (6.1.18) over p, we have 

1 
<w(z,R)> = 

2^nzD 
W ( R ) e x p | - ^ ^ ^ | d y (6.1.20) 

5 0 V / 

The distribution function W(R) is symmetrical with respect to R=0. Then 
the integral over the whole range of R is unity. Thus, we finally obtain 

1 R^ 

The problem of random walk was proposed by K. Pearson (1905) and 
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developed for the problem of Brownian motion by Einstein and Langevin 
(See A. Einstein, Ann. Physik. 17, 549 (1905); P. Langevin, Compt. Rend. 
Acad. Sc. (Paris)  146, 530 (1908)) 

«Problein 6 - 2 » Distribution function of end-to-end distance of 
random chain (I) 

Generalize the distribution function of end-to-end distance of a one-
dimensional random chain 

W(R) = ext 
3R' 

2<R^>. \/2K<R^> 

to a three-dimensional chain (See also «Problem 6 - 5 » ) . 

(6.2.1) 

Answer 
Let's locate one end of the three-dimensional chain at the origin of a 

rectangular coordinate as show^n in Fig. 6-2.1. The probability that another 
end of the chain be in a small volume at x~x+dx, y~y+dy, z-z+dz, 
W(x,y,z)dxdydz, is the product of the probability that the x coordinate of the 
end be in the range betwreen x and x+dx, W(x)dx, the probability that the y 
coordinate of the end be in the range betv^een y and y+dy, W(y)dy, and the 
probability that the z coordinate of the end be in the range between z and 

Fig. 6-2.1 Three dimensional 
random chain 

Fig. 6-2.2 Concentric spheres with 
the center at one end of the chain 
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z+dz, W(z)dz, since these probabilities are regarded as independent. W(x)dx, 
W(y)dy, and W(z)dz can also be defined as the probabilities that the 
projections of a position vector on the x axis, y axis and z axis be W(x), 
W(y) and W(z), respectively. Therefore, 

W(x,y,z)dxdydz = W(x)dxW(y)dyW(z)dz = W(x)W(y)W(z)dxdydz ^^ 2.2) 

Then we obtain 

( ^ V" ( m' \ 
(6.2.3) W(x,y,z) = W(R)= — ^ expl 

2<R^> 

Here,W(R) means the probability that the end of the chain is located at a 
point R in the three-dimensional space as shown in Fig. 6-2.2. The 
differential coefficient of W(R) with respect to R is obtained as 

9W(R) _ / 3 y ^ / - 3 - 2 R \ 

R̂ ~ UTKRV 2<RV 
(6.2.4) 

The value of R which satisfies the equation dW(R)/dR=0, Rm, is zero. On 
the other hand, the probability distribution function that the end of the 
molecular chain is in the range between R and R+dR, W(R ), is expressed 

as 

The differential coefficient of W(R) with respect to R is obtained as 

aW(R) ( 3 Y'  ̂I -6R ,, ^2, , OD\ I 3R' ] 

The value of R at the maximum of W(R) is given by the equation 

+ 87tR = 0 (6.2.7) 
- 127cR̂  

Then, we have 
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"̂̂ "̂  " 127C ~ 3 \^ / ' ^ ™ ^ " I 3" \^ / I 

1/2 

(6.2.8) 

W(R ) has a maximum at the origin, while W(R) has a maximum at 
R=(2<R^>/3)*^^. Thus, the probability point density W(R) has a maximum at 
the origin. On the other hand, the probability that R is located in a 
spherical shell, W(R), is (point density) x (volume of spherical shell) oc 
(point density) x (radius)^. The point density W(R) is a decreasing function 
of R, but the volume of the spherical shell with a fixed thickness is an 
increasing function of R. Then W(R) has a maximum at a certain value of 
R as given by Eq. (6.2.8). 

«ProbIein 6 - 3 » Distribution function of end-to-end distance of 
random chain (II) 

Plot W(R) and W(R) as a function of R by using the equation 

,3/2 

**'*'(i;sKrH-5iv dR (6.2.5)' 

Answer 
Eq. (6.2.5)' is rewritten as 

100 200 300 400 500 
R 

Fig. 6-3 Distribution function W( R) (a) and W( R) (b) for < R 2 > " 2 = 2 0 0 
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47cR^dR (6.3.1) 

Figure 6-3 shows W(R ) and W(R ) as a fiinction of I RI =R for 
<R2>I /2=200. 

«Problein 6 -4-a» Elastic force of Gaussian chain (I) 
Prove that the elastic force of Gaussian chain obeys Hooke's law. 

Answer 
The probability distribution function that the vector connecting the two 

ends of a Gaussian chain is in the range between R and R+dR is 

where n is the number of segments and / is the length of a segment. 
The change in internal energy of the Gaussian chain is written as 

dU = TdS + KdR (6.4.2) 

Thus, K is obtained as the differential coefficient 

K = . T g ) ^ (6.4.3, 

According to Boltzmann's principle 

S = k In W(R) + const (6.4.4) 

Then we have 

— d R — ^ ^ ^ 

Using Eq. (6.4.1), we have 

a In W(R) _ 3R 

3R " " n / 2 

From Eqs. (6.4.5) and (6.4.6), we have 

(6.4.6) 
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The coefficient 3kT/nP is a constant when the temperature is constant. 
Thus, K is proportional to R, that is, Hooke's law holds. 

«Probleiii 6 -4 -b» Elastic force of Gaussian chain (II) 
Prove that the distribution function of the end-to-end distance of a three-

dimensional random chain obeys the equation 

W(R) oc exp\ - nJ" L"\y)dy / (6.4.8) 

where L(x)=cothx-l/x is called Langevin's function. 

Answer 
Consider the Brownian motion of a particle which is observed at a certain 

time interval. Let's denote the displacement of the particle during the time 
interval from tj to tj+i as Ij+i, and the probability density as w(li+i). The 
probability density for such a successive value is w(li)w(l2)...w(ln). The 
probability distribution function that the particle which was at the origin at 
time to, is at R at time tn is 

W(R) = J . . . | w(li)wa2) - wan)dlidl2 - dl„ 

where the integral must be carried out with the restriction: 

Z» i = R (6.4.9) 

Using Laplace transformation of W(R ), we can remove this restriction as 
follows. The generating function is expressed as 

Q(s) = rW(R)exp(Rs)dR 

=J . . .Jw( l i )w( l2) -w( l„)exp( l i + l2+ - +I„ ) sd l id l2 -d l„ 
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IJ w(l,) exp(l,s) dl A | J w(l2) exp(l2s) dl^j - U w(l„) exp(l„s) dl j 

(6.4.10) 

Now, there is no restriction for each integral in Eq. (6.4.10). Then Eq. 
(6.4.10) can be rewritten as 

Q(s) = /jw(l)exp(ls)dl 

When the length of the step is constant, i.e., 

/ 1 = 1, = i j = . . . = i„ 

and the direction is arbitrary, then 

Jo w(i)dl = 1 

must be satisfied. Hence, we have 

w(„=(^)a(|.|.) 

Here 6(|1|-/) is Dirac's 6-function. 
From Eqs. (6.4.11) and (6.4.14), we have 

Q(s) = [^]s(i»i-0-p<'^)^ 

(6.4.11) 

(6.4.12) 

(6.4.13) 

(6.4.14) 

(6.4.15) 

Here, 

Is = / s cos (p 

and J...dl can be rewritten as 

(6.4.16) 

r r f " |-^jexp(/scos(p)6(|l|-/)/^sin(pd/d(pde 
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= —2 I ^^P(̂  s COS (p) 6[| 11 - / ) / ŝin cpd/ d(p (6.4.17) 

Putting cos(p=X (dcos(p=-sin(pd(p=dX), Eq. (6.4.17) can be calculated as 

=-Lr|^^^p^|V6(|i|-/)d/ 

2/^ Jo I /s IJ v« I ; 

^J_J^ ' "exp( / sxyxp(- / sX)^ ,g j j , j_^ )d/ 

e ' ^ - e " ' ' sinh{/s] 

where s=|s|. Substituting Eq. (6.4.18) in Eq. (6.4.15), we have 

( sinh f/ s] I 
-TT^j (6-4.19) 

On the other hand, when the end-to-end distance of the molecular chain is 
fixed at R,we have 

e"kf = Z(T,R)= f ... f e'kTdr (6.4.20) 
J JR fixed 

Here, E is the sum of kinetic energy and potential energy. The total 
differential of Helmholtz free energy of this system is written as 

dF = -SdT + KdR (6.4.21) 

Using Gibbs free energy derived by Legendre transformation 

G = F-KR (6.4.22) 
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we have 

dG = -SdT-RdK 

Then, 

e'kT = Q(r ,K)= | Z(T,R) exp 
( KR 

kT IdR 

Comparing equations 

Q(s) = r W(R) exp(Rs) dR 

and 

( KRI 
Q(T,K) = j Z(T, R) exp kT 

dR 

(6.4.23) 

(6.4.24) 

(6.4.10) 

(6.4.25) 

we understand Q(s) is the partition function in case the force K=kTs exerts 
on the chain. From Eq. (6.4.23), R is obtained as 

-a 
From Eq. (6.4.24), 

G 

(6.4.26) 

kT = lnQ(T,K) = lnQ(T,s) (6.4.27) 

By combination of the equation ds=dK/kT and Eqs. (6.4.26) and (6.4.27), 
we have 

R=3^1nQ(s) 

Substituting Eq. (6.4.19) for Q(s) in Eq. (6.4.28), we have 

R4,„Q(s)4{„,„!i^)=„||{.„si„h(,.))-.„(,s) 

Substituting equations 

(6.4.28) 

(6.4.29) 
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/s 'Is 

and 

# ln{ / s ) = -
ds ^ ^ s 

in Eq. (6.4.29), we have 

R = n/1 coth (/ s) - — > = n/ coth x - - h=^'=w, 

(6.4.31) 

(6.4.32) 

or using the Langevin function L(x), we have 

R = n/L(x) ' x = — 

X is expressed with the inverse Langevin function as 

(6.4.33) 

(6.4.34) 

or 

(6.4.35) 

From Eqs. (6.4.23) and (6.4.27) 

3T 97 ds 3T; 
(6.4.36) 

From the equation s=K/kT, 

ids] ^ K 

Accordingly, 

S = k In Q(s) - s-T- In Q(s) 
as 

= - k f s-^lnCKs)ds 
Jo dŝ  

(6.4.37) 

(6.4.38) 
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Using the equation 

R = ^lnQ(s) 

Eq. (6.4.38) can be reduced to 

r dR C^ 
S = -k s ^ d s = -k sdR 

Jo ds Jo 

(6.4.28) 

(6.4.39) 

Using Boltzmann's principle, we have 

W(R) o«: exd ff - (^ dR = exp - n j ; L-'(y) dy (6.4.40) 

where we put y=R/n/ (dR=n/dy). Expanding the inverse Langevin function 
as 

L-(y) = 3y. fy ' .? |y ' . 

the integral in Eq. (6.4.40) is reduced to 

(6.4.41) 

-n 
n/ o 9 3 297 5 

Sy-H^y + ^ y + 
dy 

= -n 
2 2 _9_ 4 297 6 
2^ "̂  5x4^ "̂  175x6^ "̂  

R/n/ 

Jo 

3R^ J i _ f j _ r 33 [ R r 
2n /M •'lO^n/J'' 175^n/ j ' ' '" (6.4.42) 

Substituting Eq. (6.4.42) in Eq. (6.4.40) and rearranging the equation, we 
have 
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W(R) = const, exp 3R^ 
2n/ 

, 3 f R f 33 ( R ^̂  
(6.4.43) 

When R/n/ « 1 , the inside of the braces in Eq. (6.4.43) is approximated to 
unity and we have 

W(R) = const, exp 3R^ 
2n/ 

Here the constant is determined from the normalization condition: 

f W(R)dR=l 
Jo 

Then we have 

W(R) = | 
\3/2 

27m/ 
exp -

3R^ 
2n/ 

(6.4.44) 

(6.4.45) 

(6.4.1) 

This is the equation for the three-dimensional Gaussian distribution.Thus, 
a random chain obeys the following equation strictly: 

K = ^ L - ( ^ ) (6.4.35) 

This equation is nonlinear with respect to (R/n/ ) and Hooke's law holds 
only in case of R/n/ « 1 . 

«ProbIem 6-5» Mean square end-to-end distance of Gaussian chain 
Suppose that the probability density of the end-to-end distance of one-

dimensional chain or the distribution of the length of radial vector is in the 
Gaussian form: 

W(x) = 1 
exp {innl'Y' ' I 2n/ 

Here, n is the number of segments in a chain and / is the bond length of the 

(6.1.1) 
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segments. 
(1) Calculate <x> and <x^>. 
(2) Derive the expression for <r̂ > for three-dimensional Gaussian chain. 

Answer 
(1) Since W(x) is an even function (W(x)=W(-x)), we have 

w= 
f 

[im I )̂ 
1/2 exp 

2n/ 
dx = 0 

Using the well known relation, we have 

X I X" 
j-exp| 

[21m I ^f 
2n/ 

dx = n / 

(6.5.1) 

(6.5.2) 

x^e-^^dx = 
2A 

K 

x^e -^dx = K 

4A^V A 

(6.5.3) 

(6.5.4) 

(2) Using Eq. (6.5.2), Eq. (6.1.1) can be rewritten as 

,2 
W(x) = -  ̂ exp -

( 2 n ( x ^ ) ) " ' " l 2 ( 4 

Eq. (6.5.5) can be generalized for a three-dimensional Gaussian chain as 

(6.5.5) 
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W(R) = 

where 

.3/2 / 

exp 3R' 

M^')l I 2(R^) 
(6.2.3) 

(R^} = r R^W(R)dR = r 47iR^V(R)dR 

4d _ _ 3 _ V ^ 6 f 2 ( R ^ > V j 2 ^ 
2K(R^) 4 3 

1/2 

= (R^) = „. (6.5.6) 

* The equation derived for three-dimensional Gaussian chains 

( R ^ ) = n / 2 

also holds for more general three-dimensional random chains. On putting the bond vector 
of / th segment as Ij, we have 

H=(i(.,)^)=i(....) 
Ifi+k, 

since Ij and 1̂  are independent. 
Ifi=k, 

Mk = / ' 

Thus, we have 

(6.5.7) 

(6.5.8) 

(6.5.9) 

\ i=i / iA ' 
(6.5.10) 
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«Problem 6-6-a» End-to-end distance for chain molecule with 
internal rotation (I) 

Consider a set of unit vectors for bonds lying along a molecular chain. Let 
7C-9 be the angle which two consecutive vectors i-1 and i make with each 
other. Choose sets of rectangular coordinate frames in such a way that each 
unit vector i coincides in the position and direction with the z, axis of / th 
frame. Xj axis lies on the place determined by Zj axis and Zj.i axis and at the 
trans position of the vector i-2. ([) is measured from the trans position, yj 
lies in the direction to make a right-handed coordinate. Figure 6-6-a is an 
illustration of the coordinate systems for / th bond (Xi,yi,Zi) and (7+1) th 
bond (Xi+i,yi+i,Zi+i). The relationship between a vector Ij (Xi,yi,Zi) described 
on the XiyjZi frame and the same vector IVi (xi+i,yi+i,Zi+i) described on the 
Xi+iyi+iZi+i frame is expressed as 

where 

T = 

cosGcoscj) cosOsincj) sinG \ 
sinG - cos(t) 0 

sinG cos(t) sinG sincj) - cosG 

(6.6.1) 

(6.6.2) 

b) 

Fig. 6-6-a Two coordinates and the angles between them 
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Derive Eq. (6.6.2). 

Answer 
The angle between Zi+i and z\ is 7C-0. Then, the angle determined by Xj+i 

axis and Xjyi plane is 7C-9. The angle determined by Xj axis and the 
intersection of Xj+iZi+i plane and x^yi plane is (|). y\+]  axis is on Xjyi plane. 
The angle determined by yi+i axis and Xj axis is 7c/2-(t). Now, let's consider 
ri+i=(xi+i, yi+i, Zi+i) and Ii=(xi, yi, Zj). The component of the unit vector 
Xi+i in the direction of Xjyj plane is cos(7i-0)=-cos6 and that on Zi axis is 
sin(7r-9)=sin0. xi and yi component of the former component are 
-cos9cos(7C-9)=cos6cos(t) and cos9sin(|), respectively. Then we have 

Xĵ i = cos9 cose]) x j + cos9 sincj) yj + sin9 Zj (6.6.3) 

yi+i has no z\ component. Referring to Fig. 6-6-a, we have 

yĵ .1 =sin(t)Xj-cos(l)yj (6.6.4) 

Note that yi component of yi+i and yj is in the opposite direction. 
Similarly, Zi component of Zj+i is cos(7C-(j))=-cos9. The component of the 
unit vector in the direction of Zi+i on Xjyi plane is sin(7C-9)=sin9, Xi and yi 
components of which are sin9cos(t) and sin9sin(|), respectively. Accordingly, 
we have 

Zj+i = sin9 coscj) Xj - sin9 sincj) yj - cos9 Zj 

In summary, we have 

Xj+j = cos9 cos(t) Xj + cos9 sincj) y j + sin9 ẑ  

yj^., =sin(t)Xi-cos(t)yi 

Zi+j = sin9 cos(|) Xi - sin9 sine]) yj -cos9 Zj 

Rewriting Eq. (6.6.6) in a form of matrix, we have 

/ X - . i \ ' /^r\cft r»i-kO/K f^r^cC^ c'tnA o^nC^ \ / Y - \ 

(6.6.5) 

(6.6.6) 

Yi+i 

' i+l J V 

I cos6 cos<|) cos6 siiMJ) sinG \ I ^, 
sin(|) -cos(|) 0 

sin6 cos  ̂ sin6 sin(|) -cos6 

(6.6.7) 
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«Problem 6 - 6 - b » End-to-end distance for chain molecule with 
internal rotation (II) 

Mean square end-to-end distance <R^> is given by the average of the 
scalar product of R with itself. That is, 

n 

R = Xli (6.6.8) 
i=l 

n 

(R )̂ = n/^+2X(Vli) (6.6.9) 

The second term of the right-hand side in Eq.(6.6.9) can be written as 

lJ.li = l%Tj.2-Ti^,TiI (6.6.10) 

Combining Eqs. (6.6.9) and (6.6.10), derive the following equation for the 
case where the internal rotations of consecutive bonds are independent: 

(R2) = n/2 + 2 f ^ n - i l ^ I (6.6.11) 

Answer 
Substituting Eq. (6.6.10) in Eq. (6.6.9), we have 

( R 2 ) = n/ ^+ 21^X (Tj-iTj.2 - Ti^jXA 1 (6.6.12) 
j>i 

Since the internal rotations of consecutive bonds are independent, 

(Tj.,Tj.2 - Ti^Ti) = (Tj.,) {Tj.2) - (Ti,,) ( T ; ) (6.6.13) 

Here, the average of T for an arbitrarily chosen m th bond <Tni> is obtained 
from 

j;T„exp(-UJ«/kT)d, _ 

C')-^ 
["exp{-UJ(|))/kT|d(|> 
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where Uj„((l)) is the rotational potential of w th bond. When <Tm> is 
identical for all the bonds (in case that the chain comprises an identical kind 
of bond, for example, polymethylene), we can take <T>=<Tm>. Then, 
from Eqs. (6.6.12) and (6.6.13), we obtain 

(R^) = n/^ + 2 r X ( T r > (6.6.15) 
j > i 

The summation in the second term in Eq.(6.6.15) can be simplified as 

X ( T y ' = (n-l)(T) +(n-2)(T)' + (n-3)(T)'+ - +2(T)"- ' + {T)("-» 

j > i 

= n(T>fl + (T) + ( T ) ' + - + ( T ) " - 0 - ( T ) ( l + (T) + ( T ) ' + - + (T) 

-(T)'(l+(T) + ( T ) ' + - + (T)"-0 (T)"-' 

_n(i-(T)"-')(T) ^ (TV- ' ( l - (T )" -" ' ) 

1-(T) I 
i = 2 

1-(T) 

(T) 
-1 - (T> 

"•"(T>" ' ' - i ; (T) ' ' -S(T)"-
i = 2 i = 2 

= 7 % " • ^ - < - > « " " ' ^ - - ' « " " 

A -JILL !:» 

Thus, Eq. (6.6.11) is directly obtained from Eqs. (6.6.15) and (6.6.16) 

(6.6.16) 

«Problein 6-6-c» End-to-end distance for chain molecule with 
internal rotation (III): Oka's equation 

When n » l , Eq. (6.6.11) can be approximated as 
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\ I \ l - (T) j 

Using this equation, derive the equation [ Oka's equation ] 

\ / 1 + COS e 1 . ^cos ([)) 

Answer 
From the definition of inverse matrix, the equation 

is rewritten as 

( l - ( T ) ) ( l - ( T ) ) - ' = l 

( T ) ( l - ( T ) ) - ' = ( l - ( T ) ) - ' - l 

Substituting Eq. (6.6.21) in Eq. (6.6.17), we have 

(R2) = n 1/ 2 + 2\\-\) 1 + 2\\\ - (T))"h| 

where I is the unit matrix 

0 1 0 1 = 

0 0 1 

r and 1 are expressed as 

1"̂ = ( 0 0 / ) 

and 

(6.6.17) 

(6.6.18) 

(6.6.19) 

(6.6.20) 

(6.6.21) 

(6.6.22) 

(6.6.23) 

(6.6.24) 
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1 = 0 

respectively. From Eqs. (6.6.23)-(6.6.25), we have 

( l 0 0 \ [ 0 

r ( - l ) l = -(0 0 / ) I 0 1 0 

\^0 0 1 

Substituting Eq. (6.6.26) in Eq. (6.6.22), we have 

(R2) =  nil'-21' +  2f( 1 - (T)) ' ' l | = n | - / '+2f(  1 - ( T » " ' I | 

Here, 

i1i-(T))'i=i'j(i-(T)rv 
k,m=l 

km 

(6.6.25) 

(6.6.26) 

(6.6.27) 

(6.6.28) 

Ijj and 1km are zero except for j=3 and k=3, from Eqs. (6.6.24) and (6.6.25). 
Thus, we need to calculate only 33 component of the matrix in Eq. (6.6.28) 
Then we can calculate the average of T: 

cos9 coscj) cos6 sin(|) sin9 \ 
sinO - coscj) 0 T = 

sinG coscj) sinG sincj) -cos G 
(6.6.2) 

J 
in the following way. Since the chains comprise identical bonds subject to 
independent rotational potentials U((|)), <sin(t)>=0. Then, <T> and 1-<T> can 
be simplified as 
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(T) = 

and 

cosG ĉosct)̂  0 sinG 

0 - (cos(t)) 0 

1 sinG ̂ cos(})̂  0 -cos G 1 

/ 

(6.6.29) 

\ 
1 - cos6/cos(t)\ 0 - sinG 

1 - ( T ) = 0 l + (cos(t)) 0 

1 - sin9 /cos(t)\ 0 1 + cos 9 1 

From the definition of inverse matrix, we have 

( ' - » ) 3 ; ' = ^ 

(6.6.30) 

(6.6.31) 

Here, D is the determinant of the matrix (1-<T>)"^ and expressed as 

0 1 + (cos(t)) 

sin6/cos(|)\ 0 
D = (1-COSG(COS(|))) 

1 + (cos(t)) 0 

0 1+cosG 
+ sinG 

= (1 + cosG)( 1 + (cos(t))]( 1 - (cos(t))] (6.6.32) 

and A33 is the determinant of the cofactor of 33 component of the matrix 
(1-<T>) and is expressed as 

^33 = 

1 - cosG/cos(t)\ 0 

0 1 + ĉos<t)) 
= (1 - cos6(cos(t)))(l + (coscj))) (6.6.33) 

From Eqs. (6.6.32) and (6.6.33), we have 

-1 (1 - cosG ĉos<t)\)(l + (cos(t)\) 1 - cosG ĉos(t)̂  
( l - ( T » 

33 (1 + cosGXl + (cos(t)))(l - (cos<|))) (1 + coseXl - (cos(|))) 

(6.6.34) 
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Substituting Eq. (6.6.34) in Eq. (6.6.27), we have 

(R^> = n ( - / ^ . 2 / ^ ( l - ( T ) ) ^ ; ] = n / ^ ( - 1 . 2 ( l - ( T ) ) 3 ; ' ) 

= n/^ 
I 2 - 2cos0{cos<t)) \ 2(l-'^os®Kl"*'(^°^*l')) 

7 r - - l =n/ -. r— (6.6.18) 
(l+cose)(l-(cos<t))) (1 + cose)(l - {cos(t))) 

(See S.Oka, Proc.  Phys.-Math. Soc. Japan  24, 657 (1942), W. Taylor, J. 
Chem. Phys. 15, 412 (1947)) For freely rotating chain, <cos(t)>=0. 
Then we have 

(See W. Kuhn, Kolloid-Z 68, 2 (1934), R. Kubo, J, Phys. Soc. Japan  3, 119 
(1948), H. Eyring, Phys. Rev. 39, 746 (1932), F. T. Wall, J. Chem. Phys. 
11, 67 (1943), and H. Benoit, J. Polym. Sci. 3, 376 (1948)) 

«Probiem 6 - 7 » Distribution function of end-to-end distance of a 
polymer chain 

Derive the distribution function of end-to-end distance of a polymer 
chain W(R) in the case when the valence angle of the consecutive segments 
is constant and the rotation about single bond is not completely free but is 
restricted by energy barriers. Then derive the probability W(R )dR for 
finding the end-to-end distance between R and R+dR. 

Answer 

W(R) for random chain is given by 

For restricted rotation, <R^> is given by 

/ .\ , (1-cose) ( l+ (cos<|)\) 
( R ^ ) = n/ ^ ) f- (6 6 35) 
^ ' (l+cose)(l-(cos(t))) '̂  -* 
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Eq. (6.6.35) is also expressed as 

(l+cos0)(l -(cosct* 

(R^)=n/'^ 

Thus, this chain can be considered as the random coil chain with the 
effective bond length 1'. For this chain, Eq. (6.2.3) is replaced by 

W(R) = | 
,/2 

Similarly, we have 

W(R)dR= 

exp -
3R^ 
2nl'̂  

,3/2 

27011" 
exp I 14nR^dR 

2nl'^ 

(6.7.1) 

(6.7.2) 

(6.7.3) 

(6.7.4) 

«Problein 6 -8» Bresler-FrenkeFs equation 
Suppose the potential for the molecular rotation is expressed as 

U(<t)) = 2Uo(l-cos(t)) (6.8.1) 

as illustrated in Fig.6-8. When the rotation of the consecutive segments is 

-2JC -71 0 71 27t 

Rotation Angle (<|)) 
Fig. 6-8 Potential energy for molecular rotation 
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not possible near the room temperature and only small torsional vibrations 
around the equilibrium position (^=0 are permitted, calculate <cos(|)>. 
Then, prove that the mean square end-to-end distance is given by 

2 1 - cos e 2uo 
^ / 1 +( COS 9 kT 

where UQ is the peak potential on the potential curve. Assume Uo«kT. 

Answer 
Expanding coscj) in a form of Maclaurin series as 

L2 

(6.8.2) 

cos*= 1 - 1 , ^ 1 , . . . . ^ 1 - 1 -

Then, Eq. (6.8.1) can be approximated by 

and the average of coscj) is calculated as 

(6.8.3) 

(6.8.4) 

r2K 

^cos(t)y= 

•4H-̂ |-* 
rln 

- U Q C J ) 

<t'^exp|--^|d<|) 

= 1- - = 1 -
kT 

expl 
-Uo<l> 

4kT 
m 

(6.8.5) 

•2n 

, 2 . - J "0<t> 
(t> e x p 

4kT 
m= (j) e x p 

•"o<l> 

4kT 
d<t) (6.8.6) 
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x 2 I - " 0 < t > ' 
(p exp 

*̂ ' 4kT 

\ 

m-1 
, 1 

1/ 
^7 

\ 

4kT /4kT ^\_ 
Un 1 \ / Uo 4 

'*il'".-
^0 ^0 u 0 

(6.8.7) 

/*oo 

-P|-^j^)d*.-^/—. 
u 0 

(6.8.8) 

From Eqs. (6.8.7) and (6.8.8), we have 

.2 I - ^ 0 ^ ' 
0 exp 

^' 4kT 

^3/2 

d* 2 ( ^ V . -

exp I 4kT 

'kiv^,;^'*" 
kT' 

0 

d(t) 
7t' 

u 0 

(6.8.9) 

<R > is expressed as 

2(l-cose)(l+(cos(|))) 
(R^) = n/̂  

(l+cose)(l-(cos(t))) 

Using the approximation 

(COSA) = 1 

Eq. (6.6.35) is reduced to 

, 2 1 - cos 6 2uo 
cos 0 kT M = n'̂ ^ 

(6.6.35) 

(6.8.5) 

(6.8.2) 

Eq. (6.8.2) holds for long and stiff polymer chains. This equation is called 
BresIer-FrenkePs equation. (See S. E. Bresler and Ya. I. Frenkel, Zhur. 
Eksp. i Teoret, Fiz. 9, 1094 (1939); M. V. Volkenstein, Configurational 
Statistics of Polymeric Chains, {High Polymers, vol XVII), translated by 
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S.N.Timasheff and MJ.Timasheff, Interscience, 1963, Chap. 4)) If we 
»2 determine <R >/n/ and 9 empirically, we can calculate rotational potential UQ 

by using Eq. (6.8.2). 

«ProbIem 6 - 9 » Mean square radius of gyration 
The mean square radius of gyration defined as the mean square distance of 

the collection of atoms from their center of gravity is one sixth of the mean 
square end-to-end distance for a freely jointed molecular chain, that is, 

(s^) = i ( R ^ ) (6.9.1) 

Derive Eq. (6.9.1) using pearl necklace model in which small particles are 
assumed to be located at the junctions of the bonds and all the mass of each 
structure unit is concentrated on each particle. 

Answer 
Let's number the small particles serially from an end of the necklace as 

l,2...n and denote the position vector from an arbitrary chosen origin as ri, 
r2,...rn.i, rn. Then the position vector of the center of gravity ro is expressed 
as 

rG = ̂ X r i (6.9.2) 
1 = 1 

The vector connecting a small particle i and the origin is expressed as 

rGi = r i - rG (6.9.3) 

Fig. 6-9 Relative location of each sphere in pearl necklace model 
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Taking a summation of both sides over i=l to n, we have 

i r G i ^ = i ( r , - r G ) ^ = i ( r ^ 2 r , r o ^ • r o ^ 
i = l i = l 1 = 1 

n 

= E ^i^ - 2 X TiFG + S '•G^ = S ^i^ - ̂ ^G  ̂ (6.9.4) 
i = l i = l i = l i = l 

From Eq. (6.9.2), 

(2 2 2] 
1 " " 1 " " I '"i "̂  ""j " ^ij 1 

The scalar product of ry with itself is 

Then we have 

2 . ^ 2 _ 2 

(6.9.6) 

Tij' = ryTy = (FJ - Fi) (FJ - Fi) = Fj' + Fj' - 2Fij' (6.9.7) 

2Fij»Fij = Fi +Fj -Fy (6.9.8) 

Eq. (6.9.5) is rewritten as 

1 n I n n 

^ G ^ = n S r i ^ - r ; 2 S S r i / (6.9.9) 

Substituting Eq. (6.9.9) for TQ̂  in Eq. (6.9.4), we have 

i r o , ' = ^ t i r / = i l r / (6.9.10) 
i = l ^ " i = l j = l " i > j 
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From the definition, 

(s^>4l-oi^ (6.9.11) 

Here, < > means the average over all molecular conformations. Using Eq. 
(6.9.10), Eq. (6.9.11) is rewritten as 

(S / = —X^ij^ (6.9.12) 
n i>j 

When the molecule is a Gaussian chain, the mean square length between / th 
particle andy th particle is expressed as 

( r i / ) = | i - j | / ' ' (6.9.13) 

for |i-j | » 1 . The number of ways for choosing two particles with the 
difference |i-j| being t, i.e., the length of a partial chain cut from the original 
chain consisting of n particles being |i-j|=t, is n-t. Then we have 

n i=i n I ^ j 

Since n » l , <S^> is approximated by 

Using the equation 

(R2) = n/'2 (6.7.2) 

we have 
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«Problem 6 - 1 0 » End-to-end distance of partial chain 

Using the Gaussian distribution of the end-to-end distance for random coil 
chain consisting of n bonds 

i3/2 

W(R) = 
Innl exp -

3R' 

2n/ ' 
(6.4.1) 

derive the expression for (1)< 1 /|R|>, (2)<RGk^> and (3)<RGkRok'>. Here, 

R^k denotes the vector connecting the center of gravity and k th segment and 

< Rgk >  is the same as <S^>. 

Answer 

(1) From the definition, 

R|/°J |R 
^—^ \ = ^—j-W(R)dR 

Substituting Eq. (6.4.1) in Eq. (6.10.1), we have 

(6.10.1) 

^ \ = 4 n ' 
27tn/ 

lexpl-i^lR^dR 
R 2n/ 

,3/2 

= 4n 
2nal 

Rexp 
3R' 

2n/' 
tdR 

=  4K M 
L3/2 

l2Kn/ 

nV 3R' 
exp : 

2n/-

4n( 3 V%1' eV 1 
I 27cn/' 3 \mi / 

(6.10.2) 

(2) For convenience, we place one end of the molecular chain at the origin. 
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Rk denotes the vector connecting the end of the chain and k th segment. 
Then, 

RGK = Rk-RG (6.10.3) 

and 

RGk'=Rk'-2RkRG+RG' (6.10.4) 

From the definition, 

RG = - X R i (6.10.5) 
i 

and 

R G ^ = l l R i ^ - A l I V (6.10.6) 

Substituting Eq. (6.10.6) in Eq. (6.10.4), we have 

RGK'=R|C'- ^iRiRj + ̂ l R i ' - A I I V (6.10.7) 
i i ^^ i j 

With the aid of the relationship 

Rif + R ; - Rifi 

R^.R. = ^^ ^ !^ (6.10.8) 

Eq. (6.10.7) can be simplified as 

RG.̂ = RK̂  - l-l (RK^ -H Rî - R.A + ̂ I Rî  - T ^ S Z R 
" i V ^ i -^n i j 

2 

= ̂ l R . i ^ - T ^ I l R i / (6.10.9) 
i -^n i j 

Averaging both sides of Eq. (6.10.9), we have 
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(«oK^il(R„^)--i,Xl(R,/) 
*̂  i 2 n i j 

(6.10.10) 

The first and the second term in the right-hand side of Eq.(6.10.10) are 
calculated as 

= | | ( n - k ) ( n - k + l ) + k(k+l)} / ' (6.10.11) 

and 

Il(V>=2it(n-t)/^ 
I J t=i 

= {n2(n+ l ) - | (n+ l ) (2n+ l ) )l^ (6.10.12) 

respectively. Substituting Eqs. (6.10.11) and (6.10.12) in Eq. (6.10.10), 
we obtain 

(RGR^) = ̂  {<" - k)(n - k + 1) + k(k + 1) } - ̂  I n2(n + l)-j(n + l)(2n + 1) 

(6.10.13) yfn^-2nk + 2k̂  + n+3 2 . - . l i = Un2 .3nk + 3k̂  

(3) As clearly shown from Fig.6-10, 

Fig. 6-10 Relative location of a chain from the center of gravity 
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= R,.R,. - ( R , +R,.).RG + RG' (6.10.14) 

Substituting Eqs. (6.10.5), (6.10.6) and (6.10.8) into Eq. (6.10.14), we have 

^^Gk'J^Gk'" 
^ k "̂  ^ k ' ~^kk ' 

" i 2n i j n n 

_Rk +Rk -Rkk 1 Yfp 2,„ 2 p 2 
2 2;^f I "̂  ' ' ''' 

Averaging both sides of Eq. (6.10.15), we have 

(^Gk'^Gk') 

2n"Tj 

= 4|k-k'|/^ 

2n 

(6.10.15) 

| (n - k)(n - k + 1) + ̂ k(k + 1) + i(n - k')(n - k'+l) + |k'(k' + 1) 
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2n n(n + l)--(n+l)(2n + l) 

6n 
2n^ + 3(k^ + k'2)-3n(k + k' + | k -k ' | ] (6.10.16) 

«Problem 6-11» Distribution function of separation between segments 
and the center of gravity 

The distribution function of the separation between the segments and the 
center of gravity of a Gaussian polymer chain is approximated by 

p(r)dr = n(— j— \̂ exp -
2 \ 

,2n(ŝ >j ~-\ 2(S )̂J 
47cr̂ dr 

(6.11.1) 

Here, n is the number of segments of the polymer chain and <S^> is the mean 
square radius of gyration (Fig. 6-11). Derive Eq. (6.11.1). 

Answer 
The Gaussian distribution function is expressed as 

W(R)dR = 471 (—2—1P exp (- ^^^1 R d̂R (6.7.5) 
\2nnlV \ 2nl^l 

If we replace j-i for n in Eq. (6.7.5), the equation expresses the probability that 

Fig. 6-11 Relative location of a chain from the center of gravity 
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the distance betweeny th segment and / th segment be R. If we place / th 
segment near the center of gravity, then Eq. (6.7.5) approximately stands for 
the segment distribution about the center of gravity. Then we can reasonably 
assume the probability for finding segments anywhere in the range of the 
distance from the center of gravity between r and r+dr to be proportional to 
exp(-B^r^)47cr^dr: 

p(r)dr = A exp (- B^r^) 47cr^dr (6.11.2) 

Here, A is a proportional constant. Normalization condition is written as 

p(r)dr = 47cA I r^exp (- BV)dr = n^'^  ̂ (6.11.3) r r 
n = I p(r)dr = 47cA I 

Jo Jo 
B' 

or 

A = Q|J (6.11.4) 

From the definition, we have 

3^3n ^ (6.11.5) 

M = 2 B' j;p(r)dr 

Substituting Eq. (6.11.4) in Eq. (6.11.5), we have 

3 2 
2 ^ (6.11.6) (S^>4B-

or 

B ' 4 ( S ' ) ' ' (6.11.7) 2 

Then we have 

3/2 

(6.11.1) 
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Substituting Eqs. (6.11.7) and (6.11.1) in Eq. (6.11.2), we finally obtain Eq. 
(6.7.5). 

«Problein 6-12-a» Excluded volume effect (I) 
Consider the pearl necklace model and suppose the particles interact with 

each other and cannot approach each other within a certain distance (Fig. 6-
12.1 and 6-12.2). In other words, the particles have a finite excluded volume. 
The probability W(R)dR that the end-to-end distance of the chain be in the 
range between R and R+dR is proportional to 

Q(R)dR= j .. • I exp( - ^)dridr2 • • drn (6.12.1) 

Here, r\ denotes the position vector connecting / th segment and one end of the 
chain and U=U(ri,r2,...rn) is the interaction potential for a set of the position 
vector Fi, r2,...rn. Let's assume the molecule be the Gaussian chain and the 
potential U be the sum of the potential between / th particle andy th 
particle as 

U = Iu(r,) 

Referring to the virial expansion, Q(R)dR can be approximated as 

Fig. 6-12.1 Pearl necklace model Fig. 6-12.2 Three partial chains 
in a random coil 
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Q(R)dR=(4ji/^)" 
' 3 V"" ^  ̂ IjR^ 
2ml M ^^^ ' 2n/ ^ 

i>j ^ ^ 

' 3 y  ̂ 3ri 
ix(rij) 

,3/2 

27i(j-i)/ 
exp 

\ 2(j-i)/' 

27c(n-j)/ 

\3/2 

2 ^ ' 'P 

3 ( R ^ 

2(n-j)/' 
drjdrj dR (6.12.2) 

with 

exp -
i'^i)] = l+5c(rij) kT 

Derive Eq. (6.12.2). 

Answer 
The integrant in Eq. (6.12.1) is expressed as 

(6.12.3) 

U 
e x p | - ^ | = « p | - ^^ '=ne4#)=n{.̂ xN} 

= 1+Sx(r i j ) + H x ( r i j ) x ( r k ^ ) = l + Sx(rij ) (g i2.4) 
j > im > k ' ' »>J '>J 

and then 

Q(R)dR = J . . . | / l + I x ( r i j ) \ d r , d r 2 - d r „ 

= j - j dr,dr2...dr„ +j-j / l x ( r i j ) \ d r , d r 2 •.-dr„ ^^^^.S) 

The integration over n, FJ and R 
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drj dfj dR 

••clr„ (6.12.6) 

is given by the product of Gaussian distribution functions for the end-to-end 
distance of three partial chains 0~/ th particles, i--j th particles andy~/7 th 
particles being TJ, Tj-rj and R-rj , respectively. That is, 

(4K/^)"| 
,3/2 

2m/^ 
e x p | . | ^ , x , 

,3/2 

27C(j - i ) / 
exp 

2( j - i ) / ' 

2K(n-j)/ 

3/2 / SfR-Fj) 
2 1 ^^Pl-^i—TTlld ' - idr jdR 

2(n-j)/ 

Substituting both Eq. (6.12.7) and the equation 

— d r , d r , - d r „ = (4K/2)"| 

in Eq. (6.12.5), we have Eq. (6.12.2). 

,3/2 

27in/' 
exp 

3R^ 

2n/^ 

(6.12.7) 

(6.12.8) 

«ProbIem 6-12-b» Excluded volume effect (II) 
Perform the integration of Eq. (6.12.2) with the aid of Laplace 

transformation under the assumption that the interaction potential is expressed 
as 

u(rij) = CO |rj-ri| < a 

% ^ « 1 |rj-ri|>a 
kT 

(6.12.9) 

Then show that the effective excluded volume defined by 

P = Jo"5c(rij)drij= j ' ^ Am,^x[T.^6^,  ̂ (x (ry) = e"(''*>-1) (6.12.10) 
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is expressed as 

^ 3 

with 

4713% 

r.j =|rj - r,| 

1-a 
T 

u(rij)47irij2drij 

Answer 
The Laplace transformation of Q(R) is defined by 

L(s) = I Q(R)exp (- Rs)dR • 1 

(6.12.11) 

(6.12.12) 

(6.12.13) 

The Laplace transformation of the first term in the right hand side of Eq. 
(6.12.2) is calculated as 

(47t/f 
^3/2 

27m/' 
exp 

^ 3R2^ 

2n/' 
exp (-Rs) dR 

'M°n 
3 

1 
i=l 2701/ 

U % x p ( - ^ . R i S i | d R i 
2nr 

(6.12.14) 

Here, i=l,2 and 3 denote x, y and z components, respectively, in the 
rectangular coordinate. The magnitudes of R̂  and ŝ  are expressed as 

JR2=RI2+R22+R32 

I Ŝ  =81^ +S2^ +S3^ 

Eq. (6.12.14) is reduced to 

(6.12.15) 
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=(4./fn 
i=l 

1/2 

2nnl 
exp 

2n/ 
^ Rj--2^Si| /exp| 

= (4nlf, exp^ 
n/2(s ,2 + s22 + S32) 

3 

27m/ 
2 exp 3 ' R . - ^ S J /dR, 

2n/M ' 3 • 
J-oo 

.(4^fexp{i!^ V 

Here we use 

I e-ax2dx = y j 
/ -CX5 

(6.12.16) 

(6.12.17) 

The Laplace transformation of the second term in the right-hand side of Eq. 
(6.12.2) yields 

X l n - j + i ,2 2 exp - 4 ' '"' / V f(s,j-i) + 

where 

(6.12.18) 

f ( M ) ^ X ( r i j ) ( ^ P e x p ( - | | ) e x p ( - r , s ) d r i j ij (6.12.19) 

For the interaction potential Eq. (6.12.9), x(r) has a finite value only in the 
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limited range i^O, and then 

^ ) e x p ( - r i j s ) = l (6.12.20) 

Eq. (6.12.19) is reduced to 

f(s,i) j x ( r o l ( ^ f " d r , j . ( ^ p j x N d r , (6 . ,2 .2„ 

or 

' 3 '"^ 
« = ' » ' - ( ^ J P (6.12.22) 

with 

P = -J^ X (ry) drij = - | 4nr'x (^] dr (6.12.23) 

For the interaction potential, Eq. (6.12.9), 

X (ry) = expj- i f c l j . 1 ^ . ! | M (n3>a) (6.12.24) 

and 

X(rij)=-1 (rij<a) (6.12.25) 

Then Eq. (6.12.23) is reduced to 

P = -\Q 4OTij'x (ry) dry - £ ° Awt^^x (ry) dry 

47câ  1 
jl£°u(ry)47try2dry 
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47iâ  / , 3 

Substituting 0 defined by Eq. (6.12.12) in Eq. (6.12.26), we have Eq. 
(6.12.11) for p. 

«Problein 6-12-c» Excluded volume effect (III) 
In «Problem 6-12-b», the Laplace transformation of Q(R) was obtained 

as 

Us) = [ Q(R)exp (- Rs)dR 

Expanding the exponential terms in braces as a Taylor series, derive the 
equation 

Us)=UO)/I4(R^) S ^ 4 ( R ' ) . ' . . . . . ^ ^ ( R * ) » ^ P . . 

(6.12.28) 

with 

( R ^ ) = n / 2 | l + | z j (6.12.29) 

and 

Z = pn 1/2 3 I 

Answer 
Using the polar coordinate system, L(s) is written as 



324 

L(s) = r ° r^ Q(R)exp (- Rs cos G) 2KR sinG RdGdR (6.12.30) 

On putting X=-cosG (dX=sin6dG), the integration over X is performed as 

L(s) = r ° Q(R)2jiR^ f exp ( Rs x) dXdR 

= r Q ( R ) 2 n R n ^ dR=rQ(R)47tR'^H^dR (6.12.31) 
Jo I Ks I J Jo Rs 

sinh(Rs) is expanded as a Taylor series: 

sinh Rs ^ 1,^22 lr^44 
- ^ ^ = l + 3 j R s + - R s +••• (6.12.32) 

Then we have 

Us) = J;Q(R)(r.lRV4R V+-|47iR^dR 

= f °̂  Q(R)47cR d̂ R + |y J ~ R^Q(R)47iR d̂ R + ̂  J ~ R^Q(R)4jtR d̂ R +••• 

(6.12.33) 

L(0) is obtained by putting s=0 in Eq. (6.12.27) as 

UO) = |~Q(R) dR=JJ°Q(R) 47tR'dR (6.12.34) 

From the definition, 

f~ R^Q(R) 47tR^d R 

- \ ^ / (6.12.35) 
. OrR^ 47tR^dR 
iO 

and 

| J"Q(R) 47cR2dR 
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j^R'm) 47tRM R 

= {R') 
L(0) 

Then, Eq. (6.12.33) reduces to 

L(s) = L(0) 1 + I ( R ^ ) S^+ ^ ( R ^ ) S'* + -

Substitution of the equation 

(6.12.36) 

(6.12.37) 

,3/2 

f ( s , i ) = - | - ^ l p 
1 Inil ^ I 

(6.12.22) 

for fin Eq. (6.12.27) and series expansion of the right-hand side of the 
equation yields 

(4n/M 1+—/ s +-—-/ s +---+2^exp(—2—^ s n-j+i,2„2| 

2!-6' »<j Mi-'V'I 

3/2 

=(4^^)" 1 + — / S H / S +• 
6 2!-6^ 

- S l - T - ^ l P 
'<j 27c(j-i)/ 

i^rpli^^^-^i^/v+ti^/v^--
2!-6' 

= {4n/-)- ^'^i*''"'*^'''-* (211/') 
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The coefficient of ŝ  in the right-hand side of Eq. (6.12.38) is 

HT s' p l n-J-n ,2 
r. .A3/2 ^ 2̂7t/ j j>i 6-(j-i) 

The summation in the brace is calculated as 

j>i Ĵ - ij k=l k k=l k=l 

1/2 

1/2/^ , 1 1 1/2 
= nn 2 + — - nn , 

2n I 

/ 

V 

1 ^ 1 \ 1/24 
— + — = nn — 

i+1 2n I 3 
2 

Then Eq. (6.12.39) is further reduced to 

(4*TM'-iArpV"' 
27t/ 

(6.12.38) 

(6.12.39) 

(6.12.40) 

(6.12.41) 

This coefficient has to be identical to the coefficient of ŝ  in Eq. (6.12.29): 

L ( 0 ) ^ ( R 2 ) (6.12.42) 

Substitution of the definition of Z (Eq. (5.20.3)) in Eq. (6.12.41) yields 

U0)i(R^)=!^(l4z)(4n/r (6.12.43) 

Using the relationship 



327 

>-(») = H T I l ^ l ^ j ^ P E ^ i (6.12.44) 

we finally obtain 

(R ' ) = n / ^ l l + | z j (6.12.29) 

Thus, when the excluded volume effect is not negligible, Gaussian 
approximation cannot be applicable. 

* For Z =0, we have 

( R ^ ) ^ = n / ^ (6.12.45) 

The swelling coefficient (or expansion factor) based on the end-to-end distance aR is 
defined by 

aD = 

""M. (6.12.46) 

Using Eq. (6.12.29), 

^ R - ^ + 3'^ (6.12.47) 

Similarly to Eq. (6.12.29), we have 

(rij) = (j- i) / ' [ l4z] (6.12.48) 

for the partial chain consisting of / toy th particles. In this context, the interactions only 
between 1 and m segments in the range i<l<m<j are taken into account and the interactions 
between k, 1 and k' segments with 0<k<l<j<k'<n are not included. Taking the latter 
interactions into account, Yamakawa and Kurata derived the equation 

3/2 

('5)=«-«'f4p(i^p-
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D4(J-i)"'-4(n-i)'^-4j"2 + ̂  ^— 
 ̂ Vn 3(j-i) 

x{(n.i)"'-{n-i)'^-i"' + -M (6-12.49) 

(6.12.50) 

(6.12.51) 

Substitution of Eq. (6.12.49) for <ri/> in the equation 

n ,>j 

yields 

(s^=^(.*{Sz....] 
105 

(See H. Yamakawa and M. Kurata, J. Phys. Soc. Japan  13, 78 (1958)). 
The swelling coefficient based on the radius of gyration is defined by 

«s = 7 — ^ (6.12.52) 
(So') 

If we take higher order terms into account, 

^ R ^ ^ ^ s ^ (6.12.53) 

''̂ Excluded volume parameter Z is defined by 

^3/2 

InlA ^"''' (̂ -̂ -̂̂ ^ 

where / is the length of a segment, P the excluded volume of an arbitrary chosen segment 
pair. The number of different segment pairs in a polymer chain with n segments is 

r n! ^ n(n -1) _ n^ 
" 2 2!(n-2)! 2 ~ 2 

The excluded volume of a polymer chain is calculated as the sum of the excluded volume of 
segment pairs and is proportional to 

b„C^bn^/2. 

For Gaussian chain, the root of the mean square end-to-end distance is 
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{R^Y^ ̂=  (nl^Y  ̂ (6.12.54) 

The volume of a molecular chain is proportional to the third power of <R^>'^ (or (n/ ^f^). 
Hence, the ratio of the excluded volume to the volume of a molecular chain is 

^.^—.J^^Z (6.255, 
2 ( 2\^  ̂ ( 2\^^2 (n'T 2('T 

Thus, Z is proportional to the volume fraction of the excluded volume in the molecular 
volume (See Reference below Eq. (5.20.3)). The parameter Z was first introduced by Zimm-
Stockwayer-Fixman (See B. H. Zimm, W. H. Stockmayer and M. Fixman, J. Chem. Phys. 21, 
1716(1953)). 

«Problein 6 -13-a» Increase in free energy by swelling 
Derive the expression for the increase in free energy by swelling AFei with 

expansion factor a for Gaussian polymer chains: 

Â j = A / - ^ I exp(. P^Rĵ ) .4KRĵ dRj (6.13.1) 

where N is the number of total polymer chains, Nj the number of polymer 
chains with the end-to-end distance being Rj, p^=3/(2<S^>)=9/<R^>, <S^> the 
mean square radius of gyration and <R^> the mean square end-to-end distance. 
Assume the entropy change associated with the conformational change of the 
polymer chains is negligible. 

Answer 
Consider polymer chains at swollen state. The probability for finding 

polymer chains with the end-to-end distance in the range between Rj and Rj+dRj 
is 

The end-to-end distance of the polymer chains before swelling is Rj /a. If we 
assume the number of polymer chains does not change by swelling, the 
corresponding probability Xj and the number of polymer chains Â j before 
swelling are expressed as 
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.4n(|)'d 5i 
a (6.13.3) 

respectively. The number of ways for dividing Â  polymer chains into Â i, 
A/2,...A ĵ... polymers is 

j 

Hence, the number of states is obtained as 

Using Stirling's law, the logarithm of W is calculated as 

InQ =NlnN- N+^ilnV^^i - N^\nNj + NA 
j 

= X Uj InTV-ATj + In Wĵ J - ATj In Âj +iVj 

' AW: 1 ^i 
- s i n ^ =^i:,„M 

Wil^J 

J \ > I j I J 

From Eqs. (6.13.2) and (6.13.3), 

X i ̂
 = „w{(-P^R/)(.-^)] 

Then, we have 

-kHM -̂'H'"" 

(6.13.4) 

(6.13.5) 

(6.13.6) 

(6.13.7) 
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In Q =Â  X Xj I P^Rjl-^ -11 + 3 In a' 

=A^P'[^-l]l{xjRj'} + 3iVlna (6.13.8) 
J 

Approximation of sum by integral yields 

XxjRj^-^J'^rVOclr 

>\im-i'^H^' 
We finally obtain 

lnil = ̂ N(l-a^) + 3Nlna (6.13.10) 

Since we can assume that the swelling process occurs without significant 
change in internal energy, we have AFei = -TASei and 

AFe,(a) = Fe,(a)-Fe,(l) = F4a) 

= -kTlnQ = . |ArkT|(l-a^) + ̂ | (6.13.11) 

(See P. J. Flory, J. Chem. Phys, 17, 303 (1949)) 

«ProbIein 6-13-b» a -̂Iaw 
Suppose the center of gravity of a Gaussian polymer chain be at the origin. 

The volume of the shell with the center at the origin and with inner radius Sj 
and thickness dsj is 47CSĵ dSj. The number of segments at a distance from the 
center of gravity in the range between Sj and Sj+dsj is 
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nj = n - ^ 1 exp(-p^Sj^) -Ans^'^ds  ̂ (6.13.12) 

Here, n is the total number of segments. If the polymer chain expands 
isotropically with an expansion factor a, the resultant volume of the shell is 
47i:â Sĵ dSj. The number of solvent molecules in the shell is 

47câ Sĵ dSj[l -(|),jj 
^j = v^ (6.13.13) 

where (t)ij is the volume fraction of the polymer in the shell (=«J/(A7J+A^J)),VO 
the molecular volume of the solvent. Referring to the expression for the 
chemical potential of solvent in FIory-Huggins theory 

AHo = RT|ln(l-(t),) + ll~J(t^^ (3.11.3) 

the chemical potential of solvent in the shell is 

A|Xoj = RT|ln(l-<t),j) + | l-ij(t),j + x<t) , j '+- | (6.13.14) 

If Wj is much smaller than Â j, we can expand the logarithmic term in Eq. 
(6.13.14) as a series of (t)ij. Neglecting the higher order terms, we have 

^ 0 j = - ^ ^ - x W = - R T v | / i l - | W (6.13.15) 

The change in free energy by swelling is the sum of the change in free energy 
of mixing AFM and the change in elastic free energy as 

AF = A F ^ + A F „ = X A F ^ J + A F „ (6.13.16) 
J 

Fig. 6-13-b shows an illustration of AFM and AFci against a. The value of a 
at the equilibrium state is determined as a at the minimum of the free energy. 
Derive the relationship between a and Z. 
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-a 
Fig. 6-13-b Illustration of change in free energy of mixing SAFMJ, elastic 
free energy AFei and total free energy AF as a function of swelling 
coefficient 

Answer 
From Eq. (6.13.16), we have 

aAF., a A F ^ y 3AF^j 
3a 3a 3a (6.13.17) 

The first term in the right-hand side is rewritten as 

J J J J 

Mj v - "̂ ^̂  Mj ^ ^ 

J 

9A^j 

9a 

(6.13.18) 

In case Nj»np 

Mi 

^u = _ "J _ "J 
' * j ^ " j 

i-S=i 
(6.13.19) 

From Eqs. (6.13.12) and (6.13.13), we have 

9M 12 7ta^S:^ 

9a 
' J _ dS: (6.13.20) 

' 0 

«^A^%7caVds/"»7^l ' ^ ^ P V <l>li=Tf = •" 7 i ""' 
4 7CSj dSj 
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-"M]'-^-^v] 
and then 

2xr ft6 
„ ^ ai\: izn VoP ^ ^ ( ^ ^\ 

(6.13.21) 

(6.13.22) 

2^7 R 6 12n%p 
roo 

exp^-2PsJds = - — -
(2JI] a 

(6.13.23) 

Here we approximate sum by integral. Using the relationship 
,2 3 „, ( 3 ^'^ 

^=(Rr'i(Ri (6.13.24) 

and 

(6.13.25) 

we have 

j 

27 
^ ^ 25'2 7 I 3 ' 2 | N ^ 2 ^ 2 

a 

M 

-3 /2 

(6.13.26) 

Here, v is the partial specific volume of polymer and VQ the segment volume. 
The coefficient CM does not depend on the kind of solvent and molecular 
weight of polymer but only depends on the kind of polymer. Substitution of 
Eq. (6.13.26) for the summation in the right-hand side of Eq. (6.13.18) yields 

5AF, ^-M-IY-^ 
1/2 

a" 
(6.13.27) 
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3a ^ da da 
J 

From Eq. (6.13.11), we have 

- ^ = - 3 k T ^ - . a j (6.13.28) 

for A^=l. We finally obtain 

aAF v' 3AF̂ ĵ aAF„ 

= -kTV.[l-T]—^5 3kT|--aJ (6.13.29) 

At the equilibrium state, 3AF/3a=0. Thus, we derive the Flory-Fox 
equation 

a ' - a ' = 2 C M V i ( l - | | M*'' (6.13.30) 

(See P. J. Flory and T. G Fox, Jr., J. Polym. ScL 5, 745 (1950)) 
Using the relationships 

,2 \^o/ Mv 
U N A V Q 

the excluded volume parameter Z can be expressed from Eqs. (5.20.3) and 
(5.21.1) as 

2 = 2 V , ( I - Y ) 7 — - ^ (6.13.32) 
2n/ 

Z is further rewritten as 

Z = Ji^V.|l-¥l m N^V, A ^ O , 
M ' ^ (6.13.33) 

Then, Eq. (6.13.30) can be rewritten as 
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â  - â  = ̂  Z 

or 
a^ - a^ = 2.60Z (6.13.34) 
Eq. (6.13.34) is called a^-law (See P. J. Flory and T. G Fox, Jr., J. Polym. ScL 
5, 745 (1950)). 

«Problein 6-13-c» Segment density at the origin 
Show that the segment density at the origin p(0) is proportional to M"^^-

M"̂ ^ by using the Flory-Fox equation: 

a 5 - a 3 = 2CM¥, 1 - | ) M " ' 

M 1/2 (6.13.30) 

Answer 
For a Gaussian chain, we have 

p(r)dr = n exp 
( -3r^ ^ 

2K{S^)J ^2(s2)j 
|4Kr^dr 

At the origin (r=0). 
,3/2 

P(0) = nj 
2K{S') 

From «Problem 6 - 9 » , we have 

Here /" is related to the parameter a as 

According to the Flory-Fox theory (See Eq. (6.13.34)), 

(6.11.1) 

(6.13.35) 

(6.13.36) 

(6.13.37) 

(6.13.38) 
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If a » l , we have 

a^ocM^-^ocn^^ (6.13.39) 

Substitution of Eqs. (6.13.36) and (6.13.37) for <S^> in Eq. (6.13.35), we 
have 

P ^ ^ ^ ^ ' - n ^ (6.13.40) 
a n 

In case a = l , we have 

p(0) ocM-^-^ (6.13.41) 

In case o c » l , we have 

p(0) ocM-^^ (6.13.42) 

Thus, 

p ( 0 ) o c M - ^ ^ - M - ^ ' (6.13.43) 
This result indicates that the segment density near the center of gravity is small 
when the solvent is good. 

«ProbIein 6-14-a» Mean internal energy 
Consider a Gaussian polymer chain having n segments with the radius of 

gyration being S .̂ The probability density for finding segments at the 
distance from the center of gravity in the range between r and r+dr is 

P(r) = 
\'^ I 3 r' 

^""PriT;: ; !! (6.11.1) [2K{srj 2 (s) 
Assume the potential energy of the polymer is approximated by the sum of the 
potential energy for arbitrarily chosen segment pairs i and j as 

Fig. 6-14 Interaction of two spheres 
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u(r„r2 , ••• ,ri, - ,rj, ••• , r j = X u (ry) (6.14.1) 

and the force between segment pairs is a short range interaction as 

u(rij)=oo , r < a (6.14.2) 

-y^«Ur>a  (6.14.3) 
kT 

P is defined by 

p = - L ru(rH7cr^dr (6.14.4) 
Kl Jo 

(See Eq.(5.13.5)). The total number of segment pairs in a molecule is n^/2. 
Calculate the mean internal energy for a fixed value of S: 

2 

{U(S)) =  \ j j u(rij) p(ri)p(rj)dridrj (6.14.5) 

Answer 
Let's change the integration variables from the set rj and rj to the set ri and 

rj=ri+ry (6.14.6) 

Since Jacobian 

dr̂  .dr; =J [Mil^LJ^iliyufu] dr̂  -dr̂ j (6.14.7) 

is 1, then 

drj-drj =drj-dry (6.14.8) 

Using the relationship 

ri2 + r / = r i S ( r i + rij)' = 2 ri + ̂  +^- (6.14.9) 
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and Eq. (6.14.1), we have 

»h) P H P W = " N P(ri) p(ri + Tij) 

2KS' 
u(rij) exp IFH-^ (6.14.10) 

The integration of U(S) over r, in Eq. (6.14.5) yields 

{u(s)) = i^, n' 3 
2 2nS' 

u|rjjjexp ^riî ldrii 
4S 

2 ' i J " iJ exp •¥\"'2 dr 

T(^)J"N-p(-i^^'ij^'-

u r̂jjjexp ;rriî |drii 
4S 

2 iJ iJ (6.14.11) 

Since the interaction potential is finite only in the range IHO, exp{-3rij /̂(4S^)} 
in the integrant can be approximated by 1. Then, using Eq. (6.14.4), we have 

i3/2 ^ Q,_T, / o \ 3 / 2 _ 2 

(6.14.12) H^)>4b]'"j"N-.=^(ri >\7CS 

«Problein 6-14-b» Relationship between a and Z (I) 
Eq. (6.14.12) can be rewritten as 

2S-
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C = 
1 /3 
16 U 

3/2 

(6.14.13) 

The radius of gyration of ideal chain obeys Gaussian distribution, i.e., <S^>o. 
The radius of gyration of the excluded volume chain is calculated as the 
statistical mean: 

(s^> = 
0 

S 2 p , ( s ) e x p - i ^ dS 

p , ( S ) e x p - i ^ dS 

(6.14.14) 

with 

P(S) = 

and 

\3/2 

exp 
-3S 2 A 

2n{s% n 2 ( s ^ > „ 

(S^ = 4 

(6.14.15) 

(6.14.16) 

Derive the relationship between a, and Z by substituting Eqs. (6.14.13) and 
(6.14.15) in Eq. (6.14.14). Here, Z is defined by 

3/2 

(5.20.3) z = P n ' ^ l r ^ 
2nl 

If we define S* as the value of S when the function 

S êxpl 
'̂  3 S^ n^ pc^ 

V J 

has a maximum, the integral of this function is calculated as 

(6.14.17) 
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S^exp 
^ 3 S^ n^Pc^ 

2 c3 

0 
(s% 

dS 

: lim 
8S-^0 

rS +6S 

S^expl 

S -8S 

3 S' n^pc 
2 s^ iMs^>o 

dS = l (6.14.18) 

That is, Eq. (6.14.17) can be replaced by Dirac's 6 function 5(S-S*). Use this 
relationship. 

* In a strict sense, we must use exp(-F/kT)=<exp(-U(S)/kT)> in place of exp(-<U(S)>/kT). 

Answer 
Eq. (6.14.14) can be rewritten as 

(s^> = 

5(S-S*) 
47cS^ dS f~ 

0 / o " « ( - 1 47iSdS 

5(S-S*) 
47iS^ dS 

0 

5(S-S*) 
47tdS 

0 

Using the relationship 

JJ°f(S)8(s-S*) dS = f(S*) 

(6.14.19) 

(6.14.20) 

Eq. (6.14.19) is further reduced to 



342 

47cS 
(s>—r=^ 

S 
(6.14.21) 

Thus, we need to calculate S*̂  instead of <S^>. Differentiation of the 
fiinction Eq. (6.14.18) with respect to S yields 

9S 
c3 I 3 S 
S exp| - -

2 n^pc^ 

(S^>0 ' ^ ' ] 

L^2 3S^ 3n^ Pc^ f 3 S 
3S -

V {s% 2 S exp -:r 
n'Pc 

Hs% ''' 
The maximum of Eq. (6.14.17) is obtained from the equation 

(6.14.22) 

(6.14.23) 

or 
Q*5 „ 2 

{S% 
(6.14.24) 

Dividing both sides of Eq. (6.14.24) by 

3/2 n^^ . 3 / 2\ 3 /2_n; - -
(6.14.25) 

we have 

o n ^3/2 „2p J 33/2 33/2 

3/2 ^3/2,3 2 
(S ô" ( S C "'"I 

T P<̂  - i n . i " T " ^ n3/2j3 2 16;c3« (6.14.26) 

From Eqs. (6.14.21) and (6.12.52), we have 
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a ŝ  (6.14.27) 

Combining Eqs. (6.14.26) and (6.14.27), we have 
o3/2 

a ^ a ^ = ̂ Z (6.14.28) 

This result agrees with the Flory-Fox equation (6.13.34). 
(See M. Fixman, J. Chem. Phys. 23, 1656 (1955) and T. B. Grimley, Trans. 
Faraday  Soc. 55, 681 (1959)) 

«Problein 6-15-a» a -̂Iaw 
Fixman derived the equation 

a R ^ - l = 2 Z (6.15.1) 

by assuming that the variance of Gaussian distribution function be enhanced by 
a^ times by the excluded volume effect. Derive Eq.(6.15.1). 

Answer 
The end-to-end distance of a polymer chain is expressed as a series expansion 

of the excluded volume parameter Z as 

( R " ) = n / ' 1 + ^ Z + ... (6.12.29)' 

with 

J/2 I ^ Z =Pn^ 
2KI 

(5.20.3) 

When the excluded volume effect is large, the higher order terms are not 
negligible. Thus, it is more convenient if a closed form of <R^> is available. 
We start from the equation 

{R')=nl'a^' = n(la^y (6.15.2) 

This equation gives the mean square end-to-end distance of a Gaussian polymer 
chain with the segment length / aR. If the interaction between segment pairs 
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changes, resulting in a change in Z, Eqs. (6.12.29)' and (5.20.3) are replaced 
by 

(R^) = n/ ^ ttR 

and 

Z' =|5n'" 

l ^ Z ' . 

,3/2 

(6.15.3) 

271/ ^UR^ 
(6.15.4) 

Let's denote the infinitesimal change in <R̂ > caused by an infinitesimal change 
in Z', dZ', as d<R >̂. Then we have 

d(R^)=l„,V.az=A-( 
- \3/2 

- ^ n^'^/'dp 
271/^ 

(6.15.5) 

Here we assume that CR be constant. Similarly, from Eq. (6.15.2), we have 

d(R^) = 2 n/ â^daR (6.15.6) 

Since the change in URIS associated with the change in p, Eqs. (6.15.5) and 
(6.15.6) should be identical. Thus, 

( 3 '"" 
2 n/ ^apdap = :r— 

•̂  ^ 3a 27C/ 
n^'^^/^dp 

Rearrangement of Eq. (6.15.7) yields 

Integration of Eq. (6.15.8) gives 

(6.15.7) 

(6.15.8) 

fttR 9 I 2 , I""* 2 , 2 4 „ fZ 4 ^^ 
Jl 2aK^daR = |3aR^|^ =3« '^ ' -3 = 3 ^ = Jo 3 ^ (6.15.9) 

Here we use the boundary condition aR=l for Z=0, i.e., (3=0. Thus we 
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obtain 

2 3 2 4 ^ 
- t t p - - = - Z 
3 ^ 3 3 

V-l-(5)(f)z (6.15.1, 

Eq. (6.15.1) shows ttR^ocM^^^ or aR-̂ ocZ for M->oo or Z~»«>. This is called 
a"̂ -Iaw. The method used in this problem is a perturbation theory. (See M. 
Fixman, J. Chem. Phys. 36, 306, 3123 (1962)) 

«ProbIein 6-15-b» Relationship between a and Z (II) 
According to Kurata-Yamakawa theory, the radius of gyration of a polymer 

chain is given by 

with 
,3/2 

271/ I (5.20.3) 

Derive the equation 

« s - l = l-91Z (6.15.10) 

by means of Fixman's method used in «Problem 6-15-a». 

Answer 
Suppose the radius of gyration of a random coil chain 

(s^)o = ̂  (6.14.16) 

is modified by intermolecular interaction to 

{S^) = — - ^ (6.15.11) 
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For a change in tts, Atts, associated with the change in the interaction, say Ap, 
we have 

nl\ . ,2 n / X ' / . Aa,^' 
( s 1 = ^ ( a . . A a . ^ ^ . . 

a. 

n(/a,)^/ 2Aa3 

6 a. (6.15.12) 

Eq. (6.15.11) gives the radius of gyration of a random coil chain with segment 
length / tts. Eq. (6.15.12) gives that of the excluded volume chain affected 
by the interaction Ap. Thus, from Eq. (6.12.51), 

{s^) = 
n(/a,)^ 

1 + T05^^ " 

3/2 

27C M' (6.15.13) 

Combining Eqs. (6.15.12) and (6.15.13), we have 

2Aa, 134 3/2 

= -T7̂ APn 1/2 

a, 105 271 M (6.15.14) 

For an infinitesimal change, Eq. (6.15.14) is reduced to 

0 134 
2 a , X = —dZ 

(6.15.15) 

Integration of Eq. (6.15.15) under the boundary condition (as=l for Z=0) 
yields 

a.M=|^Z=...Z (6.15.10) 

The coefficient of Z is slightly different from that obtained in «Problem 6-
15-a» based on the end-to-end distance: 

aR^- l=2Z (6.15.1) 
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«Problem 6-15-c» Relationship between a and z (III) 
The equation for three-dimensional polymer chains 

a R ^ - l = 2 Z (6.15.1) 

is replaced by 

2 1 * 
«R "^ = 2 ^ (6.15.16) 

with 

= ^ " (6.15.17) 

for two-dimensional polymer chains. Derive Eq. (6.15.16). 

Answer 
For two-dimensional chains, Eq. (6.4.1) reads 

where 

( R ^ ) =(R^) = n/^ (6.5.7)' 

Here R is a two-dimensional vector. Referring to Eq. (6.12.7) and replacing 
471/^ by 27t/and 3/2 by 1, we have 

^••j dr,-dr„ 
drjdrjdR 

Using the approximation 
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e x p | - S ) = n e x p - % l U l . S x N . 

with 

u(rij)^ 

the equation 

Q(R)dR = J - J expf - :^jdr,dr2 - dr„ 

(6.12.4) 

(6.12.3) 

(6.12.1) 

is reduced to 

Q(R)dR= (271/^) 
1 / 1 

Tin/ 

i;JJ(i^]--S^N j > i 

^̂ hrS'"'"'' dR 

(6.15.20) 

The Laplace transformation of Q(R) is defined by 

L(s) = I Q(R) exp( -Rs)dR (6.12.13) 

The Laplace transformation of exp(-RVn/ )̂ in the bracket of the right-hand 
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side in Eq. (6.15.20) is given by 

expl 2 I exp(-Rs)dR 

X^ 
expl 2 ••^^'' ' ^ ^ ^ 

= / ^ 

n/ 

exp 

expl 2-YSyldY 

nl\l 
• \[%l exp 

nl\] 

= nl exp n/V 

Thus, we have 

L(s) = (27C/)" exp n/V i + I expU4±i/V f(sj-i) 
j» 

where 

f(s,i) = fx(r) 
T t i / ^ 

lexri i/2 
exp(- rs )dr 

(6.15.21) 

(6.15.22) 

(6.15.23) 

The numerical values 4 7c/ ,̂ 6 and 3/2 in Eq. (6.12.16) are replaced by 2KI, 4 
and 1 in Eqs. (6.15.22) and (6.15.23). Since the integrant has a finite value 
only in a limited range of small r, we have 

f(s,i) = \ x(r) dr = ^ f x(r) 27trdr 
71 i / •' n i/ ^J 

nil 
1 -exp - kT Inrdr = -

nil 
p* (6.15.24) 
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with 

1 - exp - ̂ ^ I I 27crdr (6.15.25) 

0 

The exponential term in Eq. (6.12.13) is expanded in a Taylor series as 

exp(- Rs) =X ^(- Rs)" = I ^(- Rs cose) 
k k 

Then Eq. (6.12.13) is rewritten as 

(6.15.26) 

Us) = J Q(R)S 1 ( - Rs cos e j W (6.15.27) 

The probabiUty distribution function that the end-to-end distance of a chain be 
R, Q(R), depends only upon R and does not depend on G. Thus, the 
integration over 6 can be performed as 

L(s)=X ^ s^J Q(R) ( - R)*^ciRf (cos eĵ 'de 

4 ^ V - y 1 X—̂^ 7 f , k :even 

For s=0, Eq. (6.12.13) is reduced to 
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L(0) = f Q(R)dR = f Q(R) RdR f d0 = 27i f Q(R) RdR 

Then the integration over R in Eq. (6.15.28) yields 

k+2 
''27iRdR 

RMR = Ii?r2v^-r^s'^fQ(R) 
k ^- r f — 1 

(6.15.29) 

= L(0)/l4i(R^>s^4f(R').S (6.15.30) 

Expanding the exponential terms of Eq. (6.15.22) in a Taylor series and 
neglecting higher order terms, we have 

Us) = (271/)" r k ! 
1 I n/V 

S?H l i l ! ! i « , V f<sj-i): 
j>i k 
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'M'^w. ^4Ui =aii/M fi».J-i), 
J>' 

,2k 
(6.15.31) 

Comparison of the terms for s=0 (k=0) in Eqs. (6.15.30) and (6.15.31) yields 

L(0) = (27i/)" l-I 

Then Eq. (6.15.31) is rewritten as 

(6.15.32) 

UO)X 

L(s) = 

n/ ^1 n - j + i ,2 
ik „ * 

4 -^ 4 nQ-i)l 
™2k 

1-I-T 
r (6.15.33) 

j>i 7t(j - i)/ 

Comparing the coefficients of ŝ '' in Eqs. (6.15.30) and (6.15.33), we have 

(2k)! ^ j j2 i± ll 
(R-) = 

k! 
n-j + , i \ p 

l-Il . 2 
nT 

j>i ^(j - i)/ 

(6.15.34) 

Approximating sum by integral and putting k=l, we have 

2 ! ^ rt2) N^^Z—r 

P 7.^i;(-^)ynt 

i-^^r-ztdt 

dt 

(6.15.35) 
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With the numerical values r(3/2)= VTC/2 and r(2)=l, the coefficient of <R^ 
is calculated as 1/4. Using the parameter Z* defined by 

Z = | - ^ | n 
nl (6.15.17) 

Eq. (6.15.34) is reduced to 

(R^) = n/ 
••'•'M' 

1-Z 
r " n - t 

Jl nt 
dt 

= n/ 

'--' 1-̂ i• 

-• i: i ;-;)-

= n/ 

1 - Z ' | l n n - | + - - — , 

1-Z* l n n - l + -
n 

2 n 2n^ 
1+Z l n n - l + 

="'̂ |'44- (6.15.36) 

* Compare with <R > for the three-dimensional chain given by 

(R2) = n / 2 | l + i z + . . . \ (6.12.29)' 



354 

(6.15.38) 

The relationship between a and Z* is obtained referring to Fixman's 
method as follows. <R^> of the polymer swollen by the interaction P* is given 
by 

(R^) = n/^aR2 (6.15.2) 

If ttR changes by AUR associated with a change in P*, Ap*, Eq. (6.15.2) is 
replaced by 

(R2) = n/2(aR + AaR)' = n / V 1 + 2 ^ + - (6.15.37) 

Combining Eqs. (6.15.17) and (6.15.36), we have 

1  ̂ nl OR 

Comparing Eqs. (6.15.37) and (6.15.38), we have 

2AaR 1 Ap* 1 AZ* 
" ^ = 2 ^ ^ 7 V " = 2 ^ (6.15.39) 

For an infinitesimal change, we have 

2aRdaR =4dZ* (6.15.40) 

Integration of Eq. (6.15.40) under the boundary condition aR=l for Z*=0 
yields Eq. (6.15.1). 

«Problein 6-16-a» Relationship between a and Z (IV) 
In Fixman's theory, it was assumed that the segment length of the excluded 

volume chain increased by a times the segment length of the original random 
coil chain and the value of a was coincident with that of ttR. However, when 
the excluded volume effect is not negligible, the random coil approximation is 
no longer applied. Thus, a should not be always identical to ttR. If we 
denote the former value of a as a*, Eq. (6.15.8) should be 
replaced by 
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da 2 r ^2 
R - ' ^ l ~^ a 

with 

C,=|=1.33.. . 

Here, aR̂  and tts^ were calculated as 

a 2 ^ \ ^ / _ 1 , y (- 7i 

I C | = 1 = 1 . 3 3 3 

C2 = — + ||n s - 2.075385396 

^ 64 73679 13202, ^ 1616, 3 , 
^^ = T-hlOO--^025-^"^'-405"^"2'" 

512 Ode 
= 6.296879676 ,1/2 

(6.16.1) 

(6.16.2) 

(6.16.3) 

(1 +3 sin^e) 

€4 =-25.05725072 

C5= 116.134785 

\ C 6 = -594.71663 (6.16.4) 

(See M.Muthukumar and B.G.Nickel, J.Chem.Phys.80,5839 (1984) ; H.Suzuki, 
Macromolecules 18,2082 (1985)) 

a,^ = - ) - r - = l+C',Z-C'2Z^+ C.Z^ + - (6.16.5) 
(s'>o 
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134 

536 nAl 
^2 = To5-T2%^ = ̂ -^^^ 

(6.16.6) 

(See H. Yamakawa and G. Tanaka, J. Chem. Phys. 45, 1938 (1966), ibid. 47, 
3991 (1967) andM. Fixman, ibid 23, 1656 (1955)) 
Express a* in a power series of Z using Eqs. (6.16.1) and (6.16.2). Next, on 
assuming that da* /̂dZ can be expressed in a similar form as Eq. (6.16.1), 
derive a* in a closed form of Z. Then derive the equation 

4.67 aR2 = 3.67+ (l+9.34Z) 2/3 
(6.16.7) 

Answer 
Differentiating Eq.(6.16.3) with respect to Z, we have 

2 
da 

•̂  =C,-2C2Z+ 3C3Z^-
dZ 

Substitution of Eq. (6.16.8) for dOR̂ /dZ in Eq. (6.16.1) yields 

Si 
* 

a 
and then we have 

C,-2C2Z+ 3C3Z - . • = 

*2 

a = 
1 

1 - 2 ^ Z + 3 ^ Z 2 -

(6.16.8) 

(6.16.9) 

(cA' 

The differential of a*̂  with respect to Z at Z=0 is 

da *2 

dZ z=o 
= ^ 

(6.16.10) 

(6.16.11) 
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On the other hand, the differential of OR^ with respect to Z at Z=0, 
(daRVdZ)z=o , is Ci. Combining Eqs. (6.16.8) and (6.16.9), we have 

da. 

dZ * 
a 

(6.16.12) 

for Z>0. We assume a similar relationship between the values at Z=0 and 
Z>0 for da*^/dZ: 

da 
dZ 

4C2 

C,a 
(6.16.13) 

The solution of Eq. (6.16.13) is 

a = 2 iZ + k, (6.16.14) 

Under the boundary condition (a*=l for Z=0), we have ki=l/3. Thus, we 
have a* in a closed form of Z as 

a * 3 ^ j ^ 6 ^ U 
Ci 

(6.16.15) 

Substitution of Eq. (6.16.15) for a* in Eq. (6.16.1) yields 

'1 
dZ =1 , . M/3 

IH-6U1ZI 

(6.16.16) 

The solution of Eq. (6.16.16) is 

a^ = 
C.dZ 

1 + 6 — Z 

3C, 
1/3 

+k. 
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4 Co 

2/3 

l+6 i +k- (6.16.17) 

Under the boundary condition of aR=l for Z=0, we have 

r 2 

' ' 2 - - 4 C , (6.16.18) 

Thus we obtain 

4C, 

4C, 
^^-.J..6(S^,z: (6.16.19) 

Substituting Eq. (6.16.4) for C, and C2 in Eq. (6.16.19), we have Eq. (6.16.7) 
which is called Ptitsyn's equation. (See O. B. Ptitsyn, Vyskomol. Soedin. 3, 
1673 (1961)) 

«Problein 6-16-b» Relationship between a and Z (V) 
Ptitsyn's theory is more strict than Fixman's theory since the former takes 

account of non-Gaussian expantion factor for the excluded volume chain. 
However, in this derivation, an adjustable parameter k was introduced as 

a ^ = 1-kZ 

In the equation of a*^ in a power series of Z 

a*2 = 1 + 4 U ^ Z+<12 
rc, 

.c. 
-6U^ Z^ + 

(6.16.20) 

(6.16.21) 

the numerical value of the coefficient for Z^ is 
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12 I S ? - 6 ? 4 g = 29.078-29.073 =5X10-
1.333 1.333 

which is only 1/1245 of the coefficient for Z. Thus, we can rewrite Eq. 
(6.16.21) as 

a'=  1 + 4 ^ |z+o(z^) (6.16.22) 

With the aid of Eq. (6.16.22), solve the equation 

da 

dZ " a * (6.16.23) 

Answer 
Substitution of Eq. (6.16.20) for a* in Eq. (6.16.23) yields 

dap^ C, 

dZ 

-Sh^ 
1/2 (6.16.24) 

The solution of the differential equation (6.16.24) is 
1/2 

'1 
^R 2Co 

Si 
Ci 

(6.16.25) 

Under the boundary condition (aR=l for Z=0), we have 

' ' - • - 2 C (6.16.26) 

then 

«•< = 2c; ?^-.Wi.4fSi,z; 
1/2 

(6.16.27) 

Substitution of the numerical values Ci=1.333 and C2=2.075 (Eq. (6.16.4)) in 
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Eq. (6.16.27) yields 

a^^ = 0.572 + 0.428 (1 +6.23 z) 1/2 
(6.16.28) 

(See H. Suzuki, Macromolecules 3, 373 (1970) and H. Yamakawa and G. 
Tanaka, J. Chem. Phys, 47, 3991 (1967)) 

* The equation for a^ which corresponds to Eq. (6.16.28) is given as follows: a^ is 
expanded in a power series of Z as 

a,^ = l + C i Z - C 2 Z ^ + .-. 

where 

Cj = 1 . 2 7 6 , C2 =2.082 

(6.16.29) 

(6.16.30) 

If we use Eq. (6.16.29) in place of Eq. (6.16.4) and perform similar calculations as «Problem 
6-16-a» and «6-16-b» , we have 

^^  ̂-i + J i+e lS^iz : 
2/3 

Ci^ 
(6.16.31) 

(Ptitsyn's equation) 

which corresponds to Eq. (6.16.19), and 

'^^-.J..4(Si|z; 
1/2 

cr '1 
(6.16.32) 

(Suzuki's equation) 

which corresponds to Eq. (6.16.28). Substitution of numerical values Ci and C2 in Eqs. 
(6.16.31) and (6.16.32) yields 

a^^ = 0.805+0.195 {1+9.79 Z} 

and 

a,^ = 0.609+0.391 {1+6.53 Z} 

1/2 

1/2 

(6.16.33) 

(6.16.34) 

respectively. Since as is readily determined empirically, Eqs. (6.16.33) and (6.16.34) can be 
assessed by experiments. 
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«ProbIein 6-17-a» Relationship between a and Z (VI): Kurata-
Stockmayer-Roig's equation 

For a Gaussian chain, the segment density at the point where the distance 
from the center of gravity is r is expressed as 

,3/2 

P(r)dr = exp -
3r^ I 4Kr^dr 

Now let's assume that <R^> is given by (See Eq. (6.14.14)) 

(6.11.1)' 

W = 
RV(R)exp|--^|dR 

p(R) exp 
I (U.)' 

(6.17.1) 

V kT 
dR 

where p(R) is the probability distribution function that the end-to-end distance 
of the chain is R and UR is the interaction energy for R, as expressed by 

3R 
p(R) = const exp| • 

2n/ 

( U R ) = ^ P kTJ PR(R)PR(R) 47CS^ ds 

(6.17.2) 

(6.17.3) 

Here, PR(R) is the segment density at the point where the distance from the 
center of gravity is R for the chain with the end-to-end distance being R. For a 
fixed value of the end-to-end distance R, the shape of the molecular chain is 
assumed to be an ellipsoid of revolution with the direction of the major axis 
being the direction of R. The radius of gyration for a fixed R in the three 
principal directions is given by 

{ - 1 - 1 , 1 + 
3R 

n/ 

2\ 

(6.17.4) 

and 
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The volume of the ellipsoid of revolution constructed by revolving the ellipsoid 

(6.17.6) 
2 2 

along the major axis x is given by 

1/2 

R̂ = 4 
1/2 

^i /2y^dx = 7i 

-(s.^) 
1/2 I <-^), 

idx 

4(^«r%> (6.17.7) 

Substitution of Eqs. (6.17.4) and (6.17.5) for <Sx̂ > and <Sŷ > in Eq. (6.17.7) 
yields 

4 n/M n/^ 
36 ^^ = 1 1 1 6 1 + 

3R' 
n/^ 

1/2 

4 ( i r 3"2;,n/2R|l + "̂  
1/2 

3 36, 

= const n/ R 

3R^ 

1 + 
V 

3R̂  

1/2 

(6.17.8) 

If we assume n segments are distributed homogeneously inside the ellipsoid of 
revolution, the segment density is obtained as 

PR(S) = 
const 

n/2R{| l+n/ /SR^J 
1/2 (6.17.9) 
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According to the method used in «Problem 6-14», derive the relationship 
between ttR and Z as 

ttR . a R = 
CZ 

.yi 

1 + 
3 a t 

(6.17.10) 

for the present model. Here C is a constant. 

Answer 
Substitution of Eq. (6.17.9) for PR(R) in Eq. (6.17.3) yields 

(UR) constB r«> 2. X . 2 , constB 
" r ^ = — T - ^ pR (s)47cs ds = —;r—^p, ,-,, 
kT 2 Jo ^^ 2 '̂̂  ^ ĴO '̂ Mo 47cŝ  ds 

( n/^ 
1/2 

constp n Bn 
T7- = const — 

1/2 

2 V„ 
R̂  

1 + 
n/ 

\ 3RV 

(6.17.11) 

Then substitution of this expression for <UR>/k:T in Eq. (6.17.1) yields 

jR^exp 
^ 3 R 2 

{R^) = . 
V 2n/ exp -C^ 

/ 

n/ 

[R^(H-n//3R^)J 
47tRMR 

7 I 3 R M I 
- c 

Pn 1/2 n/ 
/ lR^(l + n//3R^) 

1/2 

47tR'dR 

0 0 

jR^exp 
0 

0 0 

jR^exp 
0 

3R2 ^pn"2 — (̂ —_—. 
2n/ / 

3 R ' ^pn"2 
2n/ / 

n / 
R^(l + n//3R^) 

n/ 

R^(l + n//3R^) 

n 
1/2" 

>• 

dR 

dR 
(6.17.12) 
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Using the relationships 

and 

Eq. (6.17.12) is further rewritten as 

3 
JttRexp 

{al) = -
- 2 " " \3J a l 1 + 1/ 

1/2 

a^i + i/3al)J 
dttR 

JaRcxp 
- 2 / 3 1 

1/2 

-h^-i^s) %Ui + i/3â )J dOR 

JaRexp-^--aR 11 + 
-1/2' 

a. 3aL 
MttR 

7 2 3 2 3C'Zf, 1 
JaRexp-^--aR 11 + 

,-1/2" 

0 

where 

a. 3aL 
MWR 

C = N 3/2 

.5/2 C = const 

(6.15.2) 

(5.20.3) 

(6.17.13) 

(6.17.14) 

Let's denote the value of ttRwhen the function 

, , 3 2 3C'Z / , 1 ^""'' 
ttR^^ exp / - - ttp 1 + T (6.17.15) 

has its maximum as UR*. Then Eq. (6.17.13) can be rewritten as 
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{<) -
(6.17.16) 

Thus, we need to calculate OR*^ in order to obtain <aR^>. ttR* is given by 
solving the equation 

dUr. 
, 3 2 3C'Z / , 1 -1/2 1 

R 

3a . ' «x , ' / - 3a . . ' " / . . 1 V ' "3CZM 
^ R 

1 - ^ 9 

, 3 2 3CZ / , 1 
1/2 

a. 
= 0 (6.17.17) 

or 

3a^ - 3a^ + 3C7MI 11 + - ^ 
^•"' 3c'z r 1 -̂̂ '̂  

3a: 

3/2 

y 
3a: 3a R 

a ; 3 - a ; = C ' z f l + ^ r " = 0 
3a: 

= 0 (6.17.18) 

(6.17.19) 

If we denote <aR> simply as CR, by using Eq. (6.17.17), we have Eq. 
(6.17.10). Eq. (6.17.10) is called Kurata-Stockmayer-Roig's equation 
which gives a closed form of ttR as a function of Z. When aR-»«>, then 
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ZocttR^ (See M. Kurata, W. H. Stockmayer and A. Roig, J, Chem. Phys, 33, 
151 (I960)) 

«Problem 6-17-b» Relationship between a and Z (VII) 
The coefficient C in the equation for the ellipsoid of revolution model 

1-3 /2 

3a' 
a^.aR = CZ ( l + ^ l (6.17.11) 

is determined as 

C = m (6.17.20) 

by comparison with the coefficient of the equation 

a R ^ - l = ~ Z + - (6.16.3) 

Derive Eq. (6.17.20). 

Answer 
Eq. (6.16.3) can be approximated by 

aR= 1 + ~ Z (6.17.21) 

and then 
^3/2 / , M/2 

aR^.aR= 1 + ^ Z - 1 + f z = | z (6.17.22) 

By comparing the right-hand sides of Eqs. (6.17.11) and (6.17.22), we have 
3/2 

4 / 1 '̂'̂  4 
( t^ 

31 Sâ ^ I 3 3a„2 

4/4 + 4ZV'' 4/4f^ /4 \^ 
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Thus, Eq. (6.16.3) can be rewritten as 

2 
R 

" " • " " ^ I ' ^ W l l3l l2i) IT^I («>"^) 

«ProbIem 6-18» Determination of Flory constant K 
Assume the ratio of the root of the mean square end-to-end distance for 

nonideal conformation <R^> and ideal conformation <R >̂o (or perturbed state 
and unperturbed state), a=<R^>^̂ V<R^>ô ^̂ , be related to the excluded volume 
parameter 

Z = P"'"(5^) (5.20.3) 

as 

a^^ -1 = 2Z (Fixman's relation) (6.15.1) 

Combine this relationship with the Flory-Fox equation for the intrinsic 
viscosity 

hl = KM'X' (6.18.1) 
and discuss how to determine the Flory constant K in Eq. (6.18.1) from [T|] 
and M. Here, 

(6.18.2) 

A^J<.">1.>1  (6.18.3) 
-M M mo 

where mo is the molecular weight of a segment. Eq. (6.18.4) is identical with 
Eq. (8.33.1) (See also «Problem 8-32» and « 8 - 3 3 » ) . 
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Answer 
Using the parameter 

B 
B = —^ (6.18.5) 

nio 

Eq. (6.18.4) can be rewritten as 

(s V^^ 
Z = ^ B A" ̂ M ̂ ^ = 0.330B Â  ̂ M ̂ ^ (6.18.6) 

According to Fox and Flory (See J. Phys. Colloid Chem, 53, 197 (1949)), we 
have 

â ^ = â '̂ ^ (6.18.7) 

Let's assume a functional form similar to Eq. (6.15.1) for the relationship 
between oc^andZ; 

a^^-l=CZ + o(z^) + --- (6.18.8) 

Combining Eqs. (6.18.7) and (6.18.8), C is estimated as 

C . ? f ^ = 1 . 6 2 

If higher order terms in Eq. (6.18.8) are negligible, we have the equation 

a^^-l=1.62Z (6.18.9) 

Substitution of Eqs. (6.18.1), (6.18.2) and (6.18.6) in this equation yields 

- i ^ = K + OQA^XI .62x0.3308 A' 'M "̂  = K + 0.535B % M "̂  (6.18.10) 

Thus, we can determine K from the intercept of the plot for [T|]/M"^ against 
M"2(M-^oo). This plot was first proposed by Burchard and then a similar 
plot was carried out by Stockmayer-Fixman based on Kurata-Yamakawa 
theory: 

a5-l=1.55Z (6.18.11) 

in place of Eq. (6.18.9). In this case, Eq. (6.18.10) is replaced by 
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^ = K + 0 . 5 ^ o B M ' ^ (6.18.12) 

The coefficients of M"^ in the right-hand sides of Eqs. (6.18.10) and (6.18.12) 
are slightly different. 

* a^ is defined by 

3 [̂ 1 F(x) 

where [TI]^ is the intrinsic viscosity at 9 state. For x-^oo (complete non-free draining), we 
have 

«Ti^= : ^ ^ = 1 + 1.55Z + 0 ( Z ^ ) + - (6.18.14) 
Fo(x) 

from Kurata-Yamakawa theory (See «Problem 8-34»). If higher order terms are negligible, 
we can derive Eq. (6.18.11). The parameters A and B in Eq. (6.18.6) stand for short range 
interaction and long range interaction, respectively. The former is the interaction between 
close segments along the main chain. It depends on the valence angle and the restriction of 
molecular rotation and also slightly depends on temperature, but does not depend on 
molecular weight and kinds of solvent very much. The latter is the van der Waals type 
interaction between segments distant on the main chain but temporarily close. It depends 
strongly upon molecular weight, kinds of solvent and temperature. The theory developed 
with use of only these two parameters for describing solution properties of polymer is called 
the two-parameter theory. (See W. Burchard, Makromol Chem. 50,20 (1961), W. H. 
Stockmayer and M. Fbonan, J. Polym. ScL CI, 137 (1963)) 

« P r o b I e m 6 - 1 9 » Determination of Z 
Discuss how to determine the excluded volume parameter Z 

Answer 
Z is expressed as 

Z = \^] BA"^M^^ = 0.330BA"^M^^ (6.18.6) 
2K j 

with the parameters 
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A ' = ^ (6.18.3) 

and 

B = i (6.18.5) 
mo 

Here, A can be determined with the aid of the relationship A^=<R^>o/M= 
6<S^>o/M 

(6.19.1) 

empirically from the ratio of <So^> and M or the ratio of [T|] and M in 0 
solvent. 

* The parameter B is detennined by the following methods. 
(1) A2 is related to B as 

2 2 T, A2 = ^ - = — ^ | 1 ~ | (6.19.2) 

nearthe 6 temperature (See Eq.(5.21.2)). Differentiation of A2 with respect to T at 1=6 
yields 

Thus, from the temperature dependence of A2, we can determine 

B = Bo 1 — (6.19.4) 

(2) With the aid of the relationship 

F(Z) 
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NABO / e \ 
= -Y^ {l-^mZ) (5.21.2) 

we can determine B from the slope of the plot for A2/F(Z) vs. (1-9/T). 

(3) With the aid of Stockmayer-Fixman equation (See Eqs. (6.18.12) and 
(6.19.2)) 

(6.19.5) Pi- =1 + 1.55X0.330B A-^M"^ 
hie 

we can determine B from the slope of the plot for [il]/[Tl]e vs. M *̂ . Here, the 
approximation 

a,^= 1+2Z (6.19.6) 

is used for the derivation of Eq. (6.19.5). Thus, Eq. (6.19.5) cannot hold for 
large Z. 

(4) According to the Flory-Huggins theory, apparent second virial coefficient S 
for concentrated solutions is given by 

RTS = RT^(i -X,]-H^(f X ĵc + l f e j c ' - ^ (6,9.7) 

where 

X = X i + X 2 ^ i (6.19.8) 

The intercept of the plot for RTS vs. C at C=0 is given by 

R T Y U - X I = R T - | - (6.19.9) 

We can determine B from the intercept based on Eq. (6.19.9). (See N. Kuwahara, T. Okazawa 
and M. Kaneko, J. Chem. Phys. 47, 3357 (1967)) 

* Thus, no direct method for determining B or P is available. If the excluded volume 
theory is exact, we have an explicit function 

Z = f(as) (6.19.10) 
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Then, we can determine Z from Eq. (6.19.10). The theory can be checked by confirming the 
proportionality between Z thus obtained and M ^̂ . However, if we determine Z based on 
Fixman's tts^-law for solutions of polystyrene, poly a-methylstyrene, polychloroprene and 
polyisobutyrene, the resultant Z is a nonlinear function of M *̂ . 

«Probleiii 6-20» tts and \|/; comparison between experiment and theory 
According to McMillan-Mayer theory, A2 is given by 

A2 = - ^ / ' =- - ^ f g2(l,2)d(l)d(2) 

and 

On the other hand, A2 for gas is given by 

u(r)\ 
A\ = -N^r = .2nN^ 

0 
1 -exp< kT 

dr 

(5.11.1) 

(5.2.1)' 

(6.20.1) 

RT V v^ V^ 

where u(r) is the two-body potential. Similarly to Eq. (6.20.1), A2 for 
polymer solutions is expressed as 

(6.20.2) 

A,= 
N, 

^ 2M^V 
F,(1)F2(2) 

w(ii.i2)l 
i?f } l-exp|- S kx 

ii.i2 j 

d(l)d(2) 
(5.12.7)' 

where w(ii, 12) is the interaction potential between I'l th segment and ij th 
segment and FN is the N-body distribution function. (See «Problem 5-12») 
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In case of 

/ oo,r<ro \ f V ^ l i>Ml , " « 
"̂ '•̂  = | u ( r ) , r> ro / ' H " .^^ k f - } ^ ^ " I T (6-20.3) 

we have 

A2=NJ2KJ\^dr + 2J ^ d r \ (6.20.4) 

Thus, A2 stands for the excluded volume of a polymer chain (first term) when 
the attraction force (second term) is negligible. Eq. (5.12.7)' can be 
expressed in a series of Z, \}/(Z), as 

A2 = 47i^^N^ 1 - ^ X|/(Z) (6.20.5) 

Generally, \j/(Z)=0 for Z=0 and converges to a finite value for large Z. This 
result indicates that the excluded volume is proportional to <Ŝ >̂ ^̂  for large Z 
and decreases with decreasing Z, i.e., polymer chains do not penetrate each 
other for large Z but penetrate with decreasing Z. \|/(Z) is called the 
penetrating function. Summarize the theoretically explicit functional form 
of \|/(Z) and describe how experiments can be compared with the theories. 

Answer 
Theoretical functional forms for \|/(Z) are summarized as follows: 
(1) Flory theory 

a3^-a,^ = 2.60Z 

^̂ (ikl̂ ^̂  
. 230Z' 

~ ^ l ^ (6.20.6) 

(2) modified Flory theory 
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5 3 134„ 

1 W. (, 5.73Z\ 
¥ = T ^ In 1 + 

5.73 n I a / (6.20.7) 

(3) Yamakawa theory 
\0.46 

a^^ = 0.541 + 0.459 (1+6.04Z) 

(4) Fixman-Kurata theory 

a / =1 + 1.91Z 

' ' = (5^47) ' - l ' ^ ^ ) [ (6.20.9) 

These theories are compared with experiments. Modified Flory equation and 
Fixman equation can be rewritten with the parameter 

Z = 0.330BA"^ M *̂  (6.20.10) 
as 

^ ^ ^ ^ = 1.27x0.330BA-̂  (6.20.11) 

and 

- ^ 7 5 - = 1.91x0.330BA"^ (6.20.12) 

respectively. Therefore, we can discuss the validity of these theories by plotting 
(as'-as')/M"^ and (as'-l)/M"^ against M"^ using light scattering data. 
Typical example is shown in Fig. 6-20. It should be noted that the observed 
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<S^> includes effects of the interaction between segments and solvent, since 
different kinds of solvent are used in the experiments. Generally, the solvent-
polymer interaction parameter exhibits anomalous behavior, then <S^> or a 
depends on molecular vŝ eight in low molecular weight range, resulting in 
inconsistency with theories. In Flory's theory, molecular weight dependence 

0.4 

^ 02, 

0 

/ 

\ K 

^&^^^ 

.... J , 

^ . — ^ ^ s ' ^ " * ^ ^ 

1 

• 

1 . 

a: 
Fig. 6-20 ^ as a function of a / observed and calculated using different 
theories. Polychloroprene fractions in trans-decalin at different 
temperatures(O), in n-butyl acetate at 25°C ((•) , in carbon tetrachloride at 
25°C ( • ) . Solid lines, calculated from various theories cited in the text; 
(l)Flory (2) modified Flory (3)Yamakawa (4)Fixman-Kurata. Dashed line 
is the best fit to the plotted points. (See T.Norisuye, K.Kawahara, 
A.Teramoto, and H.Fujita, J.Chem.Phys. 49, 4330 (1968)) 
[1] P.J.Flory, J.Chem. Phys. 17, 303 (1949); P.J.Flory and W.R.Krigbaum, J. Chem. 
Phys. 18, 1086 (1950); T.A.Orofino and P.J.Flory, IChemPhys. 26, 1067 (1957) [2] 
B.H.Zimm, W.H.Stockmayer and M.Fixman, J. Chem. Phys. 21, 1716 (1953); 
M.Fixman, J. Chem. Phys. 23, 1656 (1955); H. Yamakawa, J. Phys. Soc. Japan  13, 87 
(\95S); A.CAlbrechU J.Chem.Phys. 27, 1002 (1957) [3] H.Yamakawa and G.Tanaka, J 
Chem. Phys. 47, 3991 (1967); H.Yamakawa, J.Chem. Phys. 48, 2103 (1968) [4] 
M.Kurata, M.Fukatsu,H.Sotobayashi and H.Yamakawa, J.Chem.Phys. 41, 139 (1964); 
M.¥ixman, J.Chem. Phys. 36,3123 (1962). 
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of AFei is not taken into account and an approximation of M->oo is used for the 
estimation of concentration inside the coil. In Fixman's theory, molecular 
weight effects are included only in a many-body effect of cluster expansion, 
i.e., in higher order coefficients of Z. 
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Chapter 7 Light Scattering 

«Problem 7 - l » Rayleigh's equation for scattered light intensity 
Suppose N optically isotropic scattering particles of the same shape in a 

scattering volume V. Perpendicularly polarized incident monochromatic light 
with vibration number cOo travels along positive x-axis with the electric vector 
polarized along xz plane. Calculate the scattered light intensity Is(r) 
observed at a point P where r is the distance from the standard particle at the 
origin O to the point P and prove that Is(r) is inversely proportional to the 
fourth power of the wave length X (Rayleigh's A.""* law). The optical 
geometry is shown in Fig. 7-1. 

Answer 
Light is electromagnetic field which propagates in time and space. The 

electric field of light in the direction r is expressed as 

I>= Eo cos(27CV t - ^ r ] (7.1.1) 

where v is the frequency, X the wave length of light, t the time and r denotes 

Fig. 7-1 Optical geometry 
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an arbitrary point. When an isolated particle is illuminated by a parallel beam 
of linearly polarized radiation, the particle becomes polarized in the 
electromagnetic field due to the displacement of the electrons with respect to 
the nuclei. For the harmonically oscillating electric field E of Eq. (7.1.1), a 
synchronously vibrating electric dipole P is induced (Lord Rayleigh, 1871). 
Then a scattered light is emitted from the dipole (secondary wave). The 
relation between E and P for the particle at a point TQ is given by 

27C ^ In \ 
p = aE = aEo cos 27Wt TQ = Po cos 27cvt - — FQ (7.1.2) 

V X, y V K ) 

where the proportional coefficient a is the polarizability. Since Eq. (7.1.2) 
should be independent of the position of the particle, it is sufficient to consider 
the equation 

P = aE = aEo cos(27CVt) = PQ cos(27CVt) (7.1.3) 
instead of Eq. (7.1.2). Here, we assume that the solution of the scattering 
particles be sufficiently dilute so that the scattered light from the particles are 
regarded as independent and the multiple scattering is negligible. The 
scattered light at a point P which is distant from the particle by r has an electric 
field polarized along 6, EQ, and a magnetic field polarized along \|/, H .̂ 
According to the electromagnetic theory, 

(27c)^PoSine, (^ In \ n \ A\ 
E . = ^ | - ^ c o s ( 2 ™ - - r j (7.1.4) 

H , ^ < ^ ' " ' [ ; ; ° ^ - s i n ( 2 , w . - | r ) (7.1.5) 

The time average of the electric energy per unit volume Ê  /(87t) is given by 
the integration of Eq. (7.1.4) as 

1 777 1 1 fT^2 . 
%% T 871^0 

= L ^^—-—7-5 ^cos^ 27CVt---rkit 

= -̂ ^—-—T-̂  ^ - L cos^ 27CVt--—rkit 

]_ J_ (27c)^Po^sin^e, T 

T ' STC ' X'^T^ ' 2 
(7.1.6) 
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Here, the integration is performed by putting x=27ivt-27ir/?i (dt=dx/27cv) as 

rl/v of^ 27C Y fXoCOS^X, 1 
I cos^ 27cvt-—-rkit= M dx = 

1 . ^ x" 
—sin2x + ~ 
4 2. 

= - s in 47cvt--—r + - 27uvt--—r 
27CVL4 V X J 2y X 

H 

0 

l/v 

JO 

1 J i r . 
27w[4L 

4K >. . • 47C ' 
sm 47uvt cos—r - cos 47cvt sm —— r 

X X . 

l/v ^ 

0 2 

27C 
27cvt--—r 

nl/vl 

JO 

7C _ 1 _ T 
27CV "" 2v "" 2 

(7.1.7) 

Similarly, we can calculate the time average of magnetic field and obtain 

l . i 2 = ± ^ = PK/Po'sin^e, 1 
87t 8K SnX\ 4_2 

(7.1.8) 

The electromagnetic energy per unit volume is given by Eq. (7.1.8), and is 
transferred with velocity of light c. The intensity of light is defined by the 
energy transferred per unit cross sectional area and unit time. Thus we have 
the scattered light intensity I as 

STC 471 4 2 

rr 471 4^2 

rr 
(7.1.9) 

From Eq. (7.1.1), incident light intensity IQ is obtained as 

2 2 E Q rl/V 2 
E = —^̂  I cos J- Jo (2.vt-fr) t = 

—(E^+H^1= — - ^ 
87tV / 471 2 

T 2 2 
(7.1.10) 

(7.1.11) 

From Eqs. (7.1.9) and (7.1.11), we have 

I, = 
(271)̂  sin^ e,a^ 

Ir (7.1.12) 

Thus, the scattered light intensity is inversely proportional to fourth power of 
wave length X,. 
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* Lord Rayleigh (J. W. Strutt) in 1871 gave the first theoretical explanation (the dipole 
radiator theory) to the phenomena of light scattering by molecules in a gas in terms of the 
electromagnetic theory. Rayleigh considered that the oscillating electric field of light incident 
upon a transparent optically isotropic particle when radiation is small compared with the 
wave length of the light induce an oscillating electric moment in the particle (See Lord Rayleigh, 
Phil Mag. Ser. 4,41,447 (1871) and G. Oster, Chem. Rev. 43, 319 (1948)). 

* Electric field can also be expressed using an exponential form as 

E=Eoexp(-i(cOot-Kio-r)) (7.1.13) 

where COQ is the vibration number and qo is the wave vector of the incident beam. 
If there are N particles in a volume V, the relation between E and P for7 th particle is given by 

Pj=aEj (7.1.14) 

If we denote the vector fi-om the standard particle at the origin to they th particle as TJ , then 
the total electric field is expressed as 

N N 

Es(t)=X E j = X Eoj(t)exp[iqrj(t)]exp(.ic0ot)exp(.iq3r) 7̂ 1 15) 
j=i j=i 

where q̂  and q are the wave vector of the scattered light and the scattering wave vector (=qs-
qo), respectively, the magnitude of q is q=47cA.sin (9/2)=47cn/A-oSin (0/2) where n is the 
refi-active index of the solvent and XQ is the wavelength in vacuo. 
The scattered light intensity Î  observed at P is calculated as the time average <Es*Es> as 

2C0^a2sin^e,i rT ^io^a sm ^2 1 rT 
i z = ^ o — ^ 2 — J I ^^  ̂ (^ot-q/)dt 

c r 

=y\e 
" cV T\<o, 

1 2 
—sin tOotcos 2qsr-cos 2(0Qtsin I q / k^[«ot-qsr] 

2 to^a^sin^ e^ 21 enWsin  ̂ e^ 
= ^ 0 TT—^^O -71 (7.1.16) 

Eq. (7.1.16) is, of course, consistent with Eq. (7.1.12). 
Similarly, when the incident light is polarized along xy plane, the scattered light 
intensity ly is calculated as 



Iy = ^ 0 
167t^a2sin'e 

x\ 
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(7.1.17) 

If the incident light is natural light or non-polarized light, the scattered light intensity Ij is the 
sum of Eqs. (7.1.16) and (7.1.17) as 

Is = Iy+Iz 

=NE: 
STl'̂ a^Csin^Gy+sin^e^) 8KW 

A r 
(7.1.18) 

Here we use the relatioship sin̂ Oy + sin ê̂  = (l-coŝ Gy) + (1 - coŝ Oz) = 2 - (1 -coŝ O) = 1 + 
cos^e. 

«ProbIem 7-2 -a» Total scattered light intensity 
Using Eq. (7.1.17), derive the equation for the total scattered light intensity 

for a particle in unit volume 

^ total 
12871* 2 
3 ^ 

a^Io (7.2.1) 

Answer 
The total scattered light intensity is calculated by integrating Eq. (7.1.18) 

over all directions as 

Fig. 7-2 Attenuation of light intensity in solution. 
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r27l rn 9 . ^ , ^ , r27Cf7t87C 
I.o.a. = Jo Jo"l̂ ' ^̂ "Q'lQdcp = f j ; ^ r ^ sineCl + cos^ e)a^lod0d(p 

= -p-a^loj^" rCsine + sinGcos^ e)ded(p 

87c 7^ ^ rn, . ^ . ^ 9 ,v. ,rv 1287c 
= ^ a ' l o 2 7 i r ( s i n e + sinecos'e)de =^^^a\ (7.2.2) 

A 3A 
Note that the area element at the radius r is given by 
(rde)(rsined\|/)=r^sineded\|/. 

«Problein 7 -2-b» Turbidity (I) 
When incident light with intensity lo passes through a polymer solution, the 

intensity decreases due to the light scattered by the polymer molecules. The 
transmitted light intensity of the beam emerging at a distance / is given by 

It = Ioexp(-TO (7.2.3) 

The attenuation coefficient T is called the turbidity. Suppose there are Â i 
molecules in unit volume. Show turbidity is proportional to Â i. 

Answer 
Equation (7.2.3) is rewritten as 

t = -(-pin(^)=-(-,)ln(l-^) (7-2.4) 

In dilute solutions, (Io-It)/Io«l. Then, we can neglect the higher order terms 
of the Taylor series of the logarithmic term as 

The intensity decrease in the solution is identical to the total intensity scattered 
by the molecules in the solution. The intensity scattered by a particle in unit 
volume is calculated as 

_ 12871^ 2J (7.2.1) 

Then the turbidity per unit length is obtained as 
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x^tY^=inJ^=-L^a' JV, (7.2.6) 

Thus, the turbidity is proportional to the number of molecules in unit volume. 

«Problein 7 - 3 » Rayleigh ratio 
Derive the relationship between the Rayleigh ratio defined by 

1 / 
Re = -f- (7.3.1) 

and the number of molecules per unit volume of a polymer solution, Â i, where 
r is the distance from the solution to the detector and Is and IQ are the scattered 
and incident light intensity, respectively. 

Answer 
According to Eq. (7.1.18), the intensity Is in the direction of 0 scattered by 

Â i particles in unit volume of the polymer solution is given by 

871̂  
Is= -j^(l-K:os"e)anoA^, (7.3.2) 

Thus, RQ is rewritten as 

87C^ .2ox^2, Re = -^(l+cos^0)a^A^, (7.3.3) 
A 

* Rayleigh ratio R̂  is independent of the distance from the observed particle to the detector 
and the intensity of the incident beam. It only depends on the shape and the size of the 
scattering particle, the scattering angle and the concentration. The factor (l+cos^0) is the 
correction for natural light. Reduced scattered light intensity R^ is defmed by R̂  divided by 
(l+cos^O). 

* The turbidity per unit length t is related to RQ as 

Io-It = 27lReIo| (H-cos^e)sinede 
Jo 

= 27cReIo r sin ede + r cos^ Osin GdO 
Jo Jo 

^yjtRelo 



384 

M t 16 
^—J ^^K.e (7.3.4) 

According to «Problem 7-10», KC/R, can be expanded as a power series of C as 

KC 1 

with 

^ 2K^ 2fdnf 
 ̂ =  —A n 37; (7.3.6) 

In the limit of C -»0, we have 

32JtVf 
T ^ ^ dc I ̂ ^ (^•^•^) 
3 2 J i V / d n ^ ^ 

lim X = MHC = -—::—| -  ̂ \ MC 
c-»o 

where 

3 3 X*N.UC 

Thus, we can determine the molecular weight of the polymer M by measuring the turbidity of 
the dilute polymer solution and the difference in refractive index of solution and solvent, and 
extrapolating it to C->0, without introducing any kind of empirical constants. 

Hlim(C/x) = l/M (7.3.7)' 
C~>0 

«Problein 7 -4» Scattering from large particles 
If scattering particles (such as polymers) are large compared with the wave 

length of the incident light, we must take account of the interference of the 
light scattered by different parts in the single particle. Derive the intensity of 
the scattered light from particles of arbitrary size. 

Answer 
We consider an optical geometry as shovm in Fig.7-4. The induced dipoles at 

B and B', each scattered by / th or7 th particle (or segment) are expressed from 
Eq. (7.1.2) as 
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27C — 
Pj = PQ COS| 27tvt - ^ Ai 

Pj=PoCos(^27CVt-yA'jj 

(7.4.1) 

(7.4.2) 

The electric fields of the scattered light are expressed from Eq. (7.1.4) as 

^ (2K)^PoSine, {(^ 271—^ 27t^l ,^.^. 

E,. , 4 •cos[2^-yA.J-Y.B (7.4.3) 

sin^ d(pdp 

Fig. 7-4 Difference in phase of scattered light from points / andy 



386 

Ej = 
(271)̂ Po sine. 271-

- - , 2 7 t v t - ^ A ' j - — j B ' 
2%-

respectively. The difference in phase of the scattered light is 

A^,=^(Ai + lB)-^(VjH-jr) = ^{(Ai-A^)-(F- iB)} 

In /T7T 7T7\ 

Using the relationship 

j'i = rij cos a ] 

jP = ryCosp 

Eq. (7.4.5) is rewritten as 

4K . B - a . B + a 
= — r„ sin sin 

X " 2 2 
Putting the relationship P-a=e in Eq. (7.4.7), we have 

471 . e . re ^ 47t . e rTt e 
Ajj =-r-rii sin-sin - + a =-::-rii s in-cos — - - - a 

" X 'J 2 U j X '̂  2 l 2 2 

Introducing parameters (See Note of Eq. (7.1.15)) 

47C . e 
q = —-sin — 

X I 
n e 

<n = a 

2 2 

Eq. (7.4.8) is reduced to 

Ay =ryqcos(p 

If we approximate iB=jB'=r, Eqs. (7.4.3) and (7.4.4) are reduced to 

g ^(2K)2PoSine, 
X'r 

cos(27tvt') 

(7.4.4) 

(7.4.5) 

(7.4.6) 

(7.4.7) 

(7.4.8) 

(7.4.9) 

(7.4.10) 

(7.4.11) 
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E. =-^—'—I ^cos(27Wt' + Aij) (7.4.12) 
A r 

If a polymer consists of n segments, the electric field of the scattered light from 
the polymer is 

E = E o + E , + . . . + £„ = t E j (7.4.13) 
i=0 

The intensity of the scattered light is expressed as 

I = f p + ?F) = fi^ = ffiE,T=f iii;!- (7.4.14) 
SK^ '4K 47cVit5 ; 47ti=oj=o 

The average in Eq. (7.4.14) is calculated using Eqs. (7.4.11) and (7.4.12) as 

> i y Jo 
(27t)^PoSine, 

X'T 

j_(_27t)''Po^sine, 

2 4_2 

\ 4 n 2 

cos(2Trvt')cos(27CVt' + Ajjjdt' 

[A jJcos(47Wt' + A,)dt' + I f cosA.dt'] 

l ( 2 7 0 X l s i n e , 2 ^ 
: 7-̂ 5 ^ C O S A : : 
2 X^^r^ '' 

(7.4.15) 

The integration of the first term in the bracket of Eq. (7.4.15) is carried out 
using a parameter X=47CVt'+Aij (dX=47Cvdt') as 

rH^x= 
0̂ 47CV 

sin(47CVt'H-Ay) 

4K\; 

l /v 

1 I / I * ' 
= sin47Wt'cosAi:-cos47i:vt sinAy 

47cv' " 

l /v 

= I ||(sin 4n cos Ay + cos 4% sin Ay) - (o • cos Ay +1 • sin Ay)} 

^ (sin Ay - sin Ay) ̂ ^ 

Substitution of Eq. (7.4.15) in Eq. (7.4.14) yields 

^ c 1 (27t)^Po2sine,2 " " ^ 

471 2 A, r i=oi=o 

(7.4.16) 

(7.4.17) 
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From Eq. (7.4.10), Eq. (7.4.17) is rewritten as 

I 
c 1 (2K)^Po^sine ^ " " 

l 4 . 2 ££cos(qryCos(p) 
471 2 T r ' i=oj=o 

The average in Eq. (7.4.18) is calculated as 

/ ( W Jo locos(qrijcos(p)sin(pd(pdp sinfqry) 
(cos(qr, coscp) = = — — 

Jo Lsin(pd(pdp qry 

(7.4.18) 

(7.4.19) 

The integration is carried out by using a parameter X=cos(p (dX=-sin(pd(p), 

J^''-cos(qrijx)dx = 
sin(qryx) 

qfij 

sinmrjj cos(pj 

qfii 

- ( s m ( - q r , ) - s m ( q , J ) = - — -

an.n I \ • ^ ^ f2K2sin(qry) si^qr^j) 
Jo JoCOs(qrijCOS(p)sm(pd(pdp = Ĵ  ^ dp = 47t-

qry qfij 

Thus we finally obtain 

,4r»2 
1(6) = 

c 8JI*PO sin'' ^z ^^ smqr^ I67i^ sin^ ẑ v v ^^^^^'i 
II- = Ir i 4 _ 2 II-

(7.4.20) 

(7.4.21) 

(7.4.22) 

(7.4.23) 
4TC X T i=oj=o qry X r i=oj=o qr^ 

(See M. Kaneko and K. Ogino, Polymer Science (Kobunshi Kagaku), Kyouritsu 
Pub. Co., 1965, pi30) 

* If we use exponential form of electric field (Eq. (7.1.13)), the problem is solved as follows. 
We consider the scattered light fi-om the positions TJ and r\ at time t=0. The scattered light 
intensity is calculated as 

i,(e) = (E:-E,) 
t=0 ^ ' 

N 

I exp[iq-rj(0)] I exp[-iq-r,(0)] 
cV 1=1 
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INN \ N N 
= A^( X X exp/ -iq.[r,(0)-rj(0)] I )= A^X Z (^os qTj,) (7.4.24) 

with 

q = qs-qo'rji = rrri (7.4.25) 

and 

A = '-^^ '— (7.4.26) 

Let's denote the angle between FJ and T\ as P, that is, 

q-rji= qrjicos p (7.4.27) 

The average of cos(qrji) is calculated as 

I cos I qrncos p jsin P dp 
/ X Jo V J ; sinqrii 
cos (q.r,) = = - l i l 

I sin p dp ^̂ J» 

and then 

which agrees with Eq. (7.4,23). 

(7.4.28) 

c r j=, 1=1 qrji 

«Problein 7 -5» Particle scattering factor P(e) 
Particle scattering factor P(6) is defined by 

_is(e) 
^^^^"i;(0) (7.5.1) 

Calculate P(9) for ls(0) of a large particle 
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I s(e)= T l - 1 1 — ^ (7-4.29) 
c r j=i 1=1 qfji 

in caseof qrj i« l . 

(7.5.2) 

(7.5.3) 

Answer 
sin(qrji) is expanded in a Taylor series as 

sin qrj ,=qr. , - i (qrj , ) ' + 

Then Eq. (7.4.29) is expressed as 

1(0) is obtained by putting 

q(ri - Fj) = 0 

in Eq. (7.5.3) as 

(oWEli 1+cos ̂ e) ̂  ^ yCOV^Eof 1+cos ^e) 
1(0) = ^Vl -  ̂  ̂ 1= T-2 (^•5-4) 

c r j=, 1=1 c r 

The ratio of Eqs. (7.5.3) and (7.5.4) is 

P,e,=i,ii{..>(„)^...)=,.^si:rA-

(7.5.5) 

Here <S^> is the mean square radius of gyration defined by 

^ ' 2N j , ^ 

(See Eq. (6.9.12)) 

* Debye noticed that 'dissymmetry in angular distribution of scattered light intensity (See 
P(0)) can be used to obtain information about particle size' and 'it is much easier to relate 
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particle form and particle size to the observed scattering and 'the molecular weight of the 
substance in solution can be evaluated without introducing any kind of empirical parameters'. 
(See P. Debye, J. Appl Phys. 15, 338 (1944)) 

«Problem 7 - 6 » Guinier plot 
Show how to determine the radius of gyration of molecular chains by means 

of light scattering. 

Answer 
According to «Problem 7 - 5 » 

P(e) = l - i q ^ ( s ^ ) + ... (7 5 5) 

When G is sufficiently small, P(6) is approximated as 

P(e) = l - | q ^ ( s 2 } (7.6.1) 

Thus, we can determine <S^> from the slope of the plot P(9) vs. q̂  (See A. 
Gumitr, Ann, Phys. (Paris)  12, 161 (1939); J. chim.Phys. 40, 133 (1943)). 

«Problein 7 -7 -a» Determination of the shape of particles from P(0) (I) 
Derive the expression for P(G) for 

(a) spherical particle with radius a 
(b) rod-like particle with length L 
(c) Gaussian chain. 

Answer 
(a) Spherical particle: 
Let's denote the scattering vector as q, the vector connecting the center of the 
spherical particle and an arbitrary point P in the particle as rp and the angle 
between q and rp as a. The phase of the light scattered from the points where 
qrp is a constant is the same. The volume of the element in the range of a 
between a and a+da and rp between rp and rp+dr is 2Krp^sinadadr 
The scattered light intensity is given by 
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I s = E j = 

with 

Xexp[iq-rp] 

•rplrp^sinodadrp I 1 = 271 exp[iq-i 

Putting cosa=^, d^=-sinada, Eq. (7.7.2) is calculated as 

I h - 2 ^ { I exp[iq-rp]rp^d^drp=27i T^[exp(iqr)] ^ r̂ dr 

J ' I 47t a 1 

-sin (qr)rdr= —(- —cos(aq) + —sin (aq)) 
0 q q q q̂  

(7.7.1) 

(7.7.2) 

Thus, 

i 2_ j47t \ , a 

, q / q 
M Is = I Eg I'= | - ^ | (~cos(aq)+-^sin (aq)) =-5—^(-aqcos(aq)+sin(aq))' 

AH 2 
= —(sin x-xcosx) 

X 

with X = aq and 

q=(47tn/A,o)(sine/2) 

(7.7.3) 

(7.7.4) 

in the medium with the refractive index n. 
lo is obtained by expanding sinx and cosx as a Taylor series and extrapolating 
to q -^0 as 

.6(.\2 

In = limL = lim ^0 
M' x' x' V 

6 l ^ ' S l ' ^ S ! q-K) x - ^ ^ 

= limaVK)f(l-l) + (l-l)x^ + 

- x ( l — + •••) 

x-K) 
(7.7.5) 
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Then we find the particle scattering factor for spherical particles as 

\2 

lo a^47C^ x^ ^ ^ 

—Isinx - xcosxl 

2 

(7.7.6) 

• Eg. (7.7.6) was first derived by Rayleigh (Lord Rayleigh, Proc.  Roy. Soc. A90,219 (1914). 

(b) Rod-like particle: 
The difference in phase of the light scattered at the points P and P ' along the 
rod depends on the distance between the two points. The total scattered light 
intensity Is is calculated by summing up the intensity of the scattered light 
over the distance. 

I.~II=f (7.7.7) 
P p' ^ 

The integral over P for rpp'=const. is 

2 (L- rpp) (7.7.8) 

Approximating sum by integral, we have 

l3 0 c 2 r ( L - r ) ^ ^ d r = 2L f ^ J ^ d r - 2 f ^Sl^dr 
Jo qr Jo qr Jo q 

^ 2 L £!BJ£dr-2—(l-cosLq) (7.7.9) 
Jo V q 

lo is obtained by expanding sin(qr) and cos(Lq) as a Taylor series and 
extrapolating to q-^ 0 as 
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Io = l imIs= lim 
q-̂ O q->0 

= 2Lf dr-L^ =L^ 

2L 

, u . 

I 
0 

qr- 3! 

qr 

M 2 L (qLr -1 

(7.7.10) 

Then we have the particle scattering factor for rod-like molecules as 

Is 2 
P(e) = i i = f f l i l l 3 I d r 2 (1-cosLq) 

lo LJo qr nL^^ ' M' 
q f sinqr, 2 /̂  ^ \ I f ^ s i n z , fsinx^ 

= — — ^ d r -11 - cos 2x = — I dz - f? 7 11) 

where 

x = -Lq , z = qr 

* Eg. (7 J. l 1) was derived by Neugebauer (See T. Neugebauer, Ann. Physik 42, 509 (1943)). 

(c) Gaussian chain: 
Let's take the pearl-necklace model. We denote the vector connecting the k th 
segment andy th segment as TJ .̂ The number of combinations for a constant 
value of k-j is n-k-j. Since the number of ways of numbering to j and k is 2 
(from left end or right end), the total number should be doubled. The 
scattered light intensity 

^s^SX^^Pi^V 
j k 

(7.7.12) 

is calculated by approximating sum by integral as 
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i s ( e ) « 2 X (n -1 k - j I j exp(iqrjk)W(rjk) drjk 
j<k 

(7.7.13) 

with the distribution function of TĴ  ; 

W(r3k) = 
3r 

exp 
jk 

27i|k-j|b'N 1 2|k-j|b'^l 

where b' is the bond length. Using a rectangular coordinate XjkyjkZjk, we have 

dfjk = dXjfcdyjkdZjk, TĴ  = Xĵ ^ + yj^^ + z-^^ 

Approximating sum by integral and using a parameter p= | k-j | , we have 

Is(e)oc2j (n-p)dpj dxpj dypj dZpexpi(q^Xp + qyyp + q̂ Zp) 

27ipb' 

3 

- ^ expi 

/ 
3(xp2 + yp' + Zp2] 

V 
2pb'' 

(7.7.14) 

Integration over Xp is carried out as 

exp (iqxXp) 

3 
3 \2 3x, 

27tpb' 
exp 

2pb'^J 
dx. 

3 

3 V 
2Kpb' 

expjiqxXp-—3^|dXp 

3 

3 V 
27tpb' 

exfK 

2pb'' 

( 
3 ^2 

2pb'̂  
x „ -

iq. 3 \2 

P 2 2pb" 
expi ——— Idx, 

2 . ,2 2 = e x p - - p b q^ (7.7.15) 

Thus, Is(6) is calculated as 
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s(e)oc2J\n-p)dpexp-|pb' 'q ' j 

= 2 nexd.|pb''q^jdp - 2\ expl - | p b ' ' q 4 dp 

= 2 nexp(-Ap]dp - 2 pexp(-Ap)dp 

Jo Jo 
2 / ^ x 2 2n 

= —exp(-An)- — + - (7.7.16) 

with 

A.fb-̂ ,̂  

Putting x=An, we have 

Is(6) ^ - y { exp(- x) + X - 1 | (7.7.17) 

lo is calculated by extrapolating x to 0 as 

IQ «̂  lim —— < exp(- x) + x - 1 >= lim —-- \ l - x + + x - l l=n 
x^O X ^ ^ x->0 X \ 2' J 

(7.7.18) 
Thus the particle scattering factor for a Gaussian chain is obtained as 

P(e) = 7̂ = 4(^^P(-^) ^̂  "0 ^7.7.19) 
In Y ^ / ^0 X 

2 9 7 
with x = —nb' q 

3 ^ 

* Eq. (7.7.19) was obtained by Debye (Lecture given at Polytechnic Institute of Brooklyn, 
New York, November 25,1944, according to Oster's review (See G. Oster, Chem. Rev. 43, 
319 (1948), ref. 32)) and derived in detail by Zimm, Stein and Doty (See B. H. Zimm, R. S. 
Stein and P. Doty, Polym, Bull. 1,90 (1945) and see also Debye (P. Debye, J. Phys. Colloid 
C/iem. 51,18(1847))). 
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* The scientist who first suggested the importance of light scattering approach to polymer 
solutions is P.Debye. He submitted a paper entitled "Light Scattering in Solutions" in J. 
Appl Phys 15, 338 (1944), where he said," In a general way the theoretical work involved is 
rather complicated. However, in the special field of polymers advantage can be taken from 
the fact that it is possible in many cases to adjust the solvent in such a way that the difference 
in refractivity between the solvent and the solute can be considered as small." 

«ProbIeiii 7 - 7 - b » Determination of the shape of particles from P(9) (II) 
Calculate the relative scattering intensity at 9=90^ with respect to 9=0^ for a 

spherical particle with diameter 2a=2000A in a solvent with refractive index 
n=1.333 for the incident light wavelength 628nm. 

Answer 
The parameter in Eq. (7.7.4), x=aq, is (47Cn/;io)asin(9072)=2.17. Thus, 

from Eq. (7.7.6), P(90>[(3/2.17^)(0.826-2.17x{-0.564})]M.361. 

«Problem 7 - 8 » Determination of the shape of particles from P(9) (III) 

1.0 

2. 0.5 
0. 

0 0 

\ \ 
\ \ \ \ \ \ \ \ \ - ••• \ \ 

••• \ ^ 

•• \ \ 

\ \ (1) 
\ \ L \ \ 

r \ \ \ "̂  \ \ \- \ ^ r \ ^ \ ^ "̂  

I \ 
1 \ 

(2)V 
1 1 .. 1 1 . 

""""̂  

(3) 

xorx 

Fig. 7-8 Particle scattering factor P(9) for basic particle shapes; abscissais 
X for rods (1) and spheres (2), and x̂ ^̂  for coils (3), where 
x=(2jt/X)Lsin(9/2) for rods, x=(4jiA.)asin(9/2) for spheres, and 
x=(8jtV3?i')nb'^sin^(9/2) for coils. 
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The particle scattering factor P(G) for rod-like particles, spherical 
particles and random coils is given by 

Is 1 '2x 

ryv} = lo xJo z [ X 

P(e) = -^sin X - xcos x) 

x= aq 

PO) = -
> 
^exp(-x)+x-l) 

3 

(7.7.11) 

(7.7.6) 

(7.7.19) 

respectively. Calculate P(e) as a function of x or x*̂ .̂ 

Answer 
Figure 7-8 shows P(e) as a function of x for particles with various shapes. 

«Problem 7-9» Determination of polarizability a 
Show that the polarizability a can be determined by measuring the 

differential coefficient of the refractive index n with respect to the 
concentration C, dn/dC, as a function of C, and extrapolating it to C-> 0. 

Answer 
The polarization P induced in a homogeneous solvent in an electric field E is 

given by 

P = EoE (7.9.1) 

where EQ is the dielectric constant of the solvent. Suppose solutes are 
dissolved to make a sufficiently dilute solution. Then a new polarization Pi is 
induced on each solute particle. The total polarization of the solution 
containing N\ particles in unit volume, observed at a far point from the solution, 
is given by 
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I>totai = eoE + 47cAr,Pi (7.9.2) 

The observed polarization Pob is related to the electric field using the dielectric 
constant of the solution, £, as 

Pob = eE , eE = eoE + 47tyV,Pi 

P. Pi 
e = eo + 47LV,— , £-eo = 47iA ,̂a , a = — (7.9.3) 

h Jb 
where a is the polarizability of the solute. Here, the direction of P is assumed 
to be the same as E. The velocity v of electromagnetic wave in homogeneous 
substanes is given by 

where |Li and |io are the magnetic permeabilities of the solution and the solvent, 
respectively, c the velocity of light in vacuo and n the refractive index of the 
solution. Thus, 

n = 
£| l 

= Ve|Li (7.9.5) 

with e*=£/eo and |I*=|LL/|LIO. Since |X* =1 in most substances, we have 

n=y? 
n2 = e* (7.9.6) 

Thus, Eq. (7.9.3) is rewritten as 

n^-no^ = 47cÂ ia (7.9.7) 
where n and no are the refractive indices of the solution and the solvent, 
respectively. The term n̂ -nô  depends only on the concentration C and can be 
expanded as a series of C as 

2 2 fdn^ l̂ ^ lfd^n^L2 

In dilute solutions, a is approximated by 
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a = ̂ ^l^^M^] C=-^l-^| C (7.9.9) "o (dn\ 
lKAr\dCJ^ 

Thus, a can be determined by measuring (dn/dC)c=o- Here, note that 
(dn/dC)c=o depends on wave length of incident light. 

«Problem 7-10-a» Scattering from small particles 
The scattered light intensity of natural light from a solution of small 

particles (smaller than 1/20 of wave length) is given by 

h _2K^n^(dnVl 
] l ( l + c o s ^ e ) c k T / ( g ) ^ _ ^ (7.10.1) 

(See «Problem 7-13» and « 7 - 1 4 » ) . Derive the equation for determining 
the molecular weight of the particles M and the second virial coefficient A2 in 
the virial expansion of osmotic pressure 

\ 
(2.8.10) n=Rj-L.A,c.A3e. 

from the Rayleigh ratio R .̂ 

Answer 
Optical constant K and reduced scattered light intensity RQ for natural light 

are defined by 

2 

lo^i + cos''el 

respectively (See «Problem 7-3»). Eq. (7.10.1) is rewritten as 

KC_ 1 (dn\ ^ _ 1 _ ^ 

Re RT^ac 

Thus, we have 

• PT l ; ) r l - . A2C + A 3 e + - (7.10.3) 

Re ^A^lc^ M 
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A2 can be determined from the initial slope in the plot of KC/ ReVs. C. 
Using the relationship 

n = - ^ (2.7.8) 
^ 0 

Eq. (7.10.3) is rewritten as 

f=R^(-^)„ 

«Problein 7-10-b» Scattering from polymer solution 
Consider a polymer solution which contains N polymer molecules with the 

degree of polymerization n in volume V. Derive the equation for the 
scattering from the polymer solution and compare the equation with Eq. 
(7.10.3). 

Answer 
The scattered light from polymer solutions comes from the interference of 

the scattered light of two segments in the same molecule I, and in different 
molecules Ij: 

I=Ii+Id (7.10.5) 

Referring to Eq. (7.4.24), the former is proportional to Ij «: ^V^ Z ^^PCiQ^y) 

for the segment pairs in the same molecule and the latter is proportional to 

Id "̂  ̂ ^ X X^xp(iqrjj) for the segment pairs in different molecules. 

Using P(0) defined by Eq. (7.5.1), 

lr=Mi'?(Q)  (7.10.6) 

Using the segment distribution function F2(l,2) defined by Eq. (5.12.4), 

Id - A ^ ' 1 1 exp i(krppO = ^ I I J • • • J F2 (1,2) exp i(kr,^,^ )d(l)d(2) 
P P' V jx, V2 

(7.10.7) 
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Here, the subscripts 1 and 2 denote arbitrarily chosen molecules, |ii and V2 
denote the |Lii th segment of the molecule 1 and V2 th segment of the molecule 2, 
respectively, and r̂ ĵ j is the distance between the two segments. Eq. (7.10.7) 
can be rewritten as 

^ ' S E exp i(lcrp^)=^ f pjWexp i(kr) dr (7.10.8) 
P pK ^ Jo 

with 

p 2 ( r ) = ^ S S f - fF2(l,2)d(l)d(2) 
(7.10.9) 

where the integration in Eq. (7.10.9) is carried out under the restriction r^ui^r 
(const.). If we rewrite F2(l,2) as {F2(l,2) - F(1)F(2)) + F(1)F(2), then Eq. 
(7.10.9) is devided into two terms as 

p2(r)=^IX f - •(F,(l,2)-F(l)F(2))d(l)d(2Hn^ 
^ n, vj J '•/-,.,='V ) (7.10.10) 

Substitution of Eq. (7.10.10) for p2(r) in Eq. (7.10.8) yields 

A^'IIexpi(krpp.) = ̂ I i : l - l {F2(l,2)-F(l)F(2)}expi(kr,„^)d(l)d(2) 
P P' V n, V2 

(7.10.11) 
Here, the contribution of the term n̂  is neglected. Now we define P2(6) by 

I X J • • • J {F2 (12) - F(1)F(2)} exp i(kr,,,^ )d(l)d(2) 
P^(e) = JtLJl ^ ^ (7.10.12) 

n 2 J... J {F2 (1,2) - F(l)F(2)}d(l)d(2) 

From Eq. (5.12.1), we have 

J - J {F2(1,2) - F(l)F(2)}d(l)d(2) = - ^^^^'^ (7.10.13) 

Eq. (7.10.11) is rewritten as 
1 1 

A^'ZIexpi(krpp,) = - 2 A 2 ^ ^ n ^ P 2 ( e ) (7.10.14) 
p p' V N A 

If we denote the proportional coefficient in Eq.(7.10.7) as k 7 V, Eq.(7.10.5) 
is 
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rewritten as 

I(e) = :!^^^{P(0)-2A2MP2(e)C + - } (7.10.15) 

with C=A'M/NAV or 

1(6) = KC{MP(e) - 2 A 2 M ̂  P2 (e)C + • • •} (7.10.16) 

or 
KC 
1(6) 

with 

— i - + 2A 
MP(e) ^ 

K=k'NAn^/M^ 

PzO) 
p(e)' 

C+-- (7.10.17) 

«Problein 7 - l l -a» Effect of molecular weight distribution of polymer 
chains on P(0) 

From «Problem 7-7-a ( c )» , the particle scattering factor for dilute random 
coil solutions is given by 

P(e) = ̂  = 4fexp(-x)+x-l 
(7.7.19) 

x-fnb'̂ q^ 

where n and b' are the degree of polymerization and the bond length, 
respectively. Derive the expression for P(6) for a polydisperse polymer with the 
number distribution function fn(n) and the weight distribution function fjji). 

Answer 
Is(6) is given by the integration of the intensity of the scattered light from 

the polymer with the degree of polymerization, In(6), over n as 

h (e) = [ I„(e) f„(n)dn oc I " P„(e)n\(n)dn = j ~ P„(e)nf,(n)dn (7.11.1) 

Here, f„(n)dn is the fraction of the polymer with the degree of polymerization 
being in the range n and n+dn. From the normalization condition, we have 
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r f„(n)dn= I 
Jo Jo 

fn(n)dn = I fw(n)cln = 1 (7.11.2) 

The particle scattering factor for the polydisperse polymer is calculated as 

Ic 
p(e)=-^= 

[m nf̂ (n)dn 

'° / > ' • 
,(n)dn 

Eq. (7.11.3) is rewritten as 

P(e) = J_rp^(e)nf»dn 

with 

n^= nf̂ (n)dn 

With reference to «Problem 7-5», PnCO) is expressed as 

Pn(e)=l -^q' ( lRGp') + -

For Gaussian chains, we have 

Putting 

^ 3 ^ 
Eq. (7.11.6) is rewritten as 

P„(e)=l - i^n + ... 

Substitution of Eq. (7.11.8) for Pn(e) in Eq. (7.11.4) yields 

P(G) = — 
n,.. 

l- |^ln + nf̂ (n)dn 

(7.11.3) 

(7.11.4) 

(7.11.5) 

(7.11.6) 

(6.9.1) 

(7.11.7) 

(7.11.8) 
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= —{ r n f » d n - f i^n\(n)dn+ f o( q')nf»dn + • 
n^ Wo Jo i Jo 

= l - j ^ n ^ + - (7.11.9) 

with 

n\(n)dn 
^^J" (7.11.10) 

nf̂ (n)dn 
Jo 

Using Eq. (6.9.1), Eq. (7.11.6) is rewritten as 

P„(e) = l - i ( s V + - - (7.11.11) 

Substitution of Eq. (7.11.11) for P„(e) in Eq. (7.11.4) yields 

P(e) = - i - l - iq2(s2) + - n f » d n 

= - ^ f" nf̂ (n)dn - ̂ ^L^ f ( s ^ w ^ d n + -

= l-iq^((s^))^-H... (7.11.12) 

with 

(^^'))z = ̂ f (S Vw(n)dn = ^ [ (s^)Mf,(M)dM (7.11.13) 

* Thus, <S^> determined by the light scattering method is z-average one. If 0 is small, 

where n is the refractive index of the medium and X the wave length of the incident light in 
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vacuo. Then, referring to Eq. (7.10.16), Eq. (7.10.3) is replaced by 

(7.11.15) — = —+2A2C 
?>%'' 2 

J 

For solutions of large particles, K/R '̂ of unknown solutions is determined using R '̂ for 
standard substances such as benzene as 

^^"'[^1  ̂ (7.11.16) 
R'e (l~ IQ] ^ . R'BZ.90 

T ^ ^ A ' ^ O 

^BZ,90 

where IBZ,9O is the intensity for pure benzene and RBZ,90 ^  ̂benzeneat 25°C is 29.1, 23.1 and 
7.81 xlO"̂ cm'̂  for X  ̂488, 514.5 and 647.1nm, respectively. 

«Problein 7 - l l -b» Zimm plot 
From Eq.(7.11.15), v ê can determine the radius of gyration, the second 

virial coefficient and the molecular weight from the initial slope at C —>0 and 
e-> 0 and the intercept in the plot of KC/R^ vs. sin^O+kC, where k is a 
constant, respectively, as shown in Fig. 7-11-b. This plot called the Zimm 
plot (See B.H.Zimm, J.Chem.Phys. 16. 1099 (1948)) is widely used for the 
analysis of polymer solutions by means of light scattering. 

Suppose that fi-om the angular dependence of the scattered light from a 
monodisperse flexible polymer solution extrapolated to zero concentration, the 
initial slope ks and the intercept with the y axis, k i , in the plot of (KC/ RQ )C=O 
vs. sin^(e/2) was obtained as 2.0 x 10'^ and 4.0 x 10'^ respectively. Helium-
Neon laser with wavelength in vacuo X^=628nm and a solvent with refractive 
index no=1.39 were used. Calculate the molecular weight and the end-to-end 
distance of the polymer. 

Answer 
From Eq. (7.10.17), the molecular weight of the polymer is M=l/ki=2.5 x 

10^ and the radius of gyration <S^>=3>.^ksM/(167C^no^)=1.32 x 10^ A. Hence 
<S^>^^2=1.15x lO^A. For the linear coil (Eq. (6.9.1)), the end-to-end distance 
is <R2>^^2^6^^2<S'>^^^=2.8X10U. 
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Fig. 7-11-b Zimm plot for the system polystyrene in toluene at 34.5''C 
which gives Mw=4.5xl0^ and 6<S^>/M=0.70xlO-*^ (by courtesy of Prof. 
Nakata in Hokkaido University) 

«ProbIem 7-12-a» Particle scattering factor of polymers with Schulz-
Zimm molecular weight distribution (I) 

Calculate P(0) for the polymers with Schulz-Zimm type distribution of the 
degree of polymerization as 

f^(n) = y ^ n ^ exp(.yn) (7.12.1) 
z! 

where the two parameters, z and y, specify the width and the position of the 
peak of the distribution, respectively (See Eq. (9.8.13)). 

* It is easily shown that the ratio of the weight and number-average degrees of polymerization 
is given by the relationship nw/nn=(z+l)/z. For a monodisperse sample, z=oo. With 
decreasing z the distribution broadens. The important case of the normal distribution of 
molecular weight, which results from poly condensation reactions, is characterized by z=l. 

Answer 
According to «Problem 7 - 1 1 » , 

P(e) = : ; ^ r P n ( e ) n f » d n 

Substitution of Eq. (7.12.1) for f«(n) in Eq. (7.11.4) yields 

(7.11.4) 
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P(e) = ̂  P„(e)nLn-exp(-yn)dn 

'''"'•••hr""'^^p^"y"^'^" (7.12.2) 

The first term and the second term in the right-hand side of Eq. (7.12.2) are 
calculated as 

and 

'*'exp(-yn)dn = — = 1 (7.12.3) 

^q2^n-+2gxp(-yn)dn 

-I ^n''^^exp(-yn)dn=^n, (7.12.4) 18n, 

respectively. The particle scattering factor for monodisperse Gaussian chains 
2 / \ 9 

Pn(6) = -7[^xp(-x)+x-lJ, x = n ,̂ ^l=2b'V (7.7.19) X 

is rewritten as 

Pn(e) = ̂ (exp(-n2H2) +n^ -l) (7.12.5) 
n2|i2 

Then P(9) for the polydisperse chains is obtained as 

P<Q) = T- -|^(exp(-n V ) +n^ - l ] ^ n ^ * ' exp(-yn)dn 
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z-L -exp(-yn)n^"'dn + 
"wX \^ z! 

yn)nMn (7.12.6) 

Integration over n yields 

P(e) = 2/n,H-2[(z + l ) / z (n ,H) ' ] [ l - (z + l)'/(z + l + n„^)'] (7.12.7) 

For z=oo, Eq. (7.12.7) is reduced to Eq. (7.7.19). For z=l, we have 

I" -^exp(-n W ) ^ n ^ - ' dn = ̂ J^" exp(-nV^-yn)dn 

r 2 y'"" z I 2y^ r 
-j—r-exp(-yn)n dn = - ^ exp(-yn)dn 

Jo \^ ^- ^ •'» 

J'" 2 ŷ *' 2y^ f" 

^-^exp(-yn)nMn = -^J^ nexp(-yn)dn 
0 

and 

P(e)-^=l + n^^/2 

For large values of x, Eq. (7.7.19) is reduced to 
2 2 2 2 

P(e)=--4=——r^ 
and 

X X" n^i n"|i^ 

1̂  ^ X ^ 1 ^ n|i 

V (7.12.8) 

1 
(7.12.9) 

(7.12.10) 

(7.12.11) p-'(e) = - + - + - + ^ 
2 2 2 2 

Eq. (7.12.11) indicates that P''(e) should be proportional to sin^(e/2) for 
sufficiently large x. For polydisperse systems, P(0) defined by Eq. (7.11.4), 
in combination with the asymptotic form of P(e), Eq. (7.12.10), yields 

P(e) = n: - Jo"̂ w(n)dn - n;' — /"n-'f,(n)dn (7.12.12) 
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where 

n n = 7 r — (7.12.13) 

The reciprocal of the asymptotic form of P(9) is given by 

P"\0) = - ^ ^ + - ? ^ (7.12.14) 
2 2n„ 

<Probiem 7-12-b» Particle scattering factor of polymers with Schulz-
Zimm molecular weight distribution (II) 

Consider a linear polymer having weight-average degree of polymerization 
nw=3 X 10"* and the effective length of the monomer unit in the chain b'=8A. 
The polydispersity of n of the polymer is described by the Schulz-Zimm 
distribution Eq. (7.12.1) with z=0.5. The light scattering measurement has 
been performed for the polymer in an ideal solution with refractive index 
n= 1.400, with incident light wavelength in vacuo Xo=628nm. Compare the 
range of the asymptotic behavior of Eq. (7.12.14) at the highest angle of the 
measurement being 150*̂ . 

Answer 
The value of n^i is (87C /̂3>.̂ )nwb'̂ sin (̂e/2)=3.10. From Eq. (7.12.7), 

P(150^)=0.377 or F^(150^)=2.65. For z=0.5, n^nn=(z+l)/z=3. The 
asymptote Eq. (7.12.14) assumes, for nw^=3.10, F*(e)=3.10/2+3/2=3.05. 
Thus, the asymptotic form cannot be applicable experimentally in the present 
case (See Light Scattering from Polymer Solutions, Ed. M. B. Huglin, 
Academic Press, London, 1972, Chap. 7). 

«Problem 7-13> Light scattering arising from concentration fluctuation 
The scattered light intensity from a solution which contains N small particles 

per unit volume is given by 

Is = M o ^ ^ ( l - K o s 9) (7.1.18) 

for natural light. Rev^ite Eq. (7.1.18) by using the solute concentration 
fluctuation 5C^ defined by the mean square deviation of concentration from 
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the mean concentration. 

Answer 
The thermal motion of molecules generates concentration fluctuations, i.e., 

local concentration does not agree with the mean concentartion, resulting in the 
fluctuation of polarizability. Let's denote the local polarizability and the 
mean polarizability as a and a', respectively; 

a = a ' + 5a (7.13.1) 

where 6a is the deviation in polarizability from the mean value. Eq. (7.1.18) 
is rewritten as 

871^ 
I, = A^-^(l+cos^e)(a' + 6a) ' lo (7.13.2) 

A r 
The time average of a denoted by the bar is expressed as the sum of averages as 

(a' -h Saf = a'2 + 2a'6a + 6a^ (7.13.3) 

The contribution of the first term in the right-hand side (corresponding to no 
fluctuation) to Is is much smaller than that of the third term. The second term 
is zero since 6a takes plus and minus equally. Thus, 

(a'^daf = ba? (7.13.4) 

The fluctuation of a comes from that of pressure, temperature and 
concentration, that is. 

In dilute solutions the first and the second terms are negligible compared to the 
third term. From «Problem 7-9», the refractive indices of solution n  ̂and 
solvent ttr^ are related to the polarizability as 

n,^'nf = 4nNa (7.13.6) 

In dilute solutions, nr can be expanded as a Taylor series and the higher order 
terms are negligible. Then we have 

47iÂ a = 2 n ? L ^ C (7.13.7) 
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Differentiation of both sides of Eq. (7.13.7) with respect to C yields 

2 of^^r^ da 
dC~4nN"'\dC (7.13.8) 

Substituting Eq. (7.13.8) in Eq. (7.13.5) and taking the time average, we find 

(7.13.9) W^=(̂ ) (^P 
Substitution of Eq. (7.13.9) for (5a)^ in Eq. (7.13.2) yields 

7^ = ̂ - — ( l + c o s ^ e ) M - l - f ' 
4_2 X'r 

r2 

IKJV \dC 
5C' 

— — n, (1+coŝ  6) U-^ 5C^ 
XVJV ' Mac 

(7.13.10) 

«Problem 7-14» Relationship between concentration fluctuation and 
chemical potential 

Derive the equation for the concentration fluctuation of solute 

6C^ = kT 

V f̂ Ho^ 
(7.14.1) 

cv^y^k. 
where Vô  is the partial molar volume of the solvent, V the volume of the 
solution, C the concentration of solute and l̂o the chemical potential of solvent. 

Answer 
The fluctuation of free energy is expressed as a series expansion of 

concentration fluctuation as 
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- f r T,P -4B (5C)^ 
'T,P 

(7.14.2) 

If the system is at the equilibrium state, the free energy is at its minimum with 
respect to concentration. Thus, ( d¥/d C)T,P=0, as shown in Fig. 7-14. Then 
neglecting higher order terms in Eq. (7.14.2), we have 

5F = 
2UC^ 

{5Cf (7.14.3) 
Jr,p 

The mean square fluctuation of concentration is evaluated as follows. 
Probability distribution function \|/(5C) obeys Boltzmann's law as 

xK5C) = exp(- 5E) 
kT. 

Using Eq. (7.14.3), Eq. (7.14.4) is rewritten as 

V}/(6C) = exp 
t,p 

2kT 

(7.14.4) 

(7.14.5) 

From the definition. 

Fig. 7-14 Free energy near the equilibrium state 
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J"(6C)V(5C)d(6C) 

rv(6C)d(8C) 

Substitution of Eq. (7.14.5) for \|/(5C) in Eq. (7.14.6) yields 

(7.14.6) 

/ 

(6C)̂ exp 
'a¥\ (8c)' 

6C^ = 
V 

3C'I., 2kT 
'T,P 

d(6C) 

(7.14.7) 

exrt 
a^F^ (5C)^ 

ac^ I 2kT ^^ 'T,P 

d(6C) 

the numerator and the denominator in Eq. (7.14.7) are calculated as 

f x ^ e x p ( - A x V 4 v ^ 

and 

fe.p(-AxV4/I 
respectively. Then, we have 

5? = :̂;2 kT 

fd'F 

(7.14.8) 

(7.14.9) 

(7.14.10) 

V 9Ĉ  
'T,P 

* Einstein derived a similar equation as Eq. (7.14.10) (See A. Einstein, Ann. 
Physik33, 1275(1910)). 
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If a volume element consists of No moles of solvent and Ni moles of solute and 
the partial molar volume of solvent and solute are VQ and Vi respectively, 
the volume of the element is given by 

V = NoVo + NiV, (7.14.11) 

The differential change in moles of solvent is related to that in solute as 

dNo = -Tr-dNi (7.14.12) 

Using gram concentration C and molecular weight of polymer M, we have 

N, C 
- V = M (^-14.13) 

Then we have 

V 
dNi = j ^ d C (7.14.14) 

and 

v,v dNo = - ^ j ; j d C (7.14.15) 

According to the thermodynamic relationship, 

dF = ^odNo + ^idNi (7.14.16) 

Substitution of Eqs. (7.14.14) and (7.14.15) for dNo and dN, in Eq. (7.14.16) 
yields 

^^^-^KT^^^-'Vi'^^^ (7.14.17) 
VoM M 

then 

= ( ' " » ^ (7.U..8) ac 
Further differentiation gives 

52 

ac2 U c WodcjM i/.i4.iyj 
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The Gibbs-Duhem relation for binary solutions reads 

Nod̂ lo + N,d^ ,=0 (7.14.20) 

(See Eq. (1.5.6)) 
The change in |i | relates to the change in |Xo as 

No 
*^^'~"NT*^^O (7.14.21) 

Substitution of Eq. (7.14.21) in Eq. (7.14.19) yields 

(^] = vfnoVo + niViYaMo^ (7 14 22) 
laC^Jr.p Ml n,Vo AdC JT.P 'T,P 

Using the relationship 

, "^^ , = C (7.14.23) 
noVo + niVi 
we have 

alacji laĉ jT,p cvovacv 
Combining Eqs. (7.14.10) and (7.14.24), we have 

8? = -
72. kT 

V ^ 0 

cM^k. 

(7.14.24) 

(7.14.25) 

Eq. (7.14.25) coincides with Eq. (7.14.1) when Vo=Vo° . Combination of Eq. 
(7.14.25) andEq. (7.13.10) gives Eq. (7.10.1). 

«Problein 7-15-a»Light scattering from copolymer (I) 
The increment of refractive index Y of copolymer solutions which contains 

A and B components is assumed to be 

Y = YAWA + YBWB (7.15.1) 

where WA and WB are the weight fractions of A and B component, respectively 
and YA and Ye are the increments of refractive index of homopolymers A and 
B, respectively. Derive the expression for P(6) of the copolymer. 
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Answer 
The weight average molecular weight of the copolymer is given by 

Mw = WAM^ + WBM^ (7.15.2) 

where Myf" and Mw^ are the weight-average molecular weights of A and B 
component, respectively. P(G) is given by 

where ns denotes the degree of polymerization. Let's divide the particle 
scattering factor into three parts; PA(6) for the combination where both Yi and 
Yj elements are A components, PB(0) for the one where both elements are B 
components and QAB(0) for the one where either 
element is A component and the other is B component. Then we have 

( - 1 , > V 

.BB 

''^'j^^m 
Q A B ( e ) = - i T , I I = ? (7.15.6) 

"s^s i j \ ^ 'J / 

The particle scattering factor of the copolymer is given by 

PO) = JJwA^YA'PACe) + WB̂ YB'PBCe) + 2WAWBYAYBQAB(e)l (7.15.7) 
Y2 

Similarly apparent mean square radius of gyration <S^>z '̂''' is given by 

( s ' r = -^WAMs'A> + W B M s l > + 2wAWBYAYB(siB>l (7.15.8) 

where <SA^> and <SB^> are the mean square radii of gyration about the center 
of inertia of A and B, GA and GB, respectively, <SAB^>=(<SA^>+<SB^>+1^)/2 

and 1 is the distance between GA and GB. 
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«Problein 7-15-b»Light scattering from copolymer (II) 
Consider solutions of copolymer which is polydisperse in chain composition 

as well as in molecular weight. Denote the overall weight fraction of 
monomer A and B as WA and WB, respectively, the overall weight-average 
molecular weight and weight fractions of A and B of ith copolymer as Mj, WAJ 
and WBi, respectively, and the volume concentration of total copolymers and iih 
copolymer as Cp and Cj, respectively. Derive the expression for the apparent 
molecular weight Mapp of the copolymer. 

Answer 
The molar mass of monomer A in ith copolymer is WAiMj and the weight-

average molar mass of monomer A included in a copolymer is 
MA=£(wAiMi)(wAiCi)/wACp. Similarly, we have MB=£(wBiMi)(wBiCi)/wBCp. 
From the definition, WACp=LwAiCi and WBCp=ZwBiCi. Let's denote the 
deviations of WAI and v/s\ from their average values WA and WB as 5wi=WAi-
WA=WB-WBi and define parameters for the degree of width of distribution for 
molecular weight and composition as 

P = ZciMi5wi/cp (7.15.9) 

and 

Q = i;ciMi(6wi)Vcp (7.15.10) 

Using the relationship Mw=LMiCi/cp, Eqs. (7.15.9) and (7.15.10) are rewritten 
as 

P = [-WA(MW- MA) + WB(MW- MB)]/2 (7.15.11) 

Q = WAWB(MA+ M B - MW) (7.15.12) 

The increment of refractive index for /th copolymer Yi=dn/dnci is expressed as 

Yi=WAiYA+WBiYB (7.15.1)' 

where YA and YB are the increments of refractive index for monomer A, dn/dcA, 
and monomer B, dn/dcB, respectively. The increment for total copolymer 
Yp=dn/dcp is given by 

YB=WAYA+WBYB (7.15.1)" 

Then we have apparent molecular weight 

Mapp = [5:(WAiYA+ WBiYB)'MiCi]/[(WAYA + WBYB)'CP] 

= [YAYBMW+ YA(YA- YB)MA+ YB(YB- YA)MB] A^P 
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= Mw+ 2 P ( Y A - YB)A^P+ Q(YA- Y B ) ' / Y P ' (7.15.13) 

(See W. Bushuk and H. Benoit, Can, J. Chem. 36, 1616 (1958); M. Kurata, in 
'"'Experimental Method for Light Scattering'',  Eds. M. Nakagaki and H. Itagaki, 
Nankodo, Tokyo, 1965) 

«Problein 7 - 1 6 » Light scattering arising from optically anisotropic 
particles (1) 

Suppose scattering particles are optically anisotropic so that the polarizability 
a is expressed by a tensor (a,,a2,0C3). When the incident light is polarized 
along x-y plane and the scattered light is observed in y direction, the scattered 
light is not completely polarized along x-y plane, since the polarization has x 
component as well as z component. Let's define the polarization extinction 
coefficient (or the degree of depolarization) p by the intensity of the light 
vibrating in z direction divided by that in x direction. Derive the equation 

( P 7 ) ( 6 A 2 + 7 B 2 ) 

where (P^)and (p^) are the average polarization in z direction and x direction, 

respectively. 

A = 

and 

a i + a 2 + a3 
3 (7.16.2) 

B^ = - Y 5 U « i - ^ 2 f •^(a2-«3f+ ( « 3 - « i f | (7.16.3) 

X 

Fig. 7-16 Principal axis of polarizability tensor 
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Answer 
Let's denote the cosine of the three principal axes ai, a2, as of the 

polarizabiHty tensor against the three axes of x-y-z coordinate as (li,mi,ni), 
(I2,m2,n2) and (I3,m3,n3). That is, Ii=cos(ai^x), mi=cos(ai^y) and 
ni=cos(ai'^z). Suppose the incident electric field E has x and y components, 
Ex and Ey, respectively. 

E = 

^R ^ 

v « y 

(7.16.4) 

If we denote the rectangular coordinate which consists of the principal axes of 
polarizabiHty of the particles as 1,2 and 3 in place of x, y and z, we have 

E' = E2 

E3J 

(7.16.5) 

The components of E and E' are related to each other as 

El = Exh + Eymi + Eztti = Exh + Eymi 
E2 = Exh + Eym2 + Ezn2 = Exh + Eyni2 
E3 = Exb + Eym3 + Ezn3 = Exb + Eyms 

These series of equations are rewritten as 

f l\ mi ni ^ 

E' = I lo ni'i no |E = LE 

(7.16.6) 

il 

12 

13 

m, 
ia.2 

m3 

ni 

n2 

ns 

(7.16.7) 

If we denote the polarization induced in the direction of the three principal axes 
asP|, P2 andP3, then 

Pi = a,Ei 
P2 = a2E2 
P3 = asEs 

Combining Eqs. (7.16.6) and (7.16.8), we have 

Pi=ai(EJ,+Eym,j 

(7.16.8) 
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« 2 ( P, = a , E J , + E,m x ' 2 ' 

'3 = a3(Exl3 + Eym3) 

Thus the polarization P(Px, Py, Pz) is related to P ' (Pi,P2,P3) as 

P = L ' P ' 

with 

L-'= 

^ li 

mi 

V ni 

I2 I3 

m2 in3 

na 

(7.16.9) 

(7.16.10) 

(7.16.11) 

ns ) 
Here L'' is the inverse matrix of L, i.e., LL' '=1. Here, note that for rectangular 
matrices, the transposed matrix L^ is identical to the inverse matrix L''; L^=L''. 
Px, Py and Pz are calculated by using Eqs. (7.16.8)-(7.16.11) as 

(7.16.12) 

^Px^ 

Py 

IPZ> 

= 

' li I2 I3 ^ 

nil n̂ 2 ni3 

V ni n2 ns ) 

rai(Exli +Eymi) 

0C2(Exl2 + EyHia) 

l̂ a3(Exl3-f Eyms) 

or 

Px = (cxih^ + aih^ + a3l3^)Ex + (ailimi + a2l2m2 + a3l3m3)Ey 
Py = (ailimi + a2l2m2 + a3l3m3)Ex + (aimi^ + a2ni2^ + a3m32)Ey 
Pz = (cxilimi + a2l2m2 + a3l3m3)Ex + (aiinini + a2m2n2 + a3m3n3)Ey 

(7.16.13) 

These expressions are for a specified particle in a specified direction. Thus it 
is necessary to average them all over the directions. We assume the distribution 
of the direction of the particles be homogeneous. Let's express li, mi,...as 

1] =cosaj^x=cos9jj^ 

mi = cos aj'^yr: cos 9 ly 

(7.16.14) 

The average of li ,mi^"' and ni is given by 
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cos2m Oĵ sin 0ix dOix J 
/i.2m\ _ Jo 
^' ' -" (7.16.15) r 

I sin Gjx d6i 
Jo 

I COŜ m OiySin Giy dBjy 

"̂"̂  / p (7.16.16) 

Jo 
sin 9iy dOiy 

I coŝ m GizSin Giz dSiz 

(ni2™) = ? L _ (7.16.17) 

J sin Oiz dOi: 

respectively. The integration is carried out as follows: 

^ ' '" 2m + l 2m + l-' '" '" ' 

2 
,2m+I 

2m +1 2m 
— fsin-'e, 
+ 1-' 

cos"" ê dGi 

COS^*"^' 6 ; , 

2 m + 1 

2 m + 1 

(-l)2n.+l (_l)(l)2n-+' 1 

0 2m + 1 2m +1 2m 
( l _ ( _ l ) 2 - ) 

Using the relationships 
(.1)2"'^' = . 1 

Tcos'"' Gi, sinei^dOj, = — ^ x 2 
Jo -" « .X 2m + l 
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j^sinei^dGi, = | - c o s e i j ; = _ ( _ i ) _ ( _ i ) = 2 

we have 

Using the relationships 

li^ + mi^ + ni2 = 1 
h  ̂ +  m22 + ni^ = 1 
l3^ + ms^ + ns^ = 1 (7.16.19) 

we have 

/ ( l i '+ nii V n j^ j 'V LU m;'+  n;\ 2lfmf+2lfnf+2mfnf\ 

= 3(li7+6(lfmf)=l (7.16.20) 

(li') = i (7.16.21) 

(7.16.22) 

Eq. (7.16.18) for m=2 gives 

Combining Eqs. (7.16.20) and (7.16.21), we have 

(•.v)=^4(-l)=i^ 
Similarly we have 

(liljmimj} = - ^ (7.16.23) 

Using the relationships Eq. (7.16.21)-(7.16.23) and with reference to Eq. 
(7.16.13), we can calculate <P^^>,  < P / > and < P / >. For example, 

( P 3 = ((ocili^ + aih^ + a3l3^f E ^ + ((ailimi + a2l2m2 + aahmsf Ey )̂ 

+ 2((aili^ + a2l2^ + a3l3^)Ex(ailimi + a2l2m2 + aalBmsJEy) 
(7.16.24) 

Here < > and - denote the average all over the directions and the time average, 
respectively. Since E=Ex=Ey, 
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+ 2 

+1 (l7) + 2(1"??) + 2 (iTî a) WE^ 

^(l7i?) + 2(l,l2lm,m2) + 2(l,'l2m2) + 2(1^?^^) >a,a2E' 

+12(i7i?) + 2(1213111121113) + 2(171^3) + 2(1^^2) \<^2^3^^ 

2(^^11^) + 2 / l i n im^) + 2/13^1,m,) + 2(131, ̂ m 3 Ua3a,E^ 

= I ( l7) + 2(l7ii7) H- 2(l7;;^)|(a,^ -K a,'  -H a3^}i"^ 

( 7 7 ) + (l,l2lm,m2) + ( 7 7 % ) + ( 7 ? n ^ ) ^ 

x( a ,a , + a ,a , + a,a, lE^ 
V V (7.16.25) 

From Eqs. (7.16.21) and (7.16.22), 

(7)=! (7ii7)=i^, (7iî )=o 
Then we obtain 

( ^ ' ' ^ ) " ' ^ { " ' ^ ' ^ 2 ^ " ^ 3 ' } E ^ + -^(a,a2+a2a3-KX3a,JE2 (7.16.26) 

Comparing the expressions for Py and Px in Eq. (7.16.13), 

(P7> = 0 (7.16.27) 

+ 2 
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Following the same procedure, the average of P^ in Eq. (7.16.13) is given by 

(p,2) = ^(oc,2 + a2^ + 0C32 - a ,a2 - a2a3 - aaaOE^ (7.16.28) 

From «Problem 7 - l » , the scattered light intensity Is relates with the 
polarization P as 

^̂  _ 1 (og sin' e , ^ (7.16.29) 
^ 471 c"̂  r 

If the incident light travels along z direction and the scattered light is observed 
in y direction, Gz should be 90"" both for /p j \ and P̂ŷ ^ and then 

p = ))JLI{ = ) = ^ (7.16.30) 

Substitution of Eqs. (7.16.26) and (7.16.28) in Eq. (7.16.30) yields 

-2-(ai2 + a2^ + aa^ - a ia2 - 0.20.3 - aaa i ) 
p = 15 

-^-{ai^ + a2 ' + as^} + -l-(aia2 + oio  ̂ + aaai) 

—^—: (7.16.31) 
6A^ + 7B' 

«ProbIein 7 - 1 7 » Light scattering arising from optically anisotropic 
particles (II) 

When the scattering particles are small compared with the wavelength and 
optically isotropic, the total scattered light intensity from a particle in unit 
volume is given by 

Itotal = i 2 ^ 2 l ^ (7.2.1) 

On the other hand, when the scattering particles are optically anisotropic small 
ones, it is given by 

, ^ = fl2^(ai±m±aiy,„ ^,,^,, 

with the Cabaness factor 
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f = ^ ± ^ (7.17.2) 
( 6 - 7 p ) 

Derive Eq. (7.17.2). 

Answer 

Using the relationship 

l o = ^ (7.17.3) 

we have 
(p^) = a^Eo^ = 47ca% (7.17.4) 

Eq. (7.2.1) is rewritten as 

I,o.ai = 2 2 2 ^ (7.17.5) 

where 

Substitution of Eqs. (7.16.26)-(7.16.28) in Eq. (7.17.6) yields 

(P) = {¥;') + (^^) + {¥?)=  f (a,̂  + a,̂  -H a3^p (7.17.7) 

Substitution of Eq. (7.17.7) for <P^> in Eq. (7.17.5) yields 

I.o.ai = ^ ( a , 2 + a22 + as^)!^ (7.17.8) 

Using the parameters 

A = «i + «2 + a3 (7.17.9a) 
3 

and 

B' = ^ | ( a , - a 2 f + (a2-a3)' + ( a 3 - a i n (7.17.9b) 

we have 
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a,'+a2'+a3'=3A2+5B2 (7.17.10) 

Substitution of this expression in Eq. (7.17.8) yields 

Itotai = ^ ( 3 A 2 + 5B2)E^ (7.17.11) 

If the incident Hght is natural light, 

Io = ^ (7.17.12) 
2n 

Then Eq. (7.17.11) is rewritten as 

Itotai = 647d(3A2 + 5B2)27CIO (7.17.13) 

From «Problem 7 - 1 6 » , 

P =  7—F  ̂ (7.17.14) 
(6A^ + 7B^) 

Eq. (7.17.14) is rewritten as 

3A2 + 5B2 = 3A2^^t3p (7.17.15) 
6 - 7 p 

Then substitution of Eq. (7.17.15) in Eq. (7.17.11) yields 

Motal" 
1287C /̂6 + 3p^ 

 ̂ 1 lo (7.17.16) 

(Compare with Eq. (7.2.1)). Thus the total scattered light intensity of optically 
anisotropic scattering particles is larger than that of optically isotropic ones 
(See P. Cabannes, La Diffusion Moleculaire de la Lumier, Presses 
Universitaires de France, Paris (1929)). 

«Problem 7 - 1 8 » Fluctuation theory of light scattering 
Light scattering can be calculated both from fluctuations of molecular 

distribution and local distribution of refractive index in the order of wave 
length. Imagine a small volume V in a solution where there is a thermal 
motion of solute particles. Let's denote the components of the solution as 
i=0,l,2,..., s, the corresponding number of molecules and chemical potentials 
of the components as Ni and )Xi, respectively, the temperature as T and the 
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pressure as P. Derive the expression for the correlations of fluctuations 
<AP^>, <APA7Vi> and <AN;ANj>, Here AP=P-<P>, AN;=Nr<N;>  (i>l) and 
the symbol < > denotes the equilibrium value. 

Answer 
We consider an ensemble described by thermodynamic variables P, Â o, 

|l,,|Li2v..,|is for treating the fluctuations of V, A î, A 2̂,---, ^s in a region of the 
solution at constant NQ. The probability that a state of the solution with V, E 
and N\ (i>l) is realized is 
proportional to 

expHE+PV-X^^i^/kT} (7.18.1) 

where E is the energy and k is Boltzmann's factor. Since the total number of 
the states with E and Âi (i>l), W(E,A^i), is exp(S/k), the probability that the 
states with E and Âj (i>l) are realized is proportional to 

exp{-( F+ P V " ^ [i^AT)/ kT} (7.18.2) 
i=l 

where F(=E-TS) is Helmholz free energy. Expanding the function in the 
parenthesis in Eq. (7.18.2) in a Taylor series of AV(=V-<V>) and ANi and 
neglecting the higher order terms, we have 

A(F.PV-£.,A9=(|i).v4(|i)AA.^i)(0)AV= 

i\]'ti[^0j^]^y^A^, (7.18.3) 

Using the relationships 

Eq. (7.18.3) is reduced to 
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A F+ PV-1; H,^ J = - ( ^ ) A PA V+(i)AH,A N, (7. j 3.4) 

Now we change the independent variables from V to P using the relationships 

Then Eq. (7.18.4) is rewritten as 

\tS.N\^N, 

A(P.PV4M4B)-{(|^)AP4(39P)A^J 

Thus, the probability p for the fluctuation AP and AÂi (i>l) is expressed as 

p=Aexp|- | -GppAPVl;l ;G,jAv\^A^3/2kT| (7 18 7) 

where 

Gpp=fTSl (7.18.8) aiG 
ap 

and A is the constant determined by the normalization condition 

J J pd(AP)d(A.\9d(A^2)...d(AyV^3>=l (7.18.10) 
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The integration over AP is calculated as 

I " exp[-{- G,(A P)^}/2 kT]d(A P ) = | ^ 
1/2 

(7.18.11) 

For the integration over AÂ j, we introduce a matrix X with s column and 1 row, 
the components of which are Xi=AN\ (i=l to s). Then the quadratic form 

XXG,jAy^Ay^^^ 
i=l j=l 

is rewritten as ^XGX, where X̂ is the transposed matrix of X and G is (s,s) 
square matrix having Gij as (i J) components. Using the diagonalization 
transformation of X as X=TY, the quadratic form is further rewritten as 

'XGX='Y(*TGT)Y (7.18.12) 

where T is the diagonalization matrix. If we denote the eigen value of G as 
Ai,A2,...,As9 

'TGT = 

0 

Then we have 

'XGX=*Y 

\ 

X, 

0 

0 

X 

[^=lhy- (7.18.13) 
i=l 

The volume of the integration element does not change by orthogonal 
transformation as 

diAJV,)d(AJV,)' d{AJV,)=dx, dx2- dx3=dy, dy2 •• dŷ  ( 7.18.14) 

Then the integration over AÂ i in Eq. (7.18.10) is carried out as 
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exp - i £ GijA N,^ Njl kT d(A N^ d(A N^- d(A yv̂ ,) 

= exp[-i;?.iyiV2kTJdy,dy,-dy, 

= f l £ exp(-; îy,V2 kT) dy, =|(2nkT)vfl xS ={(2nkT)Vl G |} "" 

(7.18.15) 

Here we use the equivalency of the product of the eigen values flXj of the 
matrix G and the determinant of G, ||G||. ||G|| is obtained by 
substituting X.=0 in the characteristic equation 

\ | / (X)=| |G-XE| | = ( X - X , ) ( X - X 2 ) - - - ( X - X 3 ) = O (7.18.16) 

Then we have 

,1/2 
-G„ 

A=[ 
r-Gpp^ 

2̂7tkT^ 

1/2 

(27ikT)' 

Now we can calculate <(AP)̂ > as 

(7.18.17) 

((A P)')=J" - J (A ?)' Pd(A P)d(A N^ d(A N^- d(A N^ 

=A£(AP)' expl 
_-G»(AP)' 

2kT 
d(AP) 

*/^ »/ 
- G 
2kT 

exp -2^ i GijA yv;A ;vy2 kT X d(A N^ d(A ŷ ^̂ )- d(A N^ 

• ) ' ° ( 0 ( i % ) ( ^ l ' ° - ^ (7.18...) -Gppj Gpp 

Here we use the well-known relationship 
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' 7t * 
J^x^exp(-px^)dx = l/(2p) 

<AJ'ANi> is calculated as 

(A PA A:)= f - f A PA yKPd(A P)d(A yVj) d(A JV,)- d(A Â ) 

=A APexp-/-G4AP)'|/2kTd{AP)x 

(7.18.19) 

A JV, exp - J ^ G,jA JVA JV/2 kT d(A ^K) d(A JV,)- d(A ̂ ,) 

(7.18.20) 

As the integral of the product of an odd function and an even function over 
minus infinity to plus infinity is zero. 

j X exp(-P x̂ ) dx=0 

Then we have 

(APAy^)=0 

Using the relationship 

j f pd(AP)d(A;^)d(A7V2)•••d(A^;)=l 

<ANiANj> is calculated as 

exp - £ i GyA JVA y^/2 kT )d(A .V,) d(A A^^]- 4 ^ ^ )̂ 

(7.18.21) 

(7.18.22) 

(7.18.10) 

_J(27tkT)' 

i=l j=l 

1/2 

(7.18.23) 

Partially differentiating both sides of Eq. (7.18.23) by Gy and using the 
determinant of the cofactor ||G||ij=3||G||/3Gij, we have 
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_kT|G,| 
AATAA^^^xpl - £ X GijA^Ayî /2kT \d(AJV,)d(AJV,)-d(A Ar,)=- . ^ 

Then we have 

/ X kTlGl.. 
UjV.AJv\^-J-h 
\ V | G | 

(7.18.24) 

(7.18.25) 

Thus, the fluctuations of pressure and concentration are independent, whereas 
the fluctuations of each component correlate with each other. 

«Problem 7-19» Turbidity (II) 
Imagine a sphere with the volume V and the dielectric constant e+Ae in a 

medium with the dielectric constant e. Then the polarizability of the sphere a 
is equal to (V/4n)(Ae/e). The scattered light intensity of natural light is 
expressed as 

I T2\ 

(nAn)^ (l + cos^e) (7.19.1) 

where n=(£)̂ ^̂  is the refractive index and X,o=A.n is the wave length of light in 
vacuo. Derive the expression for turbidity using Eqs. (7.18.18), (7.18.22) and 
(7.18.25). 

Answer 
Let's consider the refractive index as a function of P and N\ (i>l). Then 

An=(fa)AP+l;(|^JAA; (7.19.2) 

A „ ^ ( | ^ ) A P V 2 | ( | ^ ) ( | ^ ) A P A A ; 4 £ ( ^ ) ( ^ ) A A ; A ^ , 

(7.19.3) 
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Using Eqs. (7.18.18), (7.18.22) and (7.18.25), we have 

(An")=-(^)'kT/0„.Si(|^)(|^)kTlG|,40| (7.19.4) 

If we denote the isothermal compressibility as K and the density as p, Gpp and 
(dn/dF) are expressed as 

- G p p = -
â G av 1 ^av^ 
ap^ ap vapy 

V = KV 

and 

an 
ap 

^1 tel=(^] l̂ î l=(^ 
dp) ydP) [dp ap .^p) 

'av 
ap 

^an^ j _ ^ 1 ^ 
V ap 

rani 

(7.19.5) 

(7.19.6) 

respectively. The scattered light intensity induced by the first term of the right-
hand side in Eq. (7.19.4) is obtained by substituting it in Eq. (7.19.1) as 

{ ; = ( ^ ) n = ( ^ n = ) ( l « o s * ) = [ ^ ) n = { ( ^ ) V w / K v } ( l « o s ' e ) 

(7.19.7) 

The total scattered light intensity is calculated by integrating Eq. (7.19.7) over 
all the directions. The integration yields 

f (l+cos2e)27cr2sinede=^7r (7.19.8) 

then we have 

32 ^ 
X, = —n 

kTK 

["{I) (7.19.9) 

The scattered light intensity induced by the second term of the right-hand side 
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in Eq. (7.19.4) is obtained by substituting it in Eq. (7.19.1) as 

X o = ( f ^ ' } ( ^ ) | j | ^ ] | i a n / a ^ - a n / 9 A ^ | G | , (7.19.10) 

If s=l (binary system), using the relationship ||G||ij=3||G||/3Gij =1, we have 

From the Gibbs-Duhem relationship No<iilo+N\d\ii=0, we have 
dHi=-(No/Ni)d[Lo. Then 

(7.19.12) 

Using the relationship w=M|A î/(MoA'o+MiA î) and p=(MoA/o+M|A î)AnSJA, we 
have dw=M,MoA'o/(MoA'o+M,A ,̂)̂  dÂ i. Then 

-^0 = 

3271 ̂ kT ̂  r 

3X 

M Ow 
A fn8nV / d\i 

0 J 
NAPJ U W dw 

(7.19.13) 

Weight concentration is related to w as C=pw. Since p is approximated by 
solvent density in dilute solution, w can be replaced by C in Eq. (7.19.13). 
Using the relationships d|lo=kTdlogao and logao=-nVo"/RT, we have 

{^^]{^}{f^J'^'=-^ =-kT9loga„/5 C = kTa/9c(nVo»/ R T ) 

(7.19.14) 

where Vo° is the volume per one mole of solvent. In dilute solution, we can 
approximate Vo*'p=Mo. Then we obtain 

T. ~ I R T . 
^ • — = 1/M + 2A2C + 3A3C^+---

ac ^ ^ 
(7.19.15) 

/ 

where 

r 
H = 

327t^n^ 

V3NA>-O y 

ran^ 
ac. 

(7.19.16) 



436 

* Tc is the scattering due to fluctuations in concentration and Xp is that due to density 
fluctuations. Tc>Tp is ejq^ected for h i ^ enough molecular weights (See P. Debye, J. Appl 
Phys. 15, 338 (1944); H. C. Brinkman and J. J. Hermans, J. Chem. Phys. 17, 574 (1949); J. G. 
Kirkwood and R. J. Goldberg, J. Chem. Phys. 18, 54 (1950); W. H. Stockmayer, J. Chem. 
Phys. 18, 58 (1950); N. Saito, Polymer Physics, Chapter 5, § 34, Shokabo Pub., (1958)) 

«ProbIein 7 - 2 0 » Light scattering arising from polymer solution with 
molecular weight distribution 

Generalize Eq. (7.19.15) to the solution of polymers with molecular weight 
distribution. 

Answer 
Chemical potential of / th component of the system with molecular weight 

distribution is expressed as 

^-|Li.VkTlogy.C., , C . = ^ (7.20.1) 

In dilute solutions, Yi-»1 and YoCo-»l. Expansion of logyi in a Taylor series of 
C yields 

logYi = l A i , C , + tBi3 ,CjC, +••• (7.20.2) 
k j , k 

Then we have 

0.=|S-=(T^fe=(,^){«.^. A . ^ i B,C.....) (7.20.3, 

and 

l+X C,A„+£ i C.C,A„A,-£ i C,C,A.AJ,+X B„,C,C,+0( C ) 

(7.20.4) 
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Neglecting higher order terms in the equation dGij=(MjkT/NAV)x 
(dAij+CiZCkdBijk4-...), we have dGij=(MjkT/NAV)dAij. Using this relationship, 
we have 

m\ TN^V^ 3| 
u aOij vMjkT, BA, 

(7.20.5) 

and then 

^\{C;5; -CiCjAji +0(C^)}/[^1 + IC ;A„ +• 
M 

(7.20.6) 

If we approximate dn/9Ci=3n/3C (independent of molecular weight) in Eq. 
(7.19.10), using Eq. (7.20.6) and the relationship A î=(NAV/Mi)Ci, we have 

32n' kTV ^}mMm dn 

=(,|^)(^)'££M.{CA-C,C,A..O(C')} 

Using the definitions 

we have 

/ ^ 
L^m-\\X^^^ 

N.V 

(7.20.8) 

and 
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it y\(M. 

=MiWiWjC 

Then we finally obtain 

^ = C/i M,C-X £ M,C,C,A,+ O(C') I 

=1/ | £ M,C/ C - 1 ; i M,(C/ C)(C/ C)A,+ O(C^) 

= l / | £ yKM,v£ . \ ^ - l ; i M . U ^ / i JVM, 

=1/ | M„- c £ i M,w,w^A,+ O(C^) 

=1/M„+(C/M„')]£ £ M,WiWjAî + O(C') 

(7.20.9) 

(7.20.10) 

Thus the scattered light intensity of the system with molecular weight 
distribution gives the weight average molecular weight. 

«Problem 7-21» Osmotic pressure of polymer solution with molecular 
weight distribution 

Derive the expression for osmotic pressure of the solution of polymers with 
molecular weight distribution 

Answer 
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From the Gibbs-Duhem relationship 

N, d logYo Co+X ^ d logy.CpO 

Using the relationship Ci=A îMi/NAV, 

logYoCo=-X 
^TN^VC, A • ^ i 

V Mi , 
UlogYjCi 

Using Eq. (7.20.2), 

(n \ 
^" ] d l o g Y o C o = I ^ -(dlogCi+dlogYi) 

vMoy i=iVMiy 

i=l v M i , 
( l / C i ) d C i + X A i , C , + . 

k=l 

^ 
K k C i d C , + . . . 

Integrating Eq. (7.21.3) at constant Co, we have 

4|(^)c,c4t|(|){c,(|§)ac..^^ 

-t£f̂ lc,dc,+tt(^)c.dc, 

+ C | ^ l d C . 

, , 1M, 
1=1 J=l V • 

(kH) 

. , H^ M. 
(k=j) 

i=l j=l i=l j=l 

-ttiM' 
i=l j=l 

Mc.dc, 

and then 

( C \ s p 1 s s 

^ k l o g Y o C o = I ^ + k l 
M o j i=iMi 2i=ij=, 

vMi 
' i j U "̂  

(7.21.1) 

(7.21.2) 

( 7.21.3) 

( 7.21.4) 

(7.21.5) 
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Here we use the relationship AjiMj=AjjMi. Using the definitions 

^JVM, 

M=^ . ^r=-
M 

X^ X^ 
similarly to Eqs. (7.20.8)-(7.20.10), we have 

=1 _ i=l _ i=] 

Mi N;,V N.V ^jm, 

tt(^)c,c,=tt(& jVM,\(A^i 
N^V I \ N,V 

=(s!v)'|tA,(„.|:4(„|A;)M, 

=XXAijninJ 
i=l i=l £AM. 

^hJrEXAijnin^M, 
n / i=l j=l 

Therefore, we obtain 

n = H 
RT 

.v,% 

' RT ' 

vVo% 

logYoCo 

. N o y 
C 1 

• + -M„ 2 

^ 

(M> M 
£XMjninjAi3+' 

(7.21.6) 

(7.21.7) 

(7.21.8) 

«ProbIem 7-22» Light scattering arising from the system polymer in 
mixed solvent (P2/S1/S0) 

Derive the expression for the turbidity of the system polymer in mixed 
solvent, using Eq. (7.19.10). 
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Answer 
Let's denote two solvents as 0 and 1 and polymer as 2. Then Eq. (7.19.10) 

is rewritten as 

327c'kTVU n' 
3V l\\Gl)lP'''''••"''''^°\' 

= (^™)niSan/ac,.a„/ac,(^)> 

(cA-c,c,A„+0(C')}mj 
_/_127l 

3X, T^]t t . (n^ n/9 C.)(na n/d C , ) M , { C , 6 - C ,CAJ ,+ 0 ( C ' ) } 
0 ^^A / i=l j=l 

(7.22.1) 

Using the relationship M2Ai2=MiA2i, we have 

n3n 
-^0 = 

' 32.3 > 

3X, N ^ ^ 8C 
M 

1 / 

(c,-C,'A„] 

r n a n Y T n a n l . fnan^ 

l̂ ac I J K^^lJ 
IVl 2V-/1 \-'2-**^l2 

\^2J 
( C 2 - C 2 % 2 ) (7.22.2) 

The first term in { } of Eq. (7.22.2) comes from the concentration fluctuation 
of mixed solvent only and we denote this contribution as T,: 

t , =H2 
^ a n ^ (gF-^(-.-.^-..) 

Then we have 

T^-T , =H2M2C2{l-C2A22)-2H2 

where 

9n 
dC 

'dn^ 

I J dC^J 

( 7.22.3) 

•M2C,C2A,2 (7.22.4) 
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H , = 
327t' 

( 7.22.5) 

or 

H2C2 _ [ 1 

(^c-t.) iM 
•1/<^1-C2A22-

2 / 

^ 1 ^ 

ac 

^Mjy 
1 + C,A„ + 3 2^-1.22 

VcJl 
fanVran^ 

C|A,2 j 
2J 

ydC^j 2 J 
C,A,2 + * ( 7.22.6) 

(See N. Saito, Polymer Physics, Shoka-bo, Tokyo, 1959, Chap. 5, Section 34) 

* For further reading on practical and experimental problems, see M. B. Huglin, Light 
scattering from Polymer Solutions, Academic Press, 1972; B. Chu, Laser Light 
Scattering,.Basic Principles and Practice, 2d. ed.. Academic Press, Boston, 1991. 
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Chapter 8 Hydrodynamic properties 

«Problem 8 - l » Equation of motion for viscoelastic fluids (I) 
There are two kinds of force. One is proportional to area (surface force, for 

example, friction force) and the other is proportional to weight or volume 
(body force, for example, gravitational force). Now consider a small cube with 
volume V flowing with velocity v in a fluid. Let's denote the surface force per 
unit area acting on the surface perpendicular to x, y and z-axis as Px, Py and Pz. 
Px is expressed as 

Px = Pxxi+Pxyj+Pxzk (8.1.1) 

where Pxx, Pxy and Pxz are the x,y and z component of Px and i, j and k are 
unit vectors in the direction of x, y and z-axis, respectively. Py and Pz are 
expressed similarly. P has nine components and is expressed as a tensor: 

P = 

*^xx ^yx A zx 

Pxy Pyy Pzy 

r^xz ^yz Pzz y 

(8.1.2) 

Here Pxx, Pyy and Pzz are normal stresses and other components are tangential 
stresses. The body force F ' is expressed as 

F' = mB = pdxdydzB = pdxdydz(Bxi +Byj +Byk) (8.1.3) 

where p is the density, B(Bx, By, Bz) the body force per weight m=pdxdydz. 
The force acting on a fluid F is related to the acceleration v by Newton's 
second law as 

F = mv (8.1.4) 

Express the equation of motion of viscoelastic fluids exerted by both surface 
force and body force in an explicit form. 

Answer 
X component of the surface force acting on the surface perpendicular to x-

axis (ABCD and EFGH in Fig. 8-1) is the difference of x component of the 
force acting on EFGH and ABCD and expressed as 
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{(Pxx+ (aPxx/ax)dx).Pxx}ciydz= (aPxx/ax)dxdydz 

X component of the surface force acting on the surface perpendicular to y-axis 
and z-axis is similarly obtained as (3Pyx /3y) dxdydz and (3Pzx/3z) dxdydz, 
respectively. Thus the sum of these three components is expressed as 

((aPxx/ax)+ (aPyx % ) + (dpjdz)) dxdydz 
X component of the force F, Fx, is expressed as 

Fx = aPxx . aPvx. aP: yx a Idxdydz +pBxdxdydz 
3x 9y 9z J 

Substitution of Eq. (8.1.5) for F^ in Eq. (8.1.4) yields 

Fx = aPxx . 3P 11 + ?LM. Idxdydz +pBxdxdydz = pdxdydz Vx 
3x 9y dz J 

For unit volume of the fluid, we have Newton's law as 

aPxx. ap yx 3P. 
dx dy 3z 

in the direction of x, 

+ pBx = p Vx 

3Pxv . 3P xy 
9x dy 

yy + ? ^ + pBy = pvy 
dz 

(8.1.5) 

(8.1.6) 

(8.1.7) 

(8.1.8) 

Fig. 8-1 Volume element in fluid 
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in the direction of y and 

^ 4 - ^ - f ^ + p B , = p v , (8.1.9) 
dx dy dz 

in the direction of z. 

* In fluid mechanics, it is more convenient to use Eulerian description than to use 
Lagrangian description, i.e., one describes physical quantities at every fixed point in space 
as a function of time rather than follows individual particles or expresses the time course of 
physical quantities along the stream line. Time derivative along the stream line is called the 
Lagrange differential or the material derivative and expressed as D/Dt. Suppose a physical 
variable F to be a function of x, y, z and t. The fluid element located at r(x,y,z) at time t 
moves to rf vDt (x+VxDt, y+VyDt, z+v^Dt) at t+Dt. Here Vx,Vy and v̂  are the x, y and z 
component of the fluid velocity. The change in F, DF, during Dt is expressed as 

Fl x+v^At, y+VyAt, z+v^At, t+At I - F(x,y,z,t) 
DF 
Dt ~2̂ t"tf At 

dF dF dF dF 

Similarly for arbitrary physical variables, we can derive 

Dt 8t l,ax ay dz 
= ^ + ^grad (8.1.11) 

Lagrange derivative of v is expressed as 

^ = - ^ + vgradv (8.1.12) 

where the first term of the right-hand side associated with unsteady time variation at a fixed 
poshion is called the local derivative and the second term is called the convective derivative. 
The differentials in Vx, Vy and Vz in Eqs. (8.1.7)-(8.1.9) are the Lagrange derivatives and 
expressed similarly to the right-hand side of Eg. (8.LI2). 

«Probleiii 8 -2» Stress-strain relationship 
Derive the stress-strain relationship for elastic bodies with a small volume 

element dxdydz and the corresponding relationship for viscous fluids. 
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Answer 
Let's denote the volume element of the elastic body after a transformation as 

dx'dy'dz'. If the displacement is sufficiently small, we have 

dx =dx(l H-ê x) 

dy' = dy( l+eyy) 

dz =dz( l +622) 

(8.2.1) 

(8.2.2) 

(8.2.3) 

where Cxx is the x component of the strain on the surface perpendicular to x-
axis (Cyy and e^z denote the corresponding y and z components). The volume of 
the element after the transformation is expressed as 

dx'dy'dz = dx(l + exx)dy(l + eyy)dz(l + Czz) 
= dxdydz(l + exx)(l + eyy)(l + Czz) (8.2.4) 

If the volume of the element before the transformation is unit volume, the 
increment of volume of the element by the transformation Ev, is given by 

dxdydz , ^, ^ , , ^ ,, . . 
'- 1 = ( 1 + C x x ) ( 1 + C y y ) ( 1 + e ^ z ) - 1 - C x x + C y y + C ^^ 8 = 

^ dxdydz 

The last expression is identical to the trace of the tensor 

r ex 
e = 

V ^zx 

'-'xy 
Syy 

^zy 

^ 

ezz 

(8.2.5) 

(8.2.6) 
(strain tensor) 

H 

(x-tdxor,!!) 

i 

D 

i^y^ 

\^ 

(xor^+dz) 

^ > ^ 

dz 

kx.y.s) 
A 

G 

i^^ 

C 

(xjr+dy^) 

« * 

E 

Fig. 8-2 Volume element in fluid 
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In general, the strain tensor e is expressed as the sum of the isotropic 
component corresponding to the volume change without shape change, £v, and 
the anisotropic component corresponding to the shape change without volume 
change, CQ, i.e., 

e = 8^ + eo (8.2.7) 

When the transformation is isotropic (eo=0), the rate of the volume increment is 
independent of the direction. Then Eq. (8.2.5) is reduced to 

£0 = £ + £ + £ = 38 

where £=exx=eyy=ezz. From Eqs. (8.2.7) and (8.2.8), we have 

eo = e-£v = 

^xx"^ ^xy 
\ 

V 

(8.2.8) 

(8.2.9) 

J 
where the dots denote the symmetrical components. Similarly, the mean 
pressure Pm is proportional to the trace of the stress tensor 

r I ITyx Xyy 

V ^zx r̂ zy 

and expressed as 

yz 

zz y 

(8.2.10) 

(stress tensor) 

Pn,= Pxx + Pyy + Pzz _ -P -P -P _ — ^̂  = -p (8.2.11) 
3 3 

where P is the hydrostatic pressure having the opposite sign to Pxx, Pyy and 
Pzz- When the transformation is infinitesimally small, Pm is related to £„  as 

Pm = Kev (8.2.12) 

where K is the elastic modulus. The anisotropic component of P is the 
component Py with i^j. If we denote this component as PQ, we have 

Pxx-P P 

PO = P-Pm = 

xy A^xz 

ryy-r MTyz 

• P.Z-P 

(8.2.13) 
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Po is related to eo as 

Po = 2Yeo (8.2.14) 

where y is the shear modulus. For viscous fluids (with no elasticity), the stress 
for arbitrary strain is zero and the pressure is proportional to the strain rate. If 
we denote the strain rate for the volume change as ê  and that for the shape 
change as e ,̂ the stress is proportional to the strain rate as 

Pm = r|vev (8.2.15) 

and 

Po = 2Tieo (8.2.16) 

where r|v and r| are the volumetric viscosity and the shear viscosity, 
respectively. The viscosity of polymer solutions usually means T|. 

• Strain is defined by e=Al/l where 1 and Al denote the original length and the displacement, 
respectively. 
* Hooke's law holds for the stress and strain relationship in infinitesimal transformations of 
elastic bodies. 

«Problem 8 - 3 » Lame constant 
For isotropic elastic bodies, the stress Prs is related to the strain Crs as 

Prs = 2^ers + A,5rs(exx + Cyy + Czz) ( 8 . 3 . 1 ) 

where the subscript rs means the component in the direction of s on the surface 
perpendicular to r axis, X and |LI are the materials constants called the Lame 
constants and 6rs is Kronecker delta (5rs=0 when r;ts and 6rs=l when r=s). X 
and \i are related to K and y defined by Eqs. (8.2.12) and (8.2.14), respectively, 
as 

/i = K--Y,H = Y (8.3.2) 

Derive Eq. (8.3.2). 

Answer 
In the three dimensional space, stress P and strain e are described with nine 

components as shown by Eqs. (8.2.6) and (8.2.10), respectively. If the system 
is at an equilibrium state, the moment of rotation on an arbitrary infinitesimal 
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rectangular prism about the coordinate axis must be zero. For example, the 
moment about z axis is 

P̂ y + ^ ^ x l d y d z x d x - fpyx + ^ ^ y l d x d z x d x = 0 (8.3.3) 

* The moment of inertia about arbitrary axis, I, is defined by I=rxF. The vector I is in the 
direction perpendicular to the surface constructed by the vectors r and F. 

For the infinitesimal volume elements. 

aPx P , v » ^ ^ ; ^ x 

3P, 
xy , 3x 

Pyx» yx 
ay dy 

Then from Eq. (8.3.3), we have 

'̂̂ xy ~ * yx 

Similarly, 

^zx ~ ^xz 

'̂ zy — ^yz 

Thus the stress tensor P is the symmetrical tensor 

/ P P P \ 
A XX A XV *^XZ I 

P = 
XX A xy 

yy 

I • 
^yz 

Pzz / 

For the strain tensor, we have 

Cxy =̂  Cyx 

^zx ~ ^xz 

ezy = eyz 

(8.3.4) 

(8.3.5) 

(8.3.6) 

(8.3.7) 

(8.3.8) 

(8.3.9) 

Thus the strain tensor is also the symmetrical tensor. Each six among nine 
components o f ? and e are independent. For brevity, let's denote the 
independent components as 
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P l = P x x l 

P2 = Pyy| 

P3 = Pzz 

P4 = Pyz/ 

P5 = Pzx 

P6 = Pxy| 

and 

ei =exx\ 
2̂ ~ ŷy I 

e3 = Czz 1 
04 — Cyz I 

es = Czx 
^6 — ^xy/ 

(8.3.10) 

(8.3.11) 

P is a function of e. For example, r component of P is expressed as 

Pr = fi(ei 62,63 64 65 66) (8 .3 .12 ) 

Expanding fr in a Taylor series and neglecting higher order terms, we have 

P, = kr ,6 ,+k^e2 + k,3e3 + krt64 + kr5e5 + k r t e 6 = S ^n^i 
i = l 

(8.3.13) 

where kri are the elastic modulus. The number of the elastic moduli is 6x6=36. 
For isotropic bodies, independent elastic moduli are only two: 

k44 = l (kn-k ,2 ) = H (8.3.14) 

and 

ki2 = X (8.3.15) 

Then Eq. (8.3.13) is expressed as Prs=2^ers+A,6rs(exx+eyy+6zz). For Pxx, we have 

Pxx = 2H6xx + >^xx+ A£yy+ X«zz (8 .3 .16a) 

or 

Pxx = (2̂ 1 + X)exx + Xeyy+ X6„ (8.3.16b) 

Similarly we have 

Pyy = A^xx + (2ll + X.)eyy+ A«zz (8 .3 .17 ) 

Pzz = Xexx + Xeyy+ (2^ + X)t  ̂ (8.3.18) 
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The sum of both sides of Eq. (8.3.16b), (8.3.17) and (8.3.18) yields 

XX "*• ^yy"^ ^ z z ) 

Substituting equations 

•^^m ~ ^xx "̂" *̂ yy "''^zz 

t y = Cxx •» Cyy "r^zz 

in Eq. (8.3.19), we have 

Comparing Eqs. (8.2.12) and (8.3.20), we find 

2̂ 1+ 3X 

For pure shear, Eq. (8.2.6) is reduced to 

/ 0 exy 0 \ 

e= • 0 0 

\ • • 0 / 

and Eq. (8.3.8) is reduced to 

P = 
f 0 P,y 0 ) 

• 0 0 

V 
0 

J 

(8.3.19) 

(8.2.11) 

(8.2.5) 

(8.3.20) 

(8.3.21) 

(8.3.22) 

(8.3.23) 

For infinitesimal transformations, from Eq. (8.2.14), we have 

Pxy = 2Yexy (8.3.24) 

FromEq. (8.3.1), 

Pxy = 2nexy (8.3.25) 

Then 

\i=X 

The substitution of this equation in Eq. (8.3.21) yields the relationship 

X^K-2/3 Y 
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Thus the mechanical properties of isotropic elastic bodies are expressed only by 
the elastic modulus and the shear modulus. 

«ProbIem 8 - 4 » Stress equation 
Derive the relationship between stress Prs and shear rate ers(= 

dtrs/ dt) for viscous fluids: 

Prs = 2^6rs + j - P + jriv - |TlJ8vJ5rs ( 8 . 4 . 1 ) 

Answer 
Substitution of Eq. (8.3.2) in Eq. (8.3.1) yields 

Prs = 2Ye,3 + K - 3Yp^s^v (8.4.2) 

for isotropic elastic bodies, where e^=^x\'^^yy'^^2z represents the unit expansion. 
A similar relationship holds for fluids if we replace y by T|, K by T|v and Crs by 
Crs, according to the viscosity-elasticity analogy as 

Prs = 2TI6„ + jiiv - |Tl)6rsev (8.4.3) 

If the fluid has viscosity as well as elasticity (viscoelastic body), by summing 
up the right-hand sides of Eqs. (8.4.2) and (8.4.3), we have 

Prs = 2ye,3 + 2r|e,, + K - ̂ Y 5,,8, + U ^ - 3 ^ S^s ,̂ (8.4.4) 

In general, shear modulus y is zero and Kev=Pm—P for fluids. Then Eq. (8.4.4) 
is reduced to Eq. (8.4.1). 

«Problem 8 - 5 » Equation of motion for viscoelastic fluids (II) 
Derive the equation of motion for fluids 

^0 dp ( 1 \^^y • / \ 
^ ^^" a 7 " * " h ^ ' ^ 3 ^ b r " ^ P ^ ^ " P ' ' ^ (r = x,y,z) (8.5.1) 

by substituting Eq. (8.4.1) for Prs in the equation of motion Eqs. (8.1.7)-
(8.1.9). 
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Answer 
Substitution of Eq. (8.4.1) in Eq. (8.1.7) yields 

2d |9exx . 5evx , de. yx , v/»^zx 
\ dx dy 3z / 3x \ 3 'dx 

Similarly, from Eqs. (8.1.8) and (8.1.9) and (8.4.1), we have 

9x 3y dz j dy 

(8.5.2) 

(8.5.3) 

2TI(^^" 
dx dy t̂ tl-Î K-l'̂ lt̂ ^ -̂̂ - (8.5.4) 

In general, the tensor which expresses an infinitesimal displacement Drs is 
divided into the component corresponding to the strain Crs and that 
corresponding to the rotation (rigid body displacement) Ors as 

D . = 2 (Drs + D,,) + 2 (D,3 - D. )=2 [-5^ + -^j + ^[-^ - -^j= e . - o . 

(8.5.5) 

Here Ur and Uj denote the displacement along the surface perpendicular to r 
direction and s direction, respectively. The strain rate tensor e is expressed as 

de 

/ dCxx dê y de^z \ 

dt dt dt 
dCyy dCyz 

dt dt 
de„ 

\ 
dt 

^xx ^xy ®xz 

^yy ^yz (8.5.6) 

J 
The partial differentiation of the components with respect to x yields 

3exx _ 3 flpvx ^ §Vx \1 _ i / o ^ V ) 
dx ax\2\ax dxji 2\ 3x2/ 

de ̂  = l . / l / ^ + ^ f t = l i ^ + . ^ 
ax ax|2\ax dyjj 2\dx^ dxdy 

(8.5.7) 

(8.5.8) 
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From the definitions, 

dx ay az at\ ax ay oz / 

and 

a^vx^aV+aV^vV (8.5.10) 
dx? 9y2 9z2 

Substitution of Eqs. (8.5.7)-(8.5.10) in Eqs. (8.5.2)-(8.5.4) yields 

dk 
" , r72. 

^\lt'^'^^ 
ap f 2 \ae, 

"a^'*"h^'3^)"a^^p^''"p''^ (8.5.11) 

Eqs. (8.5.11)-(8.5.13) are summarized as Eq. (8.5.1). 

«Problein 8-6> Equation of continuity 
Derive the equation of continuity for fluids 

- ^ = p d i v V (8.6.1) 
dt 

where p is the density, t the time, v the fluid velocity, and dp/dt the time 
derivative of density at the same position in the fluid. 

Answer 
Consider an infinitesimal rectangular prism with volume dV=dxdydz. Let's 

denote the fluid velocity in the direction of x, y and z direction as Vx, Vy and v^, 
respectively. The volume flowing into the element through the surface ABCD 
(area dydz) per unit time is 

^ = V x d y d z (8.6.2) 

(See Fig.8-1) The volume flowing out from the element through the surface 
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EFGH (area dydz) per unit time is 

dYx±dx = L + ^ x k y d z (8.6.3) 
dt I ax r 

Then the rate of the volume increment of the infinitesimal rectangular prism 
through the surfaces perpendicular to x direction is 

dV, . dVx^dx ^ . ^ x d y d z = - ^ v (8.6.4a) 
dt dt dx dy 

Similarly, those through the surfaces perpendicular to y and z directions are 

' V ^ v (8.6.4b) 
dy 

and 

- ^ v (8.6.4c) 

respectively. The rate of the total volume decrease is given by 

dv^ /avx^avy^avzL^ (8^.5) 
dt Ux ay az/ 
Flow flux density, the total amount of fluid flowing through unit area per unit 
time, is pv for the fluid with density p and velocity v. Then div(pv)dV is the 
rate of the weight decrease per unit time. If there are no source and sink 
singularities in the volume element, the weight decrease is equal to -( dp/ at)dV. 
Here, dp/ dt means the time derivative of the density of the fluid element. 
Then 
. ^ v = div(pv)dv (8.6.6) 

at 
or 

. ^ = div(pv) (8.6.7) 

at 

Using the vector relationship 

div(pv) = grad p v + pdiv v (8.6.8) 
Eq. (8.6.7) is rewritten as 
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dp 
--  ̂ =  grad p v + pdiv v (8.6.9) 

The rate of the increase in density of the infinitesimal fluid element locating at 
(x,y,z) at t is expressed as 

d p = ^ + 3 p d x + ^ d y ^ a p d z 
dt dt dx dt dy dt dz dt 

= ^ + | ^ v , + | P v , + ^ v . = ^ + gradpv (8.6.10) 
dt dx dy dz dt 

Combining Eqs. (8.6.9) and (8.6.10), we have 

^ + pdiv v = 0 (8.6.1) 

«ProbIeiii 8-7> Navier-Stokes equation and Euler's equation 
Derive the equation of motion for incompressible fluids with or without 

viscosity. 

Answer 
Equation of motion for fluids is given by Eq. (8.5.1). From Eq. (8.6.1) 8v=0 

for incompressible fluids. Then Eq. (8.5.1) is reduced to the equation 

T ^ V \ - - ^ + pB, = pv,=p U ^ + v , - ^ (r = x,y,z) (8.7.1) 

Eq. (8.7.1) is called the Navier-Stokes equation. If the fluid is perfect fluid 
(T|=0), Eq. (8.7.1) further reduces to 

. ^ + pB, = pvr (8.7.2) 
dt 

Eq. (8.7.2) is called Euler's equation. For a slow steady flow 3vy3t=0, the 
inertia term Vr dv/ dr can be neglected, that is, 

V = 0 (8.7.3) 

If there is no external volumetric force (Br=0), we have 

i\V\ =   ̂ (8.7.4) 
dr 

or 
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TiV^v = grad P (8.7.5) 

Eq. (8.7.5) is called the Stokes equation (or Stokes formula) which is one of 
the basic equations in the theory for viscosity of polymer solutions. 

«ProbIein 8-8> Reynolds number 
Discuss the balance of the force of inertia and the force of viscosity in Eq. 

(8.7.1). 

Answer 
Let's denote typical length and velocity which characterize the flow as L and 

U,respectively. From a dimensional analysis, the force of inertia -̂  pU^/L and 
the force of viscosity ~T|U/L^ and the ratio of the force of inertia and the force 
of viscosity = (pU^/L)/(r|U/L^) =(pUL)/r|=R. Here, R is called the Reynolds 
number. When R is small the force of inertia is negligible, and when R is 
large the force of viscosity is negligible. 

<ProbIem 8-9> Couette flow 
Imagine the viscous fluid held between two plates with the upper plate 

moving with relative velocity u against the lower plate along x-axis on xz plane, 
as shown in Fig. 8-9 (a). Derive the equation 

Vx = gy (8.9.1) 

by solving Stokes equation and then derive the relationship between Pxy and exy 
by substituting Eq. (8.9.1) in the stress equation (8.4.1). 

Answer 
In this problem all the physical quantities depend only on y coordinate. The 

fluid held on between two plates has velocity only in x direction, that is, 

V x ^ O 

vy = 0 (8.9.2) 

Vz = 0 ) 

According to «Problem 8 - 7 » , Navier-Stokes equation for a slow steady flow 
of incompressible fluids is given by 
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TlV^V = 

For the 

r\—- = 
ay2 

grad P 

present 

dP 

"ay 
Since pressure 

ay 

Then Eq. (8.9. 

= 0 

condition, 

is constant, 

3) is reduced to 

0^*0) 

(8.7.6) 

(8.9.3) 

(8.9.4) 

(8.9.5) 

The solution of Eq. (8.9.5) is 

10-2 10° 
Y /(1/s) Fig. 8-9 

(a) Couette flow 
(b) The effect of the degree of polymeri2ation DP of cellulose on the 
solution viscosity Ti as a function of shear rate y for the system cellulose-
cuprammonium : a) DP-1400, b) DP=1050, c) DP=800, and d) DP=550 
under the condition of Cp(concentration of cellulose)=5wt%, 
NH3/Cellulose=0.94(w/w), and Cu/Cellulose=0.36(w/w) (See I. 
Miyamoto, T. Matsui,M. Saito andK. Okajima, J. Text. Meek Soc. Jpn. 50, 
73 (1996)) 
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Vx = ay + b (8.9.6) 

with a and b being integration constants. Let's denote the distance between the 
two plates as h. Using the boundary condition (Vx=0 when y=0 and Vx=u when 
y=h (no sHp condition)), we have Vx=uy/h=gy, where 

(8.9.7) 
^ h ay 

is the velocity gradient. We finally 

Vx = gy 1 

Vz = 0 ) 

From Eq. (8.5.8), 

e _dexy _ i/avx^3vy\ 
'^ dt 2\ay dxj 

Combining Eqs. (8.9.8) and (8.9.9), 

e = ^ exy 2 

obtain 

we have 

(8.9.8) 

(8.9.9) 

(8.9.10) 

All the components of e except for Cxy are zero. Substitution of Eq. (8.9.10) 
and the incompressibility condition ev=0 in the relationship of Prs and Crs, Eq. 
(8.4.1), yields 

Pxx = Pyy = Pzz =-P (8.9.11) 

Pxy = 'ng (8.9.12) 

Pyz = Pzx = 0 (8.9.13) 

* The notation Cxy is used in place of Pxy frequently as 

x̂y = Tlg (8.9.12)' 

where c^y is the stress acting on the surface perpendicular to y axis along x direction. When r| 
is constant, the fluid is called Newtonian. Polymer solutions are usually non-Newtonian, 
as shown for a typical case in Fig. 8-9 (b). 

* The dimension of r| is evaluated from Eq. (8.9.12) or 
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p 
r| = - ^ (8.9.12)" 

Let's denote weight, length and time as M, L and T, respectively. Then we have the 
dimension of T| as 

(Tl) = ( M U : i | ^ j = L->MT-' (8.9.14) 

T| is expressed by g/cm sec or dyn sec/cm^ (poise) in cgs unit. Poise is named after Poiseuille. 

«ProbIein 8 - 1 0 » Equation of motion and equation of continuity for 
slow steady flow (I) 

The solution for the equation of motion and the equation of continuity for 
slow steady flow 

TlAu = grad P (8.7.6) 

div u = 0 (8.10.1) 

is given by 

u = grad(r(t)) - 20 (8.10.2) 

P = 2r|div(t) (8.10.3) 

Here (  ̂ is the vector which satisfies the equation A(t)=0. Prove Eqs. (8.10.2) and 
(8.10.3). 

Answer 
Divergence of both sides of Eq. (8.7.6) is given by 

T| div Au = T|Adiv u = div grad P= AP (8.10.4) 

Substitution of Eq. (8.10.1) in Eq. (8.10.4) yields 

AP = 0 (8.10.5) 

This equation is called the Laplace equation and the function which satisfies 
the Laplace equation is a harmonic function. Let's denote an arbitrary 
harmonic function as <t)((t>x>0y,<t̂ z); A(t)=0. Then 

A(r(t)) = rA(t) + 2div (j) = 2div 0 (8.10.6) 

Thus u in Eq. (8.10.2) satisfies Eq. (8.10.1), since 
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div u = A(r(t)) - 2div (j) = 0 (8.10.7) 

Substitution of Eq. (8.10.2) in the left-hand side of Eq. (8.7.6) yields 

r|Afgrad(rc|)) - 2c|)j = ri gradA(r<|>)= 2Tigrad(div(|)) (8.10.8) 

Then we have Eq. (8.10.3). 

«ProbIeiii 8 - l l » Equation of motion and equation of continuity for 
slow steady flow (II) 

Derive the equation 

A(t) = 0 

for 

- 1 

Then derive the expressions for u and P for one-dimensional case in 
«Probleni 8-10» by substituting <j)=i/r in Eqs. (8.10.2) and (8.10.3). 

Answer 
Using the relationship r^=Zxî , 

(8.11.1) 

(8.11.2) 

A^ = 4 .T)=?0h^(7^)=f ^(If-?Sl <«"•') 
Here,3r/ 3xi=Xi/r and 9 r̂ /9xi^=l/r-Xi/r^ (9r/8xi)=l/r-Xi^/r^. Then we have 

/ 
1 
'̂tj = ? .̂ 

2 / X i l ^ ill x?^ 
31 r I r^lr r') 

| = - 2 . 1 . 1 = 0 
r̂  r̂  r ' 

(8.11.4) 

Substitution of (t)=i/r in Eqs. (8.10.2) and (8.10.3) yields 

3 1 
u = grad(r<|)) -2<|> = rgrad<|)-<|) = - x ^ '"*""" 

and 

-3 r (8.11.5) 

(8.11.6) 
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«Problein 8-12» Equation of motion and equation of continuity for 
slow steady flow (III) 

Derive the expressions for u and P for the potential ^=-X/r with X=( 1,1,1) 

Answer 
Substitution of <t)=->./r in Eqs. (8.10.2) and (8.10.3) yields 

u = (r>.)grad|-ij + ^ 

P = -2^Kgm 
(8.12.1) 

Eq. (8.12.1) is rewritten as 

l(__ , . . ^l X X 1 
u = (x,+X2 + X3J-3|x,i + x j + X3kj + - = ^ + 4(xi + X2 + X3]r (8.12.2) 

or 

Ui = x j % + Mk 
k I "• r^ 

(8.12.3) 

and 

P = -2Tigrad|^|=|^|IXi 
r ^ / i 

(8.12.4) 

«Probleni 8-13> Oseen tensor 
When a body moves with the velocity u in a viscous fluid, it exerts a force 

on the fluid, resulting in disturbing the flow field. For a force F acting on the 
fluid at an arbitrary point, the velocity change v' of the fluid where the 
distance from the point is R is given by 

V = 
87010 

1 ^ R= R (8.13.1) 

where I is the unit tensor, R=(xi,X2,X3) and 
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RR = 

^ ^ x x xx^ 

X2X1 X2 X2X3 

X3XJ X3X2 X3 

(8.13.2) 

Derive Eq. (8.13.1) on the assumption that the fluid be incompressible and the 
flow be a steady flow. 

Answer 

Stokes equation for a steady flow under external force F is expressed as 

gradP = TiAu + F (8.13.3) 

(Refer to Eq. (8.7.6)) 
The equation of continuity is given by 
divu = 0 (8.10.1) 

Let's denote the solution of Eq. (8.13.3) as u(ui,U2,U3) and P, and the solution 
of Eq. (8.7.6) (for F=0) as v(vi,V2,V3) and P' at a certain region B in the fluid. 
If we assume all of these solutions be single-valued and twice successively 
differentiable, we have 

{vfriAu - grad PJ - u(r|Av - grad P j + Fv >dx = 0 (8.13.4) 

If we denote the boundary surface of B as S and the normal vector of the 
surface as n, we have 

r| v ^ - u ^ dS - [vgrad P - ugrad P - Fvj dx 

+^-i)-"(^s-l))<'-j.--

? f f ^ • | ) - " ( ' ' l ^ - | ) l ' ' ^ . { l F , v , d x = 0 (8.13.5) 
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From the result of «Problem 8-12» , we have 

Pk = -2n 

(8.12.3) 

(8.12.4) 

Then we take the point P̂  at the origin and denote the position vector as 
r(xi,X2,X3) and its magnitude as |r |=r. We take B between a sphere with radius 
e including P ,̂ Go, and a concentric larger sphere Gi. If (j) and cp are 
arbitrary twice differentiable continuous functions, we have 

|j(t)Acp - (PA(t))dT = J j ( t ) | ^ - (p |^] dS (8.13.6) 

Here 3 / 3n is the partial derivative along n direction at the boundary surface S. 
Let's perform an integration on the surface Go 

lim (8.13.7) 

Since the inside of the parenthesis is finite, Vj ocl/r and dS ocr̂ , the integral is 
proportional to r. Thus the integral is zero when r-^ 0. Since the directions of 
n and r are opposite, we have 

lim S U; Tj-rr =r— dS= Hm ^ 
' dn dn I ^ ^ 

Uk + 3IUi| 
dS 
-T (8.13.8) 
r 

Taking account of symmetry of spherical surfaces, we have 

^dS/r2=4K, i^ XiXk/r̂  dS/r2= i,x^'/r' dS and J,, xjv dS/r2=0 

Then, Eq. (8.13.8) is expressed only with the minus components of r. Using 
the polar coordinate, Xk=rcos6, dS=2Kr^sinGd0 and 

- f dS = 27t cos e (sine dBj = -n 
r Jo -̂  



465 

Thus, the integral of Eq. (8.13.5) over Go surface is -87rr|Uk(P^). Then we have 

J o\ 

From Eqs. (8.12.3) and (8.13.8), Vi -^0 and (r| {dwj dn) - (dp'^Z an)) -->0 on 
the surface when r-^«>. The second term in the right hand side of Eq. (8.13.9) 
can be neglected. Thus we have 

If F(Fx,Fy,Fz) acts at the origin, we have 

(8.13.10) 

u = ^ 
Sroi 

/ 1 0 0 \ 

0 1 0 

0 0 1 / 

+ ^ 

/ Xi^ X1X2 X1X3 ̂  

X2X1 X2^ X2X3 

\ X3X1 X3X2 X3^ / 

Here if we denote 

1 = 
M O O 
0 1 0 

\0 0 1 i 

, 

. RR = 

Xl^ X1X2 X1X3 

X2X1 X2^ X2X3 

1X3X1 X3X2 X32 / 

r =R , Tl = no 

Eq. (8.13.2) is rewritten as 

u=TF 

where 

T = 1 
SKT) 

I RR 

(8.13.11) 

(8.13.12) 

(8.13.13) 

where the tensor T is called the Oseen tensor. If we replace RR by 
the average (R^/3)I (<XiXk>=5ikXk )̂, then we have 

u = —1—^IF 
67rr)oR 

(8.13.14) 
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Eq. (8.13.14) is rewritten, if Stokes formula is applicable (Eq. (8.7.6)) as 

F = 67niRu = C«» C = 67cr|R (8.13.15) 

where ^ is the friction coefficient (See, for example, J. N. Hunt, In 
Compressible Fluid Dynamics, pi5-16, Longmans, 1964). Thus the force F 
acting on a small sphere with radius R flowing with velocity u is proportional 
to the radius of the sphere and the viscosity of the fluid. 

«ProbIem 8-14> Capillary flow 
Consider a steady flow of incompressible fluid in a capillary (i.e., steady 

axially-symmetrical flow in a straight pipe of circular section). Let's denote the 
difference in pressure of both ends of the capillary, the radius and the length of 
the capillary and the fluid viscosity as AP, R, / and rj, respectively. Show the 
volume Vt flowing through a cross section of the capillary in time t 
is given by 

, , TiR'̂ APt 
V. = - ^ ^ (8.14.1) 

Answer 
Let's take x axis in the direction of the center line of the capillary tube. 

Then the fluid velocity v is a function of only y and z. The Stokes equation 
(See Eq. (8.13.3)) is solved under the boundary condition 

Vx^O, Vy = Vz = 0 (8.14.2) 

or 

Avy = 0, Avz = 0 (8.14.3) 

AP=Pl-P2 

Pi # « m P2 

Fig. 8-14 Poiseuille flow 
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Then we have 

TlAVy = 0 •• 

TjAv̂  = 0 = 

dy 
dp 

dz 

^ ^2 - 2 -.2 

+ - + 
\ 

dx dy dz' 

a2 -,2 \ 

J dy dz 

5P 
ax 

(8.14.4) 

(8.14.5) 

(8.14.6) 

Here we use the relationship in the present situation: 

^ dx^ 
= 0 (8.14.7) 

The right-hand side of Eq. (8.14.6) is a function of only x whereas the left-
hand side is a function of only y and z. Thus, both sides should be a constant, 
that is, 

dl 
dK 

=const 

Since the difference in pressure for the tube length / is AP, 

g P - A P 

dK I 

Substitution of Eq. (8.14.9) for aP/dx in Eq. (8.14.6) yields 

AP 

(8.14.8) 

(8.14.9) 

d\^ d \ 
—1-i ^ = Av = 

.2 -,2 " 5y" dz' Tl/ 
(8.14.10) 

Using the cylindrical coordinate, Vx is a function of only r and Eq. (8.14.10) is 
reduced to 

" r drl dr I ^/ 
(8.14.11) 

Integration of Eq. (8.14.11) yields 
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AP 2 
Vx = - 4 ^ r + a l o g r + b (8.14.12) 

with a and b being integration constants. Since Vx should be finite along the 
center line of the tube (r=0), the constant a must be zero. If we assume no-slip 
condition (Vx=0 at the capillary wall at r=R), we have 

AP 7 
4r\l (8.14.13) 

Substitution of Eq. (8.14.13) for b in Eq. (8.14.12) yields 

APj 
v. = = . ( R ^ - r ^ ) (8.14.14) 

Fluid of the volume 27crVxdr flows per unit time through the shell between 
circles with radius r and r+dr. Then the volume of fluid which flows through a 
cross section of the capillary tube in time t is given by 

Vt = t 27trvxdr (8.14.15) 

Substituting Eq. (8.14.14) for Vx in Eq. (8.14.15) and integrating over r yields 
Eq. (8.14.1), which can be rewritten as 

KR'̂ APt 
" ^ " " ^ V T " (8.14.16) 

Thus the fluid viscosity r| can be determined by measuring the time t required 
for a given volume of fluid flowing through a cross section of the capillary 
tube. Eq. (8.14.1) or (8.14.16) is called the Hagen-Poiseuille law which is a 
basis for the capillary viscometry. Poiseuille found in 1846 that the resistance 
of fluid flowing in a capillary tube is proportional to the fourth power of the 
inner diameter of the tube. Afterwards Hagen gave a theoretical explanation for 
this phenomenon. (See E. Hagenbach, Pogg. Ann. 109, 385 (1960); 
J.L.M.Poiseuille, Mem. Savants Etrangers  9, 433 (1846)) 

* Since R,/ and Vt (the volume of the fluid reservoir of the capillary viscometer) depend only 
on the dimension of the viscometer and AP is proportional to the density of the fluid p, Eq. 
(8.14.16) is reduced to 
Tl oc pt (8.14.17) 
Using a standard liquid, i.e., a liquid whose viscosity and density are known (usually pure 
solvent), we have 
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(8.14.18) 
^0 \PoJto 
where the subscript 0 denotes the standard liquid. Thus T| can be determined by measuring the 
time t required for all the solution flowing out. For dilute solutions, the density of the solution 
p is nearly equal to that of the pure solvent p^, Then we can approximate 

Tlo to 

The prerequisite conditions for Hagen-Poiseuille law are 
(1) fluid is incompressible 
(2)steady flow (fluid viscosity is so slow that the force of inertia is negligible) 
(3)Newtonian viscosity 
(4)laminar flow 
(5)correction for kinetic energy is not necessary ^______^_^ 

(8.14.19) 

«ProbIein 8-15-a» Frictional heat and viscosity 
Consider a steady laminar flow in a horizontal cylindrical tube. Take x 

and y axis in the direction of the length and in the radial direction of the tube, 
respectively. The change in fluid velocity in the direction of x axis, Vx, with 
respect to the radial direction y yields a velocity gradient g, that is. 

yk (a) (b) 

f + | / : 

Fig. 8-15 Two layers in a shear flow (a) and shear flow near the planar particle 
(b) 
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^y (8.15.1) 

Viscosity r| is defined as the ratio of the frictional force (stress) on the surface 
along the flow Xy to the velocity gradient as 

Xy = iig (8.15.2) 

r| is also defined using the frictional heat co produced in unit volume in unit 
time as 

« = ^g^ (8.15.3) 

Derive Eq. (8.15.3). 

Answer 
Imagine two layers A and B, each having surface area AS and the thickness 

along y axis Ay, in the tube, as shown in Fig. 8-15(a). The layer A moves 
faster than the layer B by gAy. The force which acts on the boundary of the 
two layers is XyAS. Then the work done by the layer A against the frictional 
force is AW=(velocity difference)x(frictional force) in unit time; 

AW =[velocity difference] x [frictional force) = gAyXyAS (8.15.4) 

The volume of the layer A is ASAy. Thus the work produced in unit volume 
and unit time is 

c o = - 4 S L = Xyg (8.15.5> 

ASAy ^^ ^ 

Using Eq. (8.15.2), we have 

CO = Tigg = Tig2 (8.15.3) 

«Problein 8-15-b» Estimation of volume fraction dependence of 
viscosity coefficient 

Consider a planar rigid particle with the surface area S and thickness 1 in a 
steady laminar flow with a velocity gradient, as shown in Fig.8-15(b). We 
neglect the edge effect and the rotation of the plane. The fluid velocities on the 
plane and under the plane are different. Now we assume that the velocity of the 
plane is equal to that of the fluid on the center line, v. If we assume no-slip 
condition, the velocity of the fluid on the plane changes from v+(l/2)g to v and 
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that under the plane changes from v-(l/2)g to v by the existence of the planar 
particle. Then we assume that such modification of flow caused by the 
existence of the plane appears at most over the length 1 from the plane. Then 
the velocity gradient from the center line of the planar particle to the surface 
which is 1 above the plane is [{v+(31/2)g}-v]/l=(3/2)g. Similarly, the velocity 
gradient from the center line of the planar particle to the surface which is 1 
below the plane is (3/2)g. Calculate the dissipation heat caused by the plane and 
derive the expression for the viscosity coefficient by comparing the heat CO in 
Eq. (8.15.3). 

Answer 
Using Eq. (8.15.3), the dissipation heat in the volume ABB'A' in Fig. 8-

15(b) caused by the plane is r|o(3g/2)^(2Sl). If there are N  ̂planar particles per 
unit volume, total volume fraction of the particle (^\ is SLÂ ,. The volume 
fraction, the flow field in which is not disturbed by the planar particles is (1-
3SL/V|). Thus, the dissipation heat in this volume is rjog (1-3SL/V,). The total 
dissipation heat is the sum of these dissipation heats as 

o>=^o g ' ( l -3 SLV,)+Tlo(| g)'(2 Sl^=^o(l+1.5 Sl^,) g' (8.15.6) 

We can also say that this heat is the decrease in kinetic energy of the fluid, 
resulting in the fluid being more viscous due to the decrease in velocity of 
the fluid molecules. Comparing Eq. (8.15.6) with Eq. (8.15.3), we have 

r|=^o(l+1.5(t),) (8.15.7) 

The coefficient of 01, 1.5, in Eq. (8.15.7) derived by the above rough 
estimation is slightly different from that of the exact Einstein's equation, 2.5, 
derived in Eq. (8.27.1). An instructive conclusion of this problem is that the 
viscosity coefficient only depends on the volume fraction of the suspended 
particles and the solution viscosity is proportional to the solvent viscosity. 
(See M. Kaneko and K. Ogino, Polymer Science (Kobunshi Kagaku), Kyouritsu 
Pub. Co., 1965, pl30) 

«Problem 8-16> Two-dimensional steady shear flow of solution of 
dumbbell-like molecule (I): Diffusion equation 

Consider a dumbbell-like molecule which consists of a rod with spheres at 
the both ends. When this molecule is put in a shear flow of fluid with viscosity 
T|o, the center of gravity moves and rotates along the flow. If we take the origin 
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at the center of gravity of the molecule, the probability density f(0,V|/,t) of 
finding this molecule at a position (G,\|/ in the polar coordinate) at time t is 
described by the diffusion equation. Imagine a solvent flowing with the 
velocity v ' by an external force F. If we put the dumbbell-like molecule in the 
solvent, the equation of motion is expressed as 

m d v l ^ ^ p . ^ v ' (8.16.1) 
dt ^ ^ ' 

where C, is the friction constant. If there is no external force, the first term in 
the right-hand side in Eq. (8.16.1) is removed. For a shear flow, the velocity of 
the solvent is given by 

000̂ 1 /oooVx î 
= (0,gx,0) (8.16.2) v^ = | gOO |r = 

0 0 0 

Then we have the diffusion equation expressed as 

af(r,t) ,. . , 
— ^ = -divjf (8.16.3) 

where j is the flow defined by 

j = V'- D(grad f)/f (8.16.4) 

with D being the diffiision coefficient. Eqs. (8.16.3) and (8.16.4) give the 
probability density when there are two forces; shear stress and diffusion force 
due to the thermal motion. Derive the angular velocity for the molecular 
rotation, 0 and (j), in the steady state when the thermal diffusion is 
negligible. 

Answer 
For convenience, we put r=unit vector. Then grad f and div jf can be 

rewritten in the polar coordinate as 

gradf=u,|.„,-^ (8.16.5) 

where Ue and u^ are the unit vector and je and j ^ are the components of j in the 
direction of 0 and <|), respectively. Now, we redefine Je and j ^ as angular 
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velocities, that is, jg —>je and j^ -̂ ĵ sinG, as shown in Fig. 8-16. Then Eq. 

(8.16.3) is rewritten as 

^ = -_L_ ^ e fsin 0) - - J _ l-(j.f sin 6) 
at sin ear ' sinea^^^ ' 
0 and (j) components of Eq. (8.16.4) are rewritten as 

vaf 
j e f = e f - D 

30 

D af 

(8.16.7) 

(8.16.8) 

(8.16.9) j,|,f sin 0 = (i)(sin 0)f 
sin 0 d(^ 

respectively. Next we calculate each component of the relative velocity 
v'(v'r,Ve,vp. Let's denote the velocity of the small sphere of the dumbbell­
like molecule as V. Then we have 

v" = V - vO 
with 

/ 

v = 

0 

l> 
•^ |sin 0sin <j) 

(8.16.10) 

J 
The projection of the half length of the rod of the dumbell-like molecule b/2 on 
the x-y plane is b(sin0)/2. The x component of the projection is (bsin0cos(t))/2. 
From Eq. (8.16.2), we have 

V^y = gX (8.16.11) 

The 0 component of Vŷ  is (b/2)gsin0cos0sin(l)cos0. Similarly, we can derive 
the (|) component of v , v̂ ,̂ as (bgsin0coŝ (t))/2. Thus 
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/ 

v° = 

1 
gsin Gcos 9sin (t)cos (j) 

V 
b | 2 
-gsinOcos <t) 

(8.16.12) 

J 
Then 9 and (j) components of v' are obtained from Eqs. (8.16.10) and 
(8.16.12) as 

v'e = j^|e - Î Wn 2esin 2<|) 

v\ = p^Bin 9((̂  - gcos2 <|)) 

respectively. In the steady state, 

dt 

Then Eq. (8.16.1) is reduced to 

Fe = Cv'e 

(8.16.13) 

(8.16.14) 

(8.16.15) 

(8.16.16) 

(8.16.17) 

e and <t) components of the moment M to rotate the dumbell-like molecule 
induced by the force F are expressed as 

Me = Fe.,^ + Fe,2^ = b^v e = bc[^)| 9 -1 f isin 29sin 2^ 1 (8.16.18) 

M,„=F^i^jsin9 +FJ^]s in9 =bsin 9Cv'̂  = bd ^jsin' 9 ((j) - gcos^ <^] (8.16.19) 

respectively, where the subscripts 1 and 2 correspond to the small spheres 1 and 
2. In the steady state, 

Me = 0 \ 
(8.16.20) 

M,„ = 0 j 
Then we have 
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e = j^jsin 2esin 20 (8.16.21) 

(j) = gcos (̂t) (8.16.22) 

Thus the dumbbell-like molecule performs a rotational motion with a constant 
angular velocity 0 and (j). 

* A dumbbell-like molecule is an element of a pearl-necklace molecule (or bead-and-bond 
molecule), which is used to represent a linear polymer molecule. 

* Statistical approach to an equilibrium state is described by the forward equation of Fokker-
Planck equations (See for example, C. Kittel, Elementary Statistical Physics, John Wiley & 
Sons, Inc., New York, 1977): 

I f=3 | , (a( t , x)f)-^(b{t, x)f)-H c(t, x)f (8.16.23) 

for one-dimensional case, where f is a probability density function and a, b and c are functions 
of time t and coordinate x. In case a=const.(=diffusion coefficient D) and b=c=0, i.e., the 
stochastic process is homogeneous in time and space), we have Brownian motion: 
dildX=?id'^fl3^, In case b= V' and c=0, we have Eqs. (8.16.3) and (8.16.4) in three-
dimensional case. 

* Eq. (8.16.5) is derived as follows. 
Let's express the relationship between a rectangular coordinate (x,y,z) and a curvilinear 
coordinate (qi,q2,q3) as 

x=x(qi.q2,q3) 

y=y(qi.q2,q3) } (8.16.24) 

z=z(q„q2,q3) 

The operator grad is expressed using the coordinates as 

grad(.V) = . . ^ « , ^ . ^ = ig |_+i4^4^ (8.16.25) 

where (Cx, Cy, Cz) and (ui, U2, U3) are unit vectors in the rectangular coordinate and the 
curvilinear coordinate, respectively, and 



476 

The divergence of an arbitrary vector j is expressed as 

divj=V-(j ,U,+ J2U2-f J3U3) 

or 

V j - u - j . V u . + u ^ j . 

The first term of the right-hand side in eq. (8.16.27) is expressed as 

and the second term is expressed using Eq. (8.16.25) as 

(8.16.27) 

(8.16.28) 

(8.16.29) 

(8.16.30) 

Now we consider a dumbbell-like molecule represented by a vector r in a polar coordinate as 
shown in Fig. 8-16: 

X = r sin 6cos (^ ] 
y = r sin Bsin (j) 
z = r cos 0 

then 

(8.16.31) 

(b) 

-.^J/sin 0J4 

Fig. 8-16 A dumbbell-like molecule in a shear flow (a) and the 
components of je and j^ (b) 



As we put r=unit vector, 

= 0 
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(8.16.32) 

(8.16.33) 

From Eqs. (8.16.25) and (8.16.30), we have Eqs. (8.16.5) and (8.16.6), respectively. 

«Problem 8-17> Two-dimensional steady shear flow of solution of 
dumbbell-like molecule (II): Force and its corresponding moment acting 
on the molecule 

Derive the force F(Fx, Fy, Fz) which acts on the small spheres of the 
dumbbell-like molecule in «Problem 8 -16» and the corresponding moment 
M(Mx, My, Mz) both in the three-dimensional and two-dimensional spaces. 

Answer 
From Fig. 8-17(a), the relationship between the components of the 

rectangular coordinate and the polar coordinate is given by 

(je)^ = (cosecos(t))je 

(je) =(cosesin(t))je 

(je)^ = (-sin(t))j^ 

(8.17.1) 

y^cos^sin^ 

JgCOS0 

Fig. 8-17 Components of Je (a) and j^ (b) 

cos ̂ 7^ 
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Similarly, from Fig. 8-17(b), we have 

(j^)^ = (-sin(t))j^ 1 

(j^)^ = (cos(t))j^ 

Thus 

jx = lje)x + sin e(j(|,)x = (cos Gcos (t))JG - (sin Gsin %^ 

jy = (je)y + sin e(j(|,)y = (cos Gsin (t))je + (sin Gcos <t))j<|> 

jz = (-sin elje 

The velocity of the small sphere is given by (distance)x(angular 
is, 

V = j r 

The relative velocity is given by 

v' = V -yO 

The force acting on the sphere is 

F = ;(V - vO) = ;(jr - vO) 

Substitution of Eqs. (8.17.3)-(8.17.5) in Eq. (8.17.8) yields 

Fx = Qtucos Gcos (l))je - (sin 6sin ^^^] 

^4) 
f.^'M-

(cos 6sin (t))je + (sin Scos ^^^- gsin Scos (j) 

(sinejje 

(8.17.2) 

(8.17.3) 

(8.17.4) 

(8.17.5) 

velocity), that 

(8.17.6) 

(8.17.7) 

(8.17.8) 

(8.17.9) 

(8.17.10) 

(8.17.11) 

The moment M is defined by 

(8.17.12) 

where i=l and 2 denote the two spheres, x component of the moment is 
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evaluated as 

- 2f I j s in esin J ^ \ - sin Gje] - 2 |^jcos ecf | 

X COS 9sin (ty 0 + sin Bcoscj) j ̂  - gsin Gcos 0 

= 2 d - sin (ty 0 + sin Gcosct) j ̂  - gsin Gcos 0 (8.17.13) 

My and M^ are likewise obtained. 
In the two-dimensional space, the force which acts on the first spheres Fyj is 
evaluated, in reference to Eq. (8.17.10) with putting G=7i/2, as 

Fy,i = C(|)[cos (t)ĵ  - gcos ([)] = c(|jcos (^\j  ̂ - g] = Fy,2 

Similarly, from Eq. (8.17.9), 

Fx,i = -C(ysin (t)j<|> = Fx,2 

The moment about z axis is given by 

M = Fy,ixi -f Fy,2X2 + Fx,iyi + Fy,2y2 = ^ g c o s ^ <|) - j<|,) 

In the steady state, we have 

'^ = gcos2 ([) 

which agrees with Eq. (8.16.22). 

(8.17.14) 

(8.17.15) 

(8.17.16) 

(8.17.17) 

«Problem 8-18> Two-dimensional steady shear flow of solution of 

dumbbell-like molecule (III): Probability density 

The probability density f((t),t) for the two-dimensional flow of a dumbbell­
like molecule is given by a set of equations 
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J,f = < i > f - D | (8.18.1b) 

(by putting e=7t/2 and je=0 in Eqs. (8.16.7)-(8.16.9) and (j)=gcoŝ (t) (from Eq. 
(8.16.22)). Let's express fas a power series of g as 

f = ̂ 4 1 + fig +f2g2 + hg^ +••] 
2K 

Here 271 comes from the normalization condition when 

fl=f2 = f 3 = - = 0 

that is, 

rfd(t)=l, rf,g'd(l) = 0(r= 1,2,3,-) 
Jo Jo 

Derive fi and f2 in the steady state 

^ = 0 
dt 

(8.18.2) 

(8.18.3a) 

(8.18.3b) 

(8.18.4) 

Answer 
Using Eq. (8.18.1b), Eq. (8.18.1a) is rewritten as 

d_ 
d(|) 

271 

A ( i . f , g . f , g ^ . . . . ) - £ | ( i . f . g . f ^ ^ . - . . ) 

â f. I, 1 I 2 " f 1 " ^2 

-2sin <t)cos (|) - D—j g + -2sin (|)cos <|)f, + cos ^-^ - D 3<t> d^^ 
ĝ  + 

J 

(8.18.5) 

From the steady state condition 3f/ 3t=0, all the coefficients of g, g ,̂... must be 
zero. For the coefficient of g. 
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- 2sin (t)cos (j) - D^-^ = 0 

The solution of this equation is 

r sin 2(1) . A . fi = ^ + cid) + c? 
4D ^ 

(8.18.6) 

(8.18.7) 

fi at 0=0 and 0=271 should be the same, then Ci=0. From the normalization 
condition 

r f 1 d(l) = 0 (8.18.8) 

C2=0. Thus we have 

f = sin 2<|) 
' " 4D 

For the coefficient of ĝ , we have 

-2sin (|)cos (l)f 1 + cos2 (^^ - D ^ = 0 

Substitution of Eq. (8.18.9) for fi in Eq. (8.18.10) and rearrangement yields 

(8.18.9) 

(8.18.10) 

1 

d(^^ 4D' 
sin^ 2<{) + 2cos2 ^ - 4008"* ^ (8.18.11) 

Integration of Eq. (8.18.11) over (() yields 

5f, 1 

^ (4D)^ 

sin 40 + 2sin 20 +C3 

f2 = 
(4D)= 

cos 40 
+ cos 20 + C3 0 + C4 

(8.18.12) 

(8.18.13) 

Since f2 should be the same at 0=0 and 2n, C3 =0. Using the normalization 
condition, C4=0. Then we have 

f2 = -
1 cos 4(|) 

(4D)' 
+ cos2(|) (8.18.14) 
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Substitution of Eqs. (8.18.9) and (8.18.14) in Eq. (8.18.2) yields 

( \2 
f = 

27t 
, . I ^ l s i n 2 ^ . ( ^ 1 | ^ . c o s 2 $ | (8.18.15) 

The probability density f is given as a function of 2(|) for various values of 
g/4D in Fig. 8-18. Such a relationship was first derived by Boeder.(See P. 
Boeder, Z. Phys. 75, 258 (1932)) 

* The diffusion equation for dumbbell-like molecule in three dimensional case is given in 
«Problem 8-45» 

«Problein 8-19> Two-dimensional steady shear flow of solution of 
dumbell-like molecule (rV):Viscous dissipation 

Pure shear flow of viscous fluids with shear velocity g induces heat of T|ĝ  
per unit volume and unit time (See Eq. (8.15.3)). The viscosity of the solution 
T| is related to the viscosity of pure solvent r|o as 

Tig2 = T|og2 + Aq (8.19.1) 

0.2 

0.18 

0.16 

0.14 

0.12 

i<~-
r 

\ 

N 
y 1 

^ -'11 

g/4D 

0.01 

- . - 0.02 

0.03 

- - 0.05 

— 0.10 

— - 0.20 

0 2 4 6 

2<1) 

Fig. 8-18 Probability density as a function of 1^ 
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This equation means that the solution generates heat more than the solvent by 
Aq. Consider a solution which contains Â  dumbbell-like molecules per unit 
volume. The force on the spheres of the dumbbell-like molecules exerted by 
solvent is -F whose components are given by Eqs. (8.17.9)- (8.17.11). Thus the 
work done per unit volume by the solution is larger than that by solvent by -
A (̂FiVî +F2V2̂ ). Here the subscripts 1 and 2 denote two spheres of the 
dumbbell-like molecule. In the two-dimensional flow, the motions of the two 
spheres are the same, that is, FiV]̂ =F2V2̂ . Then we have 

Aq = - A^l" f((t))(F,V? + F2V2') d(t) = - A^£" f((t))(Fy,v;, -f F^^^'^^] # 

= - 4A f̂' 2f(0)FyiVy, d(|) (8.19.2) 
Jo 

Evaluate Aq using f(<|)), Fyj and Vyj obtained in «Problem 8-17» and 
«Problem 8-18». 

Answer 
From Eqs. (8.17.14) and (8.17.17), we have 

Fyi = d - cos (t)[j ̂  - g]= d - cos (  ̂g[cos^ 0 - 1J 

In Eq. (8.16.11), x=-(bcos(|))/2 for the present problem. Then we have 

V y l - - - gCOSC]) 

From Eqs. (8.19.3) and (8.19.4), 

(8.19.3) 

(8.19.4) 

FyiVyi = d r g cos^ (|)| 1 - cos (|) (8.19.5) 

Substitution of Eqs. (8.18.15) and (8.19.5) in Eq. (8.19.2) yields 

Aq = — 
^ 27C 

1 + 
4D sin 2<t) - — -cos 4(1) + cos 20 
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x d ^ ĝ coŝ <t»| 1 - COS (|) m 

-m^' COS (j) - COS H^ |cos <|)sin2(t) 

i_V^o^ A.;̂  OA ( ^ V ° L ^ ^ ' " ' ^ f^ I . . .4 JCOS (bsin 2 6 - , 
\4D 4D] 

cos (t)sin2<t) m 

(8.19.6) 

and then 

2>-_2 

Aq = Nb'Cg 
n 

2>--2 A^'Cg 
16 

4 16J \4DJ 
' l l | 
2'3] 

67t\4DJ ^4DJ 

^ -
4 D 8 

(8.19.7) 

«ProbIein 8-20» Limiting viscosity number of solution of dumbbell-like 
molecule (I): Estimated from heat dissipation 

The viscosity of a solution is related to the viscosity of the solvent as 
Aq 

^ = ̂ 0 + — (8.19.1) 
g 

The limiting viscosity number is defined by 

h = l i m - — ^ 
i J c->o ^QC 

Evaluate [r\]  using Eq. (8.19.7). 

Answer 

(8.20.1) 
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From Eqs. (8.19.1) and (8.19.7), 

Aq NbX 

g 16 *^^4DJ67t ^4DJ (8.20.2) 

Substitution of Eq. (8.20.2) in Eq. (8.20.1) yields 

[TiJ = hm = hm ^ 
'4DJ6n ^4D 

Using the relationship N=N/J{M/C), Eq. (8.20.3) is further rewritten as 

NAb'C 

(8.20.3) 

hl= 
16r|oM 

^Ah% 
211 oM 8 3K\4DJ 4^4DJ 

(8.20.4) 

Eq. (8.20.4) indicates that a dumbbell-like molecule solution is non-Newtonian. 

«ProbIein 8-21» Limiting viscosity number of solution of dumbbell-like 
molecule (II): From the ratio of shear stress to shear rate 

Consider a surface S with unit area in a solution. Let's denote the normal 
vector of the surface as v. The plus side and the minus side of S are defined as 
the side where v has the plus sign and the minus sign, respectively. Denote the 
unit vector along the molecular axis (6,(1)) as e. The total number of molecules 
with the molecular axis (6,(1)) among the molecules which pass through the 
surface S is the total number of molecules having the molecular axis (6,(t)) in 
the volume of the cylinder surrounded by the dashed line in Fig. 8-21, that is, 
|vl| bM. Here |vl |b is the height of the cylinder. Let's denote the force that an 
arbitrary molecule exerts on the surface of the fluid from the minus side to the 
plus side as F. Thus the force induced by a dumbbell-like molecule from the 
plus side to 
the minus side is given by the integration of 

F|vl|byV f̂(6,(t)) (8.21.1) 

over all the directions, that is. 
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-JVhf r I vl |Ff(e,(t))sin 6 ded0 (8.21.2) 

If we denote the total stress on the surface S as a^ and the corresponding stress 
for the fluid without the dumbbell-like molecule as Cy", we have 

a ^ - a / = -M5 j J Ff(e,<t))sin e ded(t) (8.21.3) 

Now we take v axis in the same direction as x axis so that (vl)=sin6cos(t). 
Thus, the shear stress Oxy, the y component of the stress on the surface 
perpendicular to x axis is given by 

^xy - «^xy" = - ^ T J Fyf(e,<l))sin^ ecos (|) ded(t) 

Since T| is defined by 

ev» 
<Txy = 1 1 - ^ = ng 

Ti-Ti° is expressed as 

T| - -n" = - — y r Fyf sin^ ecos <t) ded(t) 

(8.21.4) 

(8.21.5) 

(8.21.6) 

Evaluate the viscosity coefficient x\ for the solution of dumbbell-like 
molecules in two-dimensional space. 

Fig. 8-21 Stress on the surface of an arbitrary volume element in a fluid 



487 

Answer 
In two-dimensional space, Eq. (8.21.6) reads 

Tl.TlO = .|£}*jrF/cos(l)d(l) (8.21.7) 
g '• ' 

Using Eqs. (8.18.15) and (8.19.3), we have 

,0 Â b %.i^uuu:' 1-1 =-r6-\'*6Si4Dj-4451 / (8-21-8) 

Eq. (8.21.8) agrees with Eq. (8.20.3). Thus we can confirm that r| calculated 
from the viscous dissipation induced by fluid of unit volume per unit time is 
the same as the ratio of the shear stress to the shear velocity. 

«Problem 8-22» Definition of solution viscosities 
In physical chemistry of polymer solutions, relative increase in viscosity of 

dilute solution induced by dissolving solute is more important than the viscosity 
itself. Describe the definition of (1) relative viscosity*^ or viscosity ratio^^ (2) 
specific viscosity*\ (3) reduced viscosity*^ or viscosity number̂ ,̂ (4) 
inherent viscosity*^ and (5) limiting viscosity number̂ ^ or intrinsic 
viscosity*^ 

Answer 
Let's denote the viscosity of solvent and solution as r|o and r|, respectively. 

(8.22.1) 

(8.22.2) 

(8.22.3) 

(8.22.4) 

(8.22.5) 

( l ) ^ r = 

(2) Tlsp = 

( 3 ) ^ 

where C 

C 

(5) h]= 

= -3-- l=Tl , - l 

is the mass concentration. 

r 

dim-pf 
C->0 *-

or 
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^^J^ciS^C" (8-22.6) 

The unit of [r|] is volume/weight (usually lOOcm /̂g*^ or cm ̂ li\ [Tl] defined 
by Eqs. (8.22.5) and (8.22.6) are sometimes denoted as [r|]H(Huggins) and [T|]K 
(Kraemer), respectively. 

'̂  L. H. Cragg, J. Colloid Sci. 1, 261 (1946); ̂ ^ International Union of Pure and Applied 
Chemistry, J. Polym. Sci. 8,257 (1952) 

* The concept of specific viscosity was proposed by Staudinger-Heuer in 1930 (See H. 
Staudinger and W. Heuer, Ber. dtsch chem. Ges. 63, 222 (1930)). They understood r|sp as 'die 
Viscositats-Erhohung', die in einem Losungsmittel durch den gdosten Stoff hervorgerufen 
wird' 

«ProbIein 8 - 2 3 » Determination of relative viscosity by viscometer 
When a viscous fluid flows in a capillary viscometer, r| is determined from 

the time t required for the fluid falling by a certain distance as 

p C i | t - - ^ | (8.23.1) 

where p is the density of the solution and C\ and C2 are the apparatus constants 
which mainly depend on the dimension of the viscometer. Derive the 
relationship between r|r and t. 

Answer 
From the definition 

T l r = ^ (8.22.1) 

'lo 

Substitution of Eq. (8.23.1) for Tl in Eq. (8.22.1) yields 

' lo 
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C,p )/ t -Cj /Ci t ^ 

CiPo t-Cj/Cjto 
(8.23.2) 

where po and to are the density and the falling time of solvent. In the usual 
condition of dilute polymer solutions 

p/po=l 

t»C2/C, t , 

t o»C2/C , to (8.23.3) 

Thus we have 

Tlr = f (8.23.4) 

Therefore, measurements of the flowing time in a capillary tube t allows us to 
determine T|r. 

* Concept of limiting viscosity number as lim r|̂ „ / C or lim(ln T|-) / C was formed 

when Tisp/C for numerous polymer solutions was observed experimentally to show 
concentration dependence, [TI] was considered that it represents the contribution of a polymer 
molecule to solution viscosity. In 1937 Staudinger used Z for lim t| / C of cellulose 

c->0 ^ 

nitrate solutions (H. Staudinger and M. Sorkin, Ber. dtsch chem. Ges. 70, 1993 (1937)). In 
1938 E. O. Kraemer named [r|] 'intrinsic viscosity' and inl944 G. V. Schulz named [T]] 
'Viscositatszahr (E. O. Kraemer, Ind. Eng. Chem. 30,1200 (1938); G. V. Schulz, Z. 
Elektrochem, 50,122 (1944)). In 1945 I. Sakurada proposed 'limiting viscosity number' for 
[x\] (I. Sakurada, Kobunshi Kagaku (Chem. High Polym. Japan) 2,253 (1945)). Note that [TI] 
is not viscosity, but just a number. In German industry, k in Fikentscher-Mark equation (Eq. 
(8.26.2)) was utilized as 'Eigen viscositat'. ^ _ ^ _ _ _ ^ 

«Probleiii 8 - 2 4 » Huggins' plot and Kraemer's plot (I) 
Limiting viscosity number [r|] is defined by 

[Tl] = l i m - : ^ (8.22.4) 
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[TI = l i m — i ^ (8.22.5) 
c-»o ^ 

Prove [T|] defined by Eqs. (8.22.4) and (8.22.5) are the same. 

Answer 

From Eq. (8.22.2), 

nr=l+Tlsp (8.24.1) 

The logarithm of Eq. (8.24.1) is expanded in a Taylor series as 

lnT1,_Ti,p (nfrisp^'l f^ f^sp^^ ''"^'^ ^ 
C C 2 C 3 C + hr 

J 
^P^k- (8.24.2) 

When the concentration tends to 0, T|sp tends to 0 and T|sp/C approaches a 
constant. Then 

l i m - ^ = l i m - ^ = ... = h m - - ^ = 0 (8.24.3) 

Thus we have 

l i m i ^ =111X1̂ 5̂  ^[Ti] (8.24.4) 
c-̂ o C c->o C 

«Problein 8-25» Huggins' plot and Kraemer's plot (II) 
The concentration dependences of the quantities T|sp/C and lnT|r/C are 

generally expressed as 

^ = ̂  = hi (1 + k,[ti]C + k,([ti]c) \ - I (8.25.1) 

In ̂  = [TI] 11 + kjTiJC + k;([Ti]c)' + - I (8.25.2) 

respectively. Derive the relationship among the coefficients 

' '1-^2 = 2 (8.25.3) 
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1 2 (8.25.4) 

Answer 
From Eq. (8.24.2), 

mHm . .n&cv 

Substitution of Eq. (8.25.1) for r|sp/C in Eq. (8.25.5) yields 

InTl, 
=h] 1+ k, Th]c -("•.-k.-^iKhlc}' 

(8.25.5) 

(8.25.6) 

Comparing the coefficients of C and Ĉ  in Eqs. (8.25.2) and (8.25.6), we have 

1 
^ 1 " ^ " ' ^ 2 

k i - k , + ^ = k2 

(8.25.7) 

(8.24.8) 

* When higher order terms in Eq. (8.25.1) is negligible, we have 

^-W{>+k,[ii]c} (8.25.9) 

This equation is called the Huggins' equation (See M. L. Huggins, J. Am. Chem. Soc. 64, 
2716 (1942)). [T|] and ki are determined from the intercept at C-> 0 and the slope, 
respectively,of the plot of r|sp/C vs. C. This plot is called the Huggins' plot and the 
coefficient ki is called the Huggins' coefficient. The notation k ' is used in place of ki , 
frequently. When higher order terms in Eq. (8.25.2) is negligible, we have the 
Kraemer's equation (See E. O. Kraemer, Ind Eng. Chem. 30,1200 (1938)) 

l n ^ = [Tl]{l+k2[Tl]c} (8.25.10) 
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Table 8-25 Comparison of calculated values of Inrĵ  and the summation 
^[(-ly^Viiv 

^ r 

1.2 
1.3 
1.4 
1.6 
1.8 

Irni, 
0.1823 
0.2624 
0.3365 
0.4700 
0.5878 

^ S D 

0.200 
0.300 
0.400 
0.600 
0.800 

'^sp^ 

0.180 
0.255 
0.320 
0.420 
0.480 

'IsD^ 

0.1827 
0.2640 
0.3413 
0.4840 
0.6507 

0.1823 
0.2620 
0.3347 
0.4552 
0.5483 

^ S D ^ 

0.1824 
0.2615 
0.3368 
0.4690 
0.6138 

nJ 
0.1824 
0.2614 
0.3361 
0.4621 
0.5801 

72 

U 

o 60 

52 

r (0 ) 

^^^^ 

^y^ 

. ^"^*^*^^-*^^u l̂nn.̂ C 

1 1 1 1 1 

4 6 8 
lÔ C (gcm )̂ 

10 

Fig. 8-25 Evaluation of intrinsic viscosity for solutions of poly(^butyl 
acrylate) in toluene at 25*̂ C by Huggins plot and Kraemer plot, which yields 
[n]H=[Tl]K=59.0cm^g\ kH=0.340 and kK=0.158 (See P.A.Lovell, Dilute 
solution viscometry, in Comprehensive Polymer Science, Eds. C.Booth and 
C.Price eds., Pergamon, Oxford, 1989, vol.1, pi85) 

[TI] is detemiined from the intercept of the plot for In r|r/C vs. C (Kracmer's plot). 
Table 8-25 shows the comparison of the left-hand side and the right-hand side of Eq. (8.25.5). 
Figure 8-25 shows the Huggins plot and Kraemer plot for poly(t-butyl acrylate) in toluene. 
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«ProbIein 8-26» Empirical functional form of the concentration 
dependence of solution viscosity 

A number of empirical equation have been proposed for the concentration 
dependence of solution viscosity. For example, 

(1) Arrhenius 

lntl, = [Ti]C (8.26.1) 

(2)Fikentscher-Mark 

h]c 

(3)Staudinger-Heuer 

I n ^ = ln[Ti] +aC (8.26.3) 

(4)Baker 

.,=(.^Nff (8.26.4) 

Comparing Eqs. (8.26.1)-(8.26.4) with the Huggins' equation 

^ = [ T l ] + k[Ti]^C (8.25.9) 

evaluate k' for (1) to (4) (See Note in «Problem 8-25»). 

Answer 
(l):FromEq. (8.26.1), 

ln(l+^sp) = ̂ s p - [ | k p ' + - = h ] C (8.26.5) 

Eq. (8.26.5) is rewritten as 

^sp = h]C + (ijt lsp' + •••= [il]C + ( | ] ( [n ]c ) ' + - (8.26.6) 
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Thus we find 

k' = 0.5 (8.26.7) 

(2): When l»k[Ti]C, the denominator of the right-hand side of Eq. (8.26.2) is 
expanded in a Taylor series as 

Tisp = hJC + k([Ti]c)' + k'([Ti]c)' + - (8.26.8) 

Comparing Eq. (8.26.8) with Eq. (8.25.9), we find 

k' = k (8.26.9) 

(3): Eq. (8.26.3) is rewritten as 

^sp = h lCe '^ (8.26.10) 

When aC« l , we have 

e'*'^=l+aC + W ( a C ) V - (8.25.11) 

Substitution of Eq. (8.26.11) for e''̂  in Eq. (8.26.10) yields 

2 
T1sp = h ]^C + a e + | ^ | e + - J (8.26.12) 

Comparing Eq. (8.26.12) with Eq. (8.25.9), we find 

k' = — (8.26.13) 
hi 

(4): Eq. (8.26.4) is expanded as 

^r- 1 =^sp = h]C+ My^Hhlc ) ' (8.26.14) 

Comparing Eq. (8.26.14) with Eq. (8.25.9), we find 

*^- — ^"- (8.26.15) 

Coefficients of the term Ĉ  in Eqs. (8.26.1)-(8.26.4) are proportional to [T|]^. 
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Thus, Eqs. (8.26. l)-(8.26.4) are equivalent to the Huggins equation when C is 
small. (See S.F.Arrhenius; Zp/zy .̂C/zew. 1,285(1887), H.Staudinger and 
W.Heuer, Z.phys,Chem. A171, 129 (1934); H.Fikentscher and H.Mark, 
Kolloid-Z. 49, 135 (1930), f.B^kQV,J.Chem.Soc.(London) 103, 1653 (1913)) 

«Problein 8-27» Einstein's viscosity equation: Rigid sphere model 
Derive Einstein's viscosity equation (A. Einstein, Ann. Phys. 19, 289 

(1906);/6/W. 34, 591 (1911)) 

Tl=Tlo(R2.5(t)) (8.27.1) 

using the following assumptions. Here (j) is the volume fraction of the solute. 
1. The solute is in the form of rigid spherical particles 
2 The solution is regarded as a continuous field, and there exists no specific 
interaction between solvent molecules and solute particles. 
3. The solution is so dilute that the hydrodynamic interaction between particles 
is negligible. 
4. The solution is incompressible. 
5. Flow is sufficiently slow and the Stokes equation is valid for this fluid. 
6. The velocity of the flow on the surface of these particles is zero (i.e., 
perfectly non-free draining). 

Answer 
We consider particles in a simple laminar shear flow (Couette flow) for 

which velocity, in the absence of the particles, is expressed as 

vO = (8.27.2) 

The field v" may be divided into two parts: rotational flow Vr and 
deformational flow v', that is, 

v° = v, + v' (8.27.3) 

where 
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V r = l 

/ -gy 
2 
gx 
2 

\ 

(8.27.4) 

V = (8.27.5) 

and 

2 
gx 
2 

A particle with radius a placed at the origin of Cartesian coordinate rotates 
along the z axis with an angular velocity g/2. An increase in viscosity of this 
solution arises from the deformational flow. However, an introduction of a 
particle with finite volume brings about an additional local disturbance, and this 
effect can be treated by replacing the sphere with the equivalent forces in the 
fluid. To reproduce the pertubational flow due to the presence of the particle at 
the origin, we introduce a doublet force at points infinitely near the origin. 
According to Oseen, a positive force at (x=0, y=-e, z=0) and a negative 
force at (x=0, y=+e, z=0) gives rise to velocity such that 

f 

Vi = A 

3x y \ 

r r 

X 3xy 

r r 

-3xyz 

(8.27.6) 

J 
and 
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Vlf 

3 "" 5 

X 3xy 
(8.27.7) 

r r 

3xyz 

respectively. Here A is an undetermined constant relating to the strength of the 
doublet and r is the distance from the origin. By the requirement to represent 
correctly the initial unperturbed velocity, the third velocity field Vm, which is 
derived from the potential (() through Eq. (8.27.8), is added to the two velocity 
fields above. 

v„, = V(t) 

The potential  ̂ in the form 

(8.27.8) 

(t) = - dxdy (8.27.9) 

yields 

f 

vin = B 

3y 15x^y 

3x 15xy^ 

r ^ ' r^ 

15xyz 

\ 

(8.27.10) 

V " ; 
Superposing these three velocity fields, we choose a suitable relation between 
the constants A and B at r=a, as 

B = 
2Aa^ (8.27.11) 

Then, on the surface of the sphere, the perturbed velocity v' becomes 



498 

V = 
6A 

X 
(8.27.12) 

Comparing this with Eq. (8.27.5), we conclude that the choice of A should be 
such that 

6A 

"Sa^ 

g 
2 (8.27.13) 

At large distance from the origin, the effect of the sphere should vanish and the 
third velocity field Vm is relatively small compared to vi and V||. Thus, a 
combination of the fields V| and vn yields the pertubation 

( ^ \ 

c 3 2 

V 
xyz 

5 

(8.27.14) 

J 
Energy dispersion per unit volume and unit time in this solution (=ng^) is 
attributed to the frictional force in the original solvent flow (Tioĝ ) and to that 
due to the particles with number density n. Neglecting hydrodynamic 
interaction between the particles, we simply superpose the energy dispersion 
arising from individual particles. Then the energy equation is 

ilg^ = 'nog^+2n 
r f 

5ga' 

V 

xy |(hog)dxdy (8.27.15) 

Carrying the integration over all the space of the fluid, we obtain the specific 
viscosity r\sp as 

%=Tl 
5n 1 47Ca 

(8.27.16) 
/ 

where 4na^n/3 is the product of concentration C (g/cm^) and the specific 
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volume V of the solute. Finally we arrive at the Einstein's equation. 

Ti=Tio(l+2.5(t)) (8.27.1) 

(See A. Ishihara, Adv. Polym. Scl 5, 531 (1968); K. Kamide and M. Saito, 
Determination of Molecular Weight, (ed. by A.R.Cooper), pi 03, Wiley-
Interscience, New York, 1989). (See also «Problem 8-15») 

* Einstein's equation is applied for spherical molecules and branched molecules. 
Examples are 
(1) natural rubber latex 
(2) polystyrene produced by emulsion polymerization in aqueous solution 
(3) aqueous solution of saccharose 
(4) glucose pentaacetate, cellobiose octaacetate etc. 
(5) egg albumin 
(6) phenol resin 
(7) glycogen and its derivatives 
(8) amylopectine 
(See I. Sakurada, Polymer Chemistry (Kobunshi Kagaku Gairon),  Kobunshi Kagaku Kankokai 
(1948)) 

* The coefficients of higher order terms than  ̂ in Eq. (8.27.1) were calculated by Guth and 
Simha (E. Guth and R. Simha, Kolloid Z. 74, 266 (1936)) as 
Ti=qo(l+2.5<t)+14.1(t)'+...) and Vand (V. Vand, J. Phys. & Colloid Chem. 52, 277 (1949)) as 
'n=nio( l+2.5<t)-i-7.349<t)V...). 

«ProbIem 8-28» Molecular weight dependence of [r|] (I): Unpenetrable 
sphere formed by chain polymer or linear polymer forming sphere 

Using Einstein's equation 

Tl=r|o(l+2.5(t)) (8.27.1) 

derive the equation 

N-c '™lT^ =' ' -^° ' (8.28.1) 

for chain polymer solutions where r| and r|o are the viscosities of solution and 
solvent, respectively, M the molecular weight of the polymer and Km a constant. 

Answer 
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A chain polymer in a solution can be regarded as a spherical coil with 
diameter d which is roughly approximated as the root mean square end-to-end 
distance of the chain. That is. 

d2 = (R2) = nb^ (8.28.2) 

where n is the number of segments of the chain polymer and b the segment 
length, respectively. The volume of the coil Ve is estimated as 

^-mi 
3/2 

2K 

3-2 1/2 U) 3/2 

(8.28.3) 

When C gram of polymer with the molecular weight M is dissolved in a solvent 
to make 100 cc solution, the number of polymer in the solution is 

"V, N, 
(8.28.4) 

and the total volume of polymers in the solution is (27i/(3 • 2" )̂)(nb )̂̂ '̂  X 
(NA/M)C, where NA is Avogadro's number. Then the volume fraction of 
polymer is 

1 
100 

( 1% \( .iVM'^K 
(8.28.5) 

Using the monomer molecular weight m=M/n, Eq. (8.28.5) is rewritten as 

<l>= TT iT 
27C 

1001 3.205 

N,b-

m 
1.5 

IM'^-^C 

Substitution of Eq. (8.28.6) for (j) in Eq. (8.27.1) yields 

3 

W-
TCN b̂' 

60-2 m 
M 0.5 

Comparing Eqs. (8.28.1) and (8.28.7), we find 

TcN.b^ 

60-2 m 

(8.28.6) 

(8.28.7) 

(8.28.8) 
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Thus [r|] of linear polymer solutions is proportional to M^^ when Einstein's 
viscosity relationship is applicable. If we take account of the excluded volume 
effect, the power in Eq. (8.28.1) is larger than 0.5. (See W. Kuhn, KolloidZ. 
68,2(1934)). 

* In case of spherical molecules, 

Ve=M/(p/NA) (8.28.9) 

(p: density of solute), then, 

<t)=VeCNA/100M-C/100p (8.28.10) 

Combination of Eqs. (8.27.1) and (8.28.10) gives 

Tisp/C=2.5/100p=0.025/p (8.28.11) 

Eq. (8.28.11) indicates that if a polymer molecule is spherical, [T]] is constant, irrespective of 
M. 

«Probiein 8 - 2 9 » Angular velocity of molecular chain in steady flow 
Show that the angular velocity of molecular chains is given by 

Q = 8 (8.29.1) 

(a) 

Fig. 8-29 Chain polymer molecule in a shear flow 
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for the steady flow of chain polymer solutions. 

Answer 
Let's take a pearl-necklace model and number the small spheres as 0,1,2..., n 

from one end. If we denote the coordinate of / th sphere as (Xi,yi,Zi), the 
velocity of solvent at the location of / th sphere is given by 

^xi = gZi, v^i^O, Vyi = 0 (8.29.2) 

as shown in Fig. 8-29. When the molecule rotates along y axis with the angular 
velocity Q, / th sphere likewise rotates with the same angular velocity. Then 
the position of / th sphere is expressed as 

Xj = psinQt, Zj = pcosQt, yi = 0 (8.29.3) 

and its velocity is given by 

dxj 
u î = -T— = Qpcos Qx = Qzj 

dZj 

dy; 
Uyi = - ^ = 0 (8.29.4) 

The velocity difference between / th sphere and solvent is given by 

Vxi - Uxi = gZi - QZi, -u î = Qxj (8.29.5) 

Friction force is proportional to the velocity difference and is given by 

Fxi = C(Vxi - u,i) = C(g - ")Zi, F,i = -Cû . = C^i (8.29.6) 

where C, is the friction constant. The moment to rotate / th sphere from z axis to 
x axis (i.e., in the direction of Q) is ZjFxi (distance x force) and the moment to 
rotate it from x axis to z axis is XiF̂ j. Then the moment to rotate / th sphere 
along y axis is given by 

M: = Z:F :̂-X:F :̂ xi-Xĵ î (8.29.7) 

where the plus sign of the moment denotes the same direction as ii. 
Substitution of Eq. (8.29.6) for Fxi and Fzi in Eq. (8.29.7) yields 
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M - C ( g - " ) Z i ' - C " X i ' (8.29.8) 

The moment for the total chain is the sum of the moment for each sphere, so 
we have 

M = i M i = ; ( g - Q ) t z ^ C " i x i ' (8.29.9) 
i=0 i=0 i=0 

Since small spheres distribute randomly about the center of gravity of the chain 
polymer, we have 

n n n i / n 

SxMyMz^lls 
i=0 i=0 i=0 -̂ 11=0 

3 | X S i ^ | (8.29.10) 

where Sj is the distance between / th sphere and the center of gravity of the 
molecule. Substitution of Eq. (8.29.10) in Eq. (8.29.9) yields 

M = C(g-2i2)|4is-
3U (8.29.11) 

For the steady flow, M must be zero in Eq. (8.29.11). Then we find 

g - 2 Q = 0 (8.29.12) 

* In this case it is assumed that the molecule is spherically symmetrical (about the center of 
gravity). ^ ^ 

«Problem 8 - 3 0 » Molecular weight dependence of [r|] (II): Free draining 
random coil molecules 

Derive the relationship 

[TI] = K ^ M (8.30.1) 

for free draining random coil molecules, using the results in «Problem 8-
2 9 » . 

Answer 
Substitution of 
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^ = 1 (8.29.12) 

in equations 

F , -C(g-")Zi 

Fzi = C^^i (8.29.6) 

yields 

Fzi = - 2 - (8.30.2) 

for the force for / th sphere in the steady flow. The solvent exerts the force 
given by Eq. (8.30.2) on / th sphere and flows with the velocity 

Vxi = gZi (8.29.2) 

* Eq. (8.29.2) means that there is no hydrodynamic interference between two small spheres 
arbitrarily chosen (i. e. completely fiee draining). ___^____^_ 

Thus the work done by the solvent on / th sphere per unit time is 

r 2 2 
Sg Z; 

FxiVxi = - Y ^ (8.30.3) 
and finally dissipates as a frictional heat. The total work done by the solvent on 
the chain molecule is 

n v* 2 n 

SFxiVxi = ^r"Xzi^ (8.30.4) 

where 

II 1 II 

YJ^X^^^X (8.30.5) 
1 = 0 - ^ 1 = 0 

If there are Â i chain polymers in unit volume, the dissipation energy caused by 
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the presence of solutes is given by 

W 2 = ^ I S i ' (8.30.6) 
^ i=0 

On the other hand, the dissipation energy of pure solvent is given by 

w,=Tiog' (8.15.3) 

Thus the total dissipation energy per unit volume of the solution is 

w = w, + W2 = Tiog +—7—2.Si (8.30.7) 
" i=0 

Since the radius of gyration <S^> for random coil chains is given by 

2-Si = - ^ nb = - ^ (6.9.15)' 
i=0 

for n » l , Eq. (8.30.7) is rev̂ ritten as 

^ C/Vtg n b 
w = ilog' + ^̂ -̂̂ 7̂ (8-30.8) 

3o 

Comparing the definition 

w = Tig^ (8.15.3) 

with Eq. (8.30.8), we find 

^-•no + — ^ ^ (8.30.9) 

If we express the concentration C in g/lOOcc, the number of molecules of 
polymer per 1 cc is given by 

^. = T ^ (8.30.10) 

The degree of polymerization is 

n = — (8.30.11) 
m 
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Substitution of Eqs. (8.30.10) and (8.30.11) in Eq. (8.30.9) yields 

CNAb^MC 
n =  nQ +  J- (8.30.12) 

3600m^ 

Then we have 

Thus the coefficient Km in Eq. (8.30.1) is given by 

If the Stokes' law is applicable, then 

C = 67caT|Q (8.13.15) 

is valid for this solution, and Eq. (8.30.14) is further rewritten as 

TCaN^b^ 
^m = ——T (8.30.15) 

* It should be noted that Eq. (8.30.13) has been derived on the assumption that the flow 
inside the chain molecule is the same as that outside, that is, complete free draining. (See M.L. 
Huggins, J. Phys. Chem. 42, 911 (1938), ibid ̂ 3,439 (1939), J. Appl Phys. 10, 700 (1939); P. 
Debye, 1 Chem. Phys. 14, 636 (1946); H. A. Kramers, J. Chem. Phys. 14,415 (1946); N. 
Saito, Polymer Physics, Chap. 6,40-3, Syoka-bo, 1959)) On the other hand, Eq. (8.28.1) was 
derived on the assumption that the solvent molecules do not pass through the coil, that is, 
complete non-free draining. For the pearl-necklace model of chain polymers. 

oc M ' (complete non-free draining): Rigid sphere (8.30.16) H 
[T|J OC M (complete free draining): Pearl necklace (8.30.17) 

The exponent of M depends on the degree of free draining. Debye-Bueche and Kirkwood-
Riseman introduced the concept of partially free draining and showed that the power a in the 
equation [r|]=KM'' is in the range between 0.5 and 1. (See P. Debye and A.M.Bueche, J. 
Chem. Phys. 16, 573 (1948); J.G.Kirkwood and J.Riseman, J. Chem. Phys. 16, 565 (1948)). 
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* Eq.(8.30.1) coincides with Staudinger's viscosity equation. In 1930 Staudinger and 
Heuer (H. Staudinger and W. Heuer, Ber. dtsch chem. Ges. 63,222 (1930)) studied the 
viscosity of solutions for linear polymers (six whole polystyrene samples, prepared by 
thermal polymerization method (75~240^C)(molecular weight 3500~ca. 2000)) in benzene and 
found that T|sp/C of linear polymer (Faden-Molekiilen) is proportional to M, that is, 

C 
= KmM (8.30.18) 

Staudinger and Nodzu (H. Staudinger and R. Nodzu, Ber. dtsch. chem. Ges. 63, 721 (1930)) 
also studied in the same year the viscosity of low molecular weight linear molecules (four 
paraffin fractions, isolated by fractional distillation under high vacuum (at O.lmmHg) (Mn by 
melting point depression method in benzene; 336-744), dotricontane and pentatriacontane in 
tetrachlorocarbon, confirming Eq. (8.30.18). Staudinger and Heuer stated that' Auf Grund 
dieser Gleichung kann man das vorhandene Beobachtungsmaterial daraufhin priifen, ob in 
gleichkonzentrierten Losungen verschidener gewicht zunimmt, dah proportional M ist'. This 
equation is one of the approximate equations of Eq. (8.30.1). He and his colleagues then 
studied solutions of cellulose derivatives and high molecular weight polystyrenes and 
concluded that Eq. (8.30.18) also holds for these solutions. However, for most polymer 
solutions, the relationship between [T|] and the molecular weight is rather expressed as 

[TI] = K ^ M ^ 0.5 < a<l  (8.30.19) 

This relationship was theoretically derived by Kuhn in 1934 and empirically proposed by 
Mark (1938), Houwink (1941) and Sakurada (1940), independently. Now, Eq. (8.30.19) is 
called Mark-Houwink-Sakurada equation or Kuhn-Mark-Houwink-Sakurada equation 
(See W. Kuhn, KolloidZ. 68, 9 (1934); Angew. Chem. 49, 860 (1936); H. Mark, Derfeste 
Korper, p.l03, Leipzig (1938); R. Houwink, J. prakt. Chem. 157,15 (1941) and I. Sakurada, 
Nihon Kagakusenikenkyusho Koensyu (Proc.  Symp. Japan  Textile Res. Lab.), 5, 33 (1940)). 
Sakurada derived Eq. (8.30.19) from very systematic analysis on experimental data of twelve 
synthetic polymer-solvent systems. The concept established by Staudinger that the molecular 
weight of solute molecules can be determined by a viscosity law is, however, still meaningful. 
It's instructive to note that Staudinger assumed polymers to be rod-like in the solution. This 
is obviously unrealistic because the limiting viscosity number of solutions of rod-like 
molecules with / / d » l is expressed as [Ti]=(l/16)(l/d)Vl00=Kn,M^, since / ocM and d and (j) 
are independent of M. Here /, d and <() are the length and the diameter of the crosssection and 
the volume fraction of the rod-like molecule. This misunderstanding came from his wrong idea; 
(1) polymers become crystals having the same crystal lattice, independently of the molecular 
weight. If low molecular weight polymers were semiflexible and the high molecular weight 
polymer were a coil, the same crystal lattice should not be obtained. (2) the viscosity law 
holds regardless of molecular weight. Thus linear polymers should have the same shape, 
irrespective of molecular weight. It may not be possible to change their shape from rod to 
flexible coil when molecular weight is increased. (See I. Sakurada, Kobunshi Kagaku Gairon, 
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Kobunshi Kagaku Kyokai, 1948, p261) 

* Although Mark-Houwink-Sakurada equation is an empirical equation, this relationship is 
valid for a wide range of molecular weight. The linearity in the plot of log['n] vs. logM for high 
molecular weight range can be improved by measuring the viscosity at low shear rate. A 
typical example is shown in Fig. 8-30.1. Empirical values of the exponent a and the 
coefficient K^ are summarized in Table 8-30.1. 

E u 
o 

en 
O 

Benzene 

Cyclohexane (0) 

3 4 5 6 7 8 
log Mw 

Fig. 8-30.1 Log-log plot of limiting viscosity number for polystyrene 

solutions against weight-average molecular weight. Obenzene at 25° and 

SO '̂C; • , cyclohexane at G temperature; (O, • dataofEinaga etal . [ l ] ; 4 , 

4 Altares et al.[2]; • - , Berry[3] ;Q,f, Fukuda et al.[4]; O , - • Yamamoto 

et al.[5]) (See Y. Einaga, Y. Miyaki and H. Fujita, J, Polym. Sci, Polym. 

Phys. Ed. 17, 2103 (1979)) 

[1]Y. Einaga, Y. Miyaki and H. Fujita, J. Polym. Sci Polym, Phys. Ed. 17,2103 (1979), 

[2] T. A. Altares, D.P.Wyman and V.R.Alten, J. Polym. Sci. A2, 4533 (1964), [3] 

G.C.Beny, J. Chem. Phys. 46, 1338 (1967), [4] M. Fukuda, M. Fukutomi, Y. Kato and 

H. Yamakawa, J. Polym. Sci, Polym. Phys. Ed. 12, 871 (1974), [5]A. Yamamoto, M. 

Fujii, G. Tanaka, and H. Yamakawa, Polym. J. 2, 799 (1971). 
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* For well-fractionated polymer homologues in a series of solvents, Km is related to a as 
shown in Fig. 8-30.2. Thus experimental relationships are classified into two groups. One 
group is amorphous polymers and another group is crystalline polymers with poor flexibility. 
Flory's lattice theory cannot be applied for the latter group. (See T.Kawai, K.Kamide, J. 
Po/vw. 5c/. 54,343(1961)) 

* The power a in Eq. (8.30.19) for different theoretical model is summarized in Table 8-30.2. 
The value oia in the viscosity equation could be evaluated from the free draining effect or the 
excluded volume effect. 

* For molecular weight as low as 10̂ -10"*, the power a in Eq. (8.30.19) reduces to 0.5 even in 
good solvents. In Flory-Fox equation (See «Problem 8-32») 

[11] = KM ̂ V̂ (6.18.1) 

the swelling coefficient a decreases with decreasing molecular weight (a^-law, a^-law 
etc.) For M=10-̂ -10'* and a - l , we have 

>10* 

Fig. 8-30.2 Experimental relationships between Km and a for various 

polymers in various solvents. O polyvinylchloride at 20°C, A 

polybutadiene at 25^C,Clpolyvinylalchohol at 30°C,Vcellulose nitrate at 

25''C D polyvinylpyrrolidone at IS^'C, • polystyrene at 25T, X 

polymethylmethacrylate at 25̂ *0, BApolyacrylonitrile at 3(fC. (See T. 

Kawai, K. Kamide, J, Polym, Sci, 54, 343 (1961)) 
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Table 8-30.2 The value of the parameter a in Eq. (8.30.19) for various theoretical 
model 

a 
0 
0.5 

0.5-1 

1 

2 

Theoretical Model 
sphere 
pearl-necklace model 
(non-free draining) 
identical sphere of Gaussian coil 
or partially free draining 
pearl-necklace model 
(free draining) 
rod 

Scientist 
Einstein 
Kuhn 

Flory-Fox 
Kirkw ôod-Riseman 
Huggins, Debye 

Kuhn 

Table 8-30.3 Typical examples of Ks and Kg 

polymer 10̂  Ks 10̂  K« 

polydimethylcyloxane 

polyisobutyrene 
0.75 

1.3 

0.75-0.80 

1.1 

['n] = KM 1/2 (8.30.20) 

approximately. To distinguish K for low molecular weight polymers in good solvents from 
that for high molecular weight polymers in 6 solvents, we denote the former as Ks and the 
latter as K̂ . 

Ks = KG (8.30.21) 

Validity of Eq. (8.30.21) is confirmed by experiments (Table 8-30.3). Thus Kg can be 
approximately estimated by determining the viscosity law for extremely small molecular 
weight polymers in good solvents even when we cannot find 9 solvent. (See C. Rossi, U. 
Bianchi, E. Bianchi, Makromol Chem. 41, 31 (I960)) 

* Free draining effect is remarkable for low molecular weight regime, so the power a should be 
larger in this regime. But this expectation is not often true in experiments. It is also noted 
that the effect of end functional groups should not be neglected. 

«Problem 8-31» Molecular weight dependence of [ri] (III): Linear 
polymer Gaussian chain with hydrodynamic interaction (Kirkwood-
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Riseman theory) 
Consider a linear polymer molecule consisting of a number of segments n in 

a laminar flow for which the velocity field is expressed by the equation 

( . 

(8.27.2) 

Assume that the polymer segment is hydrodynamically regarded as a material 
point, i.e., the effect of drainage on the surface of the segment is negligible, in 
contrast with the case of Einstein's theory. Derive the expression for the 
relationship between solution viscosity and molecular weight for linear 
polymer solutions with hydrodynamic interaction. 

Answer 
The origin of the coordinate is set at the center of mass of this molecule, and 

the radius vector of / th segment is rj. In the low velocity field, a frictional 
force Fi at the location of the / th segment with the velocity Uj is given, using 
the solvent velocity Vj, as 

Fi = C(iirVi) (8.31.1) 

Here C, is the friction constant. On the other hand, the flow field at the / th 
segment is perturbed as a result of the frictional forces exerted by other 
segments. This is the hydrodynamic interation. As shown in the perturbed 
velocity v'j at the / th segment, which arises from the frictional force Fj due to 
theyth segment, is derived by Oseen as 

(8.31.2) 

(8.31.3) 

where I is a unit tensor, rij=ri-rj, rij is the absolute value of vector ry (See 
«Problem 8-13» Eq. (8.13.1)). The Oseen tensor Ty is a symmetric tensor. 
The sum of the initial unperturbed velocity and the perturbed velocity due to 
all other segments is v[, which is given by 

V = T F 

with 

T..--L. 
'̂  Sinio 
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vrvP+crT,(ui-Vj) 

Then the frictional force Fj is 

F.=-c(vi-Ui).ci:Vj 

(8.31.4) 

(8.31.5) 

When we neglect the deformation of the chain molecules in the flow field, all 
the segments rotate around the origin with the same angular velocity g/2 (Refer 
to Eq. (8.29.1)). The velocity difference Vĵ -Uj is deduced as 

ly>\ 
Vj - U i = : 

V 
0 

(8.31.6) 

The energy dissipation per unit volume and unit time due to the presence of a 
molecule in an instantaneous conformation is 

i=l 

where Fj works in the opposite direction to the flow. Neglecting hydrodynamic 
interactions between molecules and averaging XFiVĵ  over all the possible 
configurations of a molecule, we obtain the viscosity of the solution which 
contains Â  molecules per unit volume in the form 

ng'=nog'-^i(FiVi') 
i=0 

Specific viscosity is 

n£p = . _ ^ y / F . v . « \ 

(8.31.7) 

i=0 
(8.31.8) 

where NA is Avogadro's number and M is the molecular weight of the polymer. 
Using Eqs. (8.27.2), (8.31.5) and (8.31.6), the vector inner product on the 
right-hand side of Eq. (8.31.8) may be rewritten as 
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M=-^-ffi'((T..i.) (8.31.9) 

Kirkwood and Riseman introduced an approximation on the Oseen tensor, the 
so-called preaverage assumption, such that 

( V j ) / i ) = (((Tu)Fj),'', (8.31.10) 

When the radial distribution function of the segments in the polymer is assumed 
to be Gaussian and the number of segments is sufficiently large, <Tij> 
and <XiXj> are readily calculated in the form 

N= I 
(^ zV^S. .11/2 • 
(6JT j | i - j | aT|o 

(8.31.11) 

and 

9n 
3i - 3ni + n (8.31.12) 

where a' is the bond length (See Note). If we assume that Fj is a function with 
the same form as Fj and the summation S' in Eq. (8.31.9) can be converted to 
a definite integral, then Eq. (8.31.9) becomes the second kind of Fredholm 
integral equation. Here we define a function (t)(x,x) as 

<t)(x,x) = • ' 18 

na'^C 
l(-^^"> (8.31.13) 

Then Eq. (8.31.9) is reduced to (See Note) 

(t)(x,t) 
(|)(x,x) = f{x,x) - X. 

x- t 
1/2 dt (8.31.14) 

where 

x = 1 
n 

(8.31.15) 
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J \ 3 x ^ + 1 
n'̂ ''̂ ] = ^ — (8.31.16) 

and 

f 1/2 

^ - / 3^1/2 , ( 8 .31 .17 ) 

[6n'] Tioa 

Using the function (|)(x,x), the limiting viscosity number [T|] may be written in 
the form 

(̂X) = £(D(x;X) dx (8.31.19) 

where m is the molecular weight of a segment. The integral equation (8.31.14) 
is solved with the aid of the Fourier expansion. Fourier series of the 
fimctions <|) and f are 

oo 

(t)(x,x) = X<t>ke""" (8.31.20) 
-oo 

and 
oo 

f(x,x) =Xfke"""' (8.31.21) 
-oo 

Eq. (8.31.14) leads to a set of linear equations for the Fourier coefficients (|)k 
and fk such as 

k̂ + ^S«ks^s = fk (8.31.22) 

(k=0,±l,±2,) 

where 
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«ks = 2 
exp <i7c(st-kx)\ 

|x- . 
1/2 

dxdt 

The matrix component ttks is given by 
»l/2 8-2' 

^00 ~ • 3 

ako = (-l) 4u 
-....sHH) 

«kk = 4^ 
1/2 

C(27i|k|) S(2ji|k|) 

a . = 
2(-l) 

(2ji|k|) 2(2jr|kl)' 

kS(27t|k|) SS(2K1S|) 

ks ^1/2 7l"2(s-k) kl(2ulkl)"^ lsl2(2Klsl) 
1/2 

where 

^ / X I c o s t J 
C{x)= TTTTCit 

(27Ct) 1/2̂  

and 

S(x) = smt 

'o ( 2 ^ ) 
1/2 

dt 

(8.31.23) 

(8.31.24) 

(8.31.25) 

(8.31.26) 

Following Kirkwood and Riseman, here we employ an approximation for ttsk 
which is valid for large k and s: 

«sk = (2/|k|) 5,3 for k # 0 

Then we readily obtain <t)(x;̂ ) in the form 

(8.31.27) 
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with 

k̂W n z l n PP(-i^kx) + ( - 0 ' ^ (8.31.29) 

Finally [TJ] in Eq. (8.31.18) becomes 

W = 3 6 ^ " P M («-31-30) 

where 

F M = — S — 7 V (8.31.31) 
^ ^ k2(l+X/k'^) 

with 

X = ny^X (8.31.32) 

Eq. (8.31.31) is the Kirkwood-Riseman function. F(X)=1 at X=0 (i.e., no 
hydrodynamic interaction between segments; completely free draining) and Eq. 
(8.31.31) reduces to, at the limit of X=0, 

'9 "9 9 

r 1 NxCa n NACa n NACII/ X̂ ( \ 

In deriving Eq. (8.31.31)', Eqs. (6.5.6) and (6.9.1) are used. At X=oo (non-
free draining), XF(X)=1.588 is obtained. X (or A,) is called the draining 
parameter (See J. G. Kirkwood and J. Riseman, J. Chem. Phys. 16, 565 (1948)). 

* Eq. (8.31.11) is derived as follows. 
We put ry=r=(xi,X2PC3) and I ry I =r. Then Eq. (8.31.3) is expressed as 
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(T»>=sk[(i>-(?)1 (8.31.33) 

The second term of [ ] in the right-hand side of Eq. (8.31.33) is rewritten as 

(?>=( ̂  
^? 

x̂  (8.31.34) 

Using the relationship 

. ^ ) = ( F ) H ( ^ > 
Eq. (8.31.33) is reduced to 

(8.31.35) 

(8.31.36) 

Now we assume the Gaussian distribution f(r,j)[=f(r)] for the distribution of bonds between / 
th bond andy th bond, as 

f o A3/2 

f(r)=| 

Then 

2n\ i- j |a" exp 3r= 
2 i - jK 

Since 1/r does not depend on 6 and <t) of the polar coordinate, 

= -2\/l"exp(-br^)[ 

(8.31.37) 

(8.31.38) 

3r̂  
2n\ i- j la'' 

dr 

= 6 b = 

Thus we have Eq. (8.31.11). 

2|i-j|a'^ (8.31.39) 
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* Eq. (8.31.12) is derived as follows. 
For isotropic systems, we have 

{xiXi)=i{riri) (8.31.40) 

Let's change the origin to the first bond and denote the vector connecting the origin and the 
center of gravity as re. The position vector of / th bond r( is related with n as rp r j -re-
From the definition 

r G = - n - (8.31.41) 

we have 

•"i^Tr—n- (8.31.42) 

and 

..u.Jm)m (r,r,)=(r?)-A^V-^/A^^/ *" "'> 

Then we denote the position vector ofkth bond when the first bond is put at the origin as 
a|̂  and the absolute value of â  as a'. We have 

fv(l.'.)H(ta,).(l(ta.))) 

Using the relationship 

(aVamJ=5kn,a'2 (8.31.45) 

we have 

iia*^ rV(l:r3J\=l: kâ -K n- i) i a ^ = ^ a^+( n- i) k 

=i[-iV(2n+l)i]a"2 (8-31.46) 

and 
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£fr;Ir;]yii[-i^+(2n+I)i]a'2 
j=l I j=l 

The sum of the arithmetical progression is calculated as 

.2_^n(n+l)(2n+l) 
I 

(8.31.47) 

(8.31.48) 

Eqs. (8.31.46) and (8.31.47) are reduced to 

\2 
I'i -

n( n+l)(2 n+l)^n( n+l)(2 n+1) 
12 

and 

(r?)=ia'2 

(8.31.49) 

(8.31.50) 

respectively. Substitution of Eqs. (8.31.46), (8.31.47), (8.31.49) and (8.31.50) in Eq. 
(8.31.43) yields 

(rrr.>=J 
. -i^+(2n+l)i^2n(n+l)(2n+1) 

12 n̂  

= a'2l 

_ a ' 

i^-i-ni^(n+l)(2n+l) 
n 6n 

3n 
3i2-3i-3ni+i(2n2+3n+l) (8.31.51) 

When n is sufficiently large and the higher order terms of n can be neglected, Eq. (8.31.51) is 
reduced to 

(r,,>=fl[3i^-3ni+n2 

Then we have 
/2 

(xiXi)=f^[3i2-3ni+n2] 

(8.31.52) 

(8.31.12) 

* Eq. (8.31.14) is derived as follows. 
Substitution of Eq. (8.31.11) in Eq. (8.31.9) yields 
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(8.31.53) 

From Eq. (8.27.2), 

(FiV?)=(Fiy- gXj) (g 31 54) 

From the definition 

^ * j " na'2^gV'y* ^j) (8.31.13)' 

Eq. (8.31.53) is rewritten as 

^"=i^('^i' ' i ) ' (6^3)' /2 3 . ^ ^ ^ j ^ i y p (S.31.55) 

Substitution of Eq. (8.31.12) in Eq. (8.31.55) yields 

.„pJj(3 î -3 „i. „ ^ ) . - j - A ^ I ^ ^,3,3^, 

Now we rewrite Eq. (8.31.56) by putting 

9j,i=<P(x,y) (8.31.57) 

x = ^ - l (-1<X<1) (8.31.58) 

t=-|J-l ( - l<t<l) (8.31.59) 

^"TTly^ ^ (8.31.60) 

If n is sufficiently large, the sum of the second term in the right-hand side of Eq. (8.31.56) is 
replaced by integration. The first term in the right-hand side of Eq. (8.31.56) is calculated as 

f ( x ) = l 2 ^ (8.31.61) 

Substitution of Eqs. (8.31.57)-(8.31.61) in Eq. (8.31.56) yields Eq. (8.31.14). 

* An attempt to take into account the draining effect on the surface of the segments was made 
by Edwards and Oliver in the course of the derivation of the sedimentation coefficient. The 
problems involved in the preaveraging the Oseen tensor are reviewed by Yamakawa (See H. 
Yamakawa, Modern Theory of Polymer Solutions, Harper & Row, 1971). An improvement on 
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Table 8-3 1.1 Comparison of the Debye-Buche (BD), Kirkwood-Riseman (KR) and Kurata-Yamakawa (KY) theories 
Model Deriving Theoretical Expression for [ ’1 3 

Method 
Chain segment disperses in sphere of Rigorous 
hydrodynamic diameter $; solvent solution 
molecule can pass through the sphere 

Pearl necklace model (link length a’) 
hydrodynamic interaction between solution 
pearls is considered using Oseen’s 
method 

Approximate 

1 

k2(1+X/k”*)  
cn1’2 

X =  

F(X) = Fo[l + p(X)z - .-.I. where p is a fknction of X 

X; draining effect parameter = 5n”’ / {( 67t 3 ) “ 2 a / ~ 0 ]  

5; friction coefficient per segment, a‘; the length of a link, 
qo; viscosity coefficient of solvent and n; number of segment 

A. R. Cooper, Wiley-Interscience, New York, 

m3 )rloa’ 
Pearl necklace model, based on the KR 
theory; excluded volume effect is taken 
into account 

Approximate 
solution 

(See K.Kamide and M. Saito, in Detsmination of molecular weight Ed. 
1989, Chap. 8, pl50) 
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Table 8-31.2 Comparison of the Debye-Buche (DB), Kirkwood-Riseman 

(KR) and Kurata-Yamakawa (KY) theories. X is the draining effect 

parameter defined by ^n^^ /̂{(67C^)*^^ar|o}, where C, denotes the friction 

coefficient per a segment and a' the length of a link. (K. Kamide and M. 

Saito, in Determination of Molecular Weight, Ed. A.R.Cooper, Wiley-

Interscience, New York, (1989), Chap. 8, pi52) 

X 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
20 
00 

Dcbyc-

*(x) 

0.000 
0.0947 
0.327 
0.600 
0.857 
1.07 
1.25 
1.40 
1J2 
1.62 
1,72 
2.10 
2 ^ 

-Buchc 

a 

1.000 
0.973 
0.910 
0.839 
0.778 
0.731 
0.693 
0.664 
0.642 
0.625 
0.611 
0.549 
0.500 

Kirwood-Riscman 

X 

0 
0.1 
0.3 
0.5 
1.0 
1.5 
Z5 
3.5 
4.0 
5.0 

10 
50 

00 

XFoiX) 

0.000 
0.092 
0.242 
0.358 
0.564 
0.700 
0.875 
0.984 
1.024 
1.090 
1.260 
1.486 
1.588 

a 

1.000 
0.963 
0.905 
0.862 
0.791 
0.746 
0.691 
0.66 
0.647 
0.632 
0.583 
0.524 
0.500 

Kurata-Yamakawa 

X 

0 
0.1 
0.3 
0.5 
1.0 
10 
3.0 
4.0 
5.0 

10.0 
20.0 
50.0 

00 

XFoiX) 

0.000 
0.073 
0.192 
0.284 
0.447 
0.634 
0.742 
0.812 
0.864 
0.999 
UIO 
1.178 
1.259 

a 

1.000 
0.963 
0.905 
0.862 
0.791 
0.715 
0.674 
0.647 
0.632 
0.583 
0.552 
0.524 
0.500 

the solution of Eq. (8.31.14) was earned out by Kirkwood , Zwanzig, and Plock (See A. 
Ishihara, Adv. Polym. Set. 5, 531 (1968); K. Kamide and M. Saito, Determination of Molecular 
Weight, Ed. A.R.Cooper, Wiley-Interscience, New York, 1989, Chap. 8). 

*Kurata and Yamakawa improved Kirkwood-Riseman theory, in which Gaussian chain was 
assumed for polymer chain without the excluded volume effect, taking into consideration the 
segment distribution of polymer chain with the excluded volume effect. They obtained the 
equation 

[Ti]=7i:^^NA[XF(X)]X^^(nb'2/6) '̂2a^^^/M (8.31.62) 

for n » l and X-^oo. Eq. (8.31.62) is compared with Eq. (8.30.18). (See H. Kurata and H. 
Yamakawa,^ Chem. Phys. 29, 311 (1958)) 

* Table 8-31.1 and 8-31.2 are the comparison of various theoretical models. 

«Problein 8 . 3 2 » Flory constant K (I) 
Consider a solution with volume V which consists of n2 solutes and ni 

solvents. If the solute molecules can be regarded as spheres with the volume Vg, 
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Einstein's viscosity equation (Refer to Eq. (8.27.1)) is expressed as 

^sp = -lf- = 2.5|̂ VJVe (8.32.1) 

Chain molecules are coil-like in the solution and the solvent in the coil moves 
associated with the coil. In other words, the velocity of the solvent near the 
center of the polymer coil is close to the velocity of the polymer itself. Thus 
the polymer coil is approximated as a rigid sphere with an effective radius Re. 
This sphere is called the hydrodynamically equivalent sphere. The volume of 
the sphere is 

(8.32.2) 

For flexible polymer solutions, the limiting viscosity number is semi-
empirically related to the molecular weight M as 

[TI] = K M ^ V (6.18.1) 

with 

(6.18.2) 

Ate 
[TI]CCM^/2 

The parameter K is often called the Flory constant. Derive Eq. (6.18.1) based 
onEqs. (8.32.1) and (8.32.2). 

Answer 
The ratio n2A^ in Eq. (8.32.1) is related to the ratio of mass concentration C 

(g/lOOcc) and molecular weight M, C/M, as 

^2 N^C 

V lOOM 

Then Eq. (8.32.1) is rewritten as 

(8.32.3) 
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^sp _2.5NAVe 
C lOOM 

or 

h l = lirn^ 
Tl3p_2.5NAVe 

lOOM 

(8.32.4) 

(8.32.5) 

Substitution of Eq. (8.32.2) in Eq. (8.32.5) yields 

hl= 2.5NA/4KVRe 
100 M 

(8.32.6) 

The radius of the hydrodynamically equivalent sphere Re is considered to be 
proportional to the radius of gyration <Ŝ >'''̂  as 

Re' = k(s2)''' = k ( s 2 ) / V (8.32.7) 

where a is a swelling coefficient. From Eqs. (8.32.6) and (8.32.7), we have 

,3/2 

w= 100 1 3 , \ M 
M"2a^ 

>3/2 

= 4>jMo| M'V 
M 

(8.32.8) 

where 

100 3 (8.32.9) 

If the polymer chain is approximated by a Gaussian chain, the radius of 
gyration is related to the mean square end-to-end distance as 

(6.9.1) 

Then Eq. (8.32.8) is rewritten as 
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where 

^ - -  ̂ (8.32.11) 

O is a universal constant and does not depend on the kind of polymer and 
solvent, and temperature. Using the definition of K in Eq. (6.18.2), (8.32.10) 
is rewritten into the Flory-Fox equation (6.18.1), in which the relationship 

is assumed. The radius of the hydrodynamically equivalent sphere depends on 
the excluded volume rather than the statistical extension. Thus, a of this 
problem 
should be regarded as a physical quantity defined by 

3 hi 
S = r T - (8.32.13) 

hie 
Then Eq. (6.18.1) should be written as 

[Tl] = KM*^a^^ (8.32.14) 

Eq. (8.32.14) is compared with 

[TI1 = K M ' V « (8.32.15) 

which was derived by Kurata and Yamakawa. 
(See P.J.Flory, J.Phys. Colloid Chem. 53, 197 (1949); T.G Fox, Jr., J. Polym. 
Sci. 5, 745 (1950); M.Kurata and H.Yamakawa, J.C/ie/«.PA>'5. 29, 311 (1958); 
M.Kurata, H.Yamakawa and H.Utiyama, Makromol. Chem. 34, 139 (1959)) 

«ProbIein 8-33» Flory constant K (II) 
The coefficient Km in Mark-Houwink-Sakurada equation (Eq. (8.30.19)) 
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agrees with the Flory constant K in Eq. (6.18.2) for polymers in 9 solvent. 
Discuss the meaning of determining K empirically. 

Answer 
If Oo (i.e., <S>o  =  ̂  3t 9) is known, the ratio of the mean square end-to-end 

distance for the ideal conformation <R^>o and the molecular weight M can be 
determined from the equation 

{-XT 
K=a), «' M 

(6.18.2) 

This ratio is calculated statistically from Eq. (6.6.35) as 

\ ^ 7 o _ n b ^ 1-cose l+(cos<|))_ b^ l-cosS l+(cos<|)) 
M M 1+cose l-^cos<l))~m^ l+cosG l-(cos(|)) (8.33.2) 

where b is the segment length, n the number of segments, mo the molecular 
weight of a segment, 9 the bond angle and (j) the rotation angle about bonds. 
<R^>o for chain molecules with freely rotating bonds (freely rotating chains) 
(<cos(l)>=0 (See Eq. (8.33.5)), <R >̂of, is given by 

\^ /of b^ 1-cose 
~ l ^ r ~ " — 77 a (8.33.3) 

M m0 l+cosS ^ 
The ratio of <R^>o"^ and <R >̂of"̂  is called the characteristic ratio or steric 
hindrance factor a. It depends only on the degree of rotational steric 
hindrance <cos<|)>. From Eqs. (8.33.2) and (8.33.3), we have 

( R ' ) O ' ' ' l+(cos(t)) 
a = , ^ , n = - ^ r (8.33.4) 

( R ^ ' ' ^ 1-{COS(|,) 

where 

(cos <|,) =JJ" COS (t.e-̂ (*)̂ ^d(t. / J ' " e-̂ W'̂ d̂cl, (8.33.5) 

Thus we can estimate the potential for the internal rotation V((|)) from a or 
from K. 
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«ProbIem 8-34» Viscosity parameter O 

From Eqs. (8.32.8) and (8.32.11), [TI] is written as 

[T|] = 6^^0-^-^ (8.34.1) 

Coefficient OQ is defined as O in the unperturbed state and experimentally 
evaluated by using the relationship 

/ 2\ 3/2 

h l e ' * ' " * . ^ (8.34.2) 

Derive the relationship between O and OQ-

«' = *^o[^j (8.34.3) 

Answer 

From Eqs. (8.32.13) and (8.34.2), 

/ 2\ ^'^ 

oCs is defined by 
3/2 / ^\ 3/2 

(s^) =a,(s2)„ (6.14.27) 

Substitution of Eq. (6.14.27) in Eq. (8.34.1) yields 

/ 2\ 3/2 

[tl] = 6 ^ ^ 0 ^ «s' (8-34.5) 

Then from Eqs. (8.34.4) and (8.34.5), we have Eq. (8.34.3). 

• Comparing Eq. (8.32.15) with Eq. (8.32.16), we find 
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Table 8-34.1 Typical experimental values of @ at or near T=8 for polystyrene in cyclohexane. 

Krigbaum-Carpenter [ 11 cy clohexane 3.2 1.85 
McIntyre et al. [2] cyclohexane, 35 "C 4.0 1.76 

authors 8 solvent M,X 10-6/g mol Q, x 1 O - * ~ / ~ O P  

~ e ~ [ 3 1  cyclohexane, 34.8 "C 0.62- 1.6 2.6-2.9 
1.7-2.1 

cyclohexane, 3 4.6 "c 0.34-2.9 2.4-2.6 
McIntyre et a1.[6] cyclohexane, 35.4"C 27-44 1.5-2.0 
Einaga eta]. [7] cyclohexane, 34.5"C 8.8-57 2.2-2.4 

Cowie-Cussler[ 41 cyclohexane, 35 "C 0.2 1 - 1  .o 
Yamamoto et al. [5] 

Miyaki et al. [8] cyclohexane, 34.5"C 6.5 2.55 
[ 1 ] W.R.Krigbaum and D.K.Carpenter, J .  Phys. Chem. 59, 11 66 ( 1 955). 
[2] D.McIntyre, A.Wilms, L.C.Williams and L.Mandelkern, J. Phys. Chem. 66, 1932 (1962). 
[3] G.C.Berry, J.  Chem. Phys. 44,4550 (1966); 46, 1338 (1967). 
[4] J.M.G.Cowie and E.L.Cussler, J Chem. Phys. 46,4886 (1967). 
[5] A. Yamamoto, M. Fujii, G.Tanaka and Hyamakawa, Polym. J .  2,799 (1971). 
[6] D.McIntyre, L.JFetters and E.Slagowski, Science 176, 1041 (1972). 
[7] Y.Miyaki, Y.Einaga and HFujita, Muaomolecules 11, 11 80 (1978); Y.Einaga, Y.Miyaki and HFujita, J.  Polym. Sci., 

[8] Y. Miyaki, Y. Emaga, H. Fujita and M. Fukuda, Muaomolecules 13,588 (1980). 
Polym. Phys. Ed 17,2 103 (1 979). 
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Table 8-34.2 The parameters Km and a in the Mark-Houwink-Sakurada 
equation and the exponent a^, for solutions of cellulose and its derivatives. 
(See K. Kamide and M. Saito, Adv. Polym. Sci. 83, 1 (1987)) 

Polymer Solvent K„xlO^ fl«, 

Cellulose 

Cellulose 
acelate(2.92) 

Cellulose 
acetate(2.46) 

Cellulose 
acelate(1.75) 
Cellulose 
acctate(0.49) 

Cellulose 
nitrate(2.91) 
Cellulose 
nitrate(2.55) 
Cellulose 
tricaproate 
Cellulose 
tricarbanilate 
Mcthylcellulose(2.3) 
Hydroxycthyl 
cellulose(0.88) 
Ethyl hydroxy-
ethyl cellulose 
(~OC2H4;0.84; 
-OC2H5;0.56) 
Sodium cellulose 
xantate(0.78) 
Sodium carboxy 
methyl cellulose( I) 

Cadoxen 
FeTNa* 
TFA" 
DMAc*̂  
Acetone 
TCM** 
DCM* 
DMAc 
Acetone 
THF^ 
DMAc 

Formamide 
Water 
DMSO« 
DMAc 
Acetone 

Acetone 

DMF** 
l-Cl-N-
Acetone 
Dioxane 
Water 
Water 

Water 

1 M NaOH 

NaCl (I -^ 70) 

cm^g"* 

0.0338 
0.0531 
3.96 
2.64 
2.89 
4.54 
2.47 
1.34 
0.13 
O.5I3 
9.58 

20.9 
20.9 
17.1 
19.1 
0.76 

0.48 

0.245 
0.17 
1.43x10"* 
8.13x10-* 
0.316 
8.62x10"* 

0.77 
0.775 
0.70^ 
0.75 
0.755 
0.64^ 
O.7O4 
0.82 
0.616 
0.688 
0.65 

0.60 
0.60 
0.61 
0.60 
0.903 

0.916 

0.5 
0.51 
0.91 
0.97 
0.55 
0.87 

0.304 
0.429 
— 
0.106 
— 
— 
— 
0.23 
0.716 
0.105 
0.12 

— 
-_ 
0.103 
0.379 

0,274 

0.377 
0.377 
0.21 
0.462 
0.464 
0.608 

0.037 

2.47 

0.19 

0.8 

0.679 

0.60 

0.688 

0.568 

0.192 

• Iron sodium tartrate; *• trifluoroacctic acid; « N,N-dimethylacetamide; ^ trichloromethane; 
* dichloromethane; ^ tetrahydrofuran;« dimethylsulphoxide; »• N.N-dimethylformamide; * 1-chlo-
ronaphthalene 
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«Ti = «s (8.34.6) 

and 

0 = ^ o a , - < ' " (8.34.7) 

Eq. (8.34.5) indicates that O decreases with increasing ttg. 

* Eq. (8.34.3) was derived by Ptitsyn-Eisner (O. B. Ptitsyn and Yu. E. Eizner, Zh Fiz. Khim. 
32, 2464 (1958); O. B. Ptitsyn and Yu. E. Eizner,Z/z. Tekhn. Fiz. 29,1117 (1959)) and 
Kurata-Yamakawa (M. Kurata and H. Yamakawa, J. Chem. Phys. 29, 311 (1958)) 
independently. The theoretical value of OQ is much different from the experimental values 
0=2.1-2.2 X 10^^ The latter values of O could be obtained only when we assumed a=1.5 and 
4>o=2.87 X 10^^ The disagreement of 0 and OQ may come from (1) polydispersity of polymer, 
(2) solvent property (good solvent is used frequently in experiment) and (3) free draining 
effect 4>o(X)/4>o(oo )=(7C^^NA/6^^ 100)/2.87X10^' [Xa>(X)]=X4)(X)/1.588 (Kirkwood-
Riseman) (See Table 8-31.1, Eq. (8.31.31) and M. Kurata and H. Yamakawa,j: Chem. Phys. 
29, 311 (1958)). Typical experimental values of <l> are summarized in Table 8-34.1. The 
molecular weight dependence of 4> is approximated by the following empirical equation: 

0 = K ^ M " * (8.34.8) 

where K^ and â  are parameters characteristic of the system, a^ is given by flr^=[v(X)-e(3-
n(X))]Av. It is clear that for X~0, â  is essentially zero and a^-^. (See «Problem 8-40»-
« 8 - 4 4 » ) . Values for K^, a and a^ for cellulose and cellulose-derivative solutions are 
sununarized in Table 8-34.2. 

«Problem 8-35» Upper limit of the exponent in Mark-Houwink-
Sakurada equation 

Estimate the upper limit of the exponent a in Mark-Houwink-Sakurada 
equation 

[TI] = K ^ M " (8.30.19) 

from the FIory-Fox viscosity equation 

[TI] = K M ^ X ' (8.32.15) 

Answer 
For convenience, we approximate 
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a^i-as (8.35.1) 

The molecular weight dependence of tts was derived theoretically by many 
scientists. For example, Flory derived the equation 

« S ' - « S ' = 2 C M X | / , | I 4 M ' ^ (6.13.30) 

Kurata and Yamakawa proposed the equation 

a ,^- l = 1.91Z (6.15.10) 

with 
t3/2 

Z = P n ' l r ^ | ' - M " ' (5-20.3) 

using Fixman's equation (Eq. (6.15.1)). If 

a 3 » l 

we have 
An a/ocu'"^  (Flory) (8.35.2) 

and 

ttg^ocM*^ (Fixman) (8.35.3) 

respectively. If we define e as 

a^^ocM" (8.35.4) 

the exponent a in Eq. (8.30.19) is related to e as 

0=0.5+8 (8.35.5) 

Thus the upper limit of a is 0.8 and 1.0 for Eqs. (8.35.2) and (8.35.3), 
respectively. If we use a more strict relationship 

an^^as^'"^^ (8.34.7) 

in place of Eq. (8.35.1), we have 
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^ 3 x>f 0.243 

e = 0.243 (8.35.6) 

from Eq. (8.35.2) and 

E = 0.405 (8.35.7) 

from Eq. (8.35.3). Thus we find 

a = 0.743 (Flory) 

or 

a = 0.905 (Fixman) 

We note that the empirical value of a is often larger than 0.8 (See Table 8-
34.2). 

«Problein 8-36» Theoretical relations between two parameters in Mark-
Houwink-Sakurada equation (I) 

Derive the relationship between Km and a in the equation 

[TI] = K ^ M ^ (8.30.19) 

using the Flory-Fox viscosity equation 

[TI] = K M ^ V (6.18.1) 

and the excluded volume equation proposed by Flory 

a3^-a3^ = 2CMV(/il-|jM^^ (6.13.30) 

Answer 
From Eqs. (8.30.19) and (6.18.1), we have 

Substitution of Eq. (8.36.1) for a in Eq. (6.13.30) yields 
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2 C „ V , 1 - | M ' « - ' 
1 + 

T V / «\2/3 = (AM^Y (8.36.2) 

Taking logarithm of Eq. (8.36.2) and differentiating it with respect to logM, 
we have 

P = 7 r-T, T (8.36.3) 
U0/3+(4/3)(A/X)> 

where 

x = 2CMvil-|V''"^ (8-36.4) 

Then Eq. (8.36.2) is rewritten as 

l+iL = A2'VP'^ (8.36.5) 

M̂ ^̂  is only slightly dependent on M for 0<P<0.3 (the upper limit in the Flory 
theory) and can be expanded in a series of AM=M-Moas 

x/r2p/3 x/i2P/3J , , 2p fAM] 1__ 2^ 
M = M o ^ | l + - ^ — j + . . . | = Mô  (8 36 6) 

Here Mo is a parameter determined by the mean values of M (such as Mn and 
Mw...) and can be approximated by (MiMa)̂ ^̂  where Mi and M2 are the upper 
and lower limits of the molecular weight of polymers used for determining Eq. 
(8.30.19). From Eqs. (8.36.3), (8.36.5) and (8.36.6), we have 

-^'(^F" Mr ' 
or 
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-lnK„ + | l n | f ̂  U - y j +1 } = PlnMo - InK (8.36.8) 

Comparing Eqs. (8.36.1) and (6.18.1), we have 

P = « - 2 (8.36.9) 

(8.36.10) 

(See T. Kawai and R. Naito, J. Appl. Polym. Sci. 3, 232 (1960); T. Kawai and 
K. Kamide,y. Polym. Sci. 54, 343 (1961)) 

«ProbIem 8-37» Theoretical relations between two parameters in Mark-
Houwink-Sakurada equation (II) 

Derive the relationship between Km and a for 
(1) Kurata-Yamakawa viscosity equation 

[tl] = KM''2a2« (8.32.15) 

and Kurata-Yamakawa-Roig excluded volume equation 

( A'^ 
a 3 . a = 1 + ^ CZ (6.17.11) 

(2)Flory-Fox viscosity equation 

[ T I ] = K M ' V (6.18.1) 

and Kurata-Yamakawa-Roig excluded volume equation [Eq. (6.17.11)] 

(3) Flory-Fox viscosity equation (Eq. (6.18.1)) and Fixman excluded volume 
equation 

a ' - l = 2 Z (6.15.1) 
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Answer 
(1) Eq. (6.17.11) is rewritten as 

a ^ - a = C"M^^ (8.37.1) 

where C is a parameter which is roughly independent of molecular weight; 
for a>1.5, the error is less than 20%. From Mark-Houwink-Sakurada equation 

andEq. (8.32.15), we have 

â '*̂  = AM^ (8.37.2) 

and then 

a' = A'''''M'^'' (8.37.3) 

From Eqs. (8.37.1) and (8.37.3), we have 

^2/2.43j^2P .̂43 ^ j ^ ^-1/2.43^ M'^^-P^^ (8.37.4) 

Differentiating the logarithm of Eq. (8.37.4) with respect to logM yields 

with 

X = C"M-( ' ' ^ -P^«) (8.37.6) 

From Eqs. (8.37.4) and (8.37.6), we have 

' - ^ = A-M^ '«« (8.37.7) 

If we use the approximation 

i,,2p/2.43 x# 2P/2.43 

M ^ =Mo *̂  (8.37.8) 

we find 
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1 + 
^ 1 loV 

K 
12/2.43 2.43 a - 0.5 3 

[rj îT^T î̂ î <"'•') 

where Mo is defined by (MiM2)̂ ^ ,̂ Mi and M2 are the upper and lower limit of 
the molecular weights used in the experiment (See K. Kamide and M. Saito, 
Determination of Molecular Weight, Ed. A.R.Cooper, John Wiley-Interscience, 
New York, 1989, Chap. 8). 

(2): Similarly we find 

.^ .2/3 l^"^ l3 )U -0 .5"^ 

-1 

K j M,'^ 

(3):Similarly we find 

(8.37.10) 

-lnK„ + ln< l+2—77^-2 > =-In K + (a - 0.5)ln MQ (8.37.11) 

(See K.Kamide and T.Kawai, Kobunshi Kagaku (Chem. High Polymers) 20, 
512 (1963); K.Kamide and W.R.Moore, Kobunshi Kagaku (Chem. High 
Polymers) 21, 682 (1964)) 

«Problem 8-38» FIory-Fox-Schaefgen equation 
Flory-Fox-Schaefgen proposed the equation 

g = K » . 2 C „ v - , ( . - | ) K » i | (OS. , ) 

for estimating the Flory constant K from [T|] of polymers in a good solvent: 
K̂ ^̂  can be determined from the intercept in the plot of [Vif'^M^'  ̂vs. M/[T|]. 
(See P.J.Flory and T.G.Fox, J, Am. Chem. Soc. 73, 190 (1951)) Derive Eq. 
(8.38.1). 

Answer 
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According to the Flory-Fox theory, molecular weight dependence of [r\] is 
expressed as 

[TI] = K M ^ V (6.18.1) 

where 
\3/2 

K = 0, 
J 

(6.18.2) 

Here a is the expansion factor which is related to M as 

a5-a3 = 2CMV|/i 1 - | M'^ (6.13.30) 

where 

Here v is the partial specific volume of the polymer and Vo is the molar 
volume of the solvent. Eq. (6.18.1) is rewritten as 

a^ = [Ti]/KM'̂  

a5 = [ilf''/K''^M^^' (8.38.2) 

Substitution of Eq. (8.38.2) in Eq. (6.13.30) yields 

From Eq. (8.38.3), we finally obtain 

15/3 

fcL = |iK-..C„v,(.-|)K»M' 1/2 (8.38.4) 

Eq. (8.38.4) is readily converted to Eq. (8.38.1). 
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«Problein 8 - 3 9 » Flory constant K (III) 
Summarize the equations for various models for determining Flory constant 

K. 

Answer 
Table 8-39 collects the methods for determining K. 

«Problein 8 - 4 0 » Evaluation of parameters in Mark-Houwink-Sakurada 
equation by Kurata-Yamakawa theory 

According to Kurata-Yamakawa theory (See M. Kurata and H. Yamakawa, J. 
Chem. Phys, 29, 311 (1958)), limiting viscosity number [TI] is given by 

,3/2 

h] = O o ( X o K ( - W ) ^ ( ^ M cCj (8.40.1) 

with 

Oo(X) = 2.28310''XFo(x) (8.40.2) 

x=(i)(iV"(î  

1/2 

a 

„l/2_. wl /2 n —k yvA (8.40.3) 

1/2 (6.12.52) 
0 

Here, n(X) and F(X) are functions of draining parameter X. a' and b are the 
length and the diameter of the crosssection of a segment, respectively. Eq. 
(8.40.3) is obtained by rew^riting Eq. (8.31.32). XQ is defined as X 
which satisfies the equation 

v(Xo) = £{3-n(Xo)} (8.40.4) 

with 

e = d Ina/d InM = a (8.40.5) 

Derive the expression for the exponent a in Mark-Houwink-Sakurada equation 



541 

Table 8-39 Methods for determining Flory constant K using experimental data of [ 7 ] and M 

Scientist (year) Equation 
Flory-Fox-Schae fgenl ) [ ]2/3~1/3=K2’3+Ks’3C~M[ 1’’ 
Kawai-Kami de2) Km/K={ 4/3[ l/(a-0.5)-10/3]~’+1}3’2~o(a-0~5) 
Kurata-Stockmay er3 ) 

Burchand4),Stockmayer-FixmanS) [ 7]=KM1/2+0.5 oBM; a ,<1.5 
Bodanecky6) 
Inagaki-Suzuki-Kurata7) 
Cowie” [ 711 E )I@ o)K+O.9166(@( E )/@ o)Kk7/’0M7”20 

[ 7 ]2/3M1’3=K2/3+0.363 @ oB[g(a ,)M2I3[ 7 ] - ‘ I3  

; g( a ,)=g a I 3(3 a ,2+1)-3/2 

[ 7 31 M1’2=0.80K+0.65Kk0.7 M(‘ 35 ; Z=kM”* 
([ 7 ]/ M”2)4/5=0.786K4/5+0.950K4/5k2/3M1/3 ; a >1.4 

@( E )=@ o(1-2.63 E +3.86 E ’),a=(l+3 E )/2 
u =1.2-2.5 

Kamide-Moore’) -l0gKm+log[ 1+2{(a-1/3~’-2}~1]=l~gK+(a-1/2)l~gM~ 

Kamide-Saito’ I )  

[ 7 ]/ M112+a*+3q2=63/2K &,3/2+0.66K BM(l-3 41’2 Kamide-Mi yazaki’ Q 0 

IOgKm+IOg( 1-3 a2/2( 1-a+a ,)+(3/2)log6+K 
=-(3/2)logK0+(a-1/2-a .-3a2/2)lom 

l)P.JFlory, T.G Fox, Jr., 1 Am. Chem. SOC. 73, 1904 (1951). 2) T.Kawai and K. Kamide, 1 Polym. Sci. 54, 343 (1961). 3) M. Kurata and 
W.H.Stockmayer, Adv. Polyrn. Sci. 3, 196 (1963). 4) W.Burchard, Mukromol. Chem. 50,20 (1961). 5) W.H.Stockmayer and MFimnan, J. 
Pol’. Sci. C 1, 137 (1963). 6) M.Bodanecky,J. Polym. Sci. B3,201 (1965). 7) H. In@, H. Suzuki andM. Kurata, J Pol’. Sci. C 15, 
409 (1966). 10) K.Kamide and 
Y . M i y d i ,  Polym. J. 10,409 (1978). 

8) J.M.G.Cowie, Polymer 7, 487 (1966), 9) K. Kamide and W.R.Moore, JPolym.Sci. B 2, 809 (1964). 
11) K. Kamide and M. Saito, Eur. Polym. J. 17,1049 (1981). 
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[TI] = K„M-

using Eq. (8.40.1). 

Answer 
FromEq. (8.30.19), 

^dln[Ti] 
^ dlnM 

Using Eq. (8.40.1), the differentiation is performed as 

dInOo ( I ^\dIna^ f X F ( X ) \ 
a=- 5i + ; . 3 .nXo]> ^+dln V T 

dlnM \ V o//dlnM I X o F o H j 

+ 1.5d Inl ^—^ l/d InM +0.5 + 3 

1/d In M 

dlna. 

M dlnM 

If we define 

^ ' 2^ dlnX j dlnM 

din 
Mô  

M 
0-,=-2 dlnM 

Eq. (8.40.7) is rewritten as 

^ = e / - 3 - n(Xo)| + v(Xo) + v(x) - v(Xo) + 1.5^2 + 0.5 + 3e 

= 0.5+A + tf,+ 1.5̂ 2 

=0.5 + v(X) + n(X)e + 1.5^2 

with 

A = v(x)-v(Xo) 

a i = 3 e 

(8.30.19) 

(8.40.6) 

(8.40.7) 

(8.40.8) 

(8.40.9) 

(8.40.10) 

(8.40.11) 

(8.40.12) 
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Thus A and a \ express the contribution of the free draining and the excluded 
volume to a , respectively. 

«Problein 8 - 4 1 » Molecular weight dependence of sedimentation 
coefficient (I) 

Sedimentation coefficient of polymer solutions So is related to the 
molecular weight of the polymer M as 

So = K X ^ (8.41.1) 

Relate the exponent a s in Eq. (8.41.1) to a in the equation 

[TI] = K ^ M ^ (8.30.19) 

and the degree of free draining. 

Answer 
s is expressed as 

-1/2 

= MLM.M(I-VP)6-P-'U5°I •'"-"' 

with 

P = Po(x)a3-{i-"W} (8 413) 

where v is the partial specific volume and p the density. From the above 
equations, we have 

• JMol dins , dlnP . j , , 
tf, = = 1 d In 

' dlnM dlnM 2 M 

d lna . 
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dlna^ 
e^-—I (8.41.6) 

dlnM 

and 

d l n P 

dlnM ' ' ' • 7T; ;^=^J^-{ ' - '"MH-^'W-( ' -"M}' (8-4I.7) 

and substituting Eqs. (8.41.6H8.41.8) in Eq. (8.41.5), we have 

flg = a - ^ 4 - 0 . 5 ^ 2 - e (8.41.9) 

From «Problem 8 - 4 0 » 

a = 0.5 +v(X) + l,5a2 + n(X)£ (8.40.11) 

From Eqs. (8.41.9) and (8.40.11), 

3.7, + ^ -2 .0 = A-3^74=v(x)-3^4-{3-n(x)}8 (8.41.10) 

and then from Eq. (8.41.7), 

3a, +  a'  2.0 = v(x) - 3^(x) + {n(x) - 3m(x)|e (8.41.11) 

(See K.Kamide, Mayfcrowo/. Chem. 128, 197(1969)) 

«ProbIem 8 - 4 2 » Molecular weight dependence of sedimentation 
coefficient (II) 

The coefficients a s and a were experimentally determined as 0.29 and 1.01, 
respectively, for the system cellulose trinitrate in ethylacetate and 0.285 and 
1.00, respectively, for the system cellulose trinitrate in acetone. Calculate X, 
v(X) and E from these data. 

Answer 
Xo and e are determined from the equation 
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v(Xo) = E|3-n(Xo)| (8.40.5) 

Then v(X) can be calculated by substituting Xo and 8 thus obtained in Eq. 
(8.41.11). For the system cellulose trinitrate in ethylacetate X=0.725, 
v(X)=0.326, Xo=18 and e=0.271 and for the system cellulose trinitrate in 
acetone X=0.66, v(X)=0.335, Xo=22 and 8=0.286. 

«ProbIein 8-43» Molecular weight dependence of diffusion coefficient 
(I) 

Diffusion coefficient Do depends experimentally on molecular 
weight M as 

Do = KpM'̂  (8.43.1) 

According to Kurata-Yamakawa theory, the exponent |3 in Eq. (8.43.1) is given 
by 

P = |x(x) + m(X)8 + 0.5^2 + 0-5 (8.43.2) 

Relate the exponent P in Eq. (8.43.2) to a in 

[TI] = K ^ M ' ' (8.30.19) 

and the free draining effect. 

Answer 
From «Problem 8-40», 

a = 0.5 d- v(X) -h 1.5̂ 2 + n(x)e (8.40.11) 

Combining Eqs. (8.43.2) and (8.40.11), we have 

a . 3P + 1 = v(X) - 3|1(X) + {n(x)-3m(x)}8 (8.43.3) 

Then we can calculate X from P and a. 

«Probleni 8-44» Molecular weight dependence of diffusion coefficient 
ai) 

Mayerhoff determined p and a for cellulose trinitrate (N=13.8%) in acetone 
as 0.675 and 1.00, respectively. Calculate X, v(X) and 8 for this system. 
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Answer 
On the assumption of Gaussian distribution of the molecular chain, a2=0. 

Using Eq. (8.40.11), we have 

X=1.13, v(x) = 0.278, e = 0.113 

Substitution of these values in the equation 

v(Xo) = 8{3-n(Xo)} (8.40.5) 

yields Xo= 12. 

«Probiein 8-45» Two-dimensional steady shear flow of solution of 
dumbbell-like molecule (V) 

The diffusion equation for dumbbell-like molecules of Eqs. (8.16.7)-
(8.16.9) in «Problem 8-16» is rewritten in the steady state (d f/91=0) as 

r 

1 d'f 
sin'e a<t)' 

g j sin26sin2(|) 3f ^ , . 9 f 3 . 2̂  . - . . l 
D\ 4 ^ J | + cos^0||-fsinesm2(t)f^ (8,45.1) 

Let's express the probability density f(G,(t)) as a series of g as 

f(e,(t)) =fo(e,(t)) + (§)f,(e,(t)) + (^]\(Q.^) ^(i]\M + - (8.45.2) 

Derive the expression for the coefficients fi(6,(t)), f2(0,(t)) and f3(0,(t>)-

Answer 
Substituting Eq. (8.45.2) for f(e,(t)) in Eq. (8.45.1) and comparing the 

coefficients of (g/D), (g/D)^, (g/D)^... in both sides, we obtain a set of 
differential equations as 



sine 90 V 30 j sin e d^ 
sin 26 sin 26 dL , , . 

= 4 — ^ 3 ^ + '^°^^ 
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s i n Q aij; 

^ + cos^(t)^-|sin'esin2(t)fo (8.45.4) 

_i_a^ 
sineael^'' '"'5e'j^ sin^e 3(t)̂  

sin26sin2(1) Bf, ^ _af, 3 . :„ . ^. -, ,„ .^ ^. 
~ 4 ^-5S" + coŝ  (t>-^ - f sm Osm 2(t) f, (8.45.5) 

sine ae r ' " " ae j sin^e a<t)̂  

= ! ! ! l ^ ^ i 5 ^ ^ + eoŝ  ( ^ 1 - Isin^esin 2(̂  f, (8.45.6) 

-J^^(sinei|] + - A ^ § sine ae \ ae j sin'e â ' 
sin 26 sin 2(|) afj ^ 2 A f̂j 3 • 2Q- OÂ > /O AC I\ 

= ^ i . ^ + cos'(j)-^ - Jsin 6sin 2(1) f, (8.45.7) 

The solution of the first equation is used to solve the secon(i equation and the 
solution of the second equation is used to solve the third equation and so on, 
successively. This method is called the successive approximation method. 
When g=0, we have f(6,(t))=fo(6,(|)). In this case, the direction of the principal 
axis of the dumbbell-like molecules is completely random. As usual, we put fo 
as a constant (for normalization, fo is the reciprocal of the integral of sin6ded(|) 
all over the direction). 

fo = i (8.45.8) 

Then Eq. (8.45.4) is rewritten as 

h'^V^w^h"^''^^'^^ («-^^-9) sine ̂  i^'"''le" j ^ sin^e a<i) 

The first step to solve Eq. (8.45.9) is to solve the following homogeneous 
equation. 
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Eq. (8.45.10) is the Laplace equation for r=const. expressed in the polar 
coordinate. Putting fi as 

f, = 0.(e)O.((t)) (8.45.11) 

and using the separation of variables, we have 

Putting 

^ - 3 ^ = - m ^ ( = const) (8.45.13) 

we have a set of equations 

a<i)' = -m^O, (8.45.14.a) 

sin e^ I sin 0 -^1-m'0 , = 0 (8.45.14.b) 

FromEq. (8.45.14a), 

Oi=e±*"<l> (8.45.15) 

or 

Oi=cosm(|) or sinm(|) (8.45.16) 

Here the equation 4>,((|)+27l)=4>(<l)) must be satisfied. Thus, m=0 or integers. 
Putting x=cos9 in Eq. (8.45.14b), we have 

90,(6) _d0. (x)dx_ . d0,(x) 
~ 5 0 S r " d e " " ' ' ' ' ^ ~ d ^ (8.45.17) 

Eq. (8.45.17) is further rewritten as 
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Eq. (8.45.18) is associated Legendre function 

'dx  ̂ dx 
( l - x 2 ) - 4 r - 2 x - ^ + H ^ ^ O - T ^ y = 0 

in case of 1=0. Eq. (8.45.18) is rewritten as 

0 1 = 0 
d ' e i 2x d 0 , ni2 

dx^ l - x 2 dx l - x 2 

(8.45.19) 

(8.45.20) 

The second and the third terms in the left-hand side have a singular point of the 
first order and the second order, respectively, at x=± 1. To avoid the singular 
point, we put 

0 , (x )= ( l -x2 )^Y , (x ) (8.45.21) 

Then Eq. (8.45.18) is rewritten as 

(,-x^) 
,d"Y dY, 

(,_,.)?^_2(„.,),^_„(„,.,)Y 
dx 

= 0 

or 

( ' - ' ) ^ - 2 ( " > * ' ) ^ ^ - " ( " ' + ' ) Y , = 0 

Introducing a new variable 

z = 1 ~ x 

Eq. (8.45.23) is rewritten as 

4 2 - z ) - ^ + 2 ( m + 1) ( l - - z ) ~ ^ 

Yi(z) is expanded as a series of z as 

Y , ( z ) = | ; a;^z''+^ = aoz' '+aiz' '+'+a2z'' + 2 + . . . 

Substitution of Eq. (8.45.26) in Eq. (8.45.25) yields 

z' '- ' : 2aok(k + m) = 0 

z  ̂ : 2 (k+ l ) (k + m + l ) a i - ( k + m)(k + m + l ) a o = 0 

(8.45.22) 

(8.45.23) 

(8.45.24) 

(8.45.25) 

(8.45.26) 
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Z 

zk+2 

,k+3 (8.45.27) 

2(k + 2)(k + 111 + 2) a2-(k + m + 1) (k + m + 2)a i = 0 

2(k + 3)(k + m + 3) a3-(k + m + 2) (k + m + 3)a2 = 0 
2K+3 . 

Since the lowest order of z is k, ao=#0 and then 

k(k + m) = 0 (8.45.28) 

Therefore, k=0 or k=-m. For k=0, Yi is not finite and physically meaningless. 
For k=-m, 

ao^O 
ao=ai -3-2 - a 3 

Then we have 

n-) =ao( l -

= = 

a finite solution 

= 0 

as 

(8.45.29) 

* If we introduce a variable z=l-fx instead of z=l-x in Eq. (8.45.24), we have Yi(z)= 
ao(l+x)"'". However, both the second and the third tenns in Eq.(8.45.14b) have singular points 
of the first order of (1-x) or (1+x). Thus, either (1-x)'"™ or (l+x)'"™ is satisfactory as the 
solution. The final solution is independent of the choice of the variable z. 

Then we proceed to finding a particular solution of Eq. (8.45.9). If we put 

f 1 =0i(e)sin 2(t) m = 2 (8.45.30) 

Eq. (8.45.30) satisfies Eq. (8.45.9). Then the differential equation is reduced to 

i i e ^ h ^ ^ ) - i ^ ® i = - ^ « ^ " ' ^ (8.45.31) 

Putting 

x = cose (8.45.32) 

Eq. (8.45.31) is rewritten as 

( - ^ ) ^ - ^ » ^ - T ~ T e , = -^( . -x^) ,,45.33) 

Eq. (8.45.18) is the homogeneous equation of Eq. (8.45.33). Substitution of 
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0 , ( X ) = ( 1 - X 2 ) Y , ( X ) 

in Eq. (8.45.33) yields 

(> -x^ ) 
.d^Y dY, 

( l - x 2 ) ^ - 6 x ^ - 6 Y , 
^ ^ dx^ dx - | E ( > - 1 

d^Y, 

( > - ^ ) ^ 
6x 

dx 
^ Y > = - ^ 

Tlie homogeneous equation for Eq. (8.45.35) is 

dY 
^ Mx^ dx 

and the solution of Eq. (8.45.36) is 

Y , = a o ( l - x ) - ' 

Using the solution of the homogeneous equation (8.45.36) 

y , - ( i - x r 
Yi is expressed as 

Y,=C(x)y, 

Eq. (8.45.35) is rewritten as 

d^Y. 6x dY, 6Y 1 _ 3 1 
dx2 l - x 2 d x l - x 2 87t l _ x 2 

Substitution of Eq. (8.45.39) in Eq. (8.45.40) yields 

yi 

d̂ ' 

d^C 
dx2 

- 1 - ^ - . _62L + 2 J - ^ l — 
l - x ^ y , d x | d x 

- 3 1 
87t l - x 2 

dx2 
C J 6x ,dMldC_ 3 1 1 

l - x 2 dx [dx STTl-x^y, 

(8.45.34) 

(8.45.35) 

(8.45.36) 

(8.45.37) 

(8.45.38) 

(8.45.39) 

(8.45.40) 

(8.45.41) 

The integration of the coefficient of dC/dx in the left-hand side of Eq. 
(8.45.41) is calculated as 
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z= 6x ^dlny? 
l - x 2 + dx 

jdx = ln(l-x2)Vl 

Therefore, Eq. (8.45.41) is rewritten as 

dX dZ dC 
+e' 

L_Xez 
d x̂  dx dx 87C 1 - x2 y, 

Eq. (8.45.43) is reduced to 

d x \ ^ d x f 87C l - x 2 y , ^ ^ ' 871 l _ x 2 Yi 
•y| 

(8.45.42) 

(8.45.43) 

The integration of Eq. (8.45.44) yields 

dC 
dx eln(l-x2)\f 

J i ( l+x)dx + C„ 

(1-x^r 87t 

(1+xf 
= - ^ ( ' - ) 

(8.45.44) 

(8.45.45) 

where Q, is chosen as 0, since dC/dx=0 when x=l (6=0). Further integration 
yields 

where Coo is chosen as 0, since C=0 when x=l (6=0). 
Substitution of Eq. (8.45.46) in Eq. (8.45.38) yields 

^' 167t 

Substitution of Eq. (8.45.47) in Eq. (8.45.34) yields 

1 

(8.45.46) 

©1 leiii'-''')=  m'^"^ 

(8.45.47) 

(8.45.48) 
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Substitution of Eq. (8.45.48) in Eq. (8.45.30) yields 

'̂f '̂*'') "T6i'^"'^ ̂ ^  ̂̂ ii 4 '^" '^ ^''^'  ̂ (8.45.49) 

Substitution of Eq. (8.45.49) in Eq. (8.45.5) yields 

1 ? ( • r^^^i] 1 d% 1 sin2esin2(t) ^ . ̂  « . ^^ - ^  ̂ sin e ^ ^ + \  ̂  ̂ =TZ •. 2 sine cosG sin2<^ 

s ineae^ aey sin^ea^^ i67t 4 
+-Y^sin^e (2cos2(t))cos2<t) - 1 ^ ji-sin^0 sin2(t) sin̂ G sin2<t) 

=T6i ' '" '^ -ilk '^"'^ ""16^'^"'^ '^^'^^ ^4 i k ' ' " ' ^ ''''^'^^ (8.45.50) 

Now we express fz as 

f2=f2,+f22+f23 (8.45.51) 

and Eq. (8.45.50) is rewritten as 

sin e d« V" " ' £̂ e ; sin^e 3(1) 

(. „af. 1 a 
s i n e ^ 

Then we put 

X = COS0 (8.45.53) 

f2i = ©2i(x)cos 0(|) =02i(x) (8.45.54.a) 

2̂2 = ©22(x)cos 2(t) (8.45.54.b) 
f23 = 023(x)cos4(t) (8.45.54.C) 

Eqs. (8.45.52.a)-(8.45.52.c) are reduced to 

dx' ('-^)^) = lk{('-H('-f} (8.45.55.a, 
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^(('-^)T)-T4^®^3 = Tis(f)(.-xf (8.45.55.0 

Eqs. (8.45.55.b) and (8.45.55.c) have the same functional form as 

*((>-^)f)-T?^® = A(,-xT (8.45.«) 

Referring to the calculation procedure for Eq. (8.45.30), we put 

l-x2)2Y(x) (8.45.57) 

Eq. (8.45.56) is reduced to 

J2Y 2 x ( m + l ] d Y m f m + l l , ^xn_m_i 
^ r T-^-A 7 ^ Y = A l - x 2 r 2 (8.45.58) 
dx^ 1 - x^ dx 1 - x^ V 7 
Then we put 
Y = C(x)y = C(x)( 1 - x) ' "̂  (8.45.59) 

Eq. (8.45.58) is reduced to 

The integration for the coefficient of dC/dx is calculated as 

Z = i ^ . 2 i | ) d x = ,„{{,-xr̂ 'ŷ } (8.45.6.) 

The integrant is rewritten as 

f 2x(m+l) i d y l dZ 
' r r ^ ^ S - + 2 y-^j -  ̂ (8.45.62) 

Eq. (8.45.60) is reduced to 
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dC 
^-A(>-T-"-'f dx \ dx 

f = AiJ(l-x^r-?-'fdx.C,X 

Then we obtain 

C = A j|?J('-T 2 ' ^ f d x . d x + C o ^ + C '00 

m - l 

From Eqs. (8.45.59) and (8.45.61), 

(i-£r:_(^+xr 
" (l-xf- "(l-x) 

Thus we have 
\ m - l 

C = A 
( l - x ) 

|^J( ' -r^"( ' - ) - m 
2dx 

dx 

+ Cf 
( l - x ) m - l 

( l . x ) m+ 1 
dx + C 00 

From Eqs. (8.45.57), (8.45.59) and (8.45.66), we have 

( l - x 2 ) ' |2 

0 C(x) 
( l - x ) 

The first equation of Eq. (8.45.55) is integrated as 

|{('-^)-i(>-fh-f{'-f 
Then we have 

f2,=e„=-fijij{i-x^)xdx+c,|^+c 

(8.45.63) 

(8.45.64) 

(8.45.65) 

(8.45.66) 

(8.45.67) 

(8.45.68) 

(8.45.69) 
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Here, Q is 0, since fzi must be finite when x=l (9=0). Then 

f 2 i = ^ ( i ) ' ( l - x f + C o o (8.45.70) 

From the normalization condition 

(t f(e,(t))sin e de d(|) = 1 (8.45.71) 

or 
f =-L 
*o 4K 

f f foSineded(t)=l 

and 

frfi(e,<t))sineded<t) = 0 

f22 and f23 are 0 due to the terms cos2<t) or cos4(|). 

1 1 f22sineded<t) = 0 

f 1 f23sineded(|) = 0 

(8.45.8) 

(8.45.72) 

(8.45.73) 

(8.45.74.a) 

(8.45.74.b) 

The coefficient Qo in Eq. (8.45.70) is determined by the normalization 
condition (total integration of fzi affords zero): 

rln 

rf2,sineded<t)=^(l)^r"d(l)l'' (l-x2)^dx+Coo4Jt = 0 (8.45.75) 

Then we obtain 

•=»»-5; (D'il', <'-'"'-^""">*'-5E(4U (8«-'" 
Substitution of Eq. (8.45.76) for Qo in Eq. (8.45.70) yields 
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Eq. (8.45.55b) shows that £22 is calculated from Eq. (8.45.56) by replacing the 
parameters as 

^ = W '"^ = 2 , n = l 

From Eq. (8.45.66), 
\2 

C22W = - i ( | ) f ( l - ' ' ^ C . i ^ + C „ . 

Substitution of Eq. (8.45.78) for C22 in Eq. (8.45.67) yields 

0 , , = - ^ (iFK'-^l 1+x 22 - - 4 i ^4 j 3 r -  ̂ I +CoY3^ "^^^ooyr^ 

(8.45.78) 

(8.45.79) 

The integration constants Q and Coo are determined so that ©22 is finite when 
x=±l as 

Co = 0 Coo = 0 

Then we have 

«--4(i)'i(-^)-i(iri-fH ''•''•'"^ 
Substitution of Eq. (8.45.80) for 622 in Eq. (8.45.55b) yields 

h2~~' ^ ( l ) l f s i n ^ e c o s 2 ( t . (8.45.81) 

Similarly, f23 is calculated from Eq. (8.45.55b) by replacing the parameters as 

_ 1 5 m = 4 , n = 2 
167f4' 

The integration constants Q and Coo are determined so that 622 is finite in Eq. 
(8.45.67) when x=±l as 

Co = 0 Coo = 0 

Then we have 

Substitution of Eq. (8.45.82) in Eq. (8.45.68) yields 

(8.45.82) 
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2̂3= :k (i) f î '"^^ ""̂^ "̂ 1̂ (8.45.84) 

Substitution of Eqs. (8.45.77), (8.45.81) and (8.45.84) in Eq. (8.45.51) yields 

^2=^(4) -^+;|sin^e-|sin2ecos2(l>-|sin^ecos4(t) (8.45.85) 

Substitution of Eq. (8.45.85) in Eq. (8.45.6) yields 

; sin^e a<t)2 iEe^^i'^^W 

47tl4j 
sin 26 sin ^ j^.^3^ ^ 3 

sin'̂ S cos6- jsin 0 cos9 cos 2<|) 

-sin^e cosecos4(t) +̂cos2(|) \ -̂sin ê sin2(t)+sin''9sin4<t) 

- |sin2esin2(})i - ^+^sin''e-|sin20cos2(>-i-sin''ecos4<|) J 

= J_fiV 13„. 2 21, yjsin^e sin2<t) +sin''esin 2^ ^ s i n ^ e sin2(t) 

+|sin''e sin4<t) +-^sin^e sin 60 

Eq. (8.45.86) is rewritten as 

3̂ ~ 3̂1 "̂  3̂2 "•• 3̂3 "•" 3̂4 ^ 3̂5 

3̂1 ~®3i sin2<|) 

3̂2 =®32 sin2(|) 

3̂3 ~®33 sin2(|) 

3̂4 ~®34 sin4(t) 

(8.45.86) 

(8.45.87) 
(8.45.88.a) 

(8.45.88.b) 
(8.45.88.C) 
(8.45.88.d) 
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fss =©35 sin6(t) (8.45.88.e) 

Putting 

X = cos 0 

Eq. (8.45.90) is rewritten as 

^{('-^^)^)-T4^«3,-i(i)l|f)(l-x^) <S.45.90.a) 

dx 

where 

031= (l -x2) (l - x ) - 'C3 , (x) (8.45.91.a) 

032=( l -x2)( l -x)"^C32(x) (8.45.91.b) 

033= (l -x2) (l -x)-'C33 (x) (8.45.91.C) 
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e34=(l-x2)^(l-x)-''C34(x) (8.45.91.d) 

03,= ( l -x2) ' ( l -x)- 'C35(x) (8.45.91.e) 

The functions C31, C32, C33, C34 and C35 are obtained using Eq. (8.45.67). 
From Eq. (8.45.90a), 

Then we have 
k3 

C3.=^(i)'(-i)('-r 

From Eqs. (8.45.88a) and (8.45.91a), we have 

f,.= - -' 3' = ̂  (4 ) ' ( - 45 ) "'"'^ ̂ '"^ 2(1) (8.45.92.a) 

From Eq. (8.45.90b), 

Then we have 

From Eqs. (8.45.88b) and (8.45.91b), we have 

£32 = T- ( i ) {- jsin^e sin 2<t) + ̂ sin^Gcos^esin2^ > (8.45.92.b) 

Similarly, for C33 

= i f (4 ) ' (40'^"'^ ̂ '"^ 2(|)-^sin^ecos^Gsin li, ^ 3 3 " 
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+ isin^e cos^esin 20 

For C34, 

C"-4(ir(-^)('-r 

For C35, 

Substituting Eq. (8.45.92) in Eq. (8.45.87), we finally obtain 

3̂ = ^ ( 4 ) - | | s in^e sin 2(|) + ̂  sin^e sin 2(|) 

- ^sin^e cos^e sin 2(|)+ ^sin^G cos'*e sin 2(j) 

- •A-sin'*6 sin 4(j>- :=jsin 9 sin 6<|) 

(8.45.92.C) 

(8.45.92.d) 

(8.45.92.e) 

(8.45.93) 
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Chapter 9 Molecular weight and molecular weight 
distribution 

«Problem 9 - l » Definition of average molecular weight 
Synthetic polymers are mixtures of polymers with different degrees of 

polymerization (or molecular weights) even if the chemical compositions are 
the same, since the growth and termination reaction of polymerization as 
well as the polymer degradation are stochastic processes. The degree of 
polymerization n (or molecular weight M) is expressed with the average 
degree of polymerization (or molecular weight) and the degree of 
polymerization distribution (or molecular weight distribution). Let's 
denote the number fraction and the weight fraction of the polymer with the 
degree of polymerization being in the range n and n+dn as fn(n)dn and 
fw(n)dn, respectively. From the normalization condition, 

I fn{n)dn=l (9.1.1) 
Jo 

and 

I fw{n)dn=l (9.1.2) 

Jo 

fvXn) is related to fn(n) as 

fw(n) = nfn(n) (9.1.3) 

Express the terms (1) m th moment [iim, (2) mean |li, (3) variance Ĝ , (4) 
average of the distribution n̂ , (5) number-average (6) weight-average 
and (7) z-average degree of polymerization and molecular weight, using 
fn(n) and f^n). 

Answer 
(I) m th moment 
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\im =  \ n'"f4n) dn = X n-̂ fmin) (9.1.4) 
Jo 

(2) mean 

m = I nf„(n)dn = £ nf„(n) (9.1.5) 

(3) variance 

= JJ° n \ ( n ) dn - 2n,£° nf„(n) dn + n^J^ f„(n) dn =11^- ^] (9.1.6) 

(4) average 

rn'fn(n)dn In'f„(n) rn"-'f4n)dn In ' - ' f ^n ) 
— JO n Jo n * i 

/;„-f„(„)dn"?"'W7;„'%(„)d„"?""'>) .̂-. 

(5) number-average degree of polymerization 

J
'oo /»oo 

0 nf„(n)dn J^ f,(n)dn 
n„ = — = =H, (9.1.8) 

J^f„(n)dn r q n ) ^ 

Jo " 
!-dn 

(6) weight-average degree of polymerization 
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/;n^f„(n)dn f n ^ n j c l n 

"-=7:̂  = 7:̂  = ^ (9-I-9) 
I nf„(n)dn Ĵ  f,(n)dn 

(7) z-average degree of polymerization 

/ ; n \ ( n ) d n f n \ ( n ) d n 

n, = — = — = ^ (9.1.10) 

rn'f„(n)dn ["nf^fnldn 
Jo *'" 

(5') number-average molecular weight 

M = 
f" r f (Ml 

„=Ĵ  Mf„(M)dM=l/ - ^ ^ dM (9.1.11) 

(6') weight-average molecular weight 

IdM 

M, = — = r Mf̂ MJdM (9.1.12) 
fMfn(M)--- ' IdM 

(7') z-average molecular weight 

f" M \ ( M ) dM r M \ ( M ) dM 
M, = -^- = -^- (9.1.13) 

r M f̂„(M) dM | ~ Mf̂ (M) dM 

* Staudinger proposed 'MakromolekQl' as a nomenclature for extremely large molecules 
which are formed by covalent bonds (See H. Staudinger and J. Fritschi, Helv. Chim. Acta 5, 
785 (1922)). He described as early as 1926 that macromolecular compounds are mixtures 
of molecules with similar chemical structure, but different size (See H. Staudinger, Ber. 
dtsch chem. Ges. 59, 3019 (1926)) 
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* The variance of fn(n), cr̂ , is related to the average as 

a2 = nwnn-nn2 (9.1.14) 

and the variance of f̂ Cn), cj^, is related to the average as 

<̂ w = n , n ^ - n ^ ^ (9.1.15) 

Schulz proposed a parameter defined by 

U = ^ - 1 (9.1.16) 

as a measure of the inhomogeneity of the degree of polymerization (Schulz 
polymolecularity index), u agrees with the square of the parameter C 
defined by 

(9.1.17) 

= u (9.1.18) 

u depends on the average degree of polymerization as well as the width of 
the distribution as 

u = 5 w - l = - ^ (9.1.19) 

* Polymolecularity index as a measure of the width of the molecular weight distribution 
was first proposed by Schulz in 1939. (See G.V.Schulz, Z Phys. Chem. B43,25 (1939)) 
u is the head character of Uneinheitlichkeit. In general, a ratio of the moments of 
different degrees gives a measure of the width of the distribution. 

«ProbIein 9 - 2 » Schulz polymolecularity index 
Show that Schulz polymolecularity index u (Eq.(9.1.16)) depends on 

the average degree of polymerization as ŵ ell as the width of the distribution. 

Answer 
Let's consider two distributions with the same width of the distribution and 

the different average degree of polymerization nn, say, 

c = 
as 

& 
a^ 

%? 
= 

n w^n " 

n̂  

n„̂  
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If 0^=02 , then u^> Ug 

distrlbuuon 1 / \ / \ distributions 

n 
Fig. 9-2 Schulz polymolecularity index and the variance of molecular weight 
distribution 

n^i<n„,2 (9.2.1) 

ThenfromEq.(9.1.19) 

Even if the widths of the distributions are the same, ui increases with 
decreasing nn, as shown in Fig. 9-2. Thus when u is used as a measure of 
the width of the distribution, the same nn is the prerequisite condition. 

«ProbIem 9 - 3 » Average degree of polymerization (I) 
Show the relationship between the average degrees of polymerization 

n „ < n , < n ^ < n , (9.3.1) 

and derive the required condition for the equality 
n„ = n,=n^=n, (9.3.2) 

in Eq. (9.3.1), where Uv is the viscosity-average degree of polymerization. 

Answer 
FromEq. (9.1.6), 

^ 2 ^ ^ i ^ (9.3.3) 

then 

n„<n^ (9.3.4) 

From Eqs. (9.1.9) and (9.1.10), nz/nw=^3|i,/^2^. 



567 

In general, 

then 

n^<n. 

(9.3.5) 

(9.3.6) 

nv is defined by 

|£n-'f„(n)dnl 
Va 

n = 

J»oo 

(9.3.7) 

dn 

Here, a is the exponent in Mark-Houwink-Sakurada equation Eq. (8.30.19). 
If a=l, Eq. (9.3.7) agrees with Eq. (9.1.9), that is, 
n.(t.=l)=n„ (9.3.8) 

lfa=-\. 

n = 

/•oo 

dn 

/•oo 

dn 

/•oo 

Jo "^"^") dn 

/•oo 

dn 
(9.3.9) 

-1 

Hn 

0 05 1 

Hv Hw 

Fig. 9-3 Relationship among various average degrees of polymerization. ®, 
(D, (3) and 3) corresponds to nn, nw, ny and n^, respectively. 
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that is, 

n,(a=:-l)=n„ (9.3.10) 

Experiments show 0.5<a<1.0. Thus, from Eqs. (9.3.8) and (9.3.10), we 
have 

n „ < n ^ , (9.3.11) 

as illustrated in Fig. 9-3. It should be noted that Eqs. (9.3.8) and (9.3.10) 
are valid irrespective of the width of the distribution of the degree of 
polymerization. If the polymer is monodisperse (consisting of polymers 
with a single molecular weight), 

^̂n = n" (9.3.12) 

Then we have 

(9.3.13) 

and 

^^2 

Eq. (9.3.2) holds in 

1 

this special case, 

(9.3.14) 

* The scientists who first noticed that the molecular weight of polymer depends on the 
method for determining it are Lansing and Kraemer (See W.D.Lansing and E.O.Kraemer, 
JAm.Chem.Soc. 57,1369 (1935)). The experimental fact that the molecular weights 
detemiined by viscometry was always larger than those determined from the freezing 
point and the osmotic pressure attracted their attention. Afterwards, Schulz named the 
average degree of polymerization determined by viscometry the weight-average one and 
that determined from osmometry the mean. (See G.V.Schulz, Z phys. Chem. B32,27 
(1936))) In 1930s, the molecular weight determined by viscometry was regarded as the 
weight-average one, though that is not generally true as shown in this problem (See 
W.H.Carothers, Trans.FaradSoc. 32, 39 (1936)). Referring to the experimental fact 
0.5<a<1.0, Uv is close to n .̂ 

* Physical meaning of Uv (Eq. (9.3.9)) varies, depending on the kind of average degree of 
polymerization (Un or n )̂ employed for establishing Eq. (8.30.19) (See A. Kotera, Science 
27,38(1957)). 
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«Problem 9-4» Average degree of polymerization (II) 
Consider a mixture often molecules with n=100 and five molecules with 

n=1000. Calculate nn, nw and n̂ . 

Answer 
FromEq. (9.1.8), 

n„ = Inf„(n) = 1 0 0 x - j ^ + 1 0 0 0 x ^ A ^ = 400 (9.4.1) 

FromEq. (9.1.9), 

2.nM"J l O O x — ^ + 1 0 { ) 0 x — : ^ 
10 + 5 10 + 5 

FromEq. (9.1.10), 

n̂  = = — = -z ^— = 982 (9.4.3) 

* This sample calculation was used in a paper of Carothers (See W.H.Carothers, 
Trans.Farad.Soc. 32, 39 (1936)). He pointed out that the relationship between [x\] and 
M for monodisperse polymer samples is not correct for polydisperse ones so that the 
detemiinaition of M by the viscosity method is not reUable. However, the effect of 
polydispersity on the viscosity equation can be precisely corrected, as shown later. 

«Problein 9-5-a» Condensation polymerization (I) 
Suppose the probability of condensation reaction p be independent of the 

degree of polymerization in condensation polymerization. The 
probability that n-1 condensation reactions occur successively to make a 
polymer where the degree of polymerization n is p""* and the probability that 
the condensation reaction terminates after the final step is 1-p. Since the 
probability of independent events is the product of the probability of each 
event, the expected value for the number of n-mer Ân after the 
polymerization reaction process is A^p""̂ (l-p), where Â  is the total number of 
molecules after the polymerization. Thus the number fraction of 
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n-mer is 

N. 
fn(n) = ^ = p"-'(l-p) (9.5.1) 

If the total number of monomers before the polymerization is No, 

N = NQ(1-P) (9.5.2) 

The weight of the polymer is proportional to the degree of polymerization. 
Thus the weight fraction of n-mer is 

nN, 
Mn)=ir="p""(i-p)^ (9.5.3) 

Determine number- and weight-average molecular weights Mn and M„as 
functions of p. 

Answer 
Mn and M^ are given by 

M „ = m o I n p - ( l - p ) = - ^ 
n=l ^ " F 

and 

(9.5.4) 

o 
X 

c 

500 1000 1500 0 500 1000 1500 
n n 

Fig. 9-5 Schulz-Flory distrfcution function for nn=100 (solid line), 200 
(broken line), 500 (chain line) and 1000 (dot line) 
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oo 

Mw = m o i : n V - ^ ( l >p) '=mo((l +p)/(l -p)} (9.5.5) 
n=l ^ ^ 

respectively, where mo is the molecular weight of a monomer. Here we 
use the relationships 

n=l 

and 

Y n̂ n"-

(1 

1 _ 

1 

-P) 

1±P_ 

(9.5.6) 

- - ^ (  ̂ .3 (9.5.7) 
n=l (1-p) 

Eq. (9.5.3) also holds for polymers obtained in the steady state of initiation 
reaction, growth reaction and termination reaction in the addition 
polymerization and the termination reaction by disproportionation and for 
polymers produced by a random degradation reaction. The molecular 
weight distribution of the latter polymers is the most probable distribution. 
Figure 9-5 shows fn(n) in Eq. (9.5.1) and fjji) in Eq. (9.5.3) for various nn. 

«ProbIem 9 -5 -b» Condensation polymerization (II) 
Derive the expression for z-average and viscosity-average degree of 

polymerization for the probability of condensation reaction p. 

Answer 
z-average degree of polymerization defined by (See i=3 in Eq. (9.1.7)) 

I n \ ( n ) 
" ^ = V 2w (9.5.8) 

is expressed as 

Here, we use the relationship 
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From Eq. (9.5.7), we have 

(1-p) 

Differentiation of Eq. (9.5.11) with respect to p yields 

P)'-3( 

C-p) 

d_ 
dp 

^ , „,i {(i^p)^p}(i-pr-3(i-pn-i)p(i^p) 
2^ n p I = -5̂  '-

_ 1 + 4p + p 

Substitution of Eqs. (9.5.7) and (9.5.12) in Eq. (9.5.9) yields 

_(l+4p + p') ( l+p)_ i+4p + p^ 

"^" (l-pr ^ ( l - p f (l-*•?)(!-P) 

Viscosity-average degree of polymerization is defined by 

n = 
In'^fnW 
2:nf„(n) 

l/fl 

From Eqs. (9.3.7) and (9.5.1), we have 

n = 
I n > V ( l - p ) 
Inp"-'(l-p) 

l/fl 
1-Ki_n-1 In% 

Enp n-l 

\la 

Using the relationship 

2.nP =7- 72 
(1-p) 

Eq. (9.5.14) is rewritten as 

(9.5.10) 

(9.5.11) 

(9.5.12) 

(9.5.13) 

(9.5.14) 

(9.5.15) 
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nv= I n ' V " ' ( l - p ) (9-5-16) 

The right-hand side of Eq. (9.5.16) is calculated as follows. For 
convenience, sum is replaced by integral as 

y n '̂ p̂"-' = r n '>"-'dn = - f n '̂ p̂"dn (9.5.17) 
iltj -'0 pJo *̂  

Putting p"=X(p<l), 

n = l l lX, dn = -L-dX (9.5.18) 
In p ' In p X 

Substitution of Eq. (9.5.18) in Eq. (9.5.17) yields 

XV\ dX 
p I Xln p 

Putting 

X = exp(-z), dX = -Xdz (9.5.20) 

Eq. (9.5.19) is further reduced to 

- f" n'>"dn = - — t i L f"' z'^exp(-z) dz 
PJo P(-lnp)^^Jo ^ ^ 

where r(h) is the Gamma function 

r(h)= I zh-iexp(-z) dz (9.5.22) 
Jo 

Substitution of Eq. (9.5.21) in Eq. (9.5.16) yields 
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n = 
J_ 1_ 
P(-lnp) 2-k2 

r(2+a)(l-p)' 
\/a 

For p-1, 

- In p = 1 - p 

Then Eq. (9.5.23) is rewritten as 

1 r(2+a) 
n = 

(-inp)-

I/a 

From Eqs. (9.5.4) and (9.5.24), we have 

1 
n„ = " -Inp 

If we approximate l/p~l, Eq. (9.5.25) is reduced to 

n. = [n/r(2+.)]'^n„r(2-f.)'''' 

(9.5.23) 

(9.5.24) 

(9.5.25) 

(9.5.26) 

(9.5.27) 

* Gamma fimction defined by 

r(s) = I e-^x^i dx (s>0) 

Jo 

converges. Putting x=t̂ , we have 

r(s) = 2 | e-'̂ V'̂ -'dx (s>0) 
Jo 

Then we can deduce a recursion equation as 

•1 
r(s+l]= f"e"x'dx = lim f e"xMx+lim f 

Jo e-»oJe b-̂ <»-'l 
Mx+lim I e"x̂ dx 

= lim [-e-̂ x*]̂  + sf e-̂ x '̂dx + lim [-e^x^]" + s|'e^x'^'dx 

(9.5.28) 

(9.5.29) 
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-1 '' 

= -e +s 

/•I /•oo /•oo 

e'̂ 'x '̂̂ dx + e"̂  + s e'̂ 'x '̂Mx = s e'̂ 'x '̂̂ dx = sr(s) (9.5.30) 

For s=l and 1/2, we have 

r ( l )= I e-Mx= 1 (9.5.31) 
Jo 

and 

r j i j = 2 I e-^'dx = VTC (9.5.32) 

The important properties of Gamma function are summarized as follows. 

(1) 

r ( i ) = i , r ( i ) = v7t (9.533) 

(2) when n is a natural number, 

r(n+l) = n! (9.5.34) 

(3) 

r(s+i)=sr(s) (9.5.35) 

r(s) becomes very large when s-»oo. Stirling's law of 

lim I l 5 ± l l =f27C (9.5.36) 
s—^oo ss+l/2g-s 

is well known. 

«ProbIem 9 - 6 » Condensation polymerization (III) 
Show that the weight distribution fiinction for condensation reaction 

fw(n) = np"-i( l-pf (9.5.3) 

is approximated by the exponential distribution function 

M^) = 7~T2 ^ ^^P("^ /^n) (9.6.1) 
(n„) 
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whenp''~l 

Answer 
From Eqs. (9.5.24) and (9.5.26), 

1 1 
" " ~ - l n p " 1-p 

Eq. (9.6.2) is rewritten as 

p = exp(-l/n„) (9.6.3) 

and then 

p" = exp(-n/n„) (9.6.4) 

From Eq. (9.6.2), 

(1-P)' = 7 ^ (9.6.5) 
(n„) 

Substitution of Eqs. (9.6.4) and (9.6.5) in Eq. (9.5.3) yields 

fw(n) = p-'n -  ̂ exp(-n/n„) = p " ' - ^ n exp(-n/n„) (9.6.6) 
(n„)' ^ ' (n„)' ^ ^ 

Thus, if we approximate p"'~l in Eq. (9.6.6), Eq. (9.5.3) agrees with Eq. 
(9.6.1). 

«ProbIem 9 - 7 » Condensation polymerization (TV) 
Show the value of n at the maximum, n̂ ax, of the most probable weight 

distribution fimction 

f4n) = n(l-pfpn-' (9.5.3) 

agrees with the number-average degree of polymerization, that is, 

ninax = n„ (9.7.1) 

Answer 
Differentiation of Eq. (9.5.3) with respect to n yields 
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^ ^ = (1 - pf p"-' + n(l -pfp"-Vln p (9.7.2) 
dn 

At the maximum of fxv(n), dfw(n)/dn=0. Then, 
lH-?lmax=o (9.7.3) 

Inp 
Compared with the relationship 

• i ^ = n. (9.6.2) 

Eq. (9.7.1) is derived. 

«Probleiii 9 -8» Molecular weight distribution function (I) 
Schulz showed that the weight distribution function is given by 

Mn) = (-lnpfnpn (9.8.1) 

in some cases (Refer to Eq. (9.16.4)). Compare this equation with the Kuhn-
Schulz-Flory distribution function 

fw(n) = np«-Hl-p)^ (9.5.3) 

Answer 
ln(l+x) is expanded in a Taylor series as 

In(l+x) = X ^ (9.8.2) 
X 

n=l 

When x « l , 

l n ( l+x)ocx (9.8.3) 

Putting x=p-l (p~l) in Eq. (9.8.3), we have 

In p = p - 1 (9.8.4) 

Substitution of Eq. (9.8.4) in Eq. (9.8.1) yields 

Mn) = ( l - p ) V (9.8.5) 
When n » l , Eq. (9.8.1) agrees with Eq. (9.5.3). 

*Schulz distribution function defined by 
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fw(n) = (- In pf np" 

or 
fn(n) = (-lnp)p" 

is generalized as 

fw(n) = ( - l n p f * ' n y / r ( k + l ) 

or 

fn(n) = (-lnpfn»^-ip"/r(k) 

(9.8.1) 

(9.8.6) 

(9.8.7) 

(9.8.8) 

-b 6h 

Fig. 9-8.1 Distribution of the degree 
of polymerization for various distribution 
functions for nn=200. a) solid line, 
Poisson (nVnn= 1.005); chain line Schulz-
Flory (1.995), b) Schulz-Zimm: solid 
line (1.05), dashed line (1.1), chain line 
(2.0), dot line (5.0), c) Wesslau: solid 
line (1.05), dashed line (1.1), chain line 
(2.0), dot line (5.0) 

0 200 AOO 600 800 KXX) 

n 
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where r(k+l) in Eq. (9.8.7) and r(k) in Eq. (9.8.8) are the normalization constants. This 
distribution function is called the Schulz-Zimm distribution function, which is also 
expressed as 

f„(M) = AM'exp(-pM) 

and 

.h+l 

^ ^ r(h+l) 
ex p(- aMJM^ 

with 

z = h = k 

and 

p = a = {l/(-lnp))Mo 

(9.8.9) 

(9.8.10) 

(9.8.11) 

(9.8.12) 

* Schulz derived Eqs. (9.8.7) and (9.8.8) for radical polymerization. Twelve years later, 
Zimm used these equations for taking account of polydispersity in the analysis of light 

Fig. 9-8.2 Molecular weight distribution curve g(M), measured by gel 
permeation chromatography (full line) of the original polymer produced by 
radical polymerization, as compared ŵ ith that of the model polymer having 
a Schulz-Zimm distribution with Mw=24.0xl0'̂  and MVMn=2.80 (broken 
line). (See K. Kamide, Y. Miyazaki and T. Abe, Makromol Chem. 177, 485 
(1976)) 
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scattering (See G.V.Schulz, Z.phys.Chem. B43, 25 (1939); B.H.Zimm, J.Chem.Phys. 16, 
1093(1948)). 

* Figure 9-8.1 shows the comparison of typical molecular weight distributions, and Fig. 9-8.2 
shows an example of the comparison of an observed distribution with a model calculation. 

* (1) Poisson distribution (See for example, S. M. Ross, Introduction to Probability  Models, 
Academic Press, San Diego, 1972) 

q x ) = (Xj^'-'expf- X„) / (X- l ) ! (9.8.13) 

where X is the degree of polymerization 

(2) Schulz-Zimm distribution (Refer to Eq. (9.8.19)) 

fw(x) = ^:|j-^X''exp{-yX) (9.8.14) 

where 

y = h /X„ (9.8.15) 

and 

h = U ~ -1 (9.8.16) 

(3) Wesslau distribution (See H. Wesslau, MakromoL Chem. 20, 111 (1956)) 

where 

P^ = 2 1 n X ^ „ (9.8.18) 

and 

:o = X,/exp(i-J Xo = X „ / e x p | i ^ (9.8.19) 

(See «Problem 9-12») 
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«ProbIein 9 - 9 » Molecular weight distribution function (11) 
Calculate the degree of polymerization at the maximum of Schulz-Zimm 

distribution fn(n) and fjji). 

Answer 
From Eq. (9.8.8), 

^ = ( I I L E E n»̂ -2pn(k - 1 + n In p) (9.9.1) 
an r(k) ^^ ^^ 

The value of n which satisfies the condition 3fn(n)/ 3n=0 is 

n„,ax = - ^ (9.9.2) 

For k=l (i.e., the most probable distribution), we have 

nmax = 0 (9.9.3) 

Similarly, from Eq. (9.8.7), 

afw(n) (-InpF' ^, „ . , . 
~ ^ ^ r t M " P ^̂  "" " "̂ P̂  (9.9.4) 

(9.9.5) 

(9.9.6) 

The value of n which satisfies the condition 9fw(n)/ 3n=0 is 

n - - k 
In p 

For k=l, we have 

1 
^"^^'""Inp"''" 

(Eq. (9.9.6) agrees with Eq. (9.7.1)) 

* Using the relationship Eq. (9.10.5) in «Problem 9-10», n̂ ax of fn(n) (Eq. (9.9.2)) is 
expressed as 

_ (k - l )n„ 
"max - ^ (9.9.7) 

and iimax of fw(n) (Eq. (9.9.5)) is reduced to 

nmax = n„ (9.9.8) 
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«ProbIein 9-10» Average degree of polymerization for Schulz-Zimm 
distribution 

For the Schulz-Zimm distribution function 

fn(n) = ( - l n p V - y / r ( k ) (9.8.8) 

and 

fw(n) 4 In pf^ 'nV /r(k+l) (9.8.7) 
derive nn, n^, n  ̂and nv. 

Answer 
(l)n„ 
FromEq. (9.1.8), 

n„ = j ^ nf„(n)dn (9.10.1) 

Substitution of Eq. (9.8.8) for f„(n) in Eq. (9.10.1) yields 

n„ = 

Putting p"=X (n=ln X/ln p and dn=l/ln p dX/X), we have 

r k n̂  f (l"X)^ X dX 1 fO/, v\k,v . ^ . ^ . x 
n '̂pMnrr -̂̂  V i ^ = TT InX dX (9.10.3) 

Jo Ĵ  (inp)' Inp X (inp)^-Ui  ̂ '  ̂ ' 

Putting In X=-z (X=exp(-z) and dX/X=-dz), we have 

(-Inp) 

Substitution of Eqs. (9.10.3) and Eq. (9.10.4) in Eq. (9.10.2) yields 
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- Inp f r k + 1 k 
n„ = -̂^ ^ - W ^ = - r ^ (9.10.5) 

(-Inp)''"' r(k) -Inp 

(2)n„ 
From Eq. (9.1.9), 

n, = J~nf4n)dn (9.10.6) 

Substitution of Eq. (9.8.7) for fw(n) in Eq. (9.10.6) yields 

/*oo 

n , = n(-lnp)'''"n''p"/r(k+l)dn 
Jo 

= t^;^rn%"dn (9.10.7) 
r(k+i) Jo *̂  ^ ^ 

The integral in Eq. (9.10.7) is calculated in reference to Eqs. (9.10.3) and 
(9.10.4) as 

I n''̂ 'pndn = - ^i^r(k+2) (9.10.8) 
Jo (- In PI 

Substitution of Eq. (9.10.8) in Eq. (9.10.7) yields 

_(-lnp)'^'r(k+2)_ k+1 

"^^(- lnpf*^r(k+l)"^li^ (̂ -̂ O-̂ ) 

(3)n, 
FromEq. (9.1.10), 

n, = r n\(n) dn /T n2f„(n) dn (9.10.10) 

Substitution of Eq. (9.8.8) for f„(n) in Eq. (9.10.10) yields 
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n = —^ T-\ dn / 
r(k) 

•'-k-Un n^(-lnp)V--'p 
dn (9.10.11) 

The numerator of Eq. (9.10.11) is calculated as 

k+3 r(k) r(k) Jo r(k) (.inp) 

_ (k+2)(k+l) 

and the denominator of Eq. (9.10.11) is calculated as 

(- In pf „K..pn dn = k + 1 
r(k) (. In pf 

Substitution of Eqs. (9.10.12) and (9.10.13) in Eq. (9.10.11) yields 

_(k-h2)(k+l) [ - lnp) '^k + 2 

(-Inp)' (k+l) -InP 

(9.10.12) 

(9.10.13) 

n = (9.10.14) 

(4)nv 
From Eq. (9.3.7), 

n = £n'n„(n)dn/£nf„{n)dn 

Ma 

(9.10.15) 

Substitution of Eq. (9.8.8) for f„(n) in Eq. (9.10.15) yields 

n = n - t i ^ n - ' V c i n / 
r(k) 

^ n - p " d n 
r(k) 

\la 

(9.10.16) 
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The numerator and the denominator in the bracket of Eq. (9.10.16) are 
calculated as 

llH!„•»'„»H„ (-'"P)' rf-'̂ '̂ -̂') 

and 

ri'^^pf k n^ Mnpf r(k+i) 
^^—r-V-n»^p" dn = ^^—j-Y ^̂  — TQ 10 18^ 

j„ r(k) r(k) (.inpf-' ^̂ -̂ "-̂ ^̂  
respectively. Substitution of Eqs. (9.10.17) and (9.10.18) in Eq. (9.10.16) 
yields 

n = 
(-Inp)'^ r(a+k+l]  r tk) (-Inp)' '"' 

r(k) (- lnp) '" ' '^^(- lnp) ' ' r(k+l) 

Va 

1 /r(fl+k+i) 

Using Eq. (9.10.5), Eq. (9.10.19) is further rewritten as 

We summarize the expressions for nn, nw,nz and ny for the Schulz-Zimm 
distribution as 

k 
lap 

k + 1 
- I n p 
k + 2 
-Inp 

n" = - ^ — (9.10.5) 

k+\ 
n  ̂ =  —— (9.10.9) 

k + 2 
^' =  —— (9.10.14) 
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n lr(a+k+l) 

For Schulz-Zimm distribution function fw(n) (Eq. (9.8.11)), we have 

z 

n^ = 

n ,= 

n = ^ (9.10.21) 

z+1 
- p - (9.10.22) 

z + 2 
- p - (9.10.23) 

l / r ( a + z + l ) \ " " 

Using Eqs. (9.10.5), (9.10.9), (9.10.14), we have 

n„:n^:n, = k:k+l :k+2 (9.10.25) 

For k=l (the most probable distribution), we have 

n„:n,:n,= 1:2:3 (9.10.26) 

The parameter k reflects the width of the distribution and p depends on the size 
of the molecules. The polymolecularity index u is related to k as 

Hw . k+1 . 1 
u = — - l = - j ^ - l = j ^ (9.10.27) 

for the Schulz-Zimm distribution function. When k=l, the Schulz-Zimm 
distribution is called the most probable distribution (Refer to Eq. (9.5.3)). 

«Problem 9 - 1 1 » Average degree of polymerization for the most 
probable distribution 

Calculate the ratio nn:nv:nw for the most probable distribution for a=0.5 and 
0.8. 

Answer 
Putting k=l in Eqs. (9.10.5), (9.10.20), and (9.10.9), we have 
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n„ = - l / lnp (9.11.1) 

n, = -2/lnp = 2n„ (9.11.3) 

For 0=0.5, using the numerical value r(2+0.5)^^^^= 1.766 we have 
nn:nv:nw=l: 1.766:2.0. For a=0.8, using the numerical value 
r(2+0.8)^^^^=1.974, we have nn:nv:nw=l: 1.974:2.0. 

«Problem 9-12» Average degree of polymerization for Wesslau 
distribution 

Normal distribution function is expressed as 

exp|-(n-n„)V2aA 
fJn) = ^̂  L (9.12.1) 

^ ^ (271)'^a 

where 

cj' = 1 7 (n -n^j^f^n) dn (9.12.2) 

and nm is the median of the distribution. If we replace n by In n, we have 
another distribution function 

exp< - fin n - In n„] V2a^ > 
fJin n) = !̂  L (9.12.3) 

which is called the log-normal distribution (or Wesslau distribution). Eq. 
(9.12.3) satisfies the normalization condition 

I fw(lnn)d(lnn)=l (^-^2.4) 
0 

If the normalization condition 
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I fw(n)dn=l 
Jo 
is used in place of Eq. (9.12.4), we have 

exp< - fin n - In n J / 2a^ > 

fJn) = !̂  L 

Derive the expression for n„,nw,nv, and n̂  for Eq. (9.12.6). 

Answer 
For convenience, we put 
In n - In n„ 

(9.12.5) 

(9.12.6) 

t = (9.12.7) 

and then 

n = n„e 

dn = n„ o e*" dt 
(9.12.8) 

Eq. (9.12.6) is rewritten as 

f4n)dn = f4t)dt = 
e x p - y + ot 

(27t) e 
dt (9.12.9) 

(l)n„ 
From Eqs. (9.1.8) and (9.12.6), we have 

( " . ) • -
fw(n) dn 

exp<-(lnn-lnnj' '•/la' 

n\2nY% 
dn 

Jo 
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exp|^-tV2Jn„ae^ 

{2^)"'o („.)^e 2 2ot 
dt= 

(27r) 
1/2 

— exp -1 ̂ 2 - at dt 

The exponential term in the integrant is rewritten as 

I exp(-1^/2 - at) dt = exp(a^/2) 
""^•i^'^i 

\ 2 

dt 

(9.12.10) 

(9.12.11) 

Putting X = t / V2 + a / V2(dt = V2dX), we perform integration as 

exp - y - ot dt= exp(CT2/2) j exp( - X^)] ̂  dX 

= s/2 exp(o^/2) r exp( - X^) dX = ̂  exp(a^/2) (9.12.12) 

where we use the relationship 

I exp(-px2)dX = Y | 

Then Eq. (9.12.10) is further rewritten as 

n„ = n„exp(-oV2j 

(9.12.13) 

(9.12.14) 

(2)n„ 
From Eqs. (9.1.9) and (9.12.6), we have 
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/•oo 

n.= | nf4n)dn = 

/*CX) 

n„ exp(m) exp| -1^/2 + at|n„ 

(27t)'"n„exp((7t) 
dt 

n„ exp( -1^/2 + ot} exp(a^/2) n„ 

^ ' '^'^ (2K) "^ ^^p^-U^";!' ̂ '̂^ 

" ( 2 K ) - L ' ""• 

= n„ exp(a2/2) 

dX = 
n„exp(a2/2)(2K) 1/2 

(2n) 1/2 

(3)n, 
From Eqs. (9.1.10), (9.12.9) and (9.12.15), we have 

r n \ ( n ) dn J^ n^^ exp(at) exp( - t̂ /2-K7t} dt 

" ^ ^ j ; n f » d n ^ ( 2 - ) " n . e x p ( a ^ 

^ ; : . r ' T l J " e x p ( - X - ) ^ d X = n .^ 
(2K)"^exp(a^/2)-'- V̂  

(4)nv 
From Eqs. (9.10.15) and (9.12.9), we have 

n/exp(aat)exp - ^ + a t 

n = I ""̂ -("1 dn 

\la 

(2K)'^n„exp(at) 
-dt 

Ma 

(9.12.15) 

(9.12.16) 
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H 1/2 
exp{ — -  ̂aoi( dt 

Ma 

[2n] 1/2 exp 
a'c5' V t ao dt 

n„expl — 

Ma 

(9.12.17) 

Hn, is defined as the value of n when the cumulative distribution I,v(n) takes the 
value 0.5. Wesslau proposed Eq. (9.12.2) for describing the molecular weight 
distribution of polyethylene (See H. Wesslau, Makromol. Chem. 20, 111 
(1956)). 

«ProbIem 9 - 1 3 » Average degree of polymerization for Lansing-
Kraemer distribution 

For the distribution function 

'-("'̂ pTk -̂li'̂ ) (9.13.1) 

derive the expression for nn,nw and nv. This distribution function is called the 
Lansing-Kraemer distribution function (See W.D.Lansing and E.O.Kraemer, 
J.Am.Chem.Soc. 57, 1369 (1935)). 

Answer 
(l)n„ 

From Eqs. (9.1.8) and (9.13.1), we have 
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run) 
1 Jo 

(Mn) 

dn 

dn 

nH -(?'%' '̂̂" 

"'̂ P̂ - F^%' ^̂ " 

Putting 

1 In -D- = X 
p no 

n = no exp(Px) ( 

dn = |3n dx = pnoexp(|3x) dxj 

then Eq. (9.13.2) is rewritten as 

p r e x p ( - x % 
1 J-oo 

i exp(-x^) 
J-oo 

dx 

noP I expl - X ̂  I exp( px] dx 
J^ no 

I exp( - x ĵdx 

h 

(9.13.2) 

(9.13.3) 

exp{- |x-^Pl > e x p | V l d x 

noexp-rp^ '*" 
exp< - X .ipjidx " ° ^^ ' 1 

"oexp -rP^ (9.13.4) 

We finally find 
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n„ = noexp - p ^ (9.13.5) 

(2)nw 

Similarly from Eqs. (9.1.9) and (9.13.1), we have 

n̂  = -

/•oo 

nf^(n) dn 

/•oo 

n exp{ -| -o In — I y dn 

e x p { - | p l n ^ | }dn 

° exp(pV4) 
-=noexp|-P^ 

exp{-|x--p) }dx 

(9.13.6) 

(3)nv 
From Eqs. (9.10.15) and (9.13.1), 

n = 

JJnXW dn 

/."•"W dn 

HQ'^'P expf̂ zPx) exp[ - x j exp(px] dx 
J-oo 

1.2 î oPexp 4P 

Va 

= nr 

exp 
fi+^V 

H>i 
exp\ - X I )dx 

\/a 

e x p i f . - ^ 

\Va 
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The ratio of the weight- and the number average molecular weight is a function 
of only p as 

n. " " ^ ^ 4 ^ f i , 
7 - T = - P 2 P (9.13.8) 

noexp4P' 

From Eqs. (9.12.14) and (9.12.15), we have 

n„ (12] 
exp - ^a^ 

(9.13.9) 

From Eqs. (9.12.15), (9.12.17) and (9.13.9), we have 

n._^T) 
(9.13.10) 

exp 

* According to Lansing-Kraemer, P is called the homogeneity coefficient,. The maximum of 
fw(n) decreases with increasing p. 

«Problem 9 - 1 4 » Average degree of polymerization for general log-
normal distribution 

For the distribution function 

f4n) = An'"exp| - p I n i l (9.14.1) 

derive the expression for nn.n ,̂ and ny. 



Answer 
(l)nn 
From Eqs. (9.1.8) and (9.14.1), we have 
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, r̂ "̂("' dn 
An- ' exp{ - i In —I ydn 

" 0 , 

dn 
A n ' " e x p { - i l n i ^ | }dn 

(9.14.2) 

Putting 

1 , n 
X = ̂  In — 

P no 

n = noexp(Px] 

dn = pnoexp(|3x) dx 
(9.14.3) 

we have 

n. 

no^expfmpx) exp[ - x^j dx 

r no'"""exp/(m + l) Pxj exp( - x^) dx 

no 

exp m exp^ " U " ~2~ ' ^'^^ 

exp 
(m+l£ pa' "" 

exp\ - X -
(m+l)p ' 

dx 
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exp 2^p, 

We finally find 

n„ = noexp — J — p ^ 

(2)nw 
From Eqs. (9.1.9) and (9.14.1), we have 

(9.14.4) 

(9.14.5) 

£nf>) 
/•oo 

Jo M")' 

dn 
A n - ' e x p ^ - l l n ^ l }dn 

An-^expl - 4 In —I Mn 
P no, 

Similarly to Eq. (9.14.3), we have 

(m + 2) 
no'^'expl 

exp\ - X 
(m + 2)p' 

dx 

n-, = • 

m^l„._/("^+irp2' 
no exp\ 

exp\ - X -
(m+l)p' 

dx 

= noexpl—^^—P 

(9.14.6) 

(9.14.7) 

(3)nv 
From Eqs. (9.10.15) and (9.14.1), we have 



J'oo 

„ Mn)c 

dn 

U. n 
n - e x p { - ^ l n ^ | }dn 

n"'exp{ -Q- In — 
^ P no 

dn 

Using Eq. (9.14.3), Eq. (9.14.8) can be rearranged into 
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(9.14.8) 

n = 

2 R 2 

m+l+fl ^^P 
(m+l+af^ exp\ - X 

m+ 1 +a 
P dx 

»o 
m+l 

exm i — ^ p2 

exp\ - X 
(ni-H)p' 

dx 

(2m + 2 + a] 
= noexp^ ^p^ (9.14.9) 

From Eqs. (9.14.5) and (9.14.7), 

2m + 3„2l 
n. '̂̂ n 4 -P^ 

"n 2m+l„2l 
= exp 

' P ^ ' 
(9.14.10) 

Similarly, from Eqs. (9.14.7) and (9.14.9), we have 
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1 - / 7 

2 

* The distribution function Eq. (9.14.1) agrees with Lansing-Kraemer distribution function Eq. 
(9.13.1) for n=0 and Wesslau distribution function Eq. (9.12.6) for n=-1. Eq. (9.14.1) is the 
most general log-normal distribution function (See C.Mussa W.J.ApplPolym. Sci. 1, 300 
(1959);W.F.Espenscheid, M.Kerker and E.UdX\]tV\c, IPhys.Chem. 68, 3093 (1964)). 

«Problem 9-15» Average degree of polymerization for Poisson 
distribution 

Calculate n„,n^ and nz for the polymer with Poisson molecular weight 
distribution function defined by (Refer to Eq. (9.8.13)) 

fn(n) = {exp(-v)}v"-7(n-l)! (9.15.1) 

Answer 
(1) From Eqs. (9.1.8) and (9.15.1), 

oo oo 

n. = Snfn(n)=exp(-v)Xnv"-V(n-l)! 
n=l n=l 

= exp( - v) (1 + v) exp(v)= 1 + v (9.15.2) 

where 

X f„{n) = I exp( - v) v"-V (n -1)! = exp( - v) Xv"-'/ (n -1)! 

= exp(-v)exp(v)=l (9.15.3) 

and 

Xnv"-V(n-l)! =(l+v)exp(v) (9.15.4) 

(2) From Eqs. (9.1.9) and (9.15.1), 
oo oo 

Xn'f„(n) e x p ( - v ) X n W ( n - l ) ! / ^ 2̂  , . 
n -n^ V / - ^ V ^ _ ( l + 3v + v^jexp(v) 

"" i n a n ) ' e x p ( - v ) i n v " - ' / ( n - l ) ! ( ^ ^ ^ W M 
n=l n=l 
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= = A L- + ^ 1+ V 
1+V 1 +V l+V 

From Eqs. (9.15.2) and (9.15.5), we have 
V 

" 1 +V 
= r n „ + l 

f o r v » l . 

(3) From Eqs. (9.1.10) and (9.15.1), 

i n \ ( n ) i n V - V ( n . l ) ! 

n = 
n=l n=l 

I n \ ( n ) S n V - V ( n - l ) ! 
n=l n=l 

v S n V - V ( n - l ) ! 
n=l 

Using the relationship 

i„v-v(„-i)!=A 
n=l 

we have 

i n\"-V (n -1)! = A U i + 3v + v^) exp(v) 
n=l L J 

= 11 + 7v + 6v^ + v^j exp(v) 

Substitution of Eq. (9.15.9) in Eq. (9.15.7) yields 

. ( l+7v + 6v2 + v^ expv i + 7v + 6v2 + v3 

( l+Sv + v^) l+3v + v^ expv 1 +3v +v^ 
6 + v 

From Eq. (9.15.6), 

^ = 1 + 
n„ 

V , _v_ 

(1+vf n„2 

(9.15.5) 

(9.15.6) 

(9.15.7) 

(9.15.8) 

(9.15.9) 

(9.15.10) 

(9.15.11) 
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«Problein 9 - 1 6 » Molecular weight distribution for equilibrium 
condensation polymerization 

Consider an equilibrium state of a solution which contains monomers, dimers, 
trimers and solvent in condensation polymerization. In this case, both 
polymerization and degradation occur simultaneously (equilibrium 
polymerization). Let's denote the concentration of r-mer and solvent as Cr and 
Cw, respectively. Then from the law of mass action, 

^ % = K2 (9.16.1) 
C i ' 

and 

C B C W ^ K S (9.16.2) 
C2C, 

If we assume the equilibrium constants K2, K3... be independent of the degree 
of polymerization, then 

K = K2 = K 3 = - . (9.16.3) 

Show that the weight distribution function is given by 

fw(n) = n (Inaf a" (9.16.4) 

Answer 

The number of moles of i-mer Nj is related to Ci as 

Ni=CiV (9.16.5) 

where V is the total volume of the system. From Eqs. (9.16.1) and (9.16.3), 

® + ®.=f=: (2) + ® 

® + (2)-=^ (3)+ (g) 

® + (n3) ^=^ (n) + ® 
Fig. 9-16 Equilibrium condensation polymerization reaction 
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K = C2Cw=N2Nw (9.16.6) 
Ci' N,2 

From Eqs. (9.16.2) and (9.16.3), 

1̂  - CaCw _ NaNyy (9 16 7) 
C2C1 N2N, 

In general, 

K=:linNj5L (9.16.8) 
Nn-lNi 

FromEq. (9.16.6), 

N2 = ^ ^ (9.16.9) 
Nw 

FromEq. (9.16.7), 

KN,N2 fKN,'\^ 
N3 = . 

Nw Nw N) (9.16.10) 

From Eq. (9.16.8), the number of moles of n-mer is 

" N . 
KN, 
"NTI ^' (9.16.11) 

If we put 

KN, 
- N - = a (9.16.12) 

Eq. (9.16.11) is rewritten as 

Nn = N,a"-' (9.16.13) 

fn(n) is proportional to N„ as 

f„{n) = (const.)„ a"-' (9.16.14) 

Similarly, 

fw (n) = (const)^ na""' (9.16.15) 

From the normalization condition 
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X fw(n) = 1 = (const.)^X î «""̂  (9.16.16) 
n=l n=l 

n=l 

Whena<l, 

(const.)w = ( l - a f (9.16.18) 

Substitution of Eq. (9.16.18) in Eq. (9.16.15) yields 

fw(n) = ( l - a f na"-' (9.16.19) 

Approximating 

l - a = l n a (9.16.20) 

and n ~ n - l » l , we have Eq. (9.16.4). 
(See G.V.Schulz, Z phys. Chem. A182, 127 (1938).) 

4c From the normalization condition 

X fn(n) = 1 = (const)^ X «""^ (9.16.21) 
n=l n=l 

(9.16.22) (const) = = 
^ "̂ £^„ . , l +a + a2+... 

n=l 

Since the right hand side of Eq. (9.16.22) is equal to the series expansion of (1-a), 

(const.)n = 1 - a (9.16.23) 

From Eqs. (9.16.23) aftd (9.16.14), 

f„(n) = ( l - a ) a " - ^ (9.16.24) 

«ProbIein 9 - 1 7 » Molecular weight distribution for radical 
polymerization 

Derive the Schulz-Zimm molecular weight distribution function; 
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and 

f4n) = (" '"^^) '^ 'n^a" (9.8.7) 

based on the mechanism of radical polymerization. 

Answer 
Let's denote the growth reaction rate as VB and the termination reaction rate 

as Vc and the ratio of these two rates as x: 

^ = x (9.17.1) 

If the probability that the growth reaction occurs on an arbitrary radical be WB 
and the probability that the termination reaction occurs on the same radical be 
wc, we have 

^ = ^ = x (9.17.2) 
VB WB ^ ^ 

From the definition, 

WB + W C = 1 (9.17.3) 

or 

WB = 1 - Wc = — 1 — (9.17.4) 
1 + X 

I f x « l , then 

W B = l - x = a (9.17.5) 

Thus the probability of finding n-mer is proportional to a". Let's denote the 
degree of connectivity, i.e., the number of the primary molecular chain in the 
reaction as k. 

(a) Case of k=2 
In general, the molecule with the degree of polymerization n is produced by the 
reaction of x-mer and (n-x)-mer, where x takes the value between 1 (monomer) 
and n-1. If we denote the distribution function of the primary molecular 
chain as fn^(x). 
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fn^(x) = const, a'̂  

fn (̂n -x) = const, a"'' 

Thus the distribution function of n-mer is 

fjn ) oc f„P(x)f/(n -x) = const', â a""'̂  

I f n » l , 

n n 

fn(n) = const'. ^ fn(n,x) = const'. ^ a^ a"'̂  = const', n a" 
x=l x=l 

From the normalization condition 

r r 
j fn(n) dn = const'. I na"dn = 1 

Jo Jo 

then we have 

const'. = 1 

Jo 

= (lnaf 

na" dn 

(9.17.6) 

(9.17.7) 

(9.17.8) 

(9.17.9) 

(9.17.10) 

(9.17.11) 

* Using the relationship 

ra"d„ = i ^ 
Jo ^ In a 

we have 

r 
Jo 

na"dn = 
na" a" 
In a ina^ 

and then 

I na" dn = — 1 — 
Jo (In af 

(9.17.12) 

(9.17.13) 

(9.17.14) 
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Substitution of Eq. (9.17.11) in Eq. (9.17.9) yields 

fn(n) = (In a f • n • a" (9.17.15) 

Similarly from Eq. (9.17.9), 

fw(n) = const", n fn(n) = const'", n^a" (9.17.16) 

From the normalization condition 

fw(n) dn = const"', j n̂  a" dn = 1 (9.17.17) 
0 Jo 

we have 

const'". = AhM. (9.17.18) 

From Eqs. (9.17.16) and (9.17.17), 

f^n) = - ̂ i2_s£ • n2 • a" (9.17.19) 

(b) Case of k=3 
Suppose the primary molecular chains xpmer, X2-mer and n-Xi-X2-mer react to 
produce an r-mer. In reference to Eqs. (9.17.6) and (9.17.7), 

fn''(xi) = const, a"! (9.17.20) 
fn''(x2) = const, a"' (9.17.21) 

f/(n -X, -X2) = const a"""' ""̂  (9.17.22) 

Thus, 

fn(n,xi,X2) = const', a"' • a « • a"-'"-« (9.17.23) 
n n n n 

fn(n)= X S fn(n.x„X2) = const'. X X a"= const'.n^a" (9.17.24) 
X , = l X2=l X , = l X2=l 

From the normalization condition, 

consf. = - liL^yi (9 17 25) 
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Then we have 

f4n) = -(i5_?f . n 2 . a " (9.17.26) 

^ . V (in a f o 
Mi^) = ~ Y • n • « (9.17.27) 

From Eqs. (9.17.15), (9.17.19), (9.17.26) and (9.17.27), Eqs. (9.8.8) and 
(9.8.7) are easily derived. In Table 9-18 polymerization methods and 
corresponding model distribution functions are summarized. 

«Problein 9 - 1 8 » Viscosity-average molecular weight 
The coefficients K^ and a in the Mark-Houwink-Sakurada viscosity equation 

[TI] = K ^ M " (8.30.19) 

are the constants in a certain temperature range for given polymer/solvent 
systems, a is usually in the range between 0.5-1. The molecular weight 
determined from Eq. (8.30.19) is called the viscosity-average molecular 
weight Mv. Discuss what kind of average molecular weight Mv stands for. 

Answer 
The intrinsic viscosity [T|] is defined by 

[Ti] = lim-~p^ (8.22.3) 
c->0 ^ 

where 

nsp = T l r - l = ; ^ - 1 (8.22.1) 

Tjr, T| and T|o are the relative viscosity and the viscosities of the solution and 
solvent, respectively and C is the concentration. If concentration dependence 
ofTjsp is negligible, 

nsp = C l i m - ^ = C[Ti] (9.18.1) 

For / th component, Eqs. (8.30.19) and (9.18.1) read 
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Ti . = K , C i M i « (9.18.2) 

where Cj and M; are the concentration and the molecular weight, respectively, 
of / th component. Since the total r|sp is the sum of r|sp of each component, 
^sp,i5 

i 

Substitution of Eq. (9.18.2) for T|sp,i in Eq. (9.18.3) yields 

i i 

From Eqs. (8.30.19) and (9.18.1), 

Tl,p = K„(M,)''C 

where 

(9.18.3) 

(9.18.4) 

(9.18.5) 

(9.18.6) 

is the total polymer concentration. By comparing Eqs. (9.18.4) and (9.18.5), 
we have 

Then Eq. (9.18.7) is rewritten as 

(9.18.7) 

Mv= 
IQ 

(9.18.8) 

Cj is related to the weight fraction of i-mer, fw(Mi), as 

Ci = (XCi)fw(Mi) (9.18.9) 

Substitution of Eq. (9.18.9) for Q in Eq. (9.18.8) yields (Refer also to Eq. 
(9.3.7)) 
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Table 9-18 Polymerization method and model distribution function 

Most probable distribution 

Schulz-Zimm distribution 

radical polymerization 
condensation polymerization 

radical polymerization 
step polymerization 

Logarithmic-normal distribution Ziegler polymerization 
(Wesslau distribution) 

Poisson distribution living polymerization 
(ex. Base-catalyzed polymerization of 
ethylene-oxide) 

Mv = 

i[i:Q]f,(Mi)Mi^ 

iicafw(M,) 

Ifw(Mi)Mi^ 

Ifw(Mi) 
Ifw(Mi)Mi^ 

rM%(M) 
Jo 

dM 
f M""" f„(M) dM 

Jo 

rMf„(M) 
Jo 

dM 
(9.18.10) 

Similarly, the viscosity-average degree of polymerization is expressed as 

/•oo 

n„ = /;„«f4„) dn 

Idn 

/•oo 

dn 
(9.18.11) 

Eq. (9.18.11) is rewritten as 
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n = (9.18.12) 

where iî  is a th moment of the degree of polymerization. 

«Problem 9-19» Effect of molecular weight distribution on Mark-
Houwink-Sakurada equation (I): Schulz-Zimm type 

The limiting viscosity number [r|] of polydisperse polymer solutions is 
related to the molecular weight distribution function fw(M) as 

h i = f hlM fw(M) dM / j ~ f.(M) dM (9.19,1) 

where [r|]M is the limiting viscosity number of the component with the 
molecular weight M. Evaluate the effect of molecular weight distribution on 
the Mark-Houwink-Sakurada equation 
[TI] = K ^ M ^ (8.30.19) 

which was obtained for monodisperse polymer solutions. Assume Schulz-
Zimm molecular weight distribution function 

^"^^^"rfh^^''^(''^'^' (̂ -̂ -̂ ^̂  

Answer 
Substitution of [t]] for Eq. (8.30.19) in [TI]M , Eq. (9.19.1) is rewritten as 

h i = [ Mu fw(M) dM=|~ K, M" f,(M) dM (9.19.2) 

where 

I fw(M)dM=l (9.19.3) 
Jo 
(See Eq. (9.1.2)) Substitution of Eq. (9.8.14) for f^M) in Eq. (9.19.2) yields 
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pp^J^ expf-oMlM-'-dM (9.19.4) 

Putting aM=X, we have 

j%xp(-X)(|)'"f =-^j;-exp(-X)X-dX 

_ r(h+a+l) 
~ jjjh-w+i (9.19.5) 

(9.19.6) 

Substitution of Eq. (9.19.5) in Eq. (9.19.4) yields 

r 1-K « ' ' ' r(h-fa+i)_K, r(h+a+i) 
"̂̂J "r(h+i) ' a*^^' " a ' " ' r(h+i) 

Using the relationships for Schulz-Zimm distribution function 

M, = ^ ^ ^ (9.10.22)' 
a 

M„ = ^ (9.10.21)' 

Eq. (9.19.6) is rewritten as 

r 1 1 rfh+a+l) , ,^ 

or 

Using the relationship 

r(h+a+l) = (h+a) r(h+a) (9.19.9) 
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Eqs. (9.19.7) and (9.19.8) are further rewritten as 

h = Km • 7 1 \ \ • M. (9.19.10) 
^ ^ (h + l)°r(h+l)  ̂ '  ̂ ' 
. , (h + 7̂) rfh+̂ y) , ,-

^'^'^^'" h-r(h-n) ^'^") ^^-^^-''^ 
(See S. Matsumoto and K. Ohyanagi, Kobunshi Kagaku (Chem. High 
Polymers) 17, 1 (I960)). 

«Problein 9-20» Effect of molecular weight distribution on Marlc-
Houwinli-Sakurada equation (II): Logarithmic-normal type 

Estimate the effect of molecular weight distribution for logarithmic-
normal type (Refer to Eqs. (9.13.1) and (9.14.1)) 

fw(M) = AMexpj - 1 [in J ^ f | (9.20.1) 

on the Mark-Houwink-Sakurada equation. 

Answer 
Substitution of Eq. (9.20.1) for f^M) in Eq. (9.19.1) yields 

h]=-

AM-'exp{-p^|ln^fldM 

/ MV\ (9.20.2) 
AMexp{-p2 I n j ^ l } dM 

The integration is performed to give 
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M'̂ -̂ ' exp^ - P V " ^ ' ^dM 

= {Moexp M + al„2i 

exp{ - P l l n ^ l >dM 

(9.20.3) 

Substitution of Eq. (9.20.3) in Eq. (9.20.2) yields 

[Tl] = KJMoexp| 4 +  a\ „2i 

Using the relationship for logarithmic-normal distribution function 

5̂ M, = Moexp(^p2 

M„ = Moexp||p2J 

we have the ratio of Mw and Mn as 

Then Eq. (9.20.4) is rewritten as 
a 

hl = KJMoexp(^p2J Mgexf 4 4 r 

5^21 = K„{Moexd-P^ <expi^ 
P2l 2 

= KJMJ' M„ 

or 

[Ti] = K j M o e x p ( i p j n e x p | i ± ^ P ^ 

(9.20.4) 

(9.20.5) 

(9.20.6) 

(9.20.7) 

(9.20.8) 
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= K4M„)'' exp P 2\ 

a(\-ui) 

=MM.)1 

a(l-M) 

MJ 

VMJ (^^r 

(9.20.9) 

(9.20.10) 

Thus we finally obtain 

and 

a(\+a) 

(See R. Koningsveld and A.F.Tuijnman, Makromol Chem. 38, 39 (1966)) 

«ProbIem 9-21» Effect of molecular weight distribution on Mark-
Houwink-Sakurada equation (III) 

Demonstrate that the Mark-Houwink-Sakurada equation 

hl = K̂ wM, (8.30.17)' 

is not affected by the molecular weight distribution if we use Mw as the 
molecular weight in case of (3=1. Assume Schulz-Zimm and logarithmic-
normal distribution functions. 

Answer 
For Schulz-Zimm distribution, we have 

^ (11 + 1)^(11+1) ^ ' 

For logarithmic-normal distribution, we have 

(9.19.10) 

(9.20.10) 
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When a=l , both equations (9.19.10) and (9.20.10) are reduced to 

h ] = K ^ ( M j (9.21.1) 

Thus the equation 

Km,w = Kni (9.21.2) 
holds irrespective of the value of Mw/Mn(=h). 

«Problem 9 - 2 2 » Effect of molecular weight distribution on Mark-
Houwink-Sakurada equation (IV) 

Drav^ log-log plot of [T|] vs. M for MvyMn= 1,2,5,10 and 20 and for a=0.5 
and 0.8 using Schulz-Zimm distribution function. 

Answer 
For Schulz-Zimm distribution function, we have 

r T K^ rfh-ha+l] 

r , 1 rfh+a+l) 

N = K„;^47—T^M.-
M , h + 1 , 1 

* For Wesslau distribution function, we have 

h] = KJ—^ * W (9.20.10) 

h l = ^ m l ] ^ l V'̂ inJ (9.20.11) 

Figure 9-22 shows the relationship between [T|] and Mw or Mn for various 
MJMn. For convenience of calculation, we put Km=lxlO"^ for a=0.5 and 
Km=lxlO"'* for a=0.8. a and K^ have a negative correlation (See T, Kawai 
and K. Kamide, J. Polym, Sci. 54, 343 (1961)). At constant Mw, [T|] decreases 
with increasing the width of the distribution. On the other hand, at a constant 
Mn, [TJ] increases with increasing the width of the distribution. The effect of 
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the width of the molecular weight distribution on the viscosity equation is 
larger when Mn is used than when Mw is used. The effect of the width of the 
distribution increases with increasing a. Thus we should use Mw in order not 
to be affected by the width of the molecular weight distribution. Empirically, 
polymer samples can be regarded as homogeneous if M^v/Mn<l. 1. In this 
discussion we assumed the width of the molecular weight distribution was 
constant for all over the molecular weight range. If the width of the 
distribution increases with increasing the average molecular weight, we cannot 
regard a as a constant. 

Fig. 9-22 Log-log plots for intrinsic viscosity vs. weight- or number-
average molecular weight for the polymer with Schulz-Zimm molecular 
weight distribution, (a) and (b); a=0.5, (c) and (d); a=0.8 in Mark-
Houwink-Sakurada equation. 
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«ProbIem 9-23» Effect of molecular weight distribution on viscosity 
parameter O 

According to Flory's theory , [r|] is related to the mean square end-to-end 
distance <R^> and the molecular weight M as 

W ^ ^ H l (6.18.2)' 

where O is called the universal parameter. Discuss the effect of the molecular 
weight distribution on O. 

Answer 
From the definition, 

[Tl] = hJTi^ (8.22.5) 

If we denote [r[],  R̂  and M of / th component as [r|]i, Ri  ̂ and Mi, we have 

i i * i * 

The number average of <R >̂̂ ^̂  is defined by 

I ' 

Using Eq. (9.23.2), Eq. (9.23.1) is rewritten as 

^sp = ̂ ( ( R f ' ' ) „ I ^ (9.23.3) 

Using the relationship 

M„ = — y ^ (9.23.4) 
l ( C i / M , ) 
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Eq. (9.23.3) is further rewritten as 

Thus, 

te^ = M = *((Rr) . /M. (9.23.6) 

If we use the number-average for <R̂ >̂ "̂̂  and M in Eq. (6.18.2)', then O is not 
affected by the molecular weight distribution. 

* <R >̂̂ ^ and M can be empirically detemiined by the light scattering method (dissymmetry 
method and Zimm plot). <R >̂̂ ^ detennined from the dissymmetry method is 
expressed as 

(R'),=2;R^N,M,VIN,M,^=I|^»I •a^M, (9.23.7) 

where <Rô > and a are the unperturbed mean square end-to-end distance and the swelling 
coefficient, respectively. M determined from the Zimm plot is the weight-
average one. Now we can defme a correction parameter q by 

[Tl] = ( 0 / q ) ( R ' ) / ' ' / M . (9.23.8) 

By comparing Eqs. (9.23.6) and (9.23.8), we have the parameter q as 

q = ( R ^ ) , ^ . M „ / ( ( R f ' ^ ) ^ . M . (9.23.9) 

Using the relationship 

R ^ ^ M (9.23.10) 

Eq. (9.23.11) is further rewritten as 

q = M , 3 ' 2 - M „ / M f - M , (9.23.11) 

(See S. Newman, W. R. Krigbaum, CLaugier, P.J.Flory, J.Polym.Sci. 14,459 (1954)) 



618 

«Problein 9-24» Effect of molecular weight distribution on Flory-Fox 
equation 

Derive the equation 

[n] = 6"^<p((sfVM\ (8.32.8)" 

for polydisperse polymer solutions based on the Flory-Fox equation and show 
Eq. (8.32.8)" agrees with Eq. (9.23.6). 

Answer 
From Eq. (9.23.1)" for / th component, 

^sp.i = * W ' C i / M i (9.24.1) 

Using the relationship 

(s^) = i (R^) (6.9.1) 

Eq. (9.24.1) is rewritten as 

T l , p - 6 3 ^ o ( s ^ ) " ' C i / M i (9.24.2) 

Thus we have 

6-oX {(s^y7MAc, / 3 
M = ii„, Ibe ̂  L_l i_ = eM ^^) ^̂ •̂ •̂̂ '̂' 
'̂J c-^ c XCi \ ^ ' 

i 

Eq. (8.32.8)" is further rewritten as 

3/2 >K i ' 

,3/2' 

[il] = 6^ ' ^0 - l - =6"'<^ ^ 

i i i 

= 6 - < I . ( ( s r ) . / M . ,,.24.3) 

which agrees with Eq. (9.23.6) (See L.D. Moore, J. Polym. Sci. 36, 155 
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(1959)). 

«Problem 9-25» Correction parameter q for viscosity parameter O 
If weight- and z-average values are used for <R^> and M, respectively, the 

correction parameter q for the Flory viscosity parameter 0 is defined by 
(Refer to 
(9.23.8)) 

and 

^-  ̂ , A 3/2 (9.25.2) 

Evaluate q^ and q̂  for 
(1) Schulz-Zimm distribution 

fw(M) = :^fi^exp(.aM)M»^ (9.8.10) 

and 
(2) Lansing-Kraemer distribution 

on the assumption of an approximate equation 

R2 = kM (9.25.3) 

Answer 
Comparing Eq. (9.25.1) or (9.25.2) with the equation 

[Ti] = o ( ( R y ' ' ) y M „ (9.23.6) 

we have 



620 

<,. = (M./M.){((Rl)'"/((Rr)„) <'-̂ '-̂ ) 
and 

, . = ( M . / M . ) ( ( R ' > f / ( ( R r ) „ ('•"•5) 

(1) For Schulz-Zimm distribution, 

M. 
M„" 

and 

M " 

h+1 
h 

h + 2 
h 

Number average of 3/2 power of R̂  is expressed as 

Jo Jo 
"̂^ ' dM 
M 

For the distribution function of Eq. (9.8.10), we have 

M''^"'dM 

h+1/2 

dl 

(9.25.6a) 

(9.25.6b) 

= k '̂̂  =  k ^ - (9.25.7) 
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r(h+i) ̂ +4)=S 
./2iih+f; 

r{h+i) 
and 

f 
Jo 

fw(M) 
M 

dM = ^;j^exp(-aM)M''-'dM 
lo r(h+l) 

x'-' dx 

a 
r(h+i) 

r(h) = fM;' 

Substitution of Eqs. (9.25.8) and (9.25.9) in Eq. (9.25.7) yields 

3^ 

(Ml„= .3/2 V ^ y X__,_3/2 
h+-

= k 

rfh+lja'^^ot '̂  a'^r(h+l) 

+i) , 
M. 

r(h+i) h 1/2 (M.) 

Taking weight average of Eq. (9.25.3), we have 
3/2 in / \3a 

with k = f/nio (R' ) ;"=k-(M.)^ 

Eq. (9.25.4) is rewritten as 

Iw M w , 3/2 ^^•-1) (-«)'" - " i W . | , 

(9.25.8) 

(9.25.9) 

(9.25.10) 

(9.25.11) 
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(h+i)'"rth+i) 

I 21 

Similarly, taking z-average of Eq. (9.25.3), we have 

(R')f = k-(M.)-

Eq. (9.25.5) is rewritten as 

' ^ k-r(h4)(M„)- "W»i r(h4) 

(h+2)'^r(h+i) 

1 / = 

•i •4 
(2) For Lansing-Kraemer distribution, 

M, = expf^p2J 

and 

rM'%(M)dM = 
p ^ M „ exp< - ^ i n ^ l ^M"̂ dM 

IP Mo, 

Putting 1/p lnM/Mo=x, 

M = MQ exp (Px) 

dM = pMoexp(px)dx 

(9.25.12) 

(9.25.13) 

(9.25.14) 

(9.13.8) 

(9.25.15) 

(9.25.16) 

(9.25.17) 

(9.25.18) 
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and substituting Eq. (9.25.18) in Eq. (9.25.17), we have 

JJ°M'%(M)dM = - ^ = ^ i expf-x^JMo'^'expflxjpMoexpfPxjdx 

Px/iM„ 
PMo 3/2 2 3 1 

exp| - X + — Px dx 

pMo 3/2 

Pv/̂ M„ 
exp(4p^|expMx-^P| }dx 3( 

4* 

M, 3/2 

V^M„ 
• e x p | | P j sf  ̂ = ^ e x p | | p j (9.25.19) 

Thus, the number- and weight-average in Eq. (9.25.4) are expressed as 

(M'")„=. 
3/2„„J 3 02I 

.3/2 
Mo^"exp|jP 

M„ 
M„=k '̂̂ Mo '̂̂ exp||p l̂ 

= k3'^(M„)-exp(|pj 

and 

{Rl'" = k'°(M.)'"=k'-M„-exp(|p^f] 

respectively. Thus we find 

qw = 
k^'^lMj-explfp^j 

1/2 

= 1 ^ 1 exp|-|p^) 
8 

P 
= exp(Y|exi P̂  

(9.25.20) 

(9.25.21) 

(9.25.22) 
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and 

<lz = 
M„ k^^JMj 

3/2 

M, , -^n f. . \3/2 13 ^2 

1/2 

k-(M„)^%xp[|p^ 

= exp(p^).exp(-|p^j=exp(|p^j 

r=lfrl exp|4pi 8 

(9.25.23) 

«Problem 9-26» Effect of molecular weight distribution on parameter 
|w.z 

Evaluate the effect of molecular weight distribution on the parameter 
defined by 

( R ' » 
Qw,z ~* r Ilk if 

for Schulz-Zimm distribution. 

Answer 
Comparing Eq. (9.26.1) with Eq. (9.23.6), 

(9.26.1) 

^ W ^ 
H, « 

3/2 

\ 
(wlj (9.26.2) 

Substitution of Eq. (9.25.13) for <R^>,̂ '̂  and Eq. (9.25.10) for «R^> ^'^>„  in 
Eq. (9.26.2) yields 

qw.z = 
M„\k^^M/^r(h+l)h'̂  ^ /M„YMV^r(h+l)h'^ 
M J k''2r(h+3/2)M„'̂  iMj^Mj r(h+3/2) 

_ h M'  ̂ r (h.i) ^^., ( h . 2 ) - > . i ) 

(h+l) ĥ '̂  r(h+3/2) (h+l)r(h+3/2) (9.26.3) 
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«Problem 9-27» q^ and q̂ ^ for Schulz-Zimm distribution (I) 
In «Problem 9-25» we assumed <R^> ocM. This assumption is only 

applicable at G-state. On the assumption of more general relationship 

R' = kM^^^ (9.27.1) 
evaluate qw and q^̂  for Schulz-Zimm molecular weight distribution. 

Answer 
From the definition 

J x M l.5+1.5e^wv^ j j x , roo 

=1,3/21:: ^ ^ 3 / 2 ^ 

f 
Jo 

fw(M) i^")' 
(9.27.2) 

M 

For Schulz-Zimm distribution function. 

,h40.5+1.5£^j^ Ĵ  M°-̂ *'-̂ ^ f 4 M ) dM = -^—-r exp( - oM) M̂  

och+i r(h+1.5+1.5e) r(h+1.5+1.5e) 

" r ( h ^ • a''̂ '-̂ -̂ '-'̂  " r(h+l) a°-̂ '̂-̂ " 

(M„)"^ r(h+1.5+1.5e) 

" h ^ V ^ r(h+i) (̂ -̂ -̂̂ ^ 

Then we have 

/ . .3M r(h.l.5-H.5e) 3 3^ r(h^l.5-H.5e) ( , , ) , 

(9.27.4) 

Similarly, 
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(R^) ̂  = £" (R^) f^M) dM = k | ~ M '̂ ^ f4M) dM 

r(h+e+2] 
= k ^l , \ M „ ' ^ ^ (9.27.5) 

h'*'r(h+l) 
or 

Substitution of Eqs. (9.27.4) and (9.27.6) in Eq. (9.25.4) yields 

3/2 

<\w = 
_fM A M„'-̂ ('̂ )̂ ly^'-'^\ j r ( h+H\ r(h+i) 

wJ(M;-'('^^M\h*-5M/\ r(h+i) J • r(h+i.5+i.5e) M 

1 I r(h+2+e) \ r(h+i) 

" (h+ l ) | r(h+l) J • r(h+1.5+1.5e) (9.27.7) 

Similarly, 

r (R' ) M f^M) dM k r M̂ ^̂  f̂ (M) dM 

\ /z~ 
f Mf̂ M) dM 

r(h+3+e) , u ^ 

= \>.i)rth.i)W (^•^^•^> 

or 

^ /̂  h'-^(H\ r(h+2) f  ̂ "I (9.27.9) 

Here we use the relationship 

(h + 1) r(h +1) = r(h +2) (9.27.10) 
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Substitution of Eqs. (9.27.4) and (9.27.9) in Eq. (9.26.2) yields 

iw,z 
_ 1 ir(h+3^E)ri r(h+i) \ 

h+ 1 \ r(h+2) I \r(h+1.5+1.5e)j 
(9.27.11) 

Eqs. (9.27.7) and (9.27.11) agree with Eqs. (9.25.12) and (9.26.3), 
respectively, when e -^0. The power a in the Mark-Houwink-Sakurada 
equation 

hl = K,M^ (8.30.19) 

is related to E as 

a-0.5 
e = 1.5 (9.27.12) 

The upper limit of £ is around 1/3. 

«ProbIein 9-28» q^ and q̂ ^ for Schulz-Zimm distribution (II) 
Plot the correction parameters qw, qz and qŵ  as a function of M^̂ Mn for 

Schulz-Zimm distribution function. 

Answer 
For Schulz-Zimm distribution function, 

Fig. 9-28 The parameters qw, qz and qw,z as a function of molecular weight 
distribution index 
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. _ L m ^ r  ̂ r(h.i) 27.7) 
h + i \ r(h+i) / r(h+i.5+i.58) 

"^^ h + 2\r(h+2)) lr(h+1.5+1.5e)| ^̂ -̂ "̂̂ ^ 

^^•^-h + 1 ( r(h+2) ) (r(h+i.5+i.5e)/ ^^-^^-^^^ 

Here the expression of qz is derived in reference to «Problem 9 - 2 7 » . The 
parameter h is related to Mw/Mn as 

^ = M:̂  = 1+1 (9.25.6a) 
n„ M„ h 

Fig.9-28 is a plot for e=0.2(a=0.8). 

«Problein 9 - 2 9 » Sedimentation coefficient and diffusion coefficient for 
polydisperse polymer solution (I) 

Molecular weight MSD can be determined from the sedimentation 
coefficient So and the diffusion coefficient Do using the Svedberg equation 

RTSn 
M,p= . ! . (9.29.1) 

Doll-vp) 

where p is the specific gravity of solvent and v is the partial specific volume. 

(1) When the polymer has a molecular weight distribution, n th power of 
diffusion coefficient nDmix calculated from 2n th moment of diffusion curve is 
equal to the n th moment of the weight distribution curve of diffusion 
coefficient as 

" ^ - ^ " " " ^ ^ (9.29.2) 
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where Wj is the weight of the monodisperse polymer with the diffusion 
coefficient Dj. The corresponding sedimentation coefficient is expressed as 

„s" = - ' = (9.29.3) 

i 

(2) The molecular weight dependences of the sedimentation coefficient and the 
diffusion coefficient are given by 

Si = K,Mi l-Y 
(9.29.4) 

and 

(9.29.5) 

respectively. Here, Ks, Kp and y are the constants which depend on the 
combination of polymer/solvent and temperature. Evaluate the effect of 
molecular weight distribution on MSD-

Answer 
Substitution of Eqs. (9.29.2) and (9.29.3) in so and Do of Eq. (9.29.1) yields 

l/n / • _ A l/n 

^ l l -vp 

fEwisrVVSww'l 
/ 

V?"'] l ? " ' 
(9.29.6) 

The subscript n in nMso denotes that n th moments of s and D are used in the 
calculation of molecular weight MSD- Substitution of Eqs. (9.29.4) and 
(9.29.5) in Eq. (9.29.6) yields 

nM. "-(I-VPJK;^ 

i 

<W) 
l/n 

(9.29.7) 
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So and Do are related to the friction coefficient fo as 

M ( l - v p ) 
Sn = 

to 

(9.29.8) 

(9.29.9) 

Here the subscript 0 denotes the extrapolated value at the infinitely diluted 
solution. Then 

RT Ks 
= 1 

( l - v p ) ^D 

Substitution of Eq. (9.29.10) in Eq. (9.29.7) yields 

nMsD = 

ZW^M; n(l-Y) 

SW^M:"^ 

l / n 
Ifw(Mi)Mr O-Y) 

I fw(Mi)M: vy 

l / n 

(9.29.10) 

(9.29.11) 

* The sedimentation coefficient is defined by 

dx/dt 
s = 2 

CO X 
(9.29.12) 

where x is the distance from the rotational axis, t the time and co the angular velocity. From 
the equation of motion of a single solute molecule, Eq.(9.29.8) is derived. (See N. Yamada and 
H. Matsuda, Kobunshi Kagaku 18, 110 (1961); T. Svedberg, Kolloid-Z. Eng. -Bd. 36, 53 
(1925)). 

«Problein 9-30» Sedimentation coefficient and diffusion coefficient for 
polydisperse polymer solution (II) 

The sedimentation coefficient SQ determined by the usual sedimentation 
experiment and the diffusion coefficient Do determined by the moment 
method are the weight-average ones. Show 

MsD = M^ when Y = 0 

and 

MsD=M„ when Y=l 

(9.30.1) 

(9.30.2) 
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Answer 
From the result of «Problem 9 - 2 9 » , 

nMsD = 

I w j M n(l-Y) 
>j 1 / n 

X W J M : ny 
(9.30.3) 

From Eqs. (9.29.2) and (9.29.3), n=l corresponds to the weight average as 

Men = M o n = 1 ^^^SD SD 
] £ w j M -Y 

Then we have 

M SD' 

and 

MsD= 

i i 

= M^ when Y=0 

m s fw(Mi) 

M, 

= Mj, when y=\ 

(9.30.4) 

(9.30.5) 

(9.30.6) 

«Problem 9 - 3 1 » Radius of gyration for polymer solution with Schulz-
Zimm molecular weight distribution (I) 

Derive the relationship between weight- and z-average radius of gyration, 
<S^>w and <S^>z, for polymers with Schulz-Zimm molecular weight 
distribution. 

Answer 
<S^> of monodisperse polymers is expressed as 

(s^) = ksM'^ (9.31.1) 
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Substituting Eq. (9.31.1) in the Flory-Fox viscosity equation 

[r|l = 6^ '^S ' )^^^M (8.34.1) 

and comparing with the Mark-Houwink-Sakurada equation 

[TI] = K ^ M " (8.30.19) 

we have 

(M^^P)^^ /M = M^ (9.31.2) 

Then 

l + 3 p = 2^ (9.31.3) 

Here P is a correction for the excluded volume effect. <S^>z is defined by 

r(s>f.(M)dM 

f Mfw(M) dM 
(9.31.4) 

For Schulz-Zimm molecular weight distribution function 

f, (M) = -  ̂ exp (-aM) M " (9.8.10) 

we have 

h+l J»oo 

0 

J' ~ h+i 

- = — r exp (- aM] M' ' ' " dM 

k^a 
h+i TM^^-^^expl-aM) dM 

r(h+l) ( h + l ) / a 
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_k3a''*' r(3+p+h) a _ksr(3+p+h) 

<Ŝ >w is defined by 

( s l = 
j;(s%(M) 

JJf̂ MJdl 

dM 

Substitution of Eqs. (9.31.1) and (9.8.10) in Eq. (9.31.6) yields 

h+l 

{ s l = 
f 
Jo 

k.M''"^ f , exp (-aM) M*' dM 
r(h+i) 

h+l 

-4 7 exp f-aM] M*"""' dM 
Jo rth+1) '^ ^ 

_ k,a*^' r(2+p+h) _k,r(2+|3+h) 

" r{M) a^^^ " a^'r(h+i) 

The ratio of Eqs. (9.31.5) and (9.31.7) is obtained as 

(s^),^r(3+p+h)r(h+i)^2 + p+h 
(s^)^ r(h+2) r(2+p+h) h + l 

or 

Using Eq. (9.31.3), Eq. (9.31.9) is further rewritten as 

3 + y + h 

(9.31.5) 

(9.31.6) 

(9.31.7) 

(9.31.8) 

(9.31.9) 

(9.31.10) 

<Ŝ >z can be determined from the light scattering method. If the exponent a 
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is known, we can evaluate < Ŝ >w from < Ŝ >z. For G-state (a=0.5), we have 

(S'> =(S ' ) i ^ (9.31.11) 
\ /w \ / z2 + h 

«Problem 9-32» Radius of gyration for polymer solution with Schulz-
Zimm molecular weight distribution (II) 

Derive the relationship between <Sô >w and <Sô >z for Schulz-Zimm 
distribution function. Here <So^> is the mean square radius of gyration for 
the ideal conformation. 

Answer 
Substitution of P=0 for the ideal conformation in Eq. (9.31.10) yields 

For the most probable distribution (M v̂/Mn=2 or h=l), the coefficient 
(l+h)/(2+h)is2/3. 

«Problem 9-33» Chemical potential of mixing for polydisperse polymer 
solution 

Entropies of mixing and chemical potentials for monodisperse polymer 
solutions are given by 

ASo = -R|ln(l-<|,,) + |l-ij<t>A (3.8.3) 

AS,=-R/(l-n)(l)o + ln(l-(t»o)| (3.8.4) 

Â io = RT|ln(l-<t),) + fl-ij<|),+x<|)i4 (3.11.3) 

A^,=RT/ln(l-(|)o)-(n-l)<|)o + xn<|)o^| (3.12.2) 

where the subscripts 0 and 1 denote solvent and polymer, respectively. Derive 
the corresponding expressions for polydisperse polymer solutions. 
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Answer 
Consider a process to make a polymer solution by melting crystallized 

polymer molecules and mixing the polymer in a solvent (See Fig. 9-33). 
Let's denote the number of moles of polymer molecules with the degree of 
polymerization n 
and the volume fraction as Nn and fn , respectively. 

N,=lN„ 

SnN„ 
<t>,=Si=-^ 

(9.33.1) 

No + InN„ 

where Ni and (j) i denote the number of moles of molecules and the volume 
fraction of the overall polymer. Similarly to «Problem 3-6», 

S = -k 

k l 

Noln(l)o + XN„ln 
n 

N„ln z + N„(n - 2) ln(z -1) - N„ln a (9.33.2) 

which corresponds to Eq. (3.6.4). The entropy of mixing is calculated as 

AS = S - S(No = 0) - S(N, = N2 = • • • = 0) (9.33.3) 

The increase in entropy for dissolving amorphous polydisperse polymers in a 

E 
[Mji 

crystalline state 

amorphous state 

x \ /^ 
mixture [M, . M r̂ " M ^ + [iolvent! 

[solution! 

js-

/IS 

Fig. 9-33 Entropy of mixing for monodisperse polymer solution 
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solvent is given by 

AS = -k[Noln(t)o + N,ln(t)i] 

The partial molar entropy is given by 

No + SnN„[No + InN„-Noj 

ln«t>o + No ^̂^ ^ ^̂  -^ 
No + I n N J 

No + XnN„ [ - I n N j 

IN„. 
^"^" ( N o - I n N V 

= -R 

InN„ XN„ XnN„ 
ln<t)o + 

No + I n N „ XnN„No + I n N „ 

= - R ln<t)o + <l>,- —<t), = -R in(i-<l>,) + | i -; | ;;]*i 

(3.7.6) 

(9.33.4) 

where 

I n N „ 

n„ = '̂  IN„ 
(9.33.5) 

Thus ASo for polydisperse polymer solutions is obtained by replacing n by nn 
in ASo for monodisperse polymer solutions. The heat of mixing for 
monodisperse polymer solutions is given by 
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AH = 
BNonN, 

No+nN, 

For poly disperse polymer solutions, Eq. (9.33.6) is replaced by 

BNoEnN„ 

AH = 
No + I n N „ 

The partial molar enthalpy is given by 

X n N i N o + XnN„]-NoInN„ 

AH - ^ ^ - n " I " i " 
No + I n N j 

(9.33.6) 

(9.33.7) 

= B 

InN„ 
n 

= B<j),^ 

V 

(9.33.8) 

Using the expressions for ASo in Eq. (9.33.4) and AHo in Eq. (9.33.8), the 
chemical potential of mixing is given by 

A ÎQ = AHo - TASo= KT\ Inf 1 - <()J) 
1 B 

1 . _ U + (|) 
n„ r ' RT ^ 

= RTln(l.(^.).jl-J-j <1),+X<t>î  (9.33.9) 

To derive the expression for Ap.„, we need to derive the expression for 

AS* = S-Xs(No=0,N„.=0(n';^)] (9.33.10) 

instead of AS. Here, N „, = 0 means that the number of moles of polymer 
except for «' th polymer is zero. Substitution of Eq. (9.33.2) in Eq. (9.33.10) 
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yields 

AS* = -R[Noln(|)o + SN„ln<t)J 

FromEq. (9.33.11), 

(9.33.11) 

^ n ' = ^ = -R{ln(l)„-(n-l) + <t,,n(l-;^|} (9.33.12) 

From Eq. (9.33.7), 

^ n = ^ = Nl-«l>i f (9.33.13) 

Then we have 

Â l„ = RTiln(|)„-(n-l) + (t),nfl-i-j + j^n(l-(l),)^ 

= RT|ln(l)„-(n-l) + <|),njl-i-j + xn(l-<)>,)H (9.33.14) 

Eq. (9.33.14) is reduced to Eq. (3.12.2) for nn=n. 
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Activity, <2-7>, <2-8>, <2-10> 

Addition polymerization, <9-5-a> 

Apparent molecular weight 

—of copolymer, <7-15 -b> 

Athermal solution, <l-6>, <2-2>, <2-13> 

Average concentration approximation, 

<3-14> 

Bernoulli distribution, (6.1.10) 

Boiling point elevation, <2-5>, (2.5.1), 

<2-6> 

—of ideal solution, <2-10> 

Boltzmann constant, (3.3.5) 

Bolzmann's principle (law), (3.6.1) <6-

4>, (7.14.4) 

Boyle temperature, <5-6> 

Bragg-Williams approximation, <3-2>, 

<3-14> 

Bresler-Frenkel's equation, (6.8.2) 

Cabaness factor, (7.17.2) 

Canonical ensemble, <5-7> 

Capillary flow, <8-14> 

Characteristic ratio, (8.33.4) 

Chemical potential, < 1 -1 > 

—for Flory-Huggins solution, <3-l 1> 

— for mixing for (r+l)-component Flory-

Huggins solution, (4.30.2) 

—for polymer blend, <4-27> 

—for polymer in non-athermal random 

mbdng polymer solution, (3.12.2) 

— for poly disperse polymer in solvent 

with concentration dependent %, <4-

21-b>, (4.21.6), (4.21.7) 

—of polymer in multicomponent 

polymer solution, <3-17> 

—of solvent in non-athermal random 

mixing polymer solution, (3.11.5) 

Clausius-Clapeyron equation, (2.15.3) 

Cloud point curve, <3-16-c> 

Cluster integral, (5.9.8) 

Coexistence curve 

— for polymer solution, <4-31> 

Cofactor expansion, <4-29> 

Composition triangle, <4-8> 

Condensation polymerization, <9-5-a> 

Coordination number, <3-l> 

Couette flow, <8-9> 

Cramer's rule, (4.10.15) 

Critical condition 

—for ideal solution, <4-l 1> 

—for regular solution, <4-l 1> 

—for Flory-Huggins solution, <4-12> 

—for monodisperse polymer/binary 
solvent system, (4.9.1), (4.9.2) 

—for poly disperse polymer/single 

solvent system, <4-21-a>, <4-21-c> 

—for quasi-ternary system (P2/S1/S0), 

(P2/P,/So),(P2/Pi/Po),<4-28>,<4-30-b>, 

(4.30.19), (4.30.20) 

-for polymer blends (P1/P2), <4-28-e>, 

<4-28-f> 
— for (r+l)-component system, <4-10> 

—for ternary mixture, <4-9> 

—for terms of g, <4-20> 

Symmetry of — ,<4-30-c> 

Critical point, <4-6>, <4-23-a> 

Critical concentration, <4-6>, 

<4-ll> 
—of Flory-Huggins solution, (4.12.11) 
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Effect of molecular weight distribution 

on -,<4-22> 

Critical temperature, <4-6>, <4-ll>, 

(4.12.19) 

—of Flory-Huggins solution, <4-12>, 

(4.12.19) 

Debye's equation, (7.10.3) 

Degree of depolarization, (7.16.1) 

Degree of polymerization, <9-l> 

number-average - , (9.1.8), (9.5.26) 

viscosity-average — , (9.3.7), (9.5.14), 

(9.5.16), (9.5.23), (9.5.24), (9.5.27) 

weight-average —,(9.1.9) 

z-average - , (9.1.10), (9.5.9), (9.5.13) 

Determinant, (4.4.14) 

Determination 

—of cloud point curve, <4-21-d> 

—of enthalpy parameter K©, <4-23-C> 

—of entropy parameter, <3-22>, <4-16>, 

<4-23-b> 

—of excluded volume parameter Z, <6-

19> 

—of Flory temperature, <3-22>, <4-16>, 

<4-23-b> 
—of number-average molecular weight, 

<2-9-a> 
—of osmotic pressure, <2-9-a> 
—of polarizability, <7-9> 
—of relative viscosity, (8.23.2) 
—of shape of particles from particle 

scattering factor, <7-7-a> 
—of weight-average molecular weight, 

(7.3.7) 
- o f x-parameter, <3-16-0, <3-21>, <4-

23-b> 

Differential equation, (6.16.12), (6.16.13), 

(6.16.16), (6.16.24) 

Diffusion coefficient, <9-29> 

Diffusion equation, (6.1.14), (8.16.3) 
Dirac's 8 function, <6-14> 

Divergence, (8.10.4) 

Draining parameter, (8.31.32), (8.40.3) 

Dumbbell-like molecule, <8-16>,<8-

17>,<8-18>,<8-45> 

Effective excluded volume per segment, 

<5-13>,<5-21>,<6-12> 

Einstein's viscosity equation, (8.27.1) 

Elastic modulus, (8.3.13) 

Enthalpy, <1-1>, (1.1.4),(1.1.10) 

Enthalpy of mixing 

- o f ideal solution, <2-3>, (2.3.1),(3.7.7) 

—of polymer solution, (3.7.6) 

End-to-end distance 

— for chain molecule with intemal 

rotation, <6-6-a>-<6-6-c> 

—of freely rotating chain, (6.6.35) 

Distribution of - ,<6-7> 

Mean square —of Gaussian chain, <6-

5> 

Entropy, <1-1> 

- o f mixing, <2-12>, (3.7.6) 
Entropy parameter, <4-16> 

Equation of motion 
—of viscoelastic fluid, (8.1.7) 

- o f fluid, (8.5.1) 

—under slow steady flow, <8-l 1>, <8-

12> 
Equation of continuity of fluid, (8.6.1) 

—under slow steady flow, (8.10.2), 

(8.10.3) 
Equilibrium polymerization, <9-16> 

Equilibrium condition, <4-l> 
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Euler's equation, (8.7.2) 

Excess Gibbs free energy of mixing, 

(2.12.11) 

Excluded volume 
-effect, <6-12> 

Effective - , (6.12.10), (6.12.11), 

(6.12.23) 

Effective — per segment pair, (5.13.5) 

Effective - , (6.12.10), (6.12.11), 

(6.12.23) 

-parameter, (5.20.3) 

Expansion factor, <6-12>, <6-13> 

First law of thermodynamics, (1.1.3) 

Fixman' s equation, (6.15.1) 

Flory enthalpy parameter at infinite 

dilution, <4-23-c> 

Flory entropy parameter at infmite 

dilution, <4-23-b> 

Flory-Fox equation, (6.13.30), (6.18.1), 

(8.30.18) 

Flory-Fox-Schaefgen equation, (8.38.1) 

Flory-Huggins solution, <3-5>-<3-14> 

Flory's theory 

0th approximation of — ,<3-5>,<3-6> 

Flory temperature, <4-14>, <4-23-a>, 

<4-23-b> 

Flory viscosity constant, (8.32.3) 

Fourier expansion method, (8.31.20) 

Fractionation 

-efficiency, <4-36>, (4.36.5), (4.36.6) 

Effect of fraction size in —, <4-38> 

Effect of overall concentration on 

efficiency of — ,<4-39> 

Successive precipitation —, <4-41 > 

Successive solution —, <4-41 > 

Fredholm integral equation, (8.31.14) 

Free energy of mixing 
—of athermal solution, <3 -4> 

— for random mixing, <3-3> 

Freezing point depression, <2-5>, (2,5.1), 

<2-6> 
—of non-ideal solution, <2-10> 

Gaussian chain, <6-l> 
Mean square end-to-end distance of —, 

<6-5> 
One-dimensional —,(6.5.2) 

Three-dimensional —,(6.5.6) 

Gaussian distribution 

Three-dimensional —,(6.4.46) 

Gibbs condition for two-phase equilibri­

um, <l-5>, (1.5.1) 

Gibbs-Duhem relation, <l-3>, (1.3.1) 

— for binary system, (3.13.6) 

— for polymer solution, (3.13.9) 

Gibbs free energy, <1-1>, (1.1.3) 

—on composition triangle, <4-8> 

Excess — of mbdng, (2.12.12) 

Flory-Huggins — formulticomponent 

solution, <4-28-a> 
Mean-molar — ,<4-5> 

—of ideal solution, (4.11.3) 

—of regular solution, <4-18> 

Mean volume — ,<4-12> 

—of Flory-Huggins solution, <4-19> 

-ofmbdng, (2.3.3), (2.12.7) 

—for random mbdng, <3-3> 

—of mbdng for ternary system, (3-19-

7)-(3-19-9) 
Molar —of mixing, (2.3.1) 

— surface of binary mixture, <4-6> 

Gibbs-Helmholtz equation, (1.2.10) 

Grand canonical ensemble, <5-7> 
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Grand partition function, (5.7.4) 

Guinierplot, <7-6> 

Hagen-Poiseille law, (8.14.1), (8.14.18) 

Helmholtz free energy, <1-1>, (1.1.2), 

(1.1.8), (3.4.3), (5.7.8), (6.4.21) 

Heat of mixing, <l-6>, <2-12>, (3.2.6) 

Hindrance factor, (8.33.4) 

Huggins' equation, (8.25.9) 

Huggins' coefficient, (8.25.9) 

Hydrodynamically equivalent sphere, 

(8.32.2) 

Hydrodynamic interaction, <8-31>, <8-

32> 

Ideal chain, <6-14> 

Ideal solution, <2-l>, (2.1.1) 

Heat of mixing of —,(2.2.4) 

Volumetric change in mixing of —, 

(2.2.5) 

Entropy of mixing of —,(2.2.6), 

(2.3.1) 

Three-component — ,<2-2> 

Imperfect gas theory, <5-12>,<5-13> 

Interaction parameter 

Long range —,(6.18.5) 

Short range -,(6.18.3) 

Interchange energy, <3-3> 

Internal energy, <1-1> 

Mean — for a fixed value of s, (6.14.5) 

Inverse Fourier transformation, (6.1.19) 

Inverse Langevin function, (6.4.34), 

(6.4.41) 

Jacobian, (6.14.7) 

Kamide-Matsuda method, <4-23> 

Kirkwood-Riseman equation, (8.31.31) 

Kirkwood-Riseman theory, <8-31> 

Koningsveld et al. method, <4-23> 

Kraemer equation, (8.25.10) 

Kuhn-Mark-Houwink-Sakurada equation, 

(8.30.19) 

Kurata-Stockmayer-Roig's equation, (6. 

17.11) 

Kurata-Yamakawa theory, <6-15>, <8-

32>, <8-40> 

Lame constants, <8-3> 

Langevin function, (6.4.33), (6.4.34) 

Lansing-Kraemer distribution, (9.13.1) 

Legendre function, (6.4.33), (6.4.34) 

Legendre transformation, (6.4.22) 

Laplace equation, (8.10.5) 

Laplace expansion, <4-29> 

Laplace transformation, (6.4.10) 

Lattice theory 
—of low molecular weight solution, 

<3.1> 
Light scattering 
—arising from concentration fluctuation, 

<7.13> 
— from optically anisotropic particles, 

<7-17> 

Limit of stability 

—for Flory-Huggins solution, <4-12> 

—for ideal solution, <4-l 1> 

—for regular solution, <4-11 > 

Lower critical solution temperature, <4-

6> 

—for (r+l)-component system, <4-10> 

Mark-Houwink-Sakurada equation, (8.30. 

19), <4-23-a>, <8-30>,<8-35> 

Mean force potential, <5-16> 

Mean molar Gibbs free energy, <4-5> 

—for ideal solution, (4.11.3) 

Mean volume free energy, <4-12> 
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Membrane osmometry, <2-7> 

Metastable equilibrium, <4-2> 

Metastable region, <4-6> 

Mixing 

-entropy, <l-4>, (1.4.8) 

—volume change, <l-4>, (1.4.4) 

Molar heat of — ,<2-2> 

— for ideal solution, (2.2.4) 

— for non-ideal solution, (2.11.7) 

Chemical potential of — forathermal 

solution, (3.4.5) 

-entropy, <l-4>, (1.4.8) 

Entropy of —forathermal solution, 

(3.4.12) 

Gibbs free energy of — for athermal 

solution, (3.4.4) 

—for ideal solution, (2.2.4) 

—for non-ideal solution, (2.11.7) 

Molar quantities in — ,<2-2> 

Molecular distribution function, <5-9> 

Molecular weight 

number-average —, (9.1.11), (9.5.4) 

viscosity-average - , (9.3.7), (9.18.10) 

weight-average -,(9.1.12), (9.5.5) 

z-average —,(9.1.13) 

Molecular weight distribution 

average, (9.1.7) 

mean, (9.1.5) 

m-th moment, (9.1.4) 

general log-normal — ,<9-14> 

Lansing-Kraemer — ,<9-13> 

Log-normal — ,<9-12> 

Most probable — ,<9-ll> 

Poisson — ,<9-15> 

Schulz-Zimm -, <9-9>, <9-10> 
Wesslau — ,<9-12> 

— for equilibrium polymerization, <9-17> 

— for condensation polymerization, 

(9.5.3),<9-16> 

— for radical polymerization, <9-8> 

Most probable wei^t distribution, 

(9.5.3),<9-ll> 

Navier-Stokes equation, (5.7.1) 

N-body distribution function, (5.9.2) 

Neutral equilibrium condition, <4-2> 

— for monodisperse polymer in binary 

solvent mixture, (4.9.2) 

— for quasi-ternary system (P2/P1/S0), 

(4.29.14) 

Newtonian (fluid), (8.9.12b) 

Newton's law, (8.1.7), (8.1.8), (8.1.9) 

Normal distribution function, (9.21.1) 

Non-free draining (chain), (8.30.16) 

Non-ideal solution, <2-10> 

No slip condition, <8-14>, <8-15> 

Oka's equation, (6.6.18) 

Oseen tensor, (8.13.13) 

Osmotic pressure, <2-7>, <2-9a>, (5.7.1) 

cluster integral, <5-10> 

-equilibrium, <2-7>, (2.7.3) 

—of polymer solution, (5.1.3) 

Imperfect gas theory of —, <5-15> 

Virial coefficients of — ,<5-ll> 

Virial expansion of —, (5.2.1) 

Pair segment potential, (5.12.3), (5.13.1) 

Partial molar quantities, <l-2> 

Particle scattering factor, (7.5.1) 

—for spherical particle, (7.7.6) 

—for rod-like particle, (7.7.11) 

— for Gaussian chain, (7.7.19) 

—for polydisperse polymer solution, 

(7.11.12) 
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— for polymers with Schulz-Zimm 

molecular weight distribution, (7.12.12) 

— for copolymer, (7.15.7) 

Partition function, <3-3>, <3-4> 

Pearl necklace model, <6-9> 

Penetrating function, <6-20> 

Perturbation theory, <6-12> 

Phase equilibria 

Stability of -,(4.1.1) 

Equilibrium condition of —, <4-1 > 

neutral state, (4.2.7) 

- o f polymer blend (P1/P2), <4-27>,<4-

28.b>-<4-28.e> 

Phase diagram 

—for binary mixture, <4-6> 

Phase separation, <4-6> 

Polar coordinate system, <5-20> 

Polarization extinction coefficient, (7.16. 

1) 
Poisson distribution, (9.8.13) 

Preaverage assumption, (8.31.10) 

Ptitsyn's equation, (6.16.7) 

Radius of gyration 

Mean square —,(6.9.1) 

Mean square — of excluded volume 

chain, (6.14.14) 

Random (flight) chain, (6.2.1) 

Random walk, <6-l> 

Random mixing, <3-2>, <3-3> 

Raouh's law, <2-4>, (2.4.2) 

Rayleigh's V law, <7-l>, (7.1.8) 

Rayleigh ratio, (7.3.1), (7.3.3), (7.10.2) 

Real solution, <2-13> 

Regular solution, <2-13> 

Mean molar Gibbs free energy of —, <4-

18> 

Strictly ~,<2-13> 

Reynolds number, <8-8> 

Rotational potential, <6-6>, (6.6.14) 

Scattered light intensity 
— from large particle, <7-4> 

— from solutions of small particles, 

(7.10.1) 

— from polymer solutions, (7.10.17) 

Shultz-Flory plot, (4.12.19) 

Shultz-Flory method, <4-23> 

Schulz polymolecularity index, (9.1.16) 

Schulz-Zimm distribution function, (7.12. 

l),(9.8.7)-(9.8.10), (9.8.14) 

Second law of thermodynamics, (4.1.5) 

Second virial coefficient 
—in membrane osmometry, (2.8.10), 

(5.11.1), (5.12.1), (5.12.7), (5.13.2), 

(5.16.4) 

—in vapor pressure osmometry, (2.18.1) 

—for polymer solution, (3.16.9) 

— for polymer solution (Flory-Huggins 

solution), (5.2.7), (5.3.4), (5.4.1) 

— for polymer segment with rigid sphere, 

(5.14.4) 

—for rigid sphere solution, <5-19>, 

(5.19.3) 
—from van der Waals equation, (5.5.8) 

Molecular weight dependence of —, 

<5-20> 
Temperature dependence of —, <5-

17>, (5.17.5) 
Imperfect gas theory of —, <5-15> 

Sedimentation coefficient, <9-29> 

Shear modulus, <8-2> 

Shear viscosity, <8-2> 

Single contact approximation, <5-20> 
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Slope of spinodal curve, <4-26> 

Spinodal, <4-6> 

Spinodal condition 

—for Flory-Huggins binary solution 

— for homogeneous polymer solution 

(P,/So), (4.12.8), (4.19.4), (4.20.17) 

—for ternary mixture, (4.9.1) 

-for ternary mixture (P3/S2/S1), (4.30.19) 

— for quasi-ternary system (P2/P1/S0), 

-for polymer blend (P2/P1), (4.28.16), 

(4.28.46) 

Stable equilibrium 

Criterion for —of binary system, 

(4.3.1), (4.4.1) 

Stable region, <4-6> 

Staudinger's viscosity equation, (8.30.18) 

Stirling's approximation, (3.3.7), (6.13.6) 

Stokes equation, (8.7.6), (8.13.15) 

Stokes'law, (8.13.15) 

Stockmayer-Fixman equation, (6.19.6) 

Stockmayer method, <4-23> 

Strain rate tensor, (8.5.6) 

Strain tensor, (8.3.9), (8.3.22) 

Stress equation (for fluid), (8.4.1) 

Stress-strain relationship, <8-2> 

Stress tensor, (8.3.8), (8.3.23) 

Strictly regular solution, <2-3> 

Svedberg equation, (9.29.1) 

Swelling coefficient 

—based on end-to-end distance (6.12.46), 

(8.32.13) 

—based on radius of gyration, (6.12.52), 

(8.32.13) 

—based on limiting viscosity number, 

(6.18.13) 

Taylor series expansion, (4.2.1), (6.12.32), 

(6.15.26), (6.15.31), (7.7.5), (8.3.13), 

(8.24.2) 
Thermodynamic interaction parameter %, 

<3-15>,<3-18> 
Concentration dependence of—, 

(3.16.1),(3.16.5),(3.16.6) 

Third virial coefficient 

— in membrane osmometry, (2.8.11) 

— in vapor pressure osmometry, (2.18.2) 

Total scattered light intensity, (7.2.1) 

Turbidity, (7.2.3), (7.2.6) 

—per unit length, (7.3.4) 

Two-body cluster integral, (5.21.1) 

Two-parameter theory, <6-18> 

Unstable equilibrium, <4-2> 

Unstable region, <4-6> 

Upper critical solution temperature, <4-

6> 

van Laar-Scatchard approximation, (3.2.6) 

van't Hoff s equation, <2-8>, (2.8.1) 

Vapor pressure depression 

— for ideal solution, <2-4> 

—for non-ideal solution, <2-10>'-<2-12> 

—for polymer solution, (5.1.2) 

Vapor pressure osmometry, <2-14>-<2-

20> 
Approximate approach to —, <2-16>, 
(2,16.3) 
Rigorous approach to —, <2-16>, 

(2.16.18) 
—Efficiency of measurement of —, 

(2.19.1) 
Virial coefficient, (2.18.10), (5.2.1) 
-a t 0 point, <3-16-b> 
—of polymer solution, (3.16.10), 

(5.2.6)-(5.2.8) 
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Viscosity 
Limiting —number, (8.22.4) 

-number, (8.22.3) 

—parameter 0 , <8-34> 

Reduced -,(8.22.3) 

Relative - , (8.22.1), (8.23.2) 

Shear -,(8.2.16) 

Volumetric -,(8.2.15) 

Viscosity-elasticity analogy, <8-4> 

Viscous dissipation, <8-19> 

Volumetric viscosity, <8-2> 

Wesslau distribution, <9-20> 

Zimmplot, <7-ll> 

aMaw, (6.15.1) 

aMaw, (6.13.34), (6.14.29) 

e temperature, <4-14>, <4-23-a>, <4-23-

b> 
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