Physical
Chemistry
of Polymer
Solutions

Kenji Kamide
Toshiaki Dobashi



Physical
Chemistry
of Polymer
Solutions

Theoretical Background



This Page Intentionally Left Blank



Physical
Chemistry
of Polymer

Solutions

Theoretical Background

Kenji Kamide
Faculty of Economics, Nara Sangyo University
Nara 636-8503, Japan

Toshiaki Dobashi
Faculty of Engineering, Gunma University
Gunma 376-8515, Japan

2000

ELSEVIER

Amsterdam - Lausanne - New York - Oxford - Shannon - Singapore - Tokyo



ELSEVIER SCIENCE B.V.
Sara Burgerhartstraat 25
P.O. Box 211, 1000 AE Amsterdam, The Netherlands

© 2000 Elsevier Science B.V. All rights reserved.

This work is protected under copyright by Elsevier Science, and the following terms and conditions apply to its use:

Photocopying

Single photocopies of single chapters may be made for personal use as allowed by national copyright laws. Permission of the Publisher and payment of a fee
is required for all other photocopying. including multiple or systematic copying. copying for advertising or promotional purposes, resale, and all forms of docu-
ment delivery. Special rates are available for educational institutions that wish to make photocopies for non-profit educational classroom use.

Permissions may be sought directly from Elsevier Science Global Rights Department. PO Box 800. Oxford OX5 1DX. UK; phone: (+44) 1865 84383@, fax:
(+44) 1865 853333, e-mail: permissions@elsevier.co.uk. You may also contact Global Rights directly through Elsevier's home page (http:/www.elsevier.nl),
by selecting ‘Obtaining Permissions’.

In the USA. users may clear permissions and make payments through the Copyright Clearance Center, Inc.. 222 Rosewood Drive, Danvers, MA 01923, USA;
phone: (978) 7508400. fax: (978) 7504744, and in the UK through the Copyright Licensing Agency Rapid Clearance Service (CLARCS). 90 Tottenham Court
Road. London W 1P OLP. UK; phone: (+44) 171 631 5555, fax: (+44) 171 631 5500. Other countries may have a local reprographic rights agency for payments.

Derivative Works
Tables of contents may be reproduced for internal circulation. but permission of Elsevier Science is required for external resale or distribution of such material.
Permission of the Publisher is required for all other derivative works. including compilations and transiations.

Electronic Storage or Usage

Permission of the Publisher is required to store or use electronically any material contained in this work. including any chapter or part of a chapter.

Except as outlined above, no part of this work may be reproduced, stored in a retrieval system or transmitted in any form or by any means. electronic, mecha-
nical. photocopying. recording or otherwise, without prior written permission of the Publisher.

Address permissions requests to: Elsevier Global Rights Department. at the mail. fax and e-mail addresses noted above.

Notice

No responsibility is assumed by the Publisher for any injury and/or damage 1o persons or property as a matter of products liability, negligence or otherwise, or
from any use or operation of any methods. products. instructions or ideas contained in the material herein. Because of rapid advances in the medical sciences,
in particular, independent verification of diagnoses and drug dosages should be made.

First edition 2000

Library of Congress Cataloging in Publication Data
A catalog record from the Library of Congress has been applied for.

Transferred to digital printing 2005
ISBN: 0 444 89430 6

€ The paper used in this publication meets the requirements of ANSI/NISO Z39.48-1992 (Permanence of Paper).
Printed and bound by Antony Rowe Ltd, Eastbourne



To our families



This Page Intentionally Left Blank



vii

Preface

Numerous physical properties of polymer solutions are known to be
significantly different from those of low molecular weight solutions. The most
probable explanation of this obvious discrepancy is the large molar volume
ratio of solute to solvent together with the large number of consecutive
segments that constitute each single molecule of the polymer chains present as
solute. Thorough understanding of the physical chemistry of polymer solutions
requires some prior mathematical background in its students. In the original
literature, detailed mathematical derivations of the equations are universally
omitted for the sake of space-saving and simplicity, which physicists hold in
high regard. However, students learning about the physical chemistry of
polymer solutions are predominantly chemists, whose physical and
mathematical skills are not necessarily high. In textbooks of polymer science
only extremely rough schemes of the theories and then the final equations are
shown. As a consequence, the student cannot unaided learn the details of the
theory in which he or she is interested from the existing textbooks. Without a
full understanding of the theory, one cannot analyze actual experimental data to
obtain more basic and realistic physical quantities. In particular, if one intends
to apply the theories in industry, accurate understanding and ability to modify
the theory as one wishes are essential.

This book is mainly concerned with building a narrow but secure ladder which
polymer chemists or engineers can climb from the primary level to an advanced
level without great difficulty (but by no means easily, either). The need for a
book of this kind has been widely recognized for many years among polymer
scientists, including ourselves, but as far as we know, no such book has yet
been published. We believe that this book is, in that sense, unique and
unparalleled. The Japanese manuscript was originally written by Kamide and
nearly completed in the 1970s and 1980s, but was not published. Based on these
Japanese manuscripts, Kamide gave a series of intensive lecture courses to
students at universities of Kanazawa, Hokkaido, Okayama, Osaka City, Essex,
Bristol and Bradford. The manuscripts, thanks to this valuable experience, have
been repeatedly revised and improved. The English edition was originally
planned for the beginning of the 1990s and the Japanese manuscript was
drastically reduced to fit the size requested by the publishers and transformed in
part into an English version for this book. Although this attempt was interrupted



viii

by Kamide’s illness, the book has now materialized through the enthusiastic
cooperation of Professor Dobashi.

This book describes some fundamentally important topics, carefully chosen,
covering subjects from thermodynamics to molecular weight and its distribution
effects. For help in self-education the book adopts a “Questions and Answers”
format. The mathematical derivation of each equation is shown in detail. For
further reading, some original references are also given. The contents of the
book frankly belong to the realm of classical physical chemistry, because it
does not treat areas newly developed during the 1980s and 1990s, such as
scaling theory and spectroscopic theory (e.g., NMR). To add chapters about
these areas is beyond both our ability and the planned size of the book. The
reader should not, however, consider that all the theories covered by the book
have already been firmly established. Any topic, although apparently mature
and fully grown, may start to develop quickly again due to the advent of a new
motive force, hitherto unknown, and so may present important new unsolved
problems. We experienced this in the study of phase separation and critical
phenomena of multicomponent polymer solutions during the 1970s and 1980s
(see, for example, K. Kamide, “Thermodynamics of Polymer Solutions : Phase
Separation and Critical Phenomena”, Elsevier, 1990). Throwing out “old” and
jumping after “new” techniques seems an inevitable fashion intrinsic as
inherent to polymer science as to other disciplines of applied science, but is not
always unconditionalily reasonable.

The authors will be very gratified if this book proves a help not only to
students at universities and to industrial researchers, who may be studying the
physical chemistry of polymer solutions and dissatisfied with existing books,
but also, as a reference book, to technologists intending to apply the physical
chemistry of polymer solutions to industrial practice (but not as a simple quality
control method, like a fully automated analytical instrument!) and to educators
teaching this or related subjects. We should like to thank Professor J. Eric
MclIntyre of University of Leeds, UK for his meticulous reading of the
manuscript, and for important suggestions. The authors would like to offer
thanks to Dr Masatoshi Saito, Dr Shigenobu Matsuda, Dr Hironobu Shirataki,
Dr Kunio Hisatani, Professor Yukio Miyazaki, Mr Kazuishi Sato, Mr Yuji Ito
and Mr Katsunari Yasuda of the Fundamental Research Laboratory of Fibers
and Fiber-Forming Polymers, Asahi Chemical Industry Company, Ltd.,
Takatsuki, Osaka, Japan, who cooperated in the downsizing of the Japanese



manuscript and in re-examination of the mathematical derivations in the text
although the authors are, of course, responsible for any possible errors and
mistakes in the book.

The authors have a pleasure of thanking Professor Motozo Kaneko of
Hokkaido University for sending us complete solution of <<Problem 8-45>>
and also wish to acknowledge the support of typing the manuscript to Mr
Takashi Sato of Gunma University.
The authors have a pleasure of thanking Professor Motozo Kaneko of
Hokkaido University for sending us the complete solution of <<Problem
8-45>> and also wish to acknowledg the support of typing the manuscript to
Mr Takashi Sato of Gunma University. The authors are grateful to thank
Hiithig & Wepf Verlag, The Society of Polymer Science, Japan, Elsevier
Applied Science Publisher, American Chemical Society, John Wiley & Sons,
Springer Verlag, American Institute of Physics, The Textile Machinery
Society of Japan, Pergamon Press and Oxford University Press for
permission to reprint Figures and Tables.
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A: Area

A; : i th vinal coefficient

a; : activity of i th component

B: enthalpy per contact area
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by, : m th cluster integral
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¢, : specific heat under constant pressure

¢y : specific heat under constant volume

c: velocity of light in vacuum

D: diffusion coefficient
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d’Q: differential heat

d’W: differential work

E: energy

E: electric field

E: unit tensor

e: strain

e: strain tensor

F: Helmholtz free energy
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F: force

fp: friction coefficient for translational motion
f,: friction coefficient for sedimentation
f,(n)dn: number fraction of the polymer with the degree of polymerization n
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G: Gibbs free energy

G: mean molar Gibbs free energy

G;; : differential of Gibbs free energy with respect to the mole fractions of i
th component and j th component

g: velocity gradient

g: Huggins’ free energy correction factor
g,(M): number distribution of molecular weight
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gw«(M): weight distribution of molecular weight
H: enthalpy

H; : partial molar enthalpy of i th component
h: Planck constant

h: inhomogeneity parameter for molecular weight distribution
Io: incident light intensity

I5: scattered light intensity

I;: transmitted light intensity

I: inertia moment

J: extensive thermodynamic variable

j: flow by diffusion

K: tension

K: Flory constant

K: optical constant

k: Boltzmann constant

k: degree of connectivity

k: reaction constant

k’: Huggins’ constant

L: camera length

Lo: molar heat of vaporization

I: segment length

I: position vector of segment

M: molecular weight

M,: number-average molecular weight

M,: weight-average molecular weight

M,: z-average molecular weight

M,: viscosity-average molecular weight

Mgp: sedimentation-diffusion-average molecular weight
my: molecular weight of segment

N: number of moles of molecule

N: number of molecules

Na: Avogadro’s number

n: association number

n: segment number or chain length

n: number density

ny,: medium for the degree of polymerization
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n,: number-average degree of polymerization

n,: weight-average degree of polymerization

n,: z-average degree of polymerization

n,: viscosity-average degree of polymerization

n,: refractive index of solution

n?: refractive index of solvent

P: pressure

P: polarization

P: stress tensor

P; : vapor pressure of i th component

P;" : vapor pressure of i th component before mixing
P(q): particle scattering factor

p: probability that condensation reaction occurs

pi : coefficient for concentration dependence of

Q: heat

q;: molecular partition function

Qw. : correction factor for molecular weight distribution
q: wave vector

R: gas constant

R: phase volume ratio

R: Reynolds number

R: end-to-end distance

R: vector connecting one end to another end of polymer
R.: radius of hydrodynamically identical sphere

R, : Rayleigh ratio

R,’ : reduced scattered light intensity

<R?> : mean square end-to-end distance

<R%>; : mean square end-to-end distance of unperturbed chain
r: radius

S: entropy

S: radius of gyration

S°: entropy before mixing

S;: partial molar entropy of i th component

<S8?>: mean square radius of gyration

s: scattering vector

so : sedimentation coefficient at infinite dilution
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T: absolute temperature

T: matrix for rotational mapping

T,: critical solution temperature

t: time

U: internal energy

u: potential energy

V: volume

V’: volume of dilute phase

V”: volume of concentrated phase

Vi, : partial molar volume of i th component
Vo: molar volume

Vo': molar volume of solvent

V°: molar volume before mixing

Vo : volume of molecule

v: partial specific volume

v: velocity

W: work

w: interchange energy

w: mean force potential between solute molecules
w; : weight fraction of i th component

X: parameter for free draining

x: distance from rotational axis to surface

X; : mole fraction of i th component

X, : critical mole fraction

Y: increment of refractive index

Z: partition function for canonical ensemble
Z: excluded volume parameter

z: coordination number

o: expansion factor

o polarizability

o: volumetric thermal expansion coefficient at constant pressure
og: end distance expansion factor

O : radius expansion factor

o, : viscosity expansion factor
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B : effective two-body excluded volume per segment pair or two-body
cluster integral

Y : shear modulus

Yi : activity coefficient of i th component

AG,;: Gibbs free energy of mixing

AG,: Gibbs free energy of mixing per unit volume
AH,: enthalpy of mixing

AQnix: heat of mixing

ASix: entropy of mixing

AV pix: mixing volume

Ap;: chemical potential of mixing of i th component
(superscripts id and E denote the quantities for ideal solution and excess
quantities)

8C: fluctuation of concentration

€ : dielectric constant

£ : interaction energy

€ : friction coefficient between fluid and small particle
M: viscosity coefficient

To:viscosity coefficient of solvent

1, relative viscosity

Tsp: specific viscosity

[Nn]: intrinsic viscosity or limiting viscosity number

Tlv : volumetric viscosity

E : partition function for grand canonical ensemble

€ : partition function for semi-grand canonical ensemble
O: Flory temperature

O: bond angle

K : isothermal compressibility

X : enthalpy parameter

X : elastic modulus

K, : Flory enthalpy parameter at infinite dilution

A: Lamé constant

A : absolute activity

Ao : wave length of incident light

[ : permeability

i : Lamé constant
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p : moment for molecular weight distribution

W : chemical potential of i th component

1;: chemical potential of i th component in vapor phase

u° : chemical potential before mixing

1o” : chemical potential of solvent

W; : differential of chemical potential with respect to mole fractions of i th
component and j th component

I1: osmotic pressure

p: density

ps: weight fraction of polymer partitioned in dilute phase

Py : Weight fraction of polymer partitioned in concentrated phase
© : partition coefficient

O: stress

o: steric hindrance factor

o: standard deviation

T: turbidity

T:delay time

®: Flory-Fox viscosity coefficient

¢o:volume fraction of solvent

¢ 1:volume fraction of solute

0y volume fraction of polymer with the degree of polymerization n
%: thermodynamic interaction parameter

Y : penetrating function

\: entropy parameter

V,: Flory entropy parameter at infinite dilution

Q: partition function for microcanonical ensemble

: vibration number

: angular velocity of molecular chain



Chapter 1 Fundamentals of Thermodynamics

<<Problem 1-1>> Internal energy, free energy and enthalpy

For an infinitesimal process of a system at constant temperature and constant
pressure, infinitesimal changes in internal energy U, Helmholtz free energy F,
Gibbs free energy G and enthalpy H are given by

dU=TdS—PdV+;uidNi (1.1.1)
dF =- SdT - PdV + 2p.dN; (1.1.2)
dG=-SdT + VdP + ;uidNi (1.1.3)
dH =TdS + VdP + ZpdN; (1.1.4)

Here, T is the temperature, S the entropy, P the pressure, V the volume, ; and
N; the chemical potential and the number of moles of i th component.

(1) Derive Eqgs. (1.1.1)-(1.1.4).

(2) Define the chemical potential |1 ; using Egs. (1.1.1)-(1.1.4).

Answer

(1) Consider an open system which permits the transfer of mass into or out of it.
Let’s denote infinitesimal quantities of heat flow from the surroundings to

the system as d'Q and work done on the system as d'W. From the first law,

the following equation holds:

d'Q

d'W

Fig. 1-1 Open system
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dU=d'Q+d'W + Zp.dN;

(1.1.5)

If the work is only due to an infinitesimal volumetric change dV under constant

pressure P, the work done by the system is

d'W = - PdV

and if the change is quasi-static or reversible,

d’Q = TdS

Then, substitution of Eqs.(1.1.6) and (1.1.7) into Eq. (1.1.5) gives
dU=TdS - PdV + X, pdN,

F, Gand H are deﬁlned by

F=U-TS

G=F+PV=U-TS+PV

H=U+PV

The total differentiation of Egs. (1.1.8)-(1.1.10) gives

dF=dU - TdS - SdT
dG=dF +PdV + VdP
dH=dU +PdV + VdP

Combination of Eq. (1.1.1) with Egs. (1.1.11)-(1.1.13) affords
dF =- SdT - PdV + 2N,

dG=-SdT + VdP + 2 pn.dN;

dH=TdS + VdP + zl‘,;lidNi

(1.1.6)

(1.1.7)

(1.1.1)

(1.1.8)
(1.1.9)
(1.1.10)

(1.1.11)
(1.1.12)
(1.1.13)

(1.1.2)

(1.1.3)
(1.1.4)

(2) Partial differentiation of Eqgs. (1.1.1)-(1.1.4) with respect to N; leads to

au)
W=\
oN;/s,v.N;
BF)
Hi={5—
ONi/TV N,
_[9G
M oN;/TpN,

(1.1.14)
(1.1.15)

(1.1.16)



oH )
i= 1.1.
" (aNi SN, (1.1.17)

where the subscripts S, V, T, P and N; mean that the partial differentiation is
carried out under the condition of constant S, V, T, P and N; (except for N;),
respectively.

<<Problem 1-2>> Partial molar quantities
Derive the following equations:

ol

(é%)mz’ i (1.2.1)
aui)

2 (1.2.2)
I

AT\  _

{a(l/T”P,Ni— ' (1.2.3)

Here, the partial molar quantities S;, V; and H; are changes in entropy, volume
and enthalpy accompanying the addition of one mole of component i to a
mixture at constant temperature under constant pressure.

Answer
From the first law of thermodynamics,

dG=- ST+ VdP + ZpdN; (1.1.3)

Partial differentiation of (1.1.3) with respect to T under constant pressure and
constant number of moles of i th component N; gives

aG

a2y =_5§ 1.2.4
(aT)P,Ni ( )
Further differentiation of Eq. (1.2.4) by N; affords

() | 2,

ON\OT ), [ ~\3T|oN, (1.2.5)

>IN N.
NJ' ! PN;

My is defined by
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oG
Hi=l 5N (1.1.16)
'JTPN;

j
Similarly Si is defined by

g [38 JafaG
i=19N. “\oN.| oT (1.2.6)
Y/ TPN, ! PN o

J
Here, the partial differentiation is made at constant number (mole) of the
components, except for component i. Then, we have

ol
il =S 1.2.1
(aT P.N; ( )

After differentiation of Eq. (1.1.3) with respect to P, we obtain
(aG

e =V 1.2.7
aP T,N; ( )

Further differentiation of Eq. (1.2.7) by N; and rearrangement of the resultant
equation using Eq. (1.1.16) gives

oV | 9 (oG _|afaeG RE (1.2.8)
oN, | T\oN\aP ), ( T\P\aN;| [ T\9P /.,
J N i) TN, i

Then, we have Eq.(1.2.2). G is expressed as

G=H-TS (1.2.9)
Using Eq. (1.2.4), we have
H=G-T(§9) =.T? M = a—(G—/T) (1.2.10)
I en oT o(1/7)
o] P’Ni PN

Eq. (1.2.10) is called the Gibbs-Helmholtz equation. Differentiating Eq.
(1.2.10) by N; , we obtain

AN
(]

J
PN, PN,



auifl“
= a((vr)) . (1.2.11)
From the definition |
HF(% - (1.2.12)
we obtain
Wl (123)
o(1/1) . ‘

Using Eqgs. (1.2.1) and (1.2.3), S; and H; can be evaluated from the temperature
dependence of the chemical potential ;. In other words, if we can determine
the chemical potentials as functions of T and P, the other thermodynamic
quantities such as S;, V; and H; are automatically determinable.

<<Problem 1-3>> Gibbs-Duhem relation

At constant temperature and constant pressure, the following relation (the
Gibbs-Duhem relation) always holds:

Y Ny, =0 (1.3.1)
Derive Eq. (1.3.1).

Answer

The extensive variables J are linear homogeneous functions of temperature T,
pressure P and the number of moles of each component N, N,... Thus, we
may write

JT,P,xN,xNy, - ) = xJ(T,P,N; Ny - ) (1.3.2)

Here, x is an arbitrary constant. Differentiating both sides of Eq. (1.3.2) with
respect to X, we have
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dJ(T,P,xN,,xNz,"-) E)J(T,P,xN,,xNz’...) oxN,)

dx a(le) ox
aJ(T,P,xN],xNz,“') 3(x,)
+ . + ...
o(xN,) dx
aJ(T,P,xN N )
-y -N.=J(T,P,N ,N2,~--) (1.3.3)
Putting x=1 into Eq. (1.3.3), we have
dJ
eed | = ) Bl 1.3.4
J(T,P,NI,NZ, ) 2 N,( aNi) (1.3.4)
N;
Using the expression
dJ
Ji =(—) (1.3.5)
" ONi e,
Eq. (1.3.4) is written as
J(T,P,N,,Nz,---> =Y NJ, (1.3.6)
i
* In case J=G, we have
G= ZNiGi (1.3.7)
i
Here, G; is identical with p;, e.g.
JG
= = 1.3.8
G, (BN.) of (138)
V1N,
Thus, Eq. (1.3.7) is replaced by
G=Y Ny, (1.3.9)
i

Total differentiation of both sides of Eq. (1.3.6) gives



3 o) dJ
dJ(T’P’N |.N2,"') "2 (W)T i (a—T)p,N.dT * (a’P)T,N-dP

i .
Nj

= Y NdJ, + 2JdN, (1.3.10)
In case of constant temperature and constant pressure, we have
aJ
dJ=z(5§) dNi=ZJidNi= ZNidJi+zJidNi (13.11)
' VTeN, '
Thus,
ZNdJ;=0 (13.12)

Putting Ji=p;, we have Eq. (1.3.1). If we put Ji=V;, S, or H; into Eq.(1.3.12),
we have corresponding equations.

* J. Willard Gibbs deduced Eq. (1.3.1) in 1885 (Gibbs Collected Works, vol. 1, p88 and The
Scientific Papers of J. W. Gibbs, vol. 1, Thermodynamics, Dover Pub., 1961) and later, P.
Duhem independently derived the same equation (P. Duhem, Le Potentiel Thermodynamique
et ses Applications, p33, 1886; P. Duhem, Compt. rend. 102, 1449 (1886)).

<<Problem 1-4>> Mixing volume change and mixing entropy

When an arbitrary number of liquid and solid phases, each of which contains
i components, are mixed with each other to conform a homogeneous solution,
write the equations for differential changes in volume and entropy, i.e., mixing
volumetric change AV,,i,(=V-V®) and mixing entropy ASmix(=S-S°), using
partial molar quantities. Here, the superscript 0 denotes the state of the
solution before mixing.

Answer
From the definition
Vi=(dV/oN;) and V;’=(9V°/oN;) (1.4.1)
we have
V=2VN;, (1.4.2)

and
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Vo= FVN, (1.4.3)

Here, £ denotes the summation over the components. From Egs. (1.4.1)-
(1.4.3), we have

- _ 0
AV =3VN.-ZVN-= Z(vi -V, )NI. (1.4.4)
Total differentiation of Eq. (1.4.4) gives
dAV,;, = VN, - V2N, + TN AV, - YNdV? (1.4.5)
Using the Gibbs-Duhem relation,
YNdV,=0, N4V’ =0 (1.4.6)
Combining Egs. (1.4.5) and (1.4.6), we have
(aAVmix =V, - V? (1.4.7)
oN;i J1pN,

Similarly, we obtain
AS =S -8= LN, (S,-5!) (1.4.8)
and

=; - S (1.4.9)
( oN; Jren,

<<Problem 1-5>> Gibbs condition for two-phase equilibrium

The condition that two phases, I and I1, are in complete thermodynamic
equilibrium at constant temperature under constant pressure is that the chemical
potentials of any components in both phases should be the same. That s,

pi=p' =123, (1.5.1)
Derive Eq. (1.5.1).

Answer

Gibbs free energy G'*" of a closed system which consists of phase I and
phase II is the sum of the Gibbs free energy of each phase G', G" as

G"*1=gl+G" (1.5.2)



Infinitesimal change in Gibbs free energy, keeping each phase at constant
temperature and constant pressure, is

dGl*i = (1.5.3)
Thus,
dG'""'=dG' +dG" =ZplaNt + Tp!'dN!' =0 (1.5.4)

Since the number of moles of the components in the closed system is constant,
we have

AN I gN'+aN" =0 (1.5.5)
Combining Eqgs. (1.5.4) and (1.5.5), we obtain

) HE Mani=0 (15.6)

Eq. (1.5.6) must hold for any values of dN;'. Thus, we have Eq. (1.5.1) (See
The Scientific Papers of J. Willard Gibbs, vol. 1, Thermodynamics, p65, Dover,
1961; J. W. Gibbs, Trans. Connecticut Academy, III. pp. 108-248, Oct. 1875-
May, 1876 and pp.343-524, May, 1877-July, 1878).

<<Problem 1-6>> Heat of mixing
Heat of mixing AQpx and differential heat of mixing for a system at constant
temperature and constant pressure are expressed in terms of partial molar

enthalpy of i th component in solution H;(=(9H/0N;)) and that in pure state H;’
as

AQmix=2N:AH; (1.6.1)

and

aAQmix 0

( N, ) =H;-H; (1.6.2)
TPN

]

Derive Egs. (1.6.1) and (1.6.2).

Answer

Heat of mixing AQnix is given by the difference in enthalpy of the solution H
and that of pure state H°
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AQmix =H - H° (1.6.3)

The enthalpies are expressed in terms of partial molar enthalpies H; in the
solution or H;" in the pure state as

H=2XHN, (1.6.4)

H’= ZH{N; (1.6.5)

Substituting Eqs. (1.6.4) and (1.6.5) into Eq. (1.6.3), we have

AQ;, = ZHN, - THIN = F[H, - HN= ENAH, (1.6.1)

Total differentiation of Eq. (1.6.1) yields

dAQ i = ZNdH; - N dH? + YHAN, - THYN, (1.6.6)

Using the Gibbs-Duhem relation, we have

2N dH; =0

YN dH? =0 (1.6.7)

Thus, we obtain

dAQ i, = ZHdN; - THAN; (1.6.8)

and

(@m_ix) =H -H (1.6.2)
oNi JtpN

* Solutions of AQ,=0 is called as athermal solution. Guggenheim wrote in his book that
¢ it was commonly believed that all athermal solution should be ideal’. This view was
openly challenged in a discussion held by the Faraday Society in 1936, at which Fowler then
suggested that this view could be proved or disproved by a statistical analysis of a mixture of
two kinds of molecules arranged on a lattice, each molecule of the one kind occupying two
neighbouring sites of the lattice and each molecule of the other kind occupying one site.  This
problem was attacked by Fowler and Rushbrooke (See R. Fowler and G. S. Rushbrooke,
Trans. Farad. Soc. 33, 1272 (1937)) and by Guggenheim (See E. A. Guggenheim, Mixture,
pp.183, Clarendon Press, 1952; E. A. Guggenheim, Trans. Farad. Soc. 33, 151 (1937))
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Chapter 2 Ideal and Non-Athermal Solutions

<<Problem 2-1>> Ideal solution
When the chemical potential ; of a solution is expressed as

u;(T.P) = p(T.P) + RTInx; (2.1.1)

the solution is defined as ideal solution. Here, uio(T,P) means the chemical
potential of species i at pure state, which is a function of temperature T and
pressure P, and x; is the relative proportion of i th component in the solution
(known as the mole fraction of species i),

N;
X;= -~
XN,

(2.1.2)

R=kN, is the gas constant, N; the number of moles of species i, N the total
number of moles, k the Boltzmann constant and N, the Avogadro’s number.
Derive the equations of (1)H;, (2)V; and (3)S; for ideal solution.

Answer
(1) From Eq. (1.2.3),

o\u/T
Hi= 8((1/’1‘))

i
Hi= o(1T)

(2.1.3)

Using Eq. (2.1.1), we have

AW/T) WM
3(1/T) = 3(/T) (2.1.4)

Thus,

H=H (2.1.5)
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(2) Similarly, from Eq. (1.2.2),

oy,
Y= (jﬁ)T N,

")

vOo- (?ﬁ)
! oP | o

v )

Using Eq. (2.1.1), we have

oy, au(i)
oP T,N»_ P TN,

1

Thus,
Vi=V}
(3) Similarly, from Eq.(1.2.1)

aui)
Si =-\ ==
(E)T PN,

SO=_ (9&2)
: oT Jon

)
Using Eq.(2.1.1), we have

aui) (au?)
—] =|==] +Rimx;

j j
Thus,

-Si=-S? + Rlnx;

or

S;=S? - Rlnx;

(2.1.6)

(2.1.7)

(2.1.8)

(2.1.9)

(2.1.10)

(2.1.11)

(2.1.12)



or
AS;'® = -Rlnx; (2.1.13)

where the superscript id means the ideal solution.

* Gilvert Newton Lewis named the solution which satisfies Eq. (2.1.1), as ideal solution (See
G. N. Lewis, J. Am. Chem. Soc., 30, 668 (1908))

<<Problem 2-2>> Molar quantities in mixing

Derive the expressions for (1) molar heat of mixing A Qumix (2)molar
volumetric change in mixing AV i, and (3) molar entropy of mixing AS i,
for ideal solution. For two-component ideal solution, (4) plot ASy;x vs.
xi(mole fraction of species 1) (5) show that AS iy attains its maximum at

x;=0.5 and (6) for three-component ideal solution show that AS;, attains its
maximum at X; = X, = X3 = 1/3.

Answer

(1)-(3) From Egs. (1.6.1), (1.4.4) and (1.4.8),

AQuix=2. xi(Hi'H(i)) (2.2.1)

AVp= Xi(Vi'Vio ) (2.2.2)

Agmix=2xi(si'5?) (2.2.3)
i

(Note Y x,=1)

Substituting Egs. (2.1.5), (2.1.8) and (2.1.12) for ideal solution

Hi=H} (2.1.5)

Vi=V? (2.1.8)

Si=S? - Rinx; (2.1.12)

into the above equations, we have

AQpix =0 (2.2.4)

A{'Imix =0

(2.2.5)
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~

BS iy = - R xIn; (2.2.6)

Thus, ideal solution is athermal solution, its volumetric change in mixing is
zero and

AS,; 20 (2.2.7)
(4) For two-component ideal solution, Eq. (2.2.6) reduces to

A§mix =- R(X Inx, + lenxz) (2.2.8)

Since x; + x; = 1, we have
AS /R =- {xllnx|+(l-x1) 1n(1—x,)} (2.2.9)
Thus, ASpix /R is plotted as a function of x,, as shown in Fig.2-2.

(5) Differentiating Eq.(2.2.9) by xi,

3(AS iR n( 1_,(1)

ox, X,

(2.2.10)

The condition for the extremum of ASpix

1.0
£ 05
7]
<4
0.0
0.0 0.5 1.0

Xy

Fig. 2-2 Molar entropy of mixing as a function of mole fraction of solute
for binary ideal solution
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9| AS,;

( mix )___0 (2.2.10a)
ox,

gives

.

155 (2.2.11)

Since 97 (AS mix /R)/0X,°=-4<0 at x,=1/2, ASpix has its maximum at x;=1/2
(6) For three-component ideal solution, Eq. (2.2.6) reduces to
AS, = R(x Inx | + X,Inx, + x3lnx3)

=-R{x,lnxl +xolnxy +(1-x; - x)in{1 - x, —xz)} (2.2.12)

The conditions for the extremum of AS ;.

a(Agmix/R) l- X1-X, ~0

> =In " (2.2.13)

1 1

and

a(Agmix/R) 1- X1-X,
%, =ln %, =0 (2.2.14)

give X;=X,=x;=1/3. Since the second derivatives of ASg;x

03 AS_;

_L_““_‘/li) = - 6<0 (2.2.14a)
ox,*

0%(AS, /R

_(5_"‘_) =-3<0 (2.2.14b)
X 19X,

82(A§mix/R)

—_—=-6<0 (2.2.14c¢)
0x.,>

2

are negative at
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X1=X2=X3 = (2214d)

U9 ==

AS pix has its maximum at this point.

<<Problem 2-3>> Entropy of mlxmg for ideal solution

Molar Gibbs free energy of mixing AG .y of ideal solution, AG 9, is
given by

AGS. =RTY xinx; (2.3.1)

Derive Eq. (2. 3 1) and the equation which gives the entropy of mixing for ideal
solution A S n;,'® using Eq. (2.3.1).

Answer
Molar Gibbs free energy of mixing is given by
~ 0
AGmix=Z (Gi'Gi)xi=Z (ui-u?) X; (2.3.2)

1 1
For ideal solution, from Eq. (2.1.1),
Wi - u¢ = RTInx; (2.1.1y

Substituting Eq. (2.1.1)’ into Eq. (2.3.2), we obtain Eq. (2.3.1).
From Eq. (1.2.9) at constant temperature and constant pressure, we have

AGmix = AI_Imix - TASmix (2-3-3)
For ideal solution,
AI':‘Imix = AQmix =0 (224)
Thus, we obtain
~id
" AG ..
B iy = - — =-RY, x{nx; (2.3.4)

This result is consistent with <<Problem 2-2>>.

<<Problem 2-4>> Raoult's law
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Consider an equilibrium between solution and vapor phase as shown in
Fig. 2-4(a). Assuming the vapor to be a perfect gas, the chemical potential of
species i in the vapor phase ;' is given by
i = p{T) + RTInP; (2.4.1)
Here, p;*(T) is the chemical potential of pure component i, which is in
equilibrium with the solution at temperature T, and P; is the vapor pressure of i

th component, which is in equilibrium with the solution. By use of Eq.(2.4.1),
verify that Raoult's law

P, =P{(T)x; (2.4.2)

is applicable to ideal solution. Here, P;° is the vapor pressure of pure i th
component liquid.

Answer
Chemical potential of ideal solution is given by

(a) (®)
N,
16f-\,
\.
5 \
T 12} N\
X N\
LN\
0 Q5
Xl

Fig. 2-4(a) Phase equilibrium between vapor phase and solution (b) Plots of
vapor pressure versus composition of binary mixture: methanol-ethanol
system at 24.95°C, where x; is mole fraction of ethanol (S. Takagi, T.
Kimura and F. Nishida, unpublished results (See K. Kamide, Colligative
Properties, in Comprehensive Polymer Science, Bds. C.Booth and C.Price
eds., Pergamon, Oxford, 1989, vol. 1, see also A.E.Pope,
H.D Pflug,B.Dacre and G.C.Benson, Can. J. Chem. 45, 2665 (1967))
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i; = pi(T.P) + RTInx; (2.1.1)

The necessary and sufficient condition for the equilibrium between the vapor
phase and the solution phase is given from Eq. (1.5.1) by

M = Wi (2.4.3)
Substituting (2.4.1) and (2.1.1) in (2.4.3), we obtain

P, = x;exp {u?(T,P) -4 (T)} / RT] (2.4.4)
Since Pi=P,® for x;=1, we have

P’ =exp {u?(T,P) —p;(T)} /RT] (2.4.5)
Comparing Eq. (2.4.4) and (2.4.5), we have

P,=P(T,P)x; (2.4.2)

Here, P is the total pressure (See, Frangois Marie Raoult (1830-1901), Compt.
rend. 104, 1430 (1887); Z. physik. Chem. 2, 353 (1888)).

Figure 2-4.(b) is the vapor pressure as a function of mole fraction for the
system methanol-ethanol.

* A more exact treatment suggests that the molecules of solvent and solute should have the
same size if Raoult’s law holds (E. A. Guggenheim, Trans. Farad. Soc. 33, 151 (1937)).

* Examples of solutions obeying Raoult’s law are

(a) methylsalicylate in diethylether

(b) ethylene bromide-propylene bromide at 85°C (J. Z. von Zawidzki, Z. phys. Chem. 35, 129
(1900)).

(c) benzene-bromobenzene at 80°C (M. L. McGlashan and R. J. Wingrove, Trans. Farad. Soc.
52, 470 (1956)).

(d) benzene-chlorobenzene (R. S. Berry, S. A. Rice and J. Ross, Physical Chemistry, p912,
John Wiley & Sons, 1980)

(e) benzene-toluene (methylbenzene) (P. W. Atkins, Physical Chemistry, p212, Oxford Univ.
Press, Oxford, 1978)

* Gilbert Newton Lewis defined a “perfect solution’ as one which obeys Eq. (2.4.2) (Gilbert
Newton Lewis, J. Am. Chem. Soc. 30, 668 (1908)) and Washburn called a solution which
obeys Raoult’s law throughout the whole range of compositions as ‘ideal” (Edward W.
Washburn, Z. phys. Chem. 74, 537 (1910)). Mixture of benzene and ethylene chloride obeys
Raoult’s law throughout the whole range of compositions (Gilbert Newton Lewis, J. Am.
Chem. Soc. 30, 668 (1908)).
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<<Problem 2-5>> Boiling point elevation and freezing point depression (I)
Consider a solution which is in equilibrium with a vapor phase or a solid
phase at T and P, and also consider the vapor phase or the solid phase to be in
equilibrium with pure liquid solvent at To and P. The temperature difference
T-T,=AT is directly related to the mole fraction of the solvent in the solution

X by

AT . _RTjpx 2.5.1
T Ly 0 (2.5.1)

Here, L, is the molar heat of vaporization. Derive Eq. (2.5.1).

Answer
The chemical potential of the solvent component in the vapor phase y,(T,P),

and in the solution phase J,'(T,P), are the same at T and P (see Eq. (1.5.1)):

WoT.P) = po(T.P) (2.5.2)
The chemical potential of ideal solution y,'(T,P) is given from Eq. (2.1.1) by
ioT.P) = ug(T.P) + RTlnx, (2.5.3)
Combining Eq. (2.5.2) with Eq. (2.5.3), we obtain

to(T.P) = ug(T.P) + RTInx, (2.5.4)

from the condition of the equilibrium between the solution and the vapor phase.
The chemical potentials of the solvent in the vapor phase and in the pure liquid
phase are the same at T, and P:

Ro(ToP) = ko[ ToP) (2.5.5)
Subtracting Eq. (2.5.5) from Eq. (2.5.3), we have
WoT,P) - pefTo,P) = u§T,P) - uYTo.P) + RTInxo (2.5.6)

Expanding this equation in a Taylor series under the condition of AT=(T-T;)<
T, we have

0
%(T - To)= %’{T - To) + RTInxo (2.5.7)

Thus,
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%-M)T-T RTI
(aT oT oFRTinxg

Using the relation

8;1-,)
_ =-8,
(aT PN,

we have

Mo _ ¢
%Mo __g
oT 0

and

M:-SO
at  °

Substituting Egs. (2.5.9) and (2.5.10) into Eq. (2.5.8), we obtain

-(86-88)(T-To) =- l‘—"(T -To) =RTlnx,

T
Thus,
Al - &IIDXO
T Lo

(2.5.8)

(2.1.9)

(2.5.9)

(2.5.10)

(2.5.11)

(2.5.1)

<<Problem 2-6>> Boiling point elevation and freezing point depression

(1D

Show that the molecular weight of solute evaluated using the relationship for

(1) boiling point elevation and freezing point depression

RT?
AT =- —L—O—lnxo

and (2) Raoult’s law
Py=Po (T)xq

is the number-average molecular weight

(2.5.1

(2.4.2y



Mn = Z,MiNi/Z,Ni
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(2.6.1)

where P, (T) is the vapor pressure of pure solvent phase and X’ denotes the

summation over all the components except i=0.

Answer

(1) Boiling point elevation and freezing point depression:

The weight concentration (g/cm’) is given by

C = z,MiNiN
From Egs. (2 6.1) and (2 6.2), we have

Z/

CV_ N L engve

where V, is the molar volume of the pure solvent.
In dilute solution (1> X'x;, Ng> Z'N)),

lnx0=ln(1 -Z’xi):—:——Z'xiE—Z’Ni/NO
i i i

Substituting Eq. (2.6.3) in Eq. (2.6.4), we have

Thus, Eq. (2.5.1)’ reduces to

AT =RTVE ¢
LO Mn

(2) Raoult’s law:
In dilute solution,

Xg=1- 2 x;=1-

Then Raoult s law is rewritten as

cvo

I'l

(2.6.2)

(2.6.3)

(2.6.4)

(2.6.5)

(2.6.6)

(2.6.7)
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0
CVO) (2.6.8)

P0=P8(T)(1 M
n

(See F. M. Raoult, Compt. rend., 104, 1430 (1887); Z. physik. Chem. 2, 353
(1888))

<<Problem 2-7>>Membrane osmometry

When a solution is separated by a membrane permeable only to solvent but
not to nonvolatile solutes (the membrane is referred to as a semipermeable
membrane), the solute molecules are unable to pass through the membrane,
resulting in a pressure difference, I1, between the liquid phases, which is
defined as the osmotic pressure. Derive the relationship between IT and the
difference Ay, in chemical potentials between the pure solvent

p.oo(T,P) and the solvent component in the solution py(T,P) at T and P:

I =- Aug/V (2.7.1)
where
Apo = po(T,P) - uy(T.P) (2.7.2)

and V,” is the molar volume of the solvent.

Answer
From the equilibrium condition (see Eq. (1.5.1)), the following relationship

Solvent

Fig. 2-7 Phase eﬁuilibrium between solution and pure solvent through
semi-permeable membrane
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holds:
uYT,P) = po(T,P + M) (2.7.3)

This is called the condition of esmotic equilibrium or solution-membrane-
solvent phase equilibrium. o (T,P+IT) can readily be represented by

Ho(T,P + IT) = pJT.P + I} + RTlnag (2.7.4)

Here, 3, is called the activity of solvent, and in ideal solution, from Eq. (2.1.1),

ap=xo holds. If IIKP, we can use a Taylor series to expand AuOO(T,P) with
respect to IT to obtain an approximate equation:

0
uYT,P + I1) = pYT.P) + %_F;O)n 2.7.5)
According to Eq. (1.2.2),
au8) 0
Hol=v, 2.7.6
( op) ° (2.7.6)
Combination of Egs. (2.7.3)~(2.7.6) gives
po(T.P) = pg(T.P) + VoTI + RTlnag= po(T,P) + VoI 2.7.7)
Thus,
Apo = po(T,P) - pdT,P) = - ITVY (2.7.8)

* A botanist Pfeffer discovered the phenomenon of osmosis  (W. Pfeffer, Osmotische
Untersuchungen, Leipzig, 1887).

<<Problem 2-8>> van’t Hoff’s equation
Show that the osmotic pressure IT of ideal solution is given by

I1 = RTC/M,, (2.8.1)
Equation (2.8.1) is the well-known van’t Hoff’s equation.

Answer
Ko(T,P) of ideal solution is expressed as:
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Ko{T,P) = ug(T,P) + RTInxo 2.1.1)
According to Eq. (2.7.8),
Ap RT
M=-—=-—Inx (2.8.2)
Vo Vo
X, 1s expressed by using the mole fraction of solute x; as
’
Xo=1-3"x; (2.8.3)
1

For dilute solutions, X’x; and the total volume of solution V are approximated

by
2N 2N,
Z/ X; = i

i —
, NO+Z’ Ni = N() (28.4)

V=VoNg+ 3/ VIN; = VN, (2.8.5)

Here, N, and N; are the mole number of solvent and solute i, respectively, and

Voo and Vio are the molar volume of solvent and solute i, respectively. By

substituting Egs. (2.8.3)-(2.8.5) into Eq. (2.8.2), we have an approximate
relationship such as

’
2N o
M=-RTn{ 1 - ~— V= ’N, (2.8.6)
No ’ V(())Nozi: l

where ZN;<N,. Total concentration of solute C is expressed as

Z' N;M; Z, N;
C=Y/C;=Y/NM/v=|- *
TR S e

=M,>/ N;/V (2.8.7)

If we substitute Eq. (2.8.7) in Eq.(2.8.6), the following relation is obtained:
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2N,
i RTC

RT . i _
STNM, M, (2.8.8)
i

M=—-C
VoNo

where the number-average molecular weight M, is defined by

4
z. NiMi Z, XiM

M, =——— =" (2.6.1y
Z N; 2 Xj
i

* In case of non-ideal solution, IT is expressed using Eq. (2.10.1), in the form

o RT
I=- Au0/V0= - ""‘alnao (2.8.9)

VO
Here, ay is the activity of solvent. Expanding the term Ina,, Eq.(2.8.9) can be expressed as
I/C = R'li-l— +AC+AC ... (2.8.10)
M,

with
A=V (M), A3=(Vo) /(M) ... A=(Vo")" /(M) (2.8.11)

(See J. H. van’t Hoff, Z. phys. Chem. 1, 481 (1887) and confer <<Problem 5-2>>).

* In general van’t Hoff’s equation is valid only in extremely dilute solution (J. H. van’t Hoff,
Vorlesungen iiber Theoretische und Physikalische Chemie, Part 2, 1903).
* The ratio I[V/C is called the reduced osmotic pressure.

* Osmotic pressure of solutions of polymers including dyestuff, gelatin, starch (1910-1916),
rubber (1914), cellulose ester (1927-1934), and proteins (1919-1930) were measured as early
as 1900-1930s, before the establishment of the concept of macromolecules.

* Wo Ostwald analyzed the literature data on rubber-benzene, guttapercha-benzene, cellulose
nitrate-acetone, gelatine-water and hemoglobin-water systems, showing that van’t Hoff’s
eqation did not hold for all the systems. He considered that the experimentally observed I1
is the summation of osmotic pressure, defined by Eq. (2.8.1), Il and swelling pressure p,,
proposing the equation

[1/C=I1, + p=RT/M + bC™! (2.8.12)
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where b and n are parameters. Experimentally, n~2 was confirmed (Compare with Eq.
(2.8.10)). This means that the plot of I/C against C is roughly linear and its slope depends
on the degree of solvation (Wo Ostwald, Kolloid Z. 23, 68 (1918), ibid. 69, 60 (1929)).

* G. V. Schulz constructed a convenient osmometer ( so-called Schulz-type osmometer) for
polymer solutions (G. V. Schulz, Z. physik. Chem. 176, 317 (1936)). He demonstrated that
the plots of (T/C-RT/M) vs. C, for example, for polyvinylacetate-acetone system constructs
roughly a single master curve, irrespective of M.  lim (I/C) (c_oy was confirmed to obey
van’t Hoff’s law

Jim (11/C) =RTM, 8.1y

* Following polymer solutions were cofirmed to obey van’t Hoff’s law:

(a) glycogen (M,=2.80x10°) in water, 0.1N CaCl, aqueous solution and formamide at 10°C
(C=5-50g/1)

(b) egg albumin in water (C=52.8-238.5g/1)

(c) serum albumin in water (C=5.90-16.22g/1)

Note that these polymers are globular or highly branched molecules, and they do not swell in
solvents (See 1. Sakurada, Kobunshi Kagaku Gairon (Polymer Chemistry), p49, Kobunshi
Kagaku Kyokai (Polym. Pub. Assoc.), (1948)).

* Molecular theories of osmotic pressure (See, for example, (3.16.9), (5.2.7), (5.11.4), (5.14.4)
and (5.19.2)) were proposed after large accumulation of experimental data.

<<Problem 2-9-a>> Empirical determination of osmotic pressure

Estimate the osmotic pressure in atm of a polymer solution consisting of
polymer with the molecular weight 1x10° and solvent with the concentration of
polymer,1g/100m! at 300K, using van’t Hoff’s equation.

Answer

Using the equation
I1=RTCM (2.8.8)
we have I1=(0.0821/gK)(300K)(10g/1)/(1x10°)=2.46x10*atm=2.54cmH,O.

<<Problem 2-9-b>> Empirical determination of number-average
molecular weight
Estimate the number-average molecular weight M, of polystyrene from the
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/e (107% dyne emg™)
x_

c (I03gem™)
Fig. 2-9-b Plot of the ratio of osmotic pressure II and concentration C
against C for polystyrene in toluene at 25 °C (See K. Kamide, Colligative

Properties, in Comprehensive Polymer Science, Eds. C.Booth and C.Price
eds., Pergamon, Oxford, 1989, vol. 1)

osmotic pressure data for System a, b, ¢ and d shown in Fig. 2-9-b.

Answer

From Eq. (2.8.10) and the intercepts in Fig. 2-9-b, we can estimate M, for
System a, b, cand d as 3.5, 6, 7.2 and 12.3x 10, respectively.

<<Problem 2-10>> Non-ideal solution (I)

Solutions whose components greatly differ in chemical structure and in
polarity exhibit remarkable deviations from ideal solution. The chemical
potential of the component i in nonideal solutions is generally given by

Wi = uY(T,P) + RTIna; (2.10.1)

with a;=y,x;. Here, a; and v; are the activity and the activity coefficient of the
component i, respectively. ¥, represents the extent of deviation from ideality
and is a complicated function of X; (j¥1) or the interaction between solutes and

solvent. (1) Derive theoretical equations for (i) vapor pressure depression,
(i) membrane osmotic pressure and (iii) boiling point elevation and/or
freezing point depression. (2)Derive the theoretical equation between the
osmotic pressure [T and the vapor pressure P, given by

=BTy, 2.10.2
Vo Ry (2:10-2)



28

Answer

For nonideal solutions, the equations for ideal solution are modified by
substituting a; in place of x;.

(1)(1)Vapor pressure depression; instead of Raoult’s law (Eq. (2.4.2)),we have
Py =Po(T)ag (2.10.3)

(i) Membrane osmotic pressure; instead of

M = - RT)px, (2.8.2)
\¢

we have

M =-RTpa, (2.10.4)
\%

(iii)Boiling point elevation and/or freezing point depression: instead of Eq.
(2.5.1), we have

2
AT =- %lnao (2.10.5)

(2) Combination of Egs. (2.10.3) and (2.10.4) gives Eq. (2.10.2). Note that
this equation holds its validity irrespective of whether the solution is ideal or
nonideal.

<<Problem 2-11>> Non-ideal solution (II)
Show that the following equations hold for nonideal solutions:

v,z V0 (2.11.1)
Si#S! (2.112)
H; # HY (2.11.3)

The above equations mean, respectively, that partial molar quantities of volume,

entropy and enthalpy of i th component of real solutions do not coincide with
those of pure liquid.

Answer
Referring to Eq. (2.10.1), we have
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;= uY(T.P) + RTlna;= pY(T,P) + Aui(T,P,xo,- : ) (2.11.4)

On the other hand, the relations between chemical potential and partial molar
volume for solution and pure solvent are:

aui)

_1 =V,

(ap . (2.1.6)
(Em?) V0 h
dP N, '

)

Partially differentiating Eq. (2.11.4) with respect to pressure P at constant T
and N; and combining with Eq. (2.1.6) gives

aui) (au?) 0 (8Aui)
! i =V;-V/=|—=— 20 (2.11.5)
( oP TN, oP TN, l oP TN,
In similar manners, the following equations are obtained:
oM, op AN,
5‘%) } (”aET_) =8, +80= (a_;l) 20 (2.11.6)
PN, PN, PN,
(/T o\ u/T o(Au/T
(ll, ) - (H, ) =Hi—H?= _Li_l £0 (2.11.7)
a(1/T) o(1/T) a1/T)
PN, PN, PN,

<<Problem 2-12>> Mixing in non-ideal solution

Derive the equations for (1) heat of mixing, (2) volumetric change in
mixing, (3) entropy of mixing, (4) Gibbs free energy of mixing and (5)
excess Gibbs free energy of mixing AGmixE defined by AGmixE=AGmix—

AG,,,i,(id , for non-ideal solutions, where the subscript id means the ideal
solution.

(1) Heat of mixing:
Combination of the equations for heat of mixing
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AQuyx= X, N{H; - HY) (1.6.1)
and
a(Aui/T)
H-H? = 2.11.7)
o) ., (

gives

AQuin= S N, ofau/T) £0 2.12.1)

mix i 1 a(l/T) P'N.

(2) Volumetric change in mixing:
Following the same procedure as (1), we obtain

d .
AVmix=zNi(Vi‘V?)=ZNi(—(aA;l—)) #0 (2.12.2)
i i TN

=Y
(3) Entropy of mixing:
Following the same procedure as (1) and (2),

ASmix‘_‘Ei,Ni(Si‘S?)='2i,Ni(i(§”:i_))PN (2.12.3)

i

Using activity a; and activity coefficient ¥; (a;=xY:), A, is expressed as

Aui(T,P,xo,x 1) = RTIna; = RTln xy;= RT(ln x; +In yi) (2.12.4)

Differentiating Ap,; by T, one obtains

dAp, din vy,

W)PN =RlIn xi+Rln ‘YI+RTT (2125)

i

Combination of Eqgs. (2.12.3) and (2.12.5) affords
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TN,

]

al
=-RZNlnx -RZNlnyl RTZN, ;TY‘ (2.12.6)

(4) Gibbs free energy of mixing:
According to the definition (See Eq. (2.3.3)),

AGmix = AQmix - TASmix (2-12'7)
where
ApJT
AQ i = ZN( ((m))) 2.12.1)
PN,

Since Ay, is expressed as Eq. (2.12.4), we have
a(Alli/T ) oln ¥,

=R 2.12.8

oT) (1) (2.12.8)

Combining Egs.(2.12.1) and (2.12.8), we obtain
dln dny; aln 'y,
A R N; N T
j §

Substituting Eqs.(2.12.9) and (2.12.6) into (2.12.7), we have
AG;, =RTY, Nilnx; + RTY, Nilny;= RTY, Njlna, (2.12.10)
(5) Excess Gibbs free energy of mixing:
According to the definition, we obtain
AGrix = AG i, - AGy= AGpy, - RTY, Nilnx; (2.12.11)

Substituting Eq. (2.12.10) in Eq. (2.12.11), we have
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AGE,, =RTY Niny, (2.12.12)
i

* Entropy of mixing for ideal solution is expressed as

ASE, =-RY Njnx;

(2.1.13y

According to the definition of excess entropy of mixing,
ASEiy = ASpix - ASS,, (2.12.13)
Substituting Eqs. (2.12.6) and (2.1.13)’ in Eq. (2.12.13), we have

Iny, dlny
AS i = - 2 Nilny; + TZ N, e RZ N; (IHY, T TI) (2.12.14)

From these equations, excess entropy of mixing and excess Gibbs free energy of mixing per
mole are derived as

~ ASE, dlny,

E mix i

Asmix=i—N—i=’Rzi: Xi(lnYﬁ—a‘m—T) | (2.12.15)
~ AGE;,

AGpy = ME, = 3 ; = RTZ xilny; (2.12.16)

i

<<Problem 2-13>> Real solution
How can we learn that a real solution is not an ideal solution?

Answer

(1) Heat of mixing AQ,,;, is not zero.

(2) Volumetric change in mixing AV, is not zero.
(3) Excess entropy of mixing AS_,;,” is not zero.

(HT1/C, AT/C and Po/Py° depends on concentration,where AT is the boiling
point elevation or freezing point depression.
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o
o

AP (mmHg)
[o]
H

Fig. 2-13 Vapor pressure depression AP plotted as a function of mole
fraction of atactic polystyrene with the number-average molecular weight
M, = 2.59 x 10* in cyclohexane at 34 °C. Open circles are experimental
results obtained by Krigbaum and Geymer. The broken line represents
Raoult’s law. (See K. Kamide, Colligative Properties, in Comprehensive
Polymer Science, Eds. C.Booth and C.Price eds., Pergamon, Oxford, 1989,
vol. 1)

Figure 2-13 shows the plot of AP(=P,-P,") against x, for atactic polystyrene-
cyclohexane system at 34°C.

* In ideal solution, cohesive energy is completely homogeneous. If any heat of mixing is
neglected, the mixtures are called athermal solutions.

* We can characterize physico-chemical properties of real solutions from the deviation from
well known standard solutions such as ideal solution, regular solution and athermal solution.
The name regular solution was first introduced by Hildebrand (See J.H.Hildebrand, J. Am.
Chem. Soc. 51, 66 (1929)) to describe mixtures whose behavior was found experimentally to
have certain regularities. So the definition was essentially an empirical one. Now we
commonly use Guggenheim’s definition of regular solution, i.e., any mixtures of molecules
satisfying all the conditions for forming an ideal mixture except that interchange energy w
defined in <<Problem 3-3>> is not zero (See E.A.Guggenheim, Proc. Roy. Soc. A 148, 304
(1935)). The molecules are thus assumed to be sufficiently alike in size and shape to be
interchangeable on a lattice or quasi-lattice, but the configurational energy is no longer
independent of the mutual disposition of the two or more kinds of molecules. When it is
necessary to distinguish this use of the name from Hildebrand’s original use of it, it is called
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strictly regular solutions, or for brevity, s-regular solutions.

<<Problem 2-14>> Vapor pressure osmometry (I)
Consider the case where a drop of pure solvent at temperature T, and a drop

of solution containing Ny(t) moles of solvent and N, (=constant) moles of

solute at temperature T(K), each located on a thermistor bead, are in contact
with saturated vapor of the solvent at temperature T, and vapor pressure

PO(TO)(gw/cmz). Determine the change in temperature of the drop with
time dT/dt.

Answer

Describe the surface area of the solution drop as A,(cmz) and the area of
contact between the solution drop and the thermistor or the thermocouple
including the lead wire as A, (=constant)(cm®) as shown in Fig.2-14. By

representing the condensation rate of the solvent vapor on to the solution drop
with dNy/dt(mole/s), the rate of heat transfer due to the condensation with

dQ,/dt (cal/s), the rate of heat exchange due to the solution drop/ ambient

solvent vapor temperature difference (i.e., difference in temperature between
the solution drop and the pure solvent drop)(T-T,) with dQ,/dt(cal/s) and the

rate of the heat conduction from the solution drop to the thermistor or the

@ thermoelectromotive meter

heat transfer from drop
to thermistor 3I

thermistor with surface area A,

AR §

Q

heat of condensati%
Q+— solution drop with
surface area A,
heat transfer from
drop to ambient vapor

Fig. 2-14 Illustration of vapor pressure osmometer
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thermocouple with dQ,/dt(cal/s), these rates of heat transfer dQ,/dt, dQ,/dt, and
dQ,/dt are given by

dQ,  dNt)

= AH— (2.14.1)
d_;?tz =K A((T - To) (2.14.2)
‘ithl = koAy(T - Ty) (2.14.3)

respectively, where AH is the heat of condensation (cal/mole), and k, and k, are

the coefficients of the surface heat transfer (cal/cm2 sK). The following
exothermic or endothermic changes in the solution drop/ambient vapor system
could be disregarded: (1)heat loss required by solvent condensed at temperature
T, for attaining to T, (2) heat production by the thermistor for self-heating, (3)
heat dissipation due to radiation, and (4) heat of mixing of the condensed
solvent and solution.

Taking into account the heat balance achieved by the solution drop in
question, the change in temperature of the drop with time dT/dt can be written
through use of Egs.(2.14.1) to (2.14.3) in the form:

dT < dQ;
2

CopVogyr = P (2.14.4)

where C,(calg/K) represents the specific heat under a constant pressure, V

(cm’) the volume, and p (g/cm’) the density of the solution drop.  Substituting
Eqgs. (2.14.1)-(2.14.3) in Eq. (2.14.4), we have the relation for the
temperature change of the solution droplet:

dT 1 |[dNgy)
Faor ( 3 )AH-(klA‘+k2A2)(T—TO) (2.14.5)

<<Problem 2-15>> Vapor pressure osmometry (1I)

It seems plausible to assume that solvent molecules in the vapor phase
transfer only through the diffusion mechanism when the solvent vapor
condenses onto the solution drop. Therefore, the rate of condensation
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dNy(t)/dt (here, Ny(t) is the solvent molecules of the solution drop at time t) is
shown to be related to the difference between the saturated vapor pressure
Po(To) (g/cm?) of the ambient pure solvent and the vapor pressure P(T) (g/cmz)
of the solvent in the solution drop through the formula:

dN, ()

" =k;A,{Py(Ty) - P(T)} (2.15.1)

where k; (mole/g sec) denotes the mass transfer coefficient which depends upon
the detailed mechanism of diffusion. Modify Eq. (2.15.1) by expressing P(T)
in terms of Py(T)).

Answer

The vapor pressure of solvent in the solution drop P(T) at temperature T is
related to the vapor pressure of pure solvent Py(T) through the relation:

P(T)=2,P,(T) (2.10.3)

Here a, is the activity of solvent in the solution. Since the temperature of
solution drop T is very close to that of ambient atmosphere Ty, then P(T) can
be expressed with sufficient accuracy in the form:

_ dP,(T) 1(d’Py(T) R
ro =)+ (B0 (11 (SO oy

(2.15.2)

Assuming ideal gas for solvent vapor, (dPy(T)/dT)r—r, in Eq. (2.15.2) is related
to Py(Ty) through the Clausius-Clapeyron equation:

dP,(T) [ an
(4, e

(See Clapeyron, J. L ecole polytechnique 14, No. 23, 153 (1834))
Differentiation of both sides of Eq. (2.15.3) by T yields

R

Eq. (2.10.3) can be rewritten by using Egs. (2.15.2)-(2.15.4) in the form:
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P(T)

=a0P0(T0){1 +(RAT“')‘2 ]@4@%(%]{(&?}} %}(T—TO)Z +}

(2.15.5)
Substituting Eq. (2.15.5) into Eq. (2.15.1) we obtain
dN, (1)
=k;APy(T
dt 3APy(T,)
2
q1=aof1+| oo [T=To)+ 3| s Kl e | -3 (T =T+
RT, 2\ RT, RT, T,
(2.15.6)

<<Problem 2-16>> Vapor pressure osmometry (III)

Using Eq. (2.14.5) for dT/dt in <<Problem 2-14>> and Eq. (2.15.6) for
dNy(t)/dt in <<Problem 2-15>>, derive the equation for the temperature
difference (T-Ty) at steady state, (T-Tp)s.

Answer
Combination of Eqgs. (2.14.5) and (2.15.6) gives

dT 1 AH
—= k.A,{1~- 1 T-T
dt Cpr[ 3 1{ ao[ +(RT02]( o)

sl

X Py(To)AH - (kyA, +k,A, )T - To)]| (2.16.1)

In the steady state, dT/dt=0. Then we obtain

SR O )

x Py(T,)AH - (k, A, +k,A,)(T-T,) =0

(2.16.2)
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(1) Approximate approach
If the term containing (T-To),’ can be neglected, Eq. (2.16.2) is simplified into
1—-

(T—TO) = )
s AH + kA, +k,A,

RTO2 k3A|P0(T0)AH

(2.16.3)

Eq. (2.16.3) was first derived in a different manner by Kamide and Sanada
(See K. Kamide and M. Sanada, Kobunshi Kagaku 24, 751 (1967)).
Note that the steady state can be applied not only to vapor pressure osmometry
but also to boiling point elevation method and cryoscopic method. In other
words, the classical equilibrium theory is not valid in these methods.

(2) Rigorous approach
Eq. (2.16.2) can be rearranged as

1 2 ,

5a(,AB(ATS) +[apA+C|AT, - (1-24) =0 (2.16.4)

where

AT, =(T-T,),

a=2H
RT,>

g=AH _2 ; (2.16.5)
RT,2 T,

. KA +KkA,

kBAlPO(TO)AH

D=(agA+C’)* +2a,(1-2,)AB

From Eq. (2.16.5), we obtain

. —(a,A+C')£D"?

(2.16.6)
° a,AB

AT 20 is the necessary condition. So, Eq. (2.16.6) with plus sign ahead of
D2 has a physical meaning. On the other hand, AT; can be expanded in a
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power series of (ay-1) as

d
AT =(AT), _ + (ﬂj (ag-1)
0 da, ag=!

1 (d>AT »  1{d*AT 3
+— a,-1) +—| — a, — 1) +--- 2.16.7)
2!(da02 L:]( o ~1) 3!Ldao3 ]ao=|( o~ (

From Eq. (2.16.6), we can calculate (dAT/da,), (d*AT/day?) and (d’AT/day?®),
and the results are:

dAT 1

day  ABa,’D"?
d’AT _

da,?

{—aOA(B+C’)—C'2 +C’D”2} (2.16.8)

1 AB+C)4C 2A(agA +C’)+2{(1-a,)-a,}AB 2,7D"?
ABa04D 2D1/2

-{-2,A(B+C")-C? +C'D""?}

x{2a DI 4 g2 2A(a0A+C’)+2{(1—30)—a0}ABH
0 0

2DI/2

’ ’2
=XBf:TD[{a0A(B+C')_2Cz2}Duz 2D+ ao{aOA(B +C)+C }
0

D1/2
x{A(aoA +C) +(1-2a,)AB}]

AT 1
da,> ABa,’D’

(2.16.9)

X([A(B+C)D"? +{a,A(B+C")+2C"* {{A(apA +C’) + (1-2a,)AB}D'
-4C"{A(aoA +C') +(1-2a,)AB} + D™"*{a,A(B+C")+C"*}
x{A(agA +C’)+(1-2a,)AB} +a,A(B+C"){A(a,A + C") +(1-2a,)AB}

+a,({a,A(B+C")+C?}(A? -2AB)) (2.16.10)

Using Eqs. (2.16.8)-(2.16.10), we obtain equations of (dAT/day) at ap=1
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(designated as (dAT/dag)a-1), (A*AT/dag?) at ag=1, (d?AT/day?)s-) and
(d*AT/day’) at ap=1, (d*AT/dag’),0=1, respectively, as

d_AIJ ] (2.16.11)
dao 2g=! A+C
d’AT A
=———1(A+C)-B (2.16.12)
] e
d*AT A 3ABZ}
=————{-6A(A+C’)+3B(A-C")+3AB- ;1 (2.16.13)
) - leseintacyon 28

Substitution of the relationships between ay and C

Ke 1V vV, 1V,
TR G o (S *a‘M—JC i
V. )2 V,
(1-80)2 = —LZO') C2+2(A2 _%ﬁ) h(/)[ (:3 (216'15)
s (Vo s
(l—ao) - v 4. (2.16.16)

(Note that Egs. (2.16.15) and (2.16.16) are derived from Eq. (2.16.14), C in
these equations means concentration (g/cm®) and A;, A; are the second- and
third virial coefficients determined by membrane osmometry) into Eq. (2.16.7)
gives

AT, = - dAT, Vo C
da, ) M

- ) vy
_(dATsJ (A2 _lX_)VO +l(d AZSJ _0_) C2
| da, 2g=1 2M? 2\ da, ag=l M
[ 2
[ dAT, A,-A, Vo I(Vo) V0+l d A2S

da, M 6\M 2\ da, o
L aO=] ap

2 3 3
XZ(AZ——I—V )V 1 MT— (ﬁ) c’ (2.16.17)
2M/M 6 da,’ 2=l M

In deriving Eq. (2.16.17), (AT;)a0-1=1 was considered.
Substitution of Egs. (2.16.11)-(2.16.13) into Eq. (2.16.17) yields

+

+




Table 2-16 Limiting value for the ratio of steady-state temperature difference A T, and concentration C,
calibration parameter K, molecular weight M,, and second virial coefficient A,, determined by vapor pressure osmometry
for solutions of atactic polystyrene in benzene at 40°C

Polystyrene fm (4T,/C) K, 107 My10' A,, -10°

Samplecode  YTTET  Kommolm s by by molem?g?
informed® VPO VPQO9

12a 0.576 1.169 02030  0.188 0.194 1.54

1la 0.310 1.448 0480 0348 0361 0.48

8a 0.110 1.165 1050 0982 1.018 —

2b 0.059 1.200 2.04 183 1.90 0.58

7a 0.0192 0.979 5.10 563  5.83 112

4a 0.0124 1.21 9.72 871  9.03 0.72

la 0.0052 0.83 1600 2077 21.50 117

3a 0.0030 1.23 4110 3600 37.30 0.92

? By supplier.

® M, was determined by putting K,=1.08-10°, which was obtained for benzil.
9 M, was determined by putting K=0.5-2.24-10°

(See K.Kamide, T Terakawa, H.Uchiki, Macromol Chem 177,1447(1976))

8%



42

AT, = K[(%) A,,CP+A,C +} (2.16.18)

with
- Vo _ Vo
> A+C  AH | kA, +k,A,
+
RTO2 ksAvPo(To)AH

(2.16.19)

where Vo(cm®/mole) is the molar volume of solute, M the molecular weight of
solute, A,, (mole cm3/g2), As, (mole cm6/g3), the second- and third virial
coefficients determined by vapor pressure osmometry, K the calibration
parameter depending on the nature of solvent (Po(To), AH) as well as the
dimensions of an apparatus (k, kz, A; and A;) in a very complicated manner.
K is experimentally determined by using

K =l M (2.16.20)

for the standard system of a solute with definite M in a solvent.
Combination of Egs. (2.16.3) and (2.16.14) gives Egs. (2.16.18) and (2.16.19).
In this case both approaches yield the same results.

* Typical example for the application of the above method is shown for the system
polystyrene in benzene in Table 2-16. (See K.Kamide K.Sagamiya & C.Nakayama,
Makromol. Chem. 132, 15(1970); K.Kamide, Kobunshi Kagaku 25, 648 (1968))

<<Problem 2-17>> Vapor pressure osmometry (IV)
According to the classical equilibrium theory of vapor pressure osmometry,
the temperature difference at equilibrium state (T-Ty). is given by

(T-T,), =K{(%) Az_vC2+---} (2.17.1)
with
2
K, =Yo_ RV (2.172)
A AH

Show that these relationships are a special solution of the general theory (steady
state theory):
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(T-T,), = KS{(—%)+A2,VC2 +A,,C’ +} (2.16.18)

_RT,'V, !

AH 1+[k,A,+k2A2] RT,”
k;A, Py (T, )AH?
2
=Ke/l+[k,A,+k2A2) RT, :
kiA, Po(T, )AH

Answer

In the equilibrium theory any heat transfer except heat of condensation (Q;)
is assumed to be neglected. In other words,

K

s

(2.16.19)

dQ,/dt=0 (2.17.3)
dQ,/dt=0
or
k=0 (2.17.4)
are assumed. Putting Eq. (2.17.4) into Eq. (2.16.19), we obtain
2

RT,"V,

K,(k, =k, =0)= A"H 0 =K, (2.17.5)

In any practical case k;¥0 and k,¥ 0, the equilibrium state can never be
realized. The term (k]A]+k2A2)RT02/(k3A|Po(To)AHZ) in Eq (21619) is
always positive. Then the inequality K <K, holds.

<<Problem 2-18>> Vapor pressure osmometry (V)

Derive the relationship between the second- and the third virial coefficient
determined by vapor pressure osmometry (VPQO) and those determined by
membrane osmometry:



2
K K, 1
| +=-= (2.18.1)
K K, 2

(2.18.2)

Here, A, , and A; , are the second- and the third virial coefficients in Eq.
(2.8.10) determined by membrane osmometry

E=RT{(—1—j A,,C+A, C? +} (2.8.10)
C M ' ’ '
Answer
Eq. (2.16.17) is rearranged with Eqgs. (2.16.11)-(2.16.13) in the form
VO
AT, =——= —
A+C' M

1 1V, 1 A , (%)2 )
H——|A, — =20y +-—2 _IHA+C)-BY} 2| [C
[A+C'( 20 2M2) 0 2(A+C')3{( )~ B} M

\% A%
+ l A30_A2°_0+1(_0) Vo
A+C’ ' "M 6\M

V, )V, 2
+1—A—3{2(A+C')-B}2(A20—1—%)—°
2(A+C) © 2M'/M
1 A 3AB? (v0)3 3
-o———{-6A(A+C")+3B(A-C")+3AB- 0 ic+--
6(A+C’)4{ ( )+ 38( ) A+C'} M

(2.18.3)
Comparison of Eq. (2.18.3) with
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AT, = KO[(%) A, ,CP+A, C +] (2.16.18)
affords us the evaluation of A, , and A;,. That is, we obtain
2
\Y K K., K
Ay =Ay, ——% 1R I 20 ) Beo B0 1 (2.18.4)
‘ T M2 K, 2K, K, VvV, T
Using the relationship
2
K., K K
Bso Be0 1 [Bso | [RT (2.18.5)
K. V\, T | K, AH

which is derived from Eqs. (2.16.19) and (2.17.5), Eq. (2.18.4) is directly
converted into Eq. (2.18.1).
In a similar manner, we have

A+C’| (dAT \Y V,?
A3,V = C - > A3,o - A2.o —9-+l 03 VO
Vo da, ) _ M 6M

0=

.\ d’AT, (A _l'Vo)Voz_l d’AT, (&)3
da,> ) _\"* 2 M) M 6{da’ ) \M
ap= g~

1 V2 1 V,\V, AB=(A+C)(A-C)
= A0 m T T T A TS g 2
©T3 M 2 M2)M (A+C’)
2 V2
oA Teepfoafer-2)ec(a-2)hea(a-2) |2
2 (A+C) T T T/ M
(2.18.6 )
Here
A+C)C - A)+A : K
( )( 2) B=1_2__Ig_ + KS _Eﬁ.__s‘o_g (2.187)
(A+C) K. K. K. K. T

and

el oo -2)-efa-Ban-3 |
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3K Y 3[R L I(Ke) K K1 (K) KL
“2lk,) 2(k.) 2(K K. Vo T \K) Vo T

3 2 2
(K K T (K ) (K 2z (2.18.8)
K.] Vv, T \K V,) T

€

Substituting Egs. (2.18.7) and (2.18.8) into Eq. (2.18.6), we obtain

NN

Vil K, (K.Y 3(K, L 1Ko YK, K, 1
+—|=- +2 — -2 ——
M le K, K. 2(k,) T2k K, V, T

€ e [

A3,v =A3, N(I) Azo!i

<02

E

(&)

P 0

O

£ -02

2 -04

£

E _06

kT,

T _08

S

(«Ix)» -10

QL

£ -1.2

- 10° 10° 10°

M

Fig. 2-18 Dependence of the second term in the right-hand side in Eq.
(2.18.1) on molecular weight of solute M for benzene solution at 37 °C.
Various values for K /K. are indicated on curves. (See K. Kamide, K.
Sugamiya and C. Nakayama, Makromol. Chem. 132, 75 (1970))
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(2.18.9)

It is worth noting that Eq. (2.18.9) was derived by neglecting the terms of the
order higher than the third on the right-hand side in Eq. (2.18.3). Therefore,
Eq. (2.18.9) is a closely approximate expression for A;,. Using Eq. (2.18.5),
Eq. (2.18.9) is rearranged to Eq. (2.18.2). Egs. (2.18.1) and (2.18.2) indicate
that generally the second virial coefficient determined by VPO, A, ,, does not
coincide with that determined by membrane osmometry, A; .

Ay, %Ay, (2.18.10)

<<Problem 2-19-a>> Vapor pressure osmometry (VI)
The efficiency of measurements in vapor pressure osmometry is defined by

ﬂ=&= ! (2.19.1)

(T_To)e K. 1+(klA|+k2Az). RT02
k;A, AH?Py(T,)

Discuss the experimental conditions effective to improve the efficiency on the

6 (col-g/mole-cm®)

o' 10° o' 10t 10*

Fig. 2-19 Theoretical relationships between the efficiency Ky/K. (ref. Eq.
(2.19.1)) and vapor pressure of solvent Po(To) (mmHg), where AH = 7x10°
(cal/mol) and T;=300 K. (See K. Kamide, M. Sanada, Kobunshi Kagaku
29, 751 (1967))
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basis of Eq. (2.19.1).

Answer
In order to increase the ratio K /K., it is effective
(1) to increase drop size (through the increase in A;)
(2) to measure at lower temperature (Tp)
(3) to utilize solvent with larger heat of condensation (AH)
(4) to utilize solvent with higher vapor pressure (Po(To))
(5) to measure at lower atmospheric pressure (diffusibility of gas is
approximately inversely proportional to atmospheric pressure P,. Then as P,
decreases diffusion coefficient increases and k; increases)
Note that the measuring efficiency does not mean the sensitivity.

<<Problem 2-19-b>> Vapor pressure osmometry (VII)

Discuss the effect of vapor pressure of solvent Po(T) on the sensitivity of
vapor pressure osmometry on the basis of Eq. (2.16.19) or Eq. (2.19.1)
_ Vo A

K&= = 0
*A+C AH, kiAt+k,A,

. 2.16.19)
RT," kA, Py(To)AH (
= K'
1L(k' Atk A)) Ry (2.19.1)

ksA, AHP(T,)

and calculate K /K. as a function of Po(To) in case of (kjA;+kAz)/ksA;z (cal
g/mol cm®) = 5 x 10°, 1 x 10%, 2 x 10*, 4 x 10* AH (cal/mol)=7 x 10°,
T(K)=300.

Answer

As Py(T,) increases both K and KJ/K. increase. Fig. 2-19 show Py(To)
dependence of K(/K, .

<<Problem 2-20>> Vapor pressure osmometry (VIII)
Discuss the conditions under which

Ay, =A,, (2.20.1)

is realized.
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Answer
A, , isrelated to A, , through Eq. (2.18.1)

2
T
Ay, =A, + o IRl 17K K, 1 (2.18.1)
: " m2)IlaH 2)\K,) K, 2

When Eq. (2.20.1) is satisfied, Eq. (2.18.1) is converted to

2
RT, _1)[Ks) K 1 _, (2.20.2)
AH 2J|K,) K, 2

€

From Eq. (2.20.2), we obtain

Ke_ 1 (2.20.3)

K. 2RT, %
1+ 0
( AH)

When the ratio Ky/K. is in agreement with Eq. (2.20.3), Eq. (2.20.1) is realized.
In case where

K=K, (2.20.4)
is hypothetically valid, Eq. (2.18.1) is simplified into

Ay =A,, +(MY%.IZ_E)= A, +_I;0_K417 (2.20.5)
Generally, the relationship

K, << T,M? (2.20.6)
holds, then Eq. (2.20.5) is reduced to

Agy = Ay, (2.20.1y

* Putting R(cal/(degmole))=1.987, TyK)=300, V,(mVmol)=100, AH(cal/mol)=1 x 10%
M=300, we obtain K.=1.8 x 10°<<ToM?=2.7 x 10",
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Chapter 3 Lattice Theory

<<Problem 3-1>> Lattice theory for low molecular weight solution
Suppose a binary mixture consisting of N, molecules of A and Ny molecules

of B on a lattice with a coordination number z (each molecule has z nearest
neighbors). Here, the total number of sites N is the sum of N and Ng:

N=Nj+Ng (3.1.1)
We consider only the interactions between the nearest neighbor molecules and
denote the interaction (potential) energy for a pair of molecules A-A, B-B and

A-B as €,,, €gp and €, (=€g,), respectively, and the numbers of the three pairs
by Paa, Pggand Pyg.

(1) Evaluate P,, and Pgz when P, is given by
Pap=12X (3.1.2)

(2) Evaluate the total lattice energy E (with neglecting non-nearest neighbor
interaction)

(3) Show that with a formation of single pair A-B, the increase in the lattice
energy is given by

8=£AB-§AA—;'__8£B, (313)

(4) Discuss the sign of € in relation to the solvent nature.

olele

\by [¢)[e)[e}[e][e][e][e) (e} e} (e

0/0]0|0|0|0|0[0|0I0

Oolo|o[0l0|e|e|O[0]|O
[e][e)( )[e)(e][e}(e](e)(®](
[e)[e)(e)(e}[e)[ ){e][e][ Jie]
0|0]|0|O]e|O[O]|e|®|O
0/0]|0|@|0|0|0[0}|®|O
0/0]0|0|0|e|0|®@|0]|O

o
@
. J
@)
@)
®
®)
®
)
| J

w [e)[e)[e)[ ](e]ie](®]

X
@

Monomeric solute molecules distributed over a liquid lattice
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Answer

(1) The total number of pairs being originated from A is zN,, which is the
summation of two times P,, and P,g, that is,

ZN,=2P g+ Pap=2P s +2X (3.1.4)
Then we obtain

Paa=2(Np-X)/2 (3.1.5)
Similarly,

Pyg=2(Ng-X)/2 (3.1.6)

(2) Total lattice energy E is

E =Paa €aa +Pap €ap +Ppp€ap 3.1.7)
From Egs. (3.1.2), (3.1.5) and (3.1.6), we obtain

€, +E
E= %NASAA + -;—NBSBB +2X (SAB - ;AA—z—‘ili) (3.1.8)

(3) In Eq. (3.1.8), the first two terms correspond to the interaction energy for
pure components before mixing, and the third term to the interaction energy
generated by mixing. Then, we have Eq. (3.1.3) for the interaction energy
for forming a single pair A-B.

(4) The lattice energy E, for N, molecules of pure A and Ny molecules of pure
B before mixing is given by putting X=0 in Eq. (3.1.8) as
z

¥4

Then the energy of mixing AE is given by the difference E-E:

E,a+E
AE:zX(eAB-i—A—i—’—’E)qu (3.1.10)

The energy increases by mixing when £>0. In this case, mixing is not favored.
When €<0, mixing is favored. Note that, in practice, the entropy contribution
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can never be ignored and we cannot judge the solubility simply from the sign
of &.

* Coordination number z is defined as the number of the nearest-neighbor lattice points of
an arbitrary lattice point. z of a simple cubic lattice, a body-centered cubic lattice and a face-
centered cubic lattice are 6,8 and 12, respectively. A lattice with z=12 is called close-packed
because no higher value of z is geometrically possible.

* Usefulness of the lattice theory in study of the mixing entropy of polymer solutions were
suggested also by Meyer and Mark (K. H. Meyer and H. Mark, Hochpoly mere Chemie, Bd.
2, p549 (1940)). (See also N. Saito, Polymer Physics, Shoka-Bo, p 108, 1960)

<<Problem 3-2>> Bragg-Williams approximation
Evaluate P,zin Eq. (3.1.7) in case of random mixing [i.e., the case

€aa=Epp=Eag]-

Answer
Choose two neighboring sites ((i) and (ii)) on the lattice. Then the

probability of molecule A on (i) is

Al A

()= m 3.2.1)
and the probability of B on (ii) is
Beiie_ VB

(u)—m (3.2.2)

Then the probability that a given (i)-(ii) pair is a pair A-B (A(i)B(ii) or
A(ii)B(i)) is given by

Ny Ng NaNg
X X =2 3.2.3)
Nyo+Ng  Ny+Np (Np+Ng)2

2

In Eq. (3.2.3), the factor 2 is multiplied in order to take into consideration the
two cases: Case 1; A is located on (i) and B is located on (ii) and Case 2; B is
on (i) and A is on (ii). P,p is given by the product of the factor of Eq. (3.2.3)

with the total number of nearest neighbor pairs in the system z(N,+Np)/2 as
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m}; (3.2.4)

Consequently, the parameter X is obtained as
NNy
= m (3.2.5)

for random mixing. This assumption is called the Bragg-Williams
approximation. This is also referred to as the zero-th approximation.
Combination of Eqgs.(3.1.10) and (3.2.5) leads to

NxNg

AH=AE=£ZX=€Zm (326)

* Bragg and Williams proposed the above assumption in their study of the arrangement of
atoms in an alloy (See W. L. Bragg and E. J. Williams, Proc. Roy. Soc. A145, 699 (1934)).

<<Problem 3-3>> Free energy of mixing for random mixing

Consider two kinds of molecules A and B sufficiently similar in size and
shape so that they are interchangeable on a lattice. Assume a crystal of the
pure substance containing N molecules of A has an energy -Ny, when all the
molecules are at rest on their lattice points and the zero of energy is defined as
that of the molecules at rest at infinite separation. If interactions between
pairs of molecules are not nearest neighbors, we may regard -2),/z as the
mutual energy of neighbors both at rest on their lattice points. The mutual
energy -2xp/z is similarly defined for the crystal B. If we mix the two
substances, there will be contributions to the potential energy of the crystal
from AB pairs of neighbors as well as from AA and BB pairs. The mutual
energy of a pair of neighbors, one A and the other B, is denoted by (-)4-
Xstw)/z and w is called the interchange energy. Let’s mix MN(1-x)
molecules of A and Nx molecules of B on the lattice. Derive the expressions
for (1) the partition function Z, (2) the change in free energy AF ., by
mixing (i.e., free energy of mixing), and (3) the partial molar free energy of
mixing for each component AF,, * and AF,;”, on the assumption of w=0

(EAn=Epp=€ap)-
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Answer
(1)The partition function Z is expressed as

Z=0@Nx) e E'* (3.3.1)

Here, @(N,x) is the total number of distinguishable ways of arranging N~=N
(1-x) identical molecules of A and Ng=N x identical molecules of B on the
lattice, and thus, the number of combinations of taking N (1-x) lattice sites
from total N lattice sites at a time,

N!

Nx)= :

AE, the energy of mixing is given by
AE=-N(1-x)xs-Nxxg (3.3.3)

Substituting Egs. (3.3.2) and (3.3.3) in (3.3.1), we obtain
N

{N(1-x ;}!{Nx}! =P [{

N(l-x)xA+NxxB}/kT (3.3.4)

(2) Helmholtz free energy F is related to partition function Z through the
relation

F=-kTlogZ (3.3.5)

where k is the Boltzmann constant. Substituting Eq. (3.3.4) for Z in Eq.
(3.3.5), we obtain the free energy for the binary mixtures of A and B,

F=-kTlogZ=-N(1 -x);(A-NxxB+NkT<( 1-x)log(1l -x)+x10gx}
(3.3.6)

In derivation of Eq. (3.3.6) we utilize Stirling’s approximation

logN'=Nlog N-N (3.3.7)

The free energy of the system consisting of pure A and pure B, F,, is given by

Fo=-N(1-x)YA-Nxxp (3.3.8)

Then the free energy of mixing AF,,;, is obtained as

mix

AFmix=F-F0=/VkT{(l-x)log(l—x)+x10gx> 3.3.9)
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* Since at constant pressure the expression for Gibbs free energy of mixing AGy,, for the
lattice is the same as that for Helmholtz free energy of mixing AF i, Eq. (3.3.9) is identical to
Eq. (2.3.1) for ideal solution. Thus, the assumptions that two molecules in the solution are
interchangeable and the interchange energy is zero (random mixing) are the conditions
sufficient for a mixture to be ideal.

(3) Partial molar free energy of mixing of the component A is calculated as

0AF .
A X
AI;‘mixz a/‘zxszlog {l—-;} (3.310)
Similarly, AFL. is obtained as
1-x
AFB. =KTlog {—x—} (3.3.11)

<<Problem 3-4>> Free energy of mixing for athermal solution
The partition function Z for athermal solution is given by

]
VAVA!

N M, z
q)'qy’ exp "z‘ﬁ(/vlgll’L/Vzezz)} (3.4.1)

where we consider the case that N, molecules of A and N, molecules of B are
placed on N,+N, lattice sites with lattice coordination number z (i.e., the
number of the nearest neighbors of a site). q, and g, are the partition

functions relating to the molecular motions of molecules A and B, respectively,
around a lattice site, and €,, and ¢,,, the interaction energy of A-A pair and B-

B pair, respectively. On the basis of Eq. (3.4.1), derive (1) Gibbs free
energy, (2) chemical potentials of A and B, Y, and |,, and (3) entropy of
mixing AS,;,. Here, assume that the total volume of the mixture V can be
considered as the summation of the volumes of pure liquid A and pure liquid B,
that is,

V =N1V1 +N2V2 (3.4.2)

where V, and V, are the volume of a molecule in pure A and B liquids,
respectively.
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Answer

(1) Partition function Z is related to Helmholtz free energy F and Gibbs
free energy G as

F =-kTlog Z (3.3.5)
G=F+PV=-kTlog Z + PV (3.4.3)

Substituting Eq. (3.4.1) for Z in Egs. (3.3.5) and (3.4.3), we obtain
G=‘kT[(N] +N2)10g(N1 +N2)‘N|10gN] 'NzlogNz

z
+ N)log q, + N,log q, - KT (Ng, +Nsgp) 1+ P (N V, +N,V;)
(3.4.4)
In derivation of Eq. (3.4.4), Stirling’s approximation (Eq.(3.3.7)) is used.

(2) The chemical potential ; is obtained by partially differentiating Eq.
(3.4.4) with respect to NyN, as

oG
lll:(éﬁl)"rleA

M K Tlogq, + 2
N, +N, gdit3

=|kTlog £,,+PV; [N, (3.4.5)

Here we denote the chemical potential of pure liquid A at T and P as TS
u1°=( -kTlogq, + %e” + PV,)NA (3.4.6)

Then Eq. (3.4.5) is reduced to
u1=u10+RTlogx, (3.4.7)
where x, is the mole fraction

N,

X4 =m (348)
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Similarly, we obtain

M, = uzo + RTlog x, (3.4.9)

(3) The chemical potential y; is related to the partial molar entropy S; by

3 (k-1
=9..g0-_ 7t 7 3.4.10
AS;=S;-S; =7 ( )
Substituting Egs. (3.4.7) and (3.4.9) in Eq. (3.4.10), we have
AS;=-Rlogx; (i=1,2) (3.4.11)

The entropy of mixing is expressed as
AS . =S-S°=3N, (S;- S%) =INAS~-k (Mlogx, + Mlogx,)  (3.4.12)

mix

<<Problem 3-5>> Flory’s theory (I): 0" approximation theory for
polymer solution

Calculate the total number of ways w of arranging ©, identical polymer
molecules, each of which is composed of n chain segments, and No identical
solvent molecules on the lattice consisting of N (=No+ nNy) sites. Here,
assume that a chain segment is equal in size to the solvent and neglect the
possible variation of the energy for given ways of arranging the polymers and
solvent molecules.

Answer . .
A segment or a solvent molecule can be located on a site of the lattice (Fig.

9|0|0|0|0{|®(0[0
oloje|O]eeO|ereie
O[0]|®1®|0{®]|0|0l0]e®
O|e19|0[0]|e19|0|®:e
olojeie/Olete[Ole/o
olojole[o]e|O|O|ete
[e}[&)( 3 @[3 )(e)(e)[e)
[e](e)[ J(el{el[e) J(e)(e)(e)
O[0| o101e{e18|0[0]|0
0} 0)[e][e])[e][e](e)(e](e][e]
Fig. 3-5 Segments of chain polymer molecules located on a liquid lattice
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3-5). Let’s insert each segment of the first polymer molecule and the second,
the third,... polymer molecules. After N’ -1 polymer molecules have been
inserted previously, polymer molecule N’ is inserted. The total number of
the arrangement of this case is denoted by v,.. Then, w is given by the
product of v; for each molecule added consecutively to the lattice divided by
N] !as

w Vi VoV vy

1
—Nl—!‘ (3.5.1)

Here, note that all N, polymer molecules are indistinguishable from each other.
The way of arrangement of N, solvent molecules on the remaining lattice sites
N-nN, (=N,) is evidently unity. Next let’s evaluate v ,. for polymer N’.

Let’s define the number of ways of arranging the first segment (in this case, the
end segment) on the lattice as v . ,, and that of the second segment neighbor

to the first segment as v, ,,..., then v,. is given by

vy=(1/0) VNN aYa, (3.5.2)

Here, G is two for the case when the head and the tail of a polymer molecule
are indistinguishable and one for the case when the head and the tail are
different. ~ When we try to insert the first segment of molecule N’ into the
lattice, N’-1 polymer molecules, that is, n( N’-1) lattice sites have been
arranged previously.  Then the first segment can be inserted on the remaining
sites N-(n(N’-1)). Thatis, v,. coincides with the total number of vacant

sites,
vy =N-n(N-1) (3.5.3)

The second segment can only be inserted to any of the z neighbors of the site
occupied by the first segment of polymer molecule N’. Note that the first
and the second segments are directly connected. It can never be considered
that all the z neighbors are vacant, because N’ -1 polymer molecules have been
arranged previously on the lattice. Let’s assume that the probability of
occupation of a given neighbor site by any segmentof 1 ~ N’ -1 polymer
molecules equals the average probability of occupancy n(N’-1)/N, thatis V.,

is given by

vN-'2=z{1 -n(N -1 )/N} (3.5.4)
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This assumption is equivalent to assuming that the average concentration of the
polymer segments in the site adjacent to the sites unoccupied by the polymeric
solute is taken to be equal to the overall average concentration. Similarly, the
third segment is located at a site immediately adjacent to the site occupied by
the second segment. In this case, one site occupied by the first segment
eliminates one of the neighboring sites; one of the neighboring sites of the
second segment has been occupied by the first segment, and the third segment
can be located on a vacant site among (z-1) sites;

vN-'3=(z-l)<l-n(N'-1)/N} (3.5.5)

All expected numbers V. 4, V. s,... for each successive segment are taken to
be equal to (z-1){1-n( N’-1)/N}, that is,

VN‘,4=VN.,5 = - VN"n= ( Z- 1 ) {1 - n(N" 1 )/N} (3,5,6)
Substituting Eqgs.(3.5.3)-(3.5.6) in Eq. (3.5.2) yields
vy=06"2z-1)"? {N- n (N'J)}"N'("") (3.5.7)
Substituting Eq. (3.5.7) for vy. in Eq. (3.5.1), we obtain
1 n
W= o ZNI(Z_I)N,(n-Z)N-(n-l)N. {N(N-n)(N-Zn)---(N-D(er))} (3.5.8)
o™

The term { } in the right-hand side of this equation can be simplified as

/V(/V—n)(/V—2n)---(/V—n(/V]-1))

L

__ (wrm) nN'=(/wn)!nN‘ 3.5.
[(w-mipn) e (0rn) o

Then, Eq.(3.5.8) reduces to



ZN|(Z_1)N|(H-2) (01N, ¥, (N/n)! n
w=—"""_ N n o)

N,lc™ (3.5.10)

* Flory proposed 0™ approximation theory in 1941-1942. (See P. J. Flory, J. Chem. Phys. 9,
660 (1941); ibid. 10, 51 (1942))

<<Problem 3-6>> Flory’s theory (II): Entropy of polymer solution
The total number w of ways of arranging ¥, identical polymer molecules

and N, identical solvent molecules on N (=N,+ nN,) lattice sites with the

coordination number z is given by Eq.(3.5.10). Derive the entropy of the
polymer solution using Boltzmann’s principle

S =klogw (3.6.1)

where k is the Boltzmann constant.

Answer
Substituting Eq. (3.5.10) for w in Eq. (3.6.1), we obtain

Z”l(z_l)”l("'z)

S =klogw =klog

oM
-k [log M! +(n- 1) Mlog /- nMlogn-nlog (A/n)!+nlog(Ay/n)!
(3.6.2)

Using Stirling’s approximation of Eq.(3.3.7), Eq. (3.6.2) reduces to
Z/Vl (z-1 )”1("‘2)
S =klog ——————

o™

N N,
K\ Mlog A+ (n-1)Nlog A~ nMVlog n-Vlog = + Mlog :° + N- (V)

(3.6.3)

Equation (3.6.3) can be rearranged in the form
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AN No N,

S=kl -k
og N Nylog N, +N'10gN0+nN1

+(n-1N,
[0

(3.6.4)

<<Problem 3-7>> Flory’s theory (III): Entropy of mixing for polymer
solution

Entropy of mixing AS for polymer solutions is defined by
0
AS,ix=S-8§ (3.7.1)

Here, S is the entropy of the mixture and S° is the summation of the entropies
of pure liquid solvent and the amorphous disorientated polymer solid. AS is
closely correlated with the configurational entropy of the system. Using
Eq.(3.6.4), determine AS,,;,.

Answer
The entropy for pure liquid solvent is S at N, =0 and the entropy for an

absolutely amorphous solid is S at N,=0 in Eq. (3.6.4). Then S° is given by

0 ZNI(Z_I)M("-2)
S$"=S(V,=0)+S(NVy=0) = klog N +kN,logn-k(n-1)N,

° (3.7.2)
Then, AS,x is obtained as
AS, . =S-8°
k{ Al M +M1 ik
. 0 — o ————
Og/Vo+n/Vl Ig/Vo+n/V] (3.7.3)

If we define the volume fractions of solvent and polymer, ¢, and ¢ by
Ny

b= Ny+nN, (3.7.4)
nN,

= Noran,

(3.7.5)
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Eq.(3.7.3) is rewritten as
AS pix = - k (Mlog ¢y + Mlog ¢, ) (3.7.6)

id .
mix 18

* On the other hand, from Eq. (3.4.12) the entropy of mixing for ideal solution AS
ASY. =k /Volog—/vo——~+/V10g—N—] --k(/Vologx + Mlog x )
mix /V() + /V] ] /Vo + /V] 0 1 |
3.7.7
where X, and x; are the mole fractions of solvent and solute, respectively. By comparing

Eq.(3.7.6) with Eq.(3.7.7), it is clear that the entropy of mixing of polymer solutions can be
expressed by the volume fraction in place of the mole fraction.

*Eq.(3.7.6) does not contain z.  Therefore, Eq.(3.7.6) is expected to be valid, regardless of

the lattice model. Figure 3-7 shows the plots of ASy vs. logx; for polymer and ideal
solutions.

* In deriving Eq.(3.7.2), we used the relationship
limx logx =0 (3.7.8)
X—0

50 r

Fig. 3-7 Calculated entropy of mixing for No=9 and Ny=1.  Solid, broken
and chain lines denote the entropy of mixing for polymer solution (Eq.
(3.7.6), ideal solution (Eq. (3.7.7)) and the difference of them (ASpix-
ASi'?), respectively.
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Proof: On putting x=1/t, the left-hand side of Eq. (3.7.8) can be rewritten as

limx log x =lim—(logt)/t=-1lim1/t=0

X0 t oo

<<Problem 3-8>> Flory’s theory (IV): Partial molar entropy of mixing
of solvent and polymer

Consider a system consisting of N, polymer molecules, each occupying n
sites, and N, solvent molecules, each occupying one site, the total number of
sites being N=nV, +N,. The entropy of mixing of disorientated polymer and
solvent is given by

ASnix=-k (/Volog o + NV log ¢1) (3.7.6)

Here, ¢, and ¢, are the volume fractions of solvent and polymer, respectively.

Using Eq. (3.7.6), derive the partial molar entropy of mixing of solvent and
polymer, AS; and AS;.

Answer

The partial molar entropies of mixing of the solvent and the polymer are
obtained by differentiating the entropy of mixing ASnx with respect to the
number of moles Ny/N4 of solvent molecules and to the number of moles

N,/Nyof polymer molecules, as given by

PAS_ .. AAS ;.
AS,= N, , A8, = Na (1.2.6)
A N,

respectively. From Eq. (3.7.6) we obtain

OAS mix
o,

o nV, ) M
No+nN, Ny+nN, Mo+ ok,

=-R{log(1-¢,)+(l-%)¢1 (3.8.1)



aASmix -Il/Vb n/V, /VO
——N,=-R + log +
oM, MotnN, T MEnl, Myt

--R {(1 ~1) 0+ log (1 -¢0)} (3.8.2)

Accordingly,
1

ASO=-R{log(1-¢])+(1-;)q)l} (3.8.3)
Asl=-R<(1—n>¢0+log(1-¢0)} (3.8.4)

Note that Egs. (3.8.3) and (3.8.4) are valid for the solution of random mixing.

<<Problem 3-9>> Flory’s theory (V): van Laar-Scatchard approximation

van Laar and Scatchard showed that the heat of mixing for regular
solution which consists of N, solvent molecules and ¥, solute molecules is
given by

AH i, = €2V, | (/vo +/vl) (3.2.6)
where ¢ is the change in energy for formation of an unlike contact pair (0-1

pair) and z is the lattice coordination number. Now consider N, polymer

molecules, each consisting of n segments as solute, and derive expressions for
the heat of mixing AHyix and the partial molar heat of dilution of the solvent
and of the polymer AH, and AH,, respectively.

Answer
Suppose that AHy,;, is proportional to the total contact number between

polymer segments and solvent molecules. Eq. (3.2.6) can be rewritten by
replacing &, with nV, in the form
AHmix=Ez/V0n/V,/(/VO+n/V,) (3.9.1)

AH, and AH, are defined by (See Eq.(1.2.12))
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JAH
Ao =Nazn (3.9.2)
JAH
AH, = NAa—Nl (3.9.3)
respectively. Combination of Eq.(3.9.1) and Eq.(3.9.2) or Eq.(3.9.3) leads to
2a7 2
N
AH,=BN, ' =BN,0, (3.9.4)
(NO + an)
nN 2
AH,=BN, °— = BN,ng, (3.9.5)
(NO + an)
Here B=¢z.

van Laar-Scatchard equation (Eq. (3.2.6)) is derived on the assumption of
random mixing. (See J.J. van Laar, Z phys. Chem. A 137, 421 (1928);
G.Scatchard, Chem. Rev. 8, 321 (1931))

<<Problem 3-10>> Flory’s theory (VI): Gibbs free energy of mixing of
polymer solution

Suppose heat of mixing AH and entropy of mixing AS are given by the
relations

AHmix=£z/V0n/Vl/(/VO+n/V1) (3.9.1)

BS nix =~ k [ Mlog ¢, + Miog ) (3.76)

respectively. Here the volumetric change of mixing AV, is implicitly

assumed to be zero. Derive the expression for the free energy of mixing
AGpix.

Answer
Substituting Eq. (3.9.1) for AHpx and Eq. (3.7.6) for AS,« in the equation
AGmix = Al:“mix = AI—Imix - TASmix (2.33),

at constant pressure and temperature, we obtain
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AGy =2V (Mo + 0 + KT  Aglog 0+ Mlog

—KT (/Volog 0, + MVilog ¢,) +ezV0, (3.10.1)

<<Problem 3-11>> Flory’s theory (VII): Chemical potential of solvent
for non-athermal random mixing polymer solution

In <<Problem 3-8>> the partial molar entropy of mixing of solvent AS, was
derived in the form

ASO=-R{10g(1 -¢,)+(1 ;11—) ¢1} (3.8.3)

In <<Problem 3-9>> the partial molar heat of mixing of solvent AH, was
derived in the form

AH,=BN,0,° (3.9.4)

Derive the expression for the chemical potential of solvent |, for non-
athermal random mixing polymer solutions using these equations.

Answer
At constant temperature and pressure, Ay, is related to AH, and AS, through
the relation

Ao = AHo - TAS, (3.11.1)
Substituting Eqs.(3.8.3) and (3.9.4) in Eq.(3.11.1), we have

Ay, =BN,0,>+RT log(l-¢|)+(l-;ll-)¢,

=RT 1og(1'-¢,)+(1-%)¢1+%¢,2 (3.11.2)

Using the thermodynamic interaction parameter y=B/kT, Eq. (3.11.2) is
rewritten as
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1
Ay =RT 1og(1-¢,)+(1-5)¢1+x¢12 (3.11.3)

Equations (3.11.2) and (3.11.3) are the most popular equations for describing
the chemical potential of polymer solutions.
If ¢,<<1, log(1-0,) is expanded in a Taylor series as

TR IR
log(1-¢;)=-0 2;_31_+ (3.11.4)
Then Eq. (3.11.4) can be further rewritten into
I PR LA
Au,=-RT n¢‘+(2-kT]¢‘ +3¢1 + (3.11.5)

* %, defined in Eq.(3.11.3) is the parameter for enthalpy of mixing and should be expressed as
%n. AHg and 7 are related to the Flory enthalpy parameter ;. (See << Problem 4-23>>)

<<Problem 3-12>> Flory’s theory (VIII): Chemical potential of polymer
for non-athermal random mixing polymer solution
The partial molar entropy of mixing of polymer AS, is expressed by

As,=-R{(1 -n) ¢0+1og(1 -%)} (3.8.4)
The partial molar heat of mixing AH, is given by
AH, = BN, n¢,’ (3.9.5)

Derive the chemical potential of polymer Ay, for non-athermal random
mixing polymer solutions using these equations.

Answer

At constant temperature and pressure,
Au1=AH1 - TAS, (3121)
Then,

Au,=BNAn¢02+RT<( 1 -n)¢0+log(1 -¢0)>
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Bn 2
:RT - ——— e e - + —
b 5 3 (n 1)¢0 kT¢O
3
1 Bn 2 ¢0
=_RT +| == +—+ - 3.12.2
"% (2 kT)% 3 (122

<<Problem 3-13>> Flory’s theory (IX): Gibbs-Duhem relation for
polymer solution

Verify that Ay, in <<Problem 3-11>> and Ay, in <<Problem 3-12>> satisfy
the Gibbs-Duhem relation;

Y Ndp, =0 (1.3.1)
Answer
The total differentiation of the equations
- 1 2

M1, =RT 1og(1-¢,)+ - 16, +x9, (3.11.3)

and

Au1=RT<log(l -¢0)-(n- 1)¢0+xn¢02} (3.12.2)

is given by
-d

dAp,=RT{ 7 i‘ +(1-%)d¢,+2x¢,d¢l (3.13.1)
g

idto -(n- 1) dgy+2xn0dd, (3.13.2)
Yo

dAp, =RT
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respectively. Considering
0 +0,=1 (3.13.3)

the relationship between the total differential d¢, and d¢,

dog = - d¢ (3.13.4)
holds. Then Eq. (3.13.2) can be modified into

do,
dAp, =RT N (n-l)d¢l-2xn(l—¢1)d¢l (3.13.5)

For binary systems, the Gibbs-Duhem relation (Eq. (1.3.1)) can be simplified
into

NodApo + NjdAp, =0 (3.13.6)
Eq. (3.13.6) can be rewritten as
N0 gap e Ay =0
No+nN, “Ho T RN, M = (3.13.7)
Then,

¢
(1-¢1)dAu0+(;1 dAp, =0 (3.13.8)

Substitution of Eq.(3.13.1) for dAp,and Eq. (3.13.5) for dAy, in the left-hand
side of Eq. (3.13.8) yields

2o 200 2] 1)

= a0, -1+(1-§)(1-¢,)+2x¢1(1—¢,)+§+“—'n—1¢1-2x¢1(1-¢1)

- do, 1
(1‘¢1) I +(1'H)(1'¢1)d¢1+2x¢1(l'q)l)dq)]
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| o, 1 0,

=d | -14l-—-0)+ —+ -+ -—| =0 (3.13.9)

<<Problem 3-14>> Flory’s theory (X): Assumptions in Flory’s 0"
approximation theory

Discuss the approximations and assumptions employed in Flory’s 0"
approximation theory for polymer solutions in <<Problem 3-5>>.

Answer

Flory’s theory of the zeroth approximation"5 assumes:
(1) There is no volume change on mixing.
(2) The lattice possesses a definite co-ordination number (i.e., the number of
nearest neighbours of each segment per solvent molecule in the solution) z.
(3) The entropy of mixing ASi can be calculated without reference to the
possible energy change caused by the pair formation (i.e., Bragg-Williams
approximation®). In other words, the polymer segments mix with solvent
randomly and AS,;x is the entropy of mixing of athermal solution.
(4) In the calculation of the total number of configurations w, from which the
combinatory entropy of mixing is derived, the possibility that the nearest-
neighbour lattice point to the lattice point in question has been already occupied
by polymer segment equals the probability of the case where all the polymer
segments are uniformly distributed over all the lattice points (i.e., the average
concentration approximation of the chain segment). This means that the
two segments belonging to the same polymer molecule are allowed to occupy
the same lattice site. For rearrangement of the expression for w, Stirling’s
approximation is applicable.
(5) The potential energy of the mixture is the sum of contributions from each
pair of the closest neighbouring segments (van Laar-Scatchard
approximation’?).
(6) The heat of mixing AH,,;x can be calculated from the average contact
numbers where all the segments comprising polymer chains are completely
disconnected and randomly mixed with solvents (i.e., the average
concentration approximation). In this case, the total number of polymer-
solvent contact pairs n, is given by

n=z¢o$,L (Average concentration approximation) (3.14.1)

where L is the total number of lattice sites, ¢, the volume fraction of solvent
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and ¢ the volume fraction of polymer. The thermodynamic interaction
parameter 7, can be purely phenomenologically
expressed by’

X=Xo(1+Zpid ')
Xo=Xoo(1+k’/n)
k*=ko(1-0/T)

for monodisperse polymer-single solvent system (Refer to Egs. (3.16.4),
(3.16.11) and (3.16.12)). Here Y, is a parameter independent of ¢, and n, k’
and p; (i=1...n,), the molecular weight- and concentration-independent
coefficients, ko the parameter independent of temperature T and the degree of
polymerization n, and 6, the Flory temperature. 7, coincides with 0.5 if the
second virial coefficient A, vanishes at 0.

Generally speaking, the (-parameter is not the parameter representing
polymer-solvent interaction only (typical example is shown in Fig. 3-15), but
can be divided semi-empirically into two parts:

" (3.14.2)

Here xy, is the enthalpy term and % is the entropy term, and both terms may
have concentration dependence as expressed by

Xn=(AHo-AHo*"*)/(RT¢ ;*)=AHo/(RT¢ 1*y=xn.0 (1+Epn.i01") (3.14.3)
Xs= - (ASe-ASo™ ' )/(RT 12)=Ys.0 (1+Zps.i01') (3.14.4)

where AHj is the partial molar heat of dilution of solvent in real solution,
AH,*"is AH, in quasi-ideal (i.e., random mixing-zero heat of mixing (n>>1))
solution, AS, is the partial molar entropy of mixing of solvent in real solution,
ASo*' is AS¢ in quasi-ideal solution, and pn.i and ps; are the concentration
dependence parameter of , and ;, respectively.

Hypothesis (6) means that in calculation of AH the consecutive characteristics
of chain segments is neglected. In his theory AH is expected to be strictly
proportional to ¢ ;(1-¢ ;) and x-parameter consists of solely the enthalpy term
xn (See Eq. (3.14.14)) as given by

X=X0o=Xn,0 (3.14.5)
and
P=Ph.i=Ps,=~0(i=L,...,n,) (3.14.6)

Only in the case where Eq. (3.14.5) holds the %-parameter is strictly a polymer
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-solvent interaction parameter, as first defined by Flory.'

1. P. J. Flory, J Chem. Phys. 9, 660 (1941).

2.P.J. Flory, J. Chem. Phys. 10, 51 (1942).

3. P.J. Flory, J. Chem. Phys. 12, 425 (1944).

4.P. 1. Flory, J. Chem. Phys. 13, 453 (1945).

5. P. 1. Flory, Principle of Polymer Chemistry, Comell Univ. Press, Ithaca, New York, 1953,
Chapter XII.

6. W. L. Bragg and E. J. Williams, Proc. Roy. Soc. A145, 699 (1934)).

7.J.]J. Van Laar, Z. phys. Chem. A137, 421 (1928).

8. G. Scatchard, Chem. Rev. 8, 321 (1931).

9. See for example, K. Kamide, Thermodynamics of Polymer Solutions, Phase Equilibria and
Critical Phenomena (Polymer Science Library 9), Elsevier, 1990.

*Note | Improved zeroth approximation theory (Athermal solution)

Within the scope of Bragg-Williams approximation and taking into account the succession
of segments comprising a polymer molecule and rigorous pattern of arranging segments around
a given lattice point Miller'®, Guggenheim'', and Kurata et al.'? calculated the partial molar
entropy of mixing of solvent AS; as

AS,/R=—In(l—6,)+Zin(1 - 22714 ) (3.14.7)
2 2 n

Eq. (3.14.7) is similar to that derived by Huggins'>'®, who took into consideration the effect
of blocking of sites by other distant segments of the same polymer on the number of sites

0.6

0.5

0.4

log X

Fig. 3-14.1 Relationship between p, and n (full line);
broken line: improved zeroth approximation with z=12
chain line: improved zeroth approximation with z=6
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available for the segments of each polymer molecule'®. Eq. (3.14.7) indicates that  is not
zero and is given by’

xs=(1-1/n)*/z+4(1-1/n)*¢ }/(3Z2°)+... (3.14.8)
Xs.0=(1-1/n)’/z (3.14.9)
ps1=4(1-1/n)/(32) (3.14.10)

Thus, Miller, Guggenheim, and Kurata et al.’s theories as well as Huggins classical theory
predict that . depends on concentration. This suggests that the consecutive properties of
polymer chain segments might be one of causes, which lead to p#0. Note that p, value
given by Eq. (3.14.10) is too small to explain the experimentally determined p, value for non-
polar polymer- non-polar solvent systems (See Fig. 3-14.1). Table 3-14 summarizes AS and
%s proposed by them, including Flory and Fig. 3-14.2 shows a typical example for careful
determination of ), as a function of concentration.

10. A. R. Miller, Proc. Cambr. Phil. Soc. 39, 54 (1943).

11. E. A. Guggenheim, Proc. Roy. Soc. A183, 203 (1944).

12. M. Kurata, M. Tamura and T. Watari, J. Chem. Phys. 23, 991 (1955).
13. M. L. Huggins, J. Chem. Phys. 9, 440 (1941).
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Fig. 3-14.2 y;, determined from the heat of dilution as a function of volume
fraction of polymer ¢, for the systems polystyrene in cyclohexane and
polystyrene in benzene. polystyrene/cyclohexane Ml M,=6200, O
M,~=10200, & M,=42800, A M,=107000; polystyrene/benzene 4O
M,=6200, + M,=10200, @ M,=107000 (I. Fujihara and R. Fujishiro,
unpublished results)



Table 3-14 Entropy of mixing and y s proposed theoretically

vL

Reseacher AS Y's

Flory" - Rllog(t - ¢, )+ 9¢,] 0
r

Huggins? -R _log(l —o, )+|1- %I%’Jlog{l ~ (E})H (1 - rll_)z
Miller” - R:log(l ~9,)- %)log{l - (;)@,(1 - ;11.)}] Jz /
Guggenhim® - R—log(l ~6,)- -Z-g-‘-’-)log{l - (%}n, ~n, {:_:JH

.

2
qi={ni(z—2)+2}/z (l—rll—) lz (n2>>n|)

1) P.JFlory : J.ChemPhys. 9, 660 (1941); ibid. 10, 51 (1942)
2) M.L.Huggins : JPhys.Chem. 46 151(1942);4nn.NY. Acad.Sci 41,1(1942)
3)  A.RMiller : Proc.Camb.Phil.Soc. 35, 109(1942); ibid. 39 54,131(1943)
4) E.A.Guggenheim : Proc.Roy.Soc. A183,203(1944)
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14. M. L. Huggins, J. Phys. Chem. 46, 151 (1942).

15. M. L. Huggins, Ann. N.Y. Acad. Sci. 41, 1 (1942).

16. M. L. Huggins, J. Am. Chem. Soc. 64, 1712 (1942).

17. M. L. Huggins, J. Phys. Colloid Chem. 52, 248 (1948).

18. M. L. Huggins, Physical Chemistry of High Polymer, John Wiley & Sons, Inc., New York,
1958, Chapter 6.

19. K Kamide and H. Shirataki, Mem. Fac. Educ., Kumamoto Univ. 47, 137 (1998).

*Note 2 First approximation theory (Non-athermal solution)

For non-athermal solutions (AH#0), Bragg-Williams and van Laar-Scatchard
approximations (hypotheses (3) and (6), respectively) might seem more or less unrealistic and
less appropriate. Then several attempts to improve Flory’s zeroth approximation theory
were made by calculating the total number of configurations w through the use of quasi-
chemical equilibria method, which is equivalent to the mathematical technique originally
developed by Bethe?® for treating order-disorder transitions in alloys. This method was
occasionally reffered to as the Flory-Huggins first approximation theory. The disparity of
values of AH for polymethylmethacrylate/trichloroethylene?' and AS for rubber/
ethylacetate?, both calculated on the basis of the first approximation theory from their
corresponding experimental data is significantly larger than those by the zeroth approximation
theory, indicating that the first approximation is less reliable and cannot be recommended to
use it for analysis®?*. This might appear to be somewhat surprising to note that allowance

for hypotheses (3) and (6) does nothing to improve the agreement with experiments.

20. H. A. Bethe, Proc. Roy. Soc. A150, 552 (1935).

21. H. Tompa, Polymer Solutions, Butterworth Sci. Pub., 1956, §3.7.

22. C. Booth, G. Gee and G. R. Williams, J. Polym. Sci. 23, 3 (1956).

23. See for example, N. Saito, Polymer Physics (revised ed.). Syoka-bo Pubs., Tokyo, 1967,
Chapter 4.

*Note 3 Huggins’ ‘new’ theory (1964)

In his ‘new’ theory, Huggins?* assumed as basic tenet that the interior segments of a
convoluted molecule are partially shielded from contact with interior segments of other
polymer molecules and the shielding factor depends on the concentration. He derived
theoretical equations for ¢y, and ; in closed form and as expansions in powers of the
concentration, introducing a number of physical quantities, such as molecular surface area,
effective surface area, multiple contact factor, shielding factor and empirical constant relating
to shielding factor’s concentration dependence.  All of which cannot be determined by
independent absolute method, although he described that these quantities are “observable”.
He considered that from experimental data of % and its dependence on concentration and
temperature one can evaluate all the parameters introduced. That is, the parameters
introduced in his theory are only adjustable parameters to fit the experimental relations
between i, ¢, and T. Note that in mid-1960s the methods based on phase separation and
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critical phenomena were not yet established and there was lack of extensive and reliable
experimental data to judge theories. Huggins®* described “Testing of the equations presented
in the paper, using published experimental data, has been begun.  The results will be reported
in due course”. Unfortunately as far as we know, there is no his succeeding paper.

24. M. L. Huggins, J. Am. Chem. Soc. 86, 3535 (1964).

*Note 4 Validity of hypothesis 6

The most probable inadequate hypothesis in the Flory theory is that the total number of
solvent-polymer contacts is strictly proportional to the product ¢od; (hypothesis 6). For
example, k defined by AHy/(RT¢,%) is expected, if the above hypothesis is accepted, to be
constant over wide ranges of T and ¢,, but it was confirmed by numerous experiments that x
directly measured by accurate calorimetry, depends strongly on both T and ¢;.2° Validity of
the application of overall average concentration approximation of polymer segment to
estimate the heat of mixing has never hitherto been tried to examine thoroughly due to
mathematically extreme difficulty, although the first approximation, of course, did also treat
this problem in rather rough and insufficient manner.

25. See for example, A. Kagemoto, S. Murakami and R. Fujishiro, Bull. Chem. Soc. Jpn. 39, 15
(1966); 1. Fujihara, PhD Dissertation in Osaka City Univ. (1979).

*Note 5 Strictness and adequacy of the model, and mathematical complexity and
approximation

As Flory® pointed out at Fifteenth Spiers Memorial Lectures in 1970, sponcered by the
Royal Society, that “to be ffective, any conceptual scheme, or theory of liquids and solutions
must entail approximations, either in model or in mathematical technique, even for the
simplest of real liquids”. Mathematical approximations become more serious in the first
approximation theory than in the zeroth approximation theory and this is the reason why
introduction of more adequate concepts into the first approximation theory failed, on the
contrary, to get rid of the disparity between the theory and actual experiments. This means
that even if seemingly more adequate models are used, we cannot always derive accurate
theoretical relations between the time-average observable physical quantities like AG, AS and
AH, and the structural, molecular and thermodynamic parameters (for example, z, n and the
enthalpy change of formation of an unlike contact pair Ag) from the models by traditional
method of statistical mechanics, because the system in question is too complicated.  Since
then, serious limit of further evolution of the lattice theory was widely recognized, although it
was largely successful in semi-quantitatively accounting for unusual (from the stand point of
low molecular weight solutions) behavior of AG, observed in polymer solutions, by
differences in size and shape of the species that make up the solution, and there has been no
generally accepted explanation of physical significance of the concentration- and molecular
weight-dependences of y-parameter, in spite of its experimentally unquestionable existence.
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26. P.J.Flory, Dis. Farad. Soc. 49, 7 (1970).

*Note 6 New strategy to give theoretically reasonable explanation to y-parameter:
Computer simulation of lattice model

Recently Kamide and Shirataki’” examined the validity of average concentration
approximation in hypotheses (4) and (6), employed in the Flory-Huggins lattice theory of
polymer solution, and investigated the concentration- and molecular weight-dependences of %,
(accordingly, the reliability of the expression of % (Eqs. (3.16.4), (3.16.11) and (3.16.12))) for
quasi-strictly regular solution (i.e., random mixing-nonathermal solution®®). For this purpose,
computer experiments by applying Monte Carlo simulation method to the lattice model,
where hypotheses (1), (2) and (5) are strictly adopted, were carried out to calculate the total
number of polymer segment-solvent pairs at equilibrium state n, . as functions of the
concentration ¢; and the degree of polymerization n of the polymer solutes. Two types of
chain motions (crankshaft motion and then reptation motion) were applied to all the polymer
molecules in the lattice simultaneously and this operation (crankshaft-reptation motions) was
repeated 1500 times. Any possible multiplicated arrangement of two or more segments
belonging to the same or different chain was avoided.

By using Eq. (3.14.3), n. . is given by

Neo/ (900 1L)=Cx (1+Zpi01’) (3.14.11)
with

C, = lim n.. (9o L)=Co (I +K /n) (3.14.12)
C,=Rb/Ac (3.14.13)

When the average concentration approximation (hypothesis (4) is applied, C and p; are given
by

C= (3.14.14a)
pi=0 (3.14.14b)

Then, from the plots of C, vs. 1/n and the plots of n. /(¢o9,L) against ¢, the validity of the
expression of  (Egs. (3.16.4), (3.16.11) and (3.16.12)) could be confirmed by the computer
experiments (Figs. 4a, 4b and 5 of reference 28). If Egs. (3.16.4), (3.16.11) and (3.16.12) is
applicable, k’ and p, can be determined from the above plots, respectively. Figure 3-14.1
shows the plots of p, estimated thus against logn. p, first increases rapidly with an increase
in n, then slowly approaching an asymptotic value (ca. 0.6) at n=200. Inspection of the
figure shows that successive connection of the polymer segments brings about the
concentration dependence of y-parameter. p, values of PS in non-polar solvents are close to
2/3 (See <<Problem 3-16-b>>), theoretically predicted at T=6 for random mixing-non zero
heat of mixing solution® and are little higher than the value (ca. 0.6) obtained in this computer
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experiments, but no significantly so.

Computer experiments on random mixing-nonathermal polymer solutions indicated that the
average concentration approximation hypothesis cannot be approved even if random mixing is
assumed and Eqs. (3.16.4), (3.16.11) and (3.16.12) appears to be of correct form to represent
X—parameter. In other words, this hypothesis employed in Flory-Huggins theory can never
be accepted even in the quasi-regular solutions and the concentration- and molecular weight-
dependences of the y-parameter, observed in actual experiments, can be explained reasonably,
if the consecutive characteristics of linear chain molecules is strictly considered.

27. K. Kamide and H. Shirataki, Mem. Fac. Educ., Kumamoto Univ. 47, 137 (1998).
28. K. Kamide, Mem. Fac. Educ., Kumamoto Univ., 46,213 (1997).
29. K. Kamide, S. Matsuda and M. Saito, Polym. J. 17, 1013 (1985).

<<Problem 3-15>> Thermodynamic interaction parameter y

The thermodynamic interaction parameter 7 in the Flory-Huggins theory
[see Eq. (3.11.3)] can be experimentally evaluated by the following methods.

(1) Determination of the activity of solvent a, by vapor pressure depression,

Py=2a,P,° (2.10.3)
or membrane osmometry,

RT
H——V—Oolog 1) (2104)

(2) Substitution of a;, determined by the above methods into the equation:
1 2
loga0=log(l-¢])+(1-H)¢l+x¢l (3.15.1)

Originally, % was assumed to be independent of polymer concentration ¢ ,.
Figure 3-15 shows the plots of %, experimentally determined, against ¢, for
polystyrene-cyclohexane. The figure shows a significant ¢, dependence of .

In this sense, % should be considered to be an empirical parameter, defined by
the equation:

1
Apy=RT 1og(1-¢1>,)+(1~;)t1>.+)c¢1>.2 (3.11.3)
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Fig. 3-15 Concentration dependence of ¥ parameter for polystyrene in
cyclohexane. () osmotic pressure isothermal distillation by Krigbaum and
Geymer',( @ ) vapor pressure by Krigbaum and Geymer', ([J)
ultracentrifuge by Scholte’. Lines a to f are calculated using p; and pa,in the
equation Y=Y,(1+p19;+p.0 %), obtained by experiment, (a) Krigbaum and
Geymer'; (b) Scholte?;(c) Koningsveld et al.’; (d) Koningsveld et al.*; ()
Kuwahara et al.’; (f) Kamide etal®.  This expression for 7 yields a better
fit compared with Eq. (3.16.1). (See K. Kamide, S. Matsuda, T. Dobashi
and M. Kaneko, Polym. J. 16, 839 (1984))

1. W.R Krigbaum and D.O.Geymer, J.Am.Chem.Soc. 81, 1859 (1959)

2. Th.G.Scholte, Eur.Polym.J. 6,1063,(1970): J.Polym.Sci., Polym.Phys.Ed. 9, 1553
(1971)

3. RKoningsveld, L.A Kleintjens and A.R.Shultz, J.Polym.Sci., Polym.Phys. Ed. 8,
1261 (1970)

4. R Koningsveld and L.A Kleintjens, Macromolecules 4, 637 (1971)

5. N.Kuwahara, M .Nakata and M.Kaneko, Polymer 14, 415 (1973)

6. K. Kamide, S.Matsuda, T.Dobashi and M.Kaneko, Polym.J. 16, 839 (1984)

Derive the expression for Ay, in the case where  depends on concentration
using the Gibbs-Duhem relation of Eq.(1.3.1).

79
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Answer
The number of molecules i, N,, is related to the mole fraction x; through the
equation

M

x‘-:.—— (315.2)
2

Then, Eq. (1.3.1) can be rewritten as

oM
Z xi(?);—) =0 (3.15.3)
1 TPx,

j

The suffix denotes that the differentiation with respect to x; is carried out at

constant T, P and the composition except j th component.
For binary polymer solutions, the mole fraction of polymer x, is related to the

volume fraction of polymer ¢, as

- (61 /n)
b (1- 1)+ (01 /n) (3.15.4)

where n is the number of segments constituting a polymer molecule.
From Eq. (3.15.4), (1-1/x,) is written as

(1-1/x)=-(1-0,)/(¢1/n) (3.15.5)
Equation (3.15.3) can be expressed in the form

oy o, | do,
{(l-xl)g—q’?+x1§& K,‘O (3.15.6)

and then we have

@=(1 _ 1Y) %M
001 X1/ 9¢,

Differentiation of Eq.(3.11.3) with respect to ¢, leads to

(3.15.7)

allo 3Au0 1 1 d 2
3&:=WH=RT -—1—_—:’:+(1-E)+‘&Tl(x¢1 ) (3.15.8)



81

Substitution of Eq.(3.15.5) for (1-1/x;) and Eq.(3.15.8) for d/dd, both in Eq.
(3.15.7) gives

o, 1 1) 0 2
aT)]=RT E+(n-1)+n(l-¢-l)%l‘(x¢l)

1

=RT ¢—l+(n-1)-na%)]<x¢](l-¢l)}-nx

(3.15.9)
Then,
A=, —pl=RT ¢%+(n-1)-ma%l{xq>l(1-q>1)}-nx do,
-RT{1og 0, - (n-1)(1-0,) -0, (1-0,) +n xd0, (3.15.10)

If % in Eq. (3.15.10) is constant, the last term in {} is reduced to
nJ; xd¢)1=nx(1-¢1) (3.15.11)
and we have
2
Au1=RT{log¢l-(n- 1)(1-¢1)+xn(1 -¢1) } (3.12.2)

Equation (3.12.2) was derived for the case where ) does not depend on
polymer concentration.

<<Problem 3-16-a>> Concentration dependence of
When ¥ is linearly proportional to ¢, in the form

% =%o0 (1 + p191) (3.16.1)
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show that Ap, is given by the expression

13
Aw,=RT logd),-(n-1)(1—q)|)+x0n(l~¢,)2+x0np,(§—§¢,2+¢|3)

(3.16.2)
Answer
A, is generally expressed as
Ap, =RT{log ¢, - (“ - 1) (1 -¢,) - xnd, (1 '¢1)+“L xd9, (3.15.10)

Combination of Eq.(3.16.1) with Eq.(3.15.10) leads to

Ap=RT{ log ¢,- (“ ‘1) (1' ¢1) 'Xo(l"' P1¢1) “¢1(1' ¢1) + “J: Xo(l + P1¢1) do,
=RT< log ¢,- (n-l) (1-¢1) -xon¢1(1-¢,)—x0n¢,2(1‘¢1)

2
1 %
+2o00 (1-01) + Xgnp, (5-7)} (3.16.3)
Rearrangement of Eq. (3.16.3) gives Eq. (3.16.2).
<<Problem 3-16-b>> Virial coefficient at © point

If higher order terms of the concentration dependence of X is required,
Eq.(3.16.1) is replaced by the equation

X=X, (1+p0, +p,0, ++p,0,") (3.16.4)
the condition that all the virial coefficients are concurrently zero at 8 point is

given by

X, = (3.16.5)

o —
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(3.16.6)

2
Py P PTE o RT

Derive Eqgs. (3.16.5) and (3.16.6).
Answer

If X depends on volume fraction as Eq. (3.16.4), the chemical potential of
the solvent Al can be given by

Aty =RT{In (1 —¢,)+(1 --nl—) o, +x0(1 +ﬁl pi¢;)¢$ (3.16.7)

where n, is the number-average chain length. Al in Eq. (3.16.7) can be

rewritten by expanding the term In(1-0,) in a Taylor expansion form, and by
expressing ¢ by the weight concentration C, as

_ 1 1 e2f i+
A, =—RTCV® M +-\%(§~XO)C+§VVO (m—xopi)C ' (3.16.8)

Here, v is the polymer specific volume, and M, the number-average
molecular weight. Osmotic pressure I is given in a virial expansion form as

M=-

A\l}? =RTC(ML+A2C +A,C* + ) (2.8.10)

For the case in question, the virial coefficients A,, A,,... are given with using
Eq. (3.16.8) as

2
A2=%’7—0(%—x0) (3.16.9)
and
i+2 .
A.,,= Vv" (ﬁl—z—xopi) (i=12n) (3.16.10)

If we assume that A=A ,=A,=**=0, we obtain Egs. (3.16.5) and (3.16.6).

Eq. (3.16.6) is only applicable to the systems of non-polar polymer in non-
polar solvent.
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* p, for atactic polystyrene (PS) in cyclohexane (CH) sy stem was determined to be 0.630 by
osmotic pressure (34°C)', 0.534 by ultracentrifuge (34°C)%, 0.610 by solution critical point
(SCP) (34°C)’, 0.622 by SCP(34°C)*, 0.607 by threshold cloud point®, 0.642 by SCP®, and
0.600 by cloud point curve combined with relationship between the relative amount of
polymer partitioned in a polymer-rich phase and the phase separation temperature’. The
results indicate that no significant difference in p, exists among various methods and p, values
for atactic PS-CH system are averaged to 0.619+0.023, except for the ultracentrifuge data’.
The best and most widely used method for estimating p, and p, is SCP method. p, values
for atactic PS in various non-polar or less polar solvents, whose upper or lower critical
solution points (UCSP or LCSP) data in literature were analy zed sy stematically by Kamide et
al® according to Kamide-Matsuda method® (See <<Problem 4-23-b>>), are 0.618
{methy lethy lketone, LCSP), 0.615 (cyclopentane, UCSP), 0.631 (cyclopentane, LCSP), 0.642
(cyclohexane, UCSP), 0.638 (cyclohexane, LCSP), 0.602 (methy Icy clohexane, UCSP), 0.649
(methyIcyclohexane, LCSP), 0.673 (isopropylacetate, UCSP), 0.839 (isopropy lacetate,
LCSP), 0.643 (n-propylacetate, UCSP), 0.797 (n-propylacetate, LCSP), 0.650
(dimethoxy methane, LCSP), and 0.630 (trans-decalin, UCSP). p, values are averaged to 0.663
for all the above systems or 0.636 except two LCSP of PS in iso- and n-propylacetates. It
can therefore be concluded that p, values of PS in non-polar solvents are close to 2/3, Eq.
(3.16.6), and are slightly higher than the value (ca. 0.6) obtained in a computer experiment, but
no significantly so. At the risk of oversimplifying, we could say p; will increase with
decrease inz. Then, p, value estimated here for z=12 is not the maximum value theoretically

attainable. The correct value of z should be, if possible, determined by other absolute
method.

1. W. R. Krigbaum and D. O. Geymer, J. Am. Chem. Soc. 81, 1859 (1959).

2. Th. G. Scholte, J. Polym. Sci. A-2, 8, 841 (1970).

3. R. Koningsveld, L. A. Kleinjens and A. R. Shuitz, J. Polym. Sci. A-2, 8, 1261 (1970).
4. R. Koningsveld and L. A. Kleintjens, Macromolecules 5, 637 (1971).

5. N. Kuwahara, M. Nakata and M. Kaneko, Polym. J. 20, 231 (1988).

6. K. Kamide, S. Matsuda and M. Saito, Polym. J. 17, 1013 (1985).

7. K. Kamide, Mem. Fac. Educ. Kumamoto Univ. 44, 199 (1995).

8. K. Kamide and S. Matsuda, Polym. J. 16, 825 (1984).

<<Problem 3-16-c>> Determination of X from cloud-point curve
The parameter ) can be expressed in a power series of concentration as Eq.

(3.16.4). The molecular weight dependence of ) is phenomenologically
given by
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Xo = Xoo(1+k'/n ) (3.16.11)
The temperature dependence of k’ and Xy can be empirically expressed as
k'=k,(1-6/T) (3.16.12)
and

X =a+b/T (3.16.13)

where kg, a and b are the constants independent of temperature and 8, the Flory
temperature. Describe methods for determining the parameters a, b and p;
(3=1,...n) from the cloud-point curve and an empirical relationship between
temperature and relative amount of polymers partitioned in polymer-rich phase
with the corresponding theoretical ones.

Answer

Parameters a, b, pj(j=1,°",n) can be determined when the cloud point
temperature T.,., experimentally determined, coincides with that calculated by
a computer simulation for phase equilibrium due to Egs.(3.16.4) and (3.16.11)-
(3.16.13), Tep.
(1) Determine the relationships between p,(p, is the weight fraction of the
polymer partitioned into the polymer-rich phase to the polymer dissolved in the
initial solution) and the temperature T from the two-phase equilibrium
experiments.
(2) Carry out a computer simulation assuming arbitrarily chosen values of p;
(3=1,...n) to obtain the relationship between Yo and p,.
(3) Construct the relationship between Xy, and 1/T by using p, vs. T
relationship obtained in step (1) and X vs. P, relations obtained in step (2) and
a and b determined as the intercept and slope of Yoo vs. T plot, respectively.
(4) Calculate CPC (T, vs. 9, relationship) using a and b obtained in step (3)
(5) Compute SEZN(TC‘,,c - Tcp‘e)Z/N (N is the total number of the solutions, for
which the cloud point was determined) and determine a set of p; (j=1,...,n) to
minimize & (where N>>n).
(6) Repeat steps 2-5 and evaluate a, b and p; where 0 is below the permissible
limit. See <<Problem 4-21.d>> for the details of the simulation.
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Fig. 3-16-c.1 (a) Experimental relationship between p, and T and (b)
temperature dependence of ¥, in Eq. (3.16.4) for polystyrene (n.’=2117,
n,’/n,*=2.8) in cyclohexane. The polymer volume fractions of the starting
solution ¢,° are 0.6x10? (V), 1.184x10%([]) and 1.737x10%(O),
respectively. Full line in (b) is the theoretical curve calculated by assuming
P1=0.62, p,=0.20 and ky=0. (See K. Kamide, S. Matsuda, T. Dobashi and M.
Kaneko, Polym. J. 16, 839 (1984))

®)

Fig. 3-16-c.2 (a) Relationship among p;, p, and & for polystyrene/
cyclohexane system: numbers denote & and the full line is the contour line of
the same 8. (b) Cloud point curves for polystyrene/cyclohexane system; full
line shows the theoretical curve calculated using the values of a’,b’, p; and
p2 summarized in Table 3-16-c. Lines a-f have the same meaning as those
inFig. 3-15. Unfilled circles are experimental data points. (See K. Kamide,
S. Matsuda, T. Dobashi and M. Kaneko, Polym. J. 16, 839 (1984))
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Table3-16-c.1 Parameters a’, b’, p, and p, in Eq.(3.16.14) for polystyrene-
cyclohexane system (T=299K)

Author(s) a’ b’ p1 p2
Krigbaum, Geymer(1959) 0.2496 76.67  0.6304 0.480g
Scholte(1970) 0.2631 7431 0.534,  0.4304
Koningsveld et al. (1970) 0.2035 90.50 0.610¢  0.920,
Koningsveld et al. (1971) 0.2211  85.313 0.622,  0.289,
Kuwahara et al. (1973) 0.2798  67.50 0.607;  0.512,
Kamide et al.(1984) -0.0242, 158.79 0.643 0.200
Kamide et al.(1995) 0.23 82.89  0.600 0.460

1)W.R Krigbaum and D.O.Geymer, J.Am.Chem.Soc. 81, 1859 (1959).

2)G.Scholte,J. Polym.Sci. A-2, 8, 841 (1970).

3)R.Koningsveld, L.A Kleintjens and A .R.Shultz, J. Polym.Sci. A-2, 8, 1261 (1970).
4)R.Koningsveld and L.A Kleintjens, Macromolecules 4, 637 (1971).
5)N.Kuwahara,M.Nakata and M.Kaneko, Polymer 14, 415 (1973).

6)K .Kamide,S.Matsuda, T.Dobashi and M.Kaneko, Polym. J. 16, 839 (1984).
7)K.Kamide,S.Matsuda and H.Shirataki, Mem. Fac. Education, Kumamoto Univ. 44, 199,
(1995); They recalculated based on the data of ref. 6). (See K.Kamide, Thermodynamics of
Polymer Solutions: Phase Equilibria and Critical Phenomena, Elsevier, 1990)

Table 3-16-c.2 Some characteristics of three typical solutions

Solutions Characteristics Equation
ideal random mixing
(solute=solvent in size) R
zero heat of mixing (3.2.6)
quasi-ideal ‘random’ mixing (3.8.3-4)
(solute>solvent in size) excess
zero heat of mixing 2 X function  (3.2.6)
real non-‘random’ mixing l
(solute>>solvent in size) v
non- zero heat of mixing pseudo-excess (3.16.1-2)
function
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*Fig. 3-16-c.1 (a) shows the relationship between p,and T, obtained by an actual phase
separation experiment for the system polystyrene(PS) in cyclohexane(CH).  The
relationship can be roughly approximated by a part of a circular arc with p, approaching zero
most appropriate set of p; and p,, giving the minimum 8(~0.1), could be determined as
p1=0.643 and p,=0.200. These values are very close to the corresponding values evaluated
from the critical point data (See K. Kamide and S. Matsuda, Polym. J. 16, 807 (1984)).  The
cloud point curve, calculated with using these values of a’, b’, p; and p, can express
accurately the experimental data except for the threshold point region (¢,~0.07). The
concentration dependence of the parameter ), evaluated for PS/CH system by many
investigators, is plotted in Fig. 3-15. In the figure, the curves have been calculated from the
p1 and p, values evaluated from the critical points. The experimental data points can be
reasonably represented by Egs. (3.16.11), (3.16.12) and (3.16.4) for n=2, in which terms
higher than ¢,? are neglected. That is, in the ¢, range of 0-0.15, both p, and p, are necessary
to represent the concentration dependence of ) and in a comparatively dilute range, there is no
sharp distinction in X between the investigators.

Table 3-16-c.1 shows the parameters determined for the system polystyrene in
cyclohexane and Table 3-16-c.2 summarizes some characteristics of three typical solutions.

<<Problem 3-17>> Chemical potential of polymer in multicomponent
polymer solution

Generalize Eq.(3.16.2) to the case where the polymer solute has a molecular
weight distribution.

Answer
The chemical potential of » th polymer component Ay, in multicomponent

polymer solutions with constant ¥ can be expressed as
1 2

Ap,=RT 10g¢n-(n-1)+¢nn(1-n—)+xn(1-¢1] (.17.1)
n

Here, n, is the number-average chain length (average number of segments in
a

polymer). Then, Eq.(3.16.2) can be generalized to this case as
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Ap,=RT log¢n-(n- 1)+¢]n(1 —;11—)+x0n(1 '¢|)2

1 3
+XoP 10 (5 -—2-¢12+¢,3) (3.17.2)

Egs. (3.16.2) and (3.17.2) are practical equations to describe the
thermodynamic properties of multicomponent polymer solutions. Eq.
(3.17.2) was derived by Huggins-Okamoto (See M. L. Huggins and H.
Okamoto, Polymer Fractionation (Ed. by M. J. R. Cantow), Chapter 4,
Academic Press, 1967) and Kamide-Sugamiya (See K. Kamide and K.
Sugamiya, Makromol.Chem. 139, 197 (1970))

<<Problem 3-18>> Huggins’ free energy correction parameter g
An alternative expression for free energy of mixing is

ﬁg’{“; =(1 -¢1)10g(1-¢1)+2¢1xi"log¢i+g(1-¢l)¢1 (3.18.1)

Here, g is the Huggins free energy correction parameter and X ¢;=¢, is the total
polymer volume fraction. Verify the relationship between g and , given by

—p-(1-0,)98
x=g-(1 dn)aq)1 (3.18.2)

Answer
Differentiation of Eq.(3.18.1) with respect to solvent mole (No) and
solute mole (N,) yields

0
AuO/RT=log(1 -¢1) + (1 -nin)cpl + {g-(1-¢,)-&%}¢12 (3.18.3)

)
Ap; /RT =logd; +1- n;¢,/n, - n; (1-¢1)+(g+¢1 -a-(b%) n; (1 '¢1)2 (3.18.4)

On the other hand, referring to Eq.(3.11.2), Ay, is expressed as
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ApO/RT=1og(1-¢,)+(1-ni)¢,+x¢,2 (3.18.5)
Comparison of Eq.(3.18.3) and Eq.(3.18.5) leads to Eq.(3.18.2).

<<Problem 3-19>> Gibbs free energy of mixing for ternary system
Consider a solution of single-component polymer dissolved in a binary
solvent mixture. Derive expressions for AGpix, Mg, i, and W,, by

generalizing the Flory-Huggins theory for binary solutions.

Answer
The entropy change by mixing three amorphous solute AS* is given by
AS,;X =-k (/Volog ¢p + Nilog ¢,+Nlog ¢2) (3.19.1)

Here, N,, N, and N, are the numbers of molecules of components 0, 1 and 2,
respectively, and ¢, ¢, and ¢, are their volume fractions. The heat of
dilution can be written, with reference to Eq. (3.9.1), as
AH, = ZZ niNi¢j€ij
i<j
=kTY, NoX;

i<j

= kT(/Voq)le] + %¢2X02 + M¢2X12

(3.19.2)

with
Xij = kT

AGn,x is given by the combination of Egs. (3.19.1) and (3.19.2) as

*

A(}mix = AI_Imix - TAS mix
=KT| Mglog ¢, + Vjlog ¢, + Mslog ¢, + X 0 Vo) + Xo2VoP2 + X 12V,

(3.19.3)



The chemical potentials are defined by

0AG
”0‘“00 =An, = N- Na
O)nTp
0AG
“1'”10=AU1= A Na
V/n,Tp
0AG
”2‘“20 =Ap, = FA Na
2JN,Tp
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(3.19.4)

The subscript N, means that the amounts N of all the components other than
component j (0 or 1 or 2) are held fixed. The volume fractions of solvent 1,

solvent 2 and solute 3 are expressed as

0 = noNo
9™ ngNy+n Ny +n,N,
nlN‘
0, = (3.19.5)
ngNg +nN; +n,N,
n,N,
%= ngNg+nN, +n,N,
Here, n,, n, and n, are the degree of polymerization. Differentiation of Eq.
(3.19.5) with respect to N, yields
d, Mo (noNo +0N; + nzNz) - (noNo) o
= 2
aNo (n0N0+n1N1 +H2N2)
o
= 1-4)
(noNo +nN; + nzNz) (3.19.6)
99, _ -0, Njng =0 Mo
= -=-0,
dNy (nONO+n1N1 +n2N2) ngNg+ 0, N, + n,N,
T fo

oN, ¢2n0N0 +n,N, +n,N,
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From Egs. (3.19.3) and (3.19.4), we obtain

JoAG
A“°‘(a—~o)N.T,,NA

1 9% 1 00, 1 9,
_RT(10g¢0+N0¢TO —a_]_\/_()-+N‘E)I a—]V_O +N2¢Tz éﬁo

99 9 9,
+ X0 + XmNoa—Nio + X020, + onNogﬁzg + Xlleav_o
o (no + 0, +nz)
=RT/{ log ¢, + (1-0)
o (no + 1, + 0¥

M (no/VO“Lnl/Vn +n2/\/2) n,
+

M o) nop+ N + 0/
M| nofytn Yyt

n, -
+ n,N, -¢2}(no/‘/()+n1M+n2A/2)-’-x°l¢l+XOI( ¢l)¢0
ittt )

—RT {log 00+ (1-0)- (-2—‘]’) 0, - (:—:)q)z

+X01(¢1 - ¢0¢1) *+Xo2 (¢2 - ¢o¢2) - X 1202 (g?) o
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=RT{ log ¢+ (1 - &) (2—‘:) 0, - (g-:) O+ (X01¢1 + sz¢2) (61+0,)

n
-X12 (—r;?) ¢1¢2}

Similarly, we have
| n,
Ay =RT{log ¢, +(1-¢,)- o LN g [

+( 1090 + X12¢2) (¢0 + ¢2) - Xo2 :_;) ¢o¢2}

Ny
Au2=RT{logq)2+(l -¢2)-(n—0) 0-[=]0,

+( Xnf + X20¢0) (¢1 + ¢o) -Xo1 ';) ¢0¢1}

The following relationship holds between ; and ¥;;:

n;
Xi=Xy n—l

For ternary systems, Eq. (3.19.10) reads

X12 = Y21 (g—;)
X13 = X31 (%;—)

X23 = Y32 (g—i)

Therefore, three among six ;; are independent variables.

(3.19.7)

(3.19.8)

(3.19.9)

(3.19.10)

(3.19.11)
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Chapter 4 Phase Equilibria

<<Problem 4-1>> Stability of thermodynamic system (I)

If a system is in contact with temperature and pressure reservoirs, the
condition of equilibrium is that Gibbs free energy of the system has a
minimum; i.e., virtual change in Gibbs free energy 8G from a certain initial
state to neighboring states must be positive,

(®G)pr20 (4.1.1)

Prove this inequality.

Answer

From the first law of thermodynamics, the infinitesimal change in internal
energy of the system dU is the sum of the work done by the surroundings to the
system and the heat flow from the surroundings to the system

dU=d'Q+d'W ' (4.1.2)
If the work is performed as a volumetric change by pressure, we have

d’'W = -PdV (4.1.3)
Thus,

dU=d’Q - PdV (4.1.4)

From the second law of thermodynamics, the following equation must be
satisfied for closed systems:

dQ
asz & (4.1.5)

If the inequality condition

8S < §T9 (4.1.6)

holds for any possible change from a certain initial state to neighboring states,
such a process does not happen naturally. Thus, the initial state should be the
equilibrium state. From Egs. (4.1.4) and (4.1.6) we have
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U - T6S + POV 20 (4.1.7)
Equation (4.1.7) can be also expressed as

S(U-TS +PV)rp20 (4.1.8)
at constant temperature and pressure (0T=0P=0). Using the relationship
G=U-TS+PV (1.1.9)

we finally obtain

©®G)rp20 (4.1.1)
In other words, the equilibrium condition is that G has the minimum.

<<Problem 4-2>> Stability of thermodynamic system(II)

Consider a closed system which consists of two phases,(1) and (2), each open
to the other. The virtual variation in Gibbs free energy by a continuous
process from a certain initial equilibrium state to a neighboring state can be
expressed in a Taylor series as

AG =8G + 8°G + 8G +- - - (4.2.1)
(1) Prove that the equality
®G)rp=0 (4.2.2)

holds at equilibrium state.

(2) Derive the criteria for stable, metastable and unstable equilibrium states.

Answer

(1)At constant temperature and pressure, AG can be expressed as

(AG)1p=(8C)rp=, HiydNj) + > HidNie) (4.2.3)
i i

by neglecting the higher order terms in Eq.(4.2.1).  Using the phase
equilibrium condition

Hi) = Hi2) (i=123,-) (1.5.1)
ONjpy=- O8N5  (=123,) (1.5.5)

we obtain
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(AG)1p= 3 (i~ Hi)8Nj(,= 0 (4.2.4)
QIf
(8°G)1p>0 (4.2.5)

the Gibbs free energy has a minimum at the equilibrium state and then the state
is stable. If

(8*G)rp <0 (4.2.6)
the Gibbs free energy has a maximum and the equilibrium state is unstable. If

(&*G)rp=0 4.2.7)
it is called the neutral state. In this case, the sign of even higher order terms

must be examined. The sign of the first non-zero term must be positive for
stable state. If

G =8G=...=8MG =0 (4.2.8)
then
§ntlGg s o (4.2.9)

must be satisfied for stable equilibrium. The variation 8"*'G cannot always
be positive for bidirectional variations, thus it must be zero. Therefore,

®°G)rp=0 (=1) (4.2.10)
In this case, the criteria for stable equilibrium is

(8'G)rp>0 (4.2.11)
In summary, the criteria for stable equilibrium is

(8G)rp=0 (4.2.2)
(8°G)rp >0 (4.2.5)
or

BG)rp=0 (4.2.2)
(8*G)rp=0 (4.2.7)
(8°G)rp=0 (4.2.10)
(&*G)rp>0 (4.2.11)

If 8'G is zero, 8°G must be zero and 8°G must be positive.
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<<Problem 4-3>> Stability of thermodynamic system(III)
The criterion for stable equilibrium in binary systems is given by

1
(82G)T'P=5u”8N,2>0 (4.3.1)
where ;; is a derivative,
0’G
j = NN (4.3.2)

Derive Eq. (4.3.1) using the result of <<Problem 4-2>>

Answer
Consider a solution which consists of N solvent and N; solute molecules.

A conceptual small region inside the solution (Region I) is defined such that at
any instant it contains Ny, ;, moles of solvent and N, moles of solute, and the

complementary region (Region II) external to Region I contains Ny,, moles of

solvent and N ,, moles of solute. Using mole fractions x, and x; (=1-x,), we
have

Noay = (1 - x))(Noq1y + Niqy) (4.3.33)
No@) = (1 - x1)(Nogy + Ny2)) (4.3.3b)
Niay = x1(Nog1y + Nipy) (4.3.3¢)
Nl(2) = xl(N0(2) + N](z)) (433d)

Here we assumed x,=X;(;y=X,2- By virtue of the assumption that Region II is
very small in comparison with Region I,

Noqy + N1y << Noz) + Ny (4.3.4)

If we transfer a small amount of solute 8N, from Region II to Region I while
keeping Ny, constant, we have

8N = - Ny (4.3.5)
from the mass balance. The variation of Gibbs free energy in Region (I),
8G(yy, and that in Region (II), 8G,), can be expressed as

(SG(I))TP—(aN LPN SNy = li1yON1q1y (4.3.6)
and

oG
8Gea)1p = (_L 8Ny 2 = [N 3.
(0Gy)Tp NN Hi20N12) 4.3.7)
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Equations (4.3.6) and (4.3.7) can be expressed simply as

(8Ga)1.p = H1@wON1(@) (a=12) (4.3.8)
The second-order variation of Gibbs free energy is written as
2
2 1 9°Gq) 2_ 1 2
@ G)rp= b aN,(;f ON e =73 By 1(a)8N 1(00) (a=12) 4.3.9)
Here,
9*Gyq) ) o, )N
= = =12 4.3.10
p’] l(a) (aN](a)aN]((x) T_P aN](a) O(u) (a ) ( )
The total Gibbs free energy is the sum of those of Region I and Region II;
G =G(1)+G(2) (4.3.11)

Then, using Eq. (4.3.5), we have
®G)rp= (BG(I))T,P + (56(2))1? =N 11y - BNy
=(oq1y - Hoe)®N 1) =0 (4.3.12)

From Eq. (4.3.12), we can directly obtain o1y=Ho2) as the phase equilibrium
condition. Using Eq. (4.3.9), we have

1
(520)T,P=(52G(1))T,p+(526(2))T,p= FHpat My 12Ny’ (4.3.13)

The differential of p with respect to mole number can be replaced by that with
respect to mole fraction as

" _ oM _ Oy ] N
HO@ "Ny | 9X1(0) /| N 1@ | Noy + N1y
o)
Xy (aul(a)

(@=12) 4.3.14
(NO(aj + Nl((x)) axl(m)) ( )

From Eq. (4.3.4), we have
i1y >> H112) (4.3.15)

Thus, W, ,2) in Eq. (4.3.13) can be neglected, resulting in
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1
(8°G)rp= 5 N, 2 (4.3.16)

Here, we abbreviate the superscript (1), since the two regions belong to the
same phase. Combination of Eqgs.(4.3.16) and (4.2.5) yields

Mi1 >0 (4.3.17)
that is,

Il

I ,P>0 (4.3.18)

(See for example, R. Haase, Thermodynamics of Irreversible Processes,
Addison-Wesley Pub. Co., Massachusetts, 1969 (translated from Germany); H.
B. Callen, Thermodynamics, John Wiley & Sons, New York, 1960)

<<Problem 4-4>> Stability of thermodynamic system(IV)
(1) The criterion for stable equilibrium of binary mixtures is given by
1 1

i
(8%G)gp= 2 go‘ § H;iBN;8N; >0 (4.4.1)
i=0 j

Derive Eq. (4.4.1).

(2) Prove that the necessary and sufficient condition for Eq.(4.4.1) is given by

Koo >0 (4.4.2)

M >0 (4.4.3)
Moo Mol IZ 0 (4.4.4)
Hio M1

(3) Prove that Eqgs. (4.4.2)-(4.4.4) reduce to the equation

811. .
B—XILP >0 (4.4.5)

Answer

(1) The first order and the second order variations of Gibbs free energy are
expressed as

(OG(w)T,p = Moe)dNo(e) + H1(@)ON1 () (a=12) (4.4.6)



i1

1
O C@)rp=75 2 2 MjMNiwNiw ~ (@=12) e
i0 j=0
where
azG(w au,
Wiy = = i (a=12) (448
" (aN i(@ONj(oy e \MNi@ Ni(o |

Similarly to <<Problem 4-3>>, the following inequality is assumed.

Noy+Niqy << Noy+Ni) (4.3.4)
Total G is the sum of G in Region I and Region II:

G =Gy + G (4.3.11)
According to <<Problem 4-3>>, we have

BG)tp = (Hoq) - Ro@)Noq) + (Mo - Ro)Nyy =0 (4.4.9)
Similarly,

(8%G)rp= % Z].;;Z:O (i) + Mijea) NN (4.4.10)

Differentials of the chemical potentials with respect to mole numbers can be
replaced by those with respect to mole fractions as

W= Mica) _ ) d Ny
0@ ™} ON g 910y | | Noey | Nowwy + Niay
Ni@

ou.
_ N (aul(a)) (i=0,1; o= ],2) (4.4.11)
(NO((I)+N l((l)) X o)

oy = Mice) [ Wi ) Ni@
O Ni@ )y |\ %i1@) | Niw | Now+Ni@
0)

_ 1 - Xy (a“i(a)) (i=01;a=l,2) (4.4.12)
(NO(O.) + N 1((1)) ax 1((1)

From the condition (4.3.4),
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Hij) >> Wij2) (4.4.13)
Thus, Eq. (4 4 10) is reduced to
l=0 j=0 l—() =0

Here we abbreviate the subscript (1) because both regions belong to the same
phase.

(2) Equation (4.4.1) is a quadratic form in 8N; with coefficients y;/2. The
necessary and sufficient condition for (82G)T,P to be positive definite is that all
the minor determinants constructed on the principal diagonal line must be
positive or zero. This condition is expressed as Eqs. (4.4.2)-(4.4.4)
mathematically. In other words, (SZG)T’p is positive only when all the
solutions of the determinant

Moo-A  Moi

=0 (4.4.14)
Hio Hir-A

are positive or

A= (oo + I11) lL‘[(lloo **;ln)2 -4(l100u11 - umz) >0 (4.4.15)

The conditions of Egs. (4.4.2)-(4.4.4) are identical to the condition that Eq.
(4.4.15) always holds.

(3) From the Gibbs-Duhem relation, we have

2 Nid; =0 (1.3.1)
1
i
21, NiaN, = (4.4.16)
For binary mixtures, Eq. (4.4.16) reads
9Ho 3111 -
No 93N, =—+ Nj
duo aMl _
No 03N, +Nj=—— 3N, =0 (4.4.17)

Eq. (4.4.17) can be rewritten as
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Noloo + Niptio=0
Nolor + Nipy1 =0 (4.4.18)

Then 1y, and [y, can be expressed as -(N;/Ng)W;o and -(N;/No){L;, respectively.

Substituting these expressions in the determinant of Eq.(4.4.4), we find it
always zero. From Egs. (4.4.11) and (4.4.12),

dlo

X1

Hoo = "No + 1) ale (4.4.19)
= 1-X (aﬁ

M (No + N \axy frp (4.4.20)

Hence, Egs. (4.4.2) and (4.4.3) can be expressed as

oo

ale (4.4.21)

o,

E)Xn)'r (4.4.5)

respectively. The Gibbs-Duhem relation is expressed as

o, au,
][,

for binary mixtures. Thus, considering the constraint 0<x,<1, Eq.(4.4.21) is
identical to Eq.(4.4.5) and either the condition Eq.(4.4.21) or Eq.(4.4.4) is
required for stable equilibrium.

<<Problem 4-5>> Criteria for stable equilibrium for binary mixture
Gibbs free energy of mixing AGpn;x is expressed as a function of mole
fraction of solute x, in binary mixtures at constant temperature and pressure.

If AGpix has an upward curvature, the system is unstable, and if AGpix has a
downward curvature, the system is stable.

(1) Prove

0AG,; =0 (4.5.1)
for the former case and

OAG,;, <0 (4.5.2)

for the latter case. For convenience, assume that the system contains one mole
of solution. The Gibbs free energy variation AGpix per one mole is also called
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the mean molar Gibbs free energy G.

(2) Ay, and Ay, are related to AG;ix as

0AG iy
Alvl0=AGmix'xl( Ix ) (4.5.3)
U e
0AG iy
AuleGmix+x0( ax"‘ ) (4.5.4)
' Jer

Derive these equations.

(3) Express the criteria for stable equilibrium in binary mixtures using Eq.
(4.5.4) for AGpix. If AGpix has an upward curvature in a certain
concentration range, the solution is unstable in this range. How stable is the
system when AGp,ix is at an inflection point?

Answer

(1) Figures 4-5(a) and 4-5(b) are schematic plots for AGni as a function of x;.
Molar Gibbs free energies of pure solvent and pure solute are expressed as Ag
and Ay, respectively. AGx for a certain concentration A (AA¢=x;) is AB.
Now imagine a solution with concentration A separates into two phases with
the concentrations A' and A". The weight ratio of these phases is AA":AA’,
according to the law of mass conservation. Thus, we have

’ AA,’ 144 AA’
ApA = AgA" ——— + ApA” ——
0T RO AATTAA” T AA+AA” (4.5.5)
(a) —_— X, b)
A, A A A"A B,
B
I ’ “ Bl
B* B
E B’ B Bl E
© B
< S
B, A, A’ A A"A,

Fig. 4-5 Gibbs free energy of mixing as a function of mole fraction
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If AGx has a downward curvature, the Gibbs free energy of mixing increases
from B to B* by phase separation (See Fig. 4-5(a)).

8 AG, i, = AG,i(B*) - AG,,,;,,(B) =20 (4.5.6)

This fact implies that if AG,;, has a downward curvature, phase separation does
not take place. On the other hand, if AG,;, has an upward curvature, AGp,;,
decreases from B to B* (See Fig.4-5(b)).

OAG iy = AG i (B*) - AG,,;(B) <0 (4.5.7)

Thus, if AGpix has an upward curvature, phase separation occurs throughout the
concentration range.

(2) AGpix is expressed as

AG ix = XAl + X AL, (4.5.8)
Differentiation of Eq. (4.5.8) with respect to mole fraction yields

IAG ;.

—_— = Au] - Auo (459)

ox,
TP
Using Eqgs. (4.5.8) and (4.5.9), we have
0AG,
Al = AG iy - X ( 5 “‘“) (4.5.3)
Xy
TP
IAG
A“‘l =AGmix-x0 T (454)
1
TP

From Egs. (4.5.3) and (4.5.4), we have
(AGmix)xld, =AoBo= A, (4.5.10)
(AGumi), ,=AB1 =41, 4.5.11)
(3) Substituting Eq.(4.5.4) in the equation for the criterion of stable
equilibrium for binary mixtures
(E’}ﬂ) >0 (4.4.5)

oX1/T.p

we have
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ou, &*AG
(X)T:(Lx,) “TTmixl S (4.5.12)

2
1 0X
TP

Since x;<1, we have
O'AG, ;.

d >0 (4.5.13)
axl

TP

for the stable state. At the inflection point the sign of (0*AGin/0x,?) varies
from positive to negative. Then we have

8*AG,.;
;“‘* =0 (4.5.14)
axl
TP
or
o,
(E) =0 (4.5.15)
TP

Thus, the system is at neutral equilibrium state at the inflection point of AGpix.

<<Problem 4-6>> Gibbs free energy surface and phase diagram for binary
mixture
Figure 4-6.1(a) is a plot of mean molar Gibbs free energy G defined by
X;AlL; against mole fraction x; at various temperatures. At high

temperatures, G has a downward curvature over the entire range of
composition of the mixture. On the other hand, at low temperatures G has an
upward curvature between C' and C" (inflection points). The points B' and B"
are double tangential points.

(1) Where are the stable region, the metastable region, the unstable region
and the critical point ?

(2) Fig. 4-6.1(b) is a plot of the phase diagram in mole fraction-temperature
space. The solid curve is the binodal curve which is the locus of the double
tangential points in Fig. 4-6.1(a), and the dashed curve is the spinodal curve
which is the locus of the inflection point in Fig. 4-6.1(a). The line connecting
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CY

raety

—_— 5

Fig. 4-6.1 (a) Mean molar Gibbs free energy as a function of mole fraction
for various temperatures (Ts>T4>T3>T,>T;) and (b) phase dlagram of
binary solution

T=T,

IS/
D%

———— X1

Fig. 4-6.2 Partial derivative of mean molar Gibbs free energy as a function
of mole fraction
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B' and B" is called the tie line. Where are the metastable region and the
unstable region ?

Answer

(1) The extrapolation of the double tangential line B'-B" to the perpendicular
axes at x,=0 and x;=1 gives oy and L, respectively (See Eqs. (4.5.10) and
(4.5.11)). The compositions at B' and B" are denoted as x;' and x,",
respectively. Then we have phase equilibrium conditions

Molx1°) = polx;") (4.6.1)
palxr) = pafx” (4.6.2)

Now, we take a certain point D between B' and C' or between B" and C".
Since G has a downward curvature in this region, the system is stable for
continuous variations of the concentration of the components. However, the
total G for the system which consists of two phases denoted by B' and B" is
lower than G for D by DD*. That is,

(8G)p <0
Thus the system is not stable. This region is called the metastable region.

Between C' and C", G has an upward curvature and the system is unstable.
The system corresponding to this region separates into two phases with the

compositions x;' and x,".  Thus, all the systems corresponding to the region
a) b)
<— UCST
&
~ LCST .
&— UCST
<— LCST
X, X,

Fig. 4-6.3 Phase diagram of binary solutions with UCST and LCST
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between B' and B" separate into two phases with concentrations x;' and x,".
Stable regions are in the range 0<x,<x;' and x,"<x,<1. At the temperature
for Curve 4 in Fig. 4-6.1(a), both B' and B", and C' and C" coincide with each
other. Since C is the inflection point of G, we have

-
(8—9) =0 (4.6.3)
oxi%/rp
at C. InFig.4-6.2, (0*G/0x,%)rp has a downward curvature against x,. Then
we have

ya)
9G) o 4.6.4
(3X13 T.p ( )
and

—
(—a—G—) >0 (4.6.5)
oxi*lrp

Here, C is the critical point. The concentration and the temperature at C are
called the critical solution concentration and the critical solution
temperature, respectively. Egs. (4.6.4) and (4.6.5) correspond to the
equations

(8°Ghp=0
and
(6Ghp>0

Table 4-6 Polymer solutions having both UCST and LCST. y and x are the
entropty and enthalpy terms of y (See <<Problem 4-25>>)

Polymer/solvent UCST(°C) LCST(°C)
polystyrene/cyclohexane 34(M—>0) 180 (M—>0)
polystyrene/cyclopentane 20(M— ) 154 (M—0)
polyisobutylene/benzene 25(M—+>0) 160 (M=1.5x108)
thermodynamic properties ¥>0 ¥<0

x>0 x<0

225/ 9 ¢2<0 225/0 ¢=>0
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respectively. Eqgs. (4.6.3), (4.6.4) and (4.6.5) are also expressed as

aul) 0

— = 4.6.6
ox, TP ( )
azlll)

orL =0

a2 rp (4.6.7)
83111

—/1 >0

%3 . (4.6.8)

The degree of freedom at the critical point of binary mixtures is, obviously, 1.

(2) The solution which corresponds to the region between B' and B" separates
into two phases with concentrations X' and x". The hatched region in Fig. 4-
6.1(a) is the metastable region and the region enclosed by the curve CC'C"
(called spinodal or limit of stability) is the unstable region.

* The critical temperature is called the upper critical solution temperature (UCST) when

the phase separation occurs at temperatures below the critical temperature, and it is called the
lower critical solution temperature (LCST) when the phase separation occurs at
temperatures above the critical temperature, as shown in Fig. 4-6.3. The mechanism of
LCST could not be explained by the lattice theory alone but was further elucidated with the
free volume theory proposed by Patterson and Flory et al. (See D. Patterson,
Macromolecules 2, 672 (1969); P. J. Flory, R. A. Orwoll, and A. Vrij, J. Am. Chem. Soc. 86,
3507, 3515 (1964)). According to their theories, LCST is caused by a considerable
difference in thermal expansion coefficients between polymer and solvent. For polymer
solutions, UCST is commonly lower than LCST, as shown in Fig.4-6.3(a). Table 4-6 shows
typical polymer solutions which exhibit both UCST and LCST.

* The term "limit of stability” was first utilized by Gibbs (J. W. Gibbs, Collected works, Vol.
I, Yale University Press, 1948).

<<Problem 4-7>> Criteria for stable equilibrium for ternary mixture
(1) Prove that the criteria for stable equilibrium of ternary solutions are
given by the following seven inequalities.

Hoo>0, n11 >0, >0 4.7.1)
el ECIN Encdlinid BT i BXY (4.7.2)
Hio M Moo M2 T 7 M2 M2l
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Moo Hor Ho2
Hio M M2 |20 (4.7.3)
Hao H21 H22

Here, the partially differential coefficients are defined by
o’G .
Hij = (W) (1y=0.12)
Y TRN,

(2)Prove that the seven inequalities can be reduced to the following three
inequalities.

Ui > 0, H22 > 0 (4.7.4)
Hn Hiz | _ 02>
o1 o l M2z - H12° 20 (4.7.5)

(3) Prove that Egs. (4.7.4) and (4.7.5) can be rewritten as

Gi1>0, Gpp>0 (4.7.6)
1 1GuGn| =~ =~ =
|G|= G,, Gy =G Gy -G,° 20 (4.7.7)

using partially differential coefficients of mean molar Gibbs free energy with
respect to mole fraction of i th component X; ,Gj; , defined by
(0*G/9x,0% ) 1p-

Answer
(1) The criterion for stable equilibrium of ternary solutions is given by

2 2
(82G)T,P = % 2 2 ;9N BN; >0 (4.7.8)
i=0 j=0

The condition for 8°G to be positive-definite is that all the minor determinants
which can be constructed on the principal diagonal line of the matrix

Reo Mo Mg
Hio Ky Ky
Hyp Hy Hy

are positive or zero. Thus, we obtain Egs. (4.7.1)-(4.7.3).
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(2) From the Gibbs-Duhem relation IN;dy,;=0 (Eq. (1.3.1)), we have

Nokoo+ Nittjg+ Noklyg =0
Nolg; + Ny, +Nopty =0 4.7.9)
Nokgy + Njpyp + Noky; =0

Since Ny,N; and N, are not zero, we have

Moo HMor Hoz
Mo K M2 [>0 (4.7.10)
a0 HM21 M22

Therefore, Eq. (4.7.3) is automatically satisfied.
Egs. (4.7.9) can be rewritten in the form

Hop =~ (I/No) (Nlun +Nzu21)
H02=‘(1/N0) (N1H12+N21122) (4.7.11)
Koo =~ (I/NO) (N1H10+ Nzlizo)

Substituting the first and the second equations in the third equation of Eq.
(4.7.11), we have i, as an explicit function;

Moo= - {1/No) [N (- 1/Ng) (Nipty; + Nopay) + Na (- 1/No) (Nipi2 + Nopo)]
= (1/N02) [leun + 2NiNapy2 + szuzz]

(4.7.12)
Combination of Egs. (4.7.11) and (4.7.12) yields
Hoo Mot |_(N2%\| Wi Hi2 (4.7.13)
Hio Hn N2/ H21 K22
Similarly, we have
Moo Moz |_[Np2\| i1 M2
M2 H2 (N12 H21 M2 (4.7.14)

Egs. (4.7.13) and (4.7.14) imply that three inequalities of Eq. (4.7.2) are
identical with each other. Now let’s assume arbitrarily two of three
inequalities of Eq. (4.7.1) hold. For example, assume [1;,>0 and p,,>0.
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The case (i) 1;,>0
Then we have [,>0, from Eq. (4.7.12).
The case (ii) p,,<0
From the third inequality of Eq. (4.7.2),

Ktz - L1122 >0
Then,
17 < Y11M22 (4.7.15)

Substitution of Eq. (4.7.15) in Eq. (4.7.12) gives

Moo = (1/N62) (N1 21 + N2z + 2N Nojpi)
2 (I/NOZ) (N1 - NZV/HZE)2 20 (4.7.16)

Thus, if p;,>0 and p,,>0, then Lye>0. This result means that two inequalities
arbitrarily chosen among three inequalities in Eq. (4.7.1) are independent.
Therefore, Eqs. (4.7.1)-(4.7.3) reduce to Eqs. (4.7.4) and (4.7.5).

(3) Let’s choose x, and x, as independent variables and xy (=1-x,-X;) as a
dependent variable. Referring to Egs. (4.4.11) and (4.4.12), we have

o) [ (o) [ (oma) O} O
aNJ Nkﬂ axl aNJ aXZ aNJ k=1 axk BNJ

1 2
oo () (3

With partial differentiation of both sides of the equation

My =

_ (G « (oG \
=G+|=—]- —_— 47.18
p'| (axi) gxk(axk) ( )
we have
oM,

2
—aT=GU Zxk(ax ax) Gij-EXkaj (47.19)



where

~ 0'G

Substitution of Eq. (4.7.19) in Eq. (4.7.17) yields
2

2 2 2
(NO + Nl + Nz) “‘J = Glj - 2 lelj - 2 kaik + z 2 xlele
=1 k=1 J=1 k=1
Now we define the matrices

_{ i Hn2
W (IJ-ZI uzz)

a2 2

Gy Gn
W=(X%2)

X1 X2

(1

01

Using these matrices, Eq. (4.7.21) can be rewritten as

(No+N+No) [u) = [G] - K [G] B - (B [G] 1™ + I 1G] 1T
= (8] - }) 1G] - 1x)
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(4.7.20)

(4.7.21)

(4.7.22)

(4.7.23)

(4.7.24)

(4.7.25)

(4.7.26)

If we denote the determinants which correspond to the matrices in Egs.

(4.7.22)-(4.7.25) as |ul, |G

=[E - x?[Gl = (1 - xi - x2}* |G

Eq. (4.7.5) is rewritten as

=0

,|x| and |E|, we can rewrite Eq. (4.7.26) as

(No+N1+No) b = [E - {[GIE - x| =[E - # GIE - xE -

(4.7.27)

(4.7.28)

The signs of |u| and |G| are the same from Eq. (4.7.27). Hence, Eq. (4.7.28)

can be rewritten as
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G=S" S2|-6,6n-Gaf 20 (4.7.29)
G Gz

Eq. (4.7.21) for 11 component is expressed as

(No+N | +No) pyy = (1 - 12 Gyy - 2%2 (1 - %)) G2 + x22G2 (4.7.30)

From the first inequality of Eq. (4.7.4), we have

(1-x,)ZG“-2x2(1—x|)612+x22622>0 (4.7.31)

If

G <0 (4.7.32)

then

Gy <0 (4.7.33)

must be satisfied from the condition of Eq. (4.7.29). Then,

(i) The case G,2>0:

All the terms in Eq. (4.7.31) are negative. Thus, Eq. (4.7.31) cannot hold.
(i1) The case G,<0:

Eq. (4.7.29) can be rewritten as

Gid < VIG111G2d (4.7.34)

where | | means the absolute value. Substitution of Eq. (4.7.34) in Eq.
(4.7.31) with refererence to Eq. (4.7.16) yields

(No+N+No) g =- (1 - x3f lan| +2x (1 - XI)EIZI - X2? [azzl
< - (1- PG + 2%2 (1 - x1) VG G2 - %22 [God
- ) V5] - o VG <0

Thus, Eq. (4.7.31) does not hold either. These results imply that the
assumption (4.7.32) must be wrong and we finally obtain

(4.7.35)

G >0 (4.7.36)

and then, from Eq.(4.7.29),
Gy >0 (4.7.37)
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<<Problem 4-8>> Gibbs free energy on composition triangle

Consider the case in which G has a downward curvature in the entire range
of concentration for a ternary system. Figure 4-8 shows the Gibbs free energy
on the composition triangle ( the magnitude of each side is unity and the
apexes correspond to the pure components). G of the solution with
concentration A is B and the intercepts of the tangential surface at B on the
axes xo=0, x,=0 and x,=0 are By, B; and B,, respectively. The curve B'BB" is
the intersection of the G surface with the plane which is parallel to the 0-1
axis and passes through the point B. Describe the physical meaning of (1) the
length AB, (2) the line A’A” which is parallel to the 0-1 axis, (3) the curvature
of B'BB" and (4) the heights AoBy, A;B; and A;B,.

Answer

(1) Mean molar Gibbs free energy of the solution with concentration A. Here,
the length of the perpendicular line drawn from A to the three axes gives the
composition of each component.

Fig. 4-8 Mean molar Gibbs free energy on the Gibbs composition triangle
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(2)The line A'A" shows constant x,.

(3) The curve BBB" denotes G as a function of x; at constant x,. The
curvature is defined by (9’ G/9x,%),2=G 1.
(4) AoBo=lo, A1B;=l; and A;B,=1,.

<Problem 4-9>> Critical condition for ternary mixture
The critical point of ternary mixtures can be calculated from the
simultaneous equations: the spinodal condition

Id = Gi1Ga - (512)2 =0 (4.9.1)

and the equation

ok, (e,

=0 (4.9.2)
Gz G2
where
G, = (-3—9) (4.9.3)
0X1/x,
= JG
G = (—) 49.4
sz X1 ( )
Derive Eq. (4.9.2).
Answer
The total differentials of G, and G, are
dG; = G1dx; + Gy2dx, (4.9.5)
daz = 62|dX1 + azdeZ (4.9.6)
where
— 826 .
G; = Jg=12 49.7
! (axian) (IJ ) ( )

Using (4.9.6), the differential of x, at constant G is related to the differential
of x; as
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(dxz)(_;2 =5, (dx,)_ (4.9.8)

Substitution of Eq. (4.9.8) in Eq. (4.9.5) yields

N B (Y
(dG])(_;2 =Gy, - 5, (dx I)G2 (4.9.9)
Then we obtain
_ — = — \2 . _
dG, _GnGzz'(Gzl) _IGI 4.9.10)
ox, 5, G,, A 9.
where A, denotes the cofactor of ij component of the matrix;
(Gll GlZ)
G2| GZZ
Thus Eq. (4.9.1) can be also written as
dG,
o (4.9.11)
1 62

As shown in Fig. 4-6.2, (0G1/0x, )5, has the minimum with respect to x; at
the critical point C. Then we have

-
(a—G—'L =0 (4.9.12)
ax12 G2

Substitution of Eq. (4.9.10) in Eq. (4.9.12) gives

3G - 1 {(@@)X G - (Q@)x 621} 0 (4.9.13)

\8x1 ax1 ’62 A“2 ax1 X2

Eq. (4.9.13) can be expressed in the form of determinant as

S5, B,

ox1x, \9xz
=0 (4.9.14)
Gy G2
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<<Problem 4-10>> Critical condition for (r+1)-component system

Prove that the limit of stability (spinodal) for (r+1)-component systems is
given by

611 alz a13 o a"
Iﬁ] - 62| —(:122 a23 o G.Zr =0 (4.10.1)
a” arZ 5r3 . 6,,

Then, prove that the critical condition for (r+1)-component systems is given by
the combination of Eq. (4.10.1) and the equation

ax; axz ox3 - %,
G2 Gz Gz o Gar
=0 (4.10.2)
arl ar2 6,3 5,,
Answer
The condition for stable equilibrium of (r+1)-component systems is given by
T T
2 1
(5 G)T,P =3 Z 2 13NN, >0 (4.10.3)
i=0 j=0
where

r (ay,

ui'=2(—_

) k=1 axk
and

~ [dG) « G
n=G+ (a_x,) S x (%) (4.10.5)

axk
~;

1 | < oM,
= (_ax_J) - E{ xk(m) (4.10.4)



119

a, - <
* =Gy gx,G,J (4.10.6)

Substitution of Eq. (4.10.6) into Eq. (4.10.4) gives

(st e - @107

where
HipBiz o Hyy
Hai By oo oy

|Inl|= . (4.10.8)
Ko urz T T

From Eq. (4.10.7), we have

i

|u|=|E-x||G||(E-x)"|-|E-x] |G 4.10.9)

Thus, the condition for the limit of stability
=0 (4.10.10)

can be replaced by Eq. (4.10.1).
The total differentials of G,, G,,... G, are expressed as

dG1 = Guidxs + Gradxa + -+ + Giedxe (4.10.11)
dG2 =Gydx;) + Gzdez +. .-+ Godx; (4.10.12)
da, = ar[dxl + arzd)Q +...+ a,,dxr (41013)

The relation between the differentials dx, and dx,,...,dx; at fixed G; with i=2
to r (dG,=dGs=...=dG,=0) is expressed as

- dx, dx3 — dx,
GZI_G22d +G23d +G2rdx
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_ = dx, - dxj — dx,
-G3; =Gy, dx + U3, dx,+m+ 3 dx
— = dx; _ dx, — dx,
’Gr]=Gr2'(‘i;T+Gr3d—x]+"'+G"- dx] (4'10'14)

Eqgs. (4.10.14) are simultaneous linear equations which have r unknown
variables, dx,/dx,, dx3/dx,,..., dx/dx,. According to the Cramer's rule (See
e.g., V.I.Smimov, Linear Algebra and Group theory, Dover, New York, 1961),
we have

(%L B = Dj (G=23,--- .0 (4.10.15)
dx; G2.G3,--- .6, D

Here, D is the determinant, the elements of which are the coefficients for the
unknown variables:

a22 E;.23 o EZr
p=| G2 On o O |, (4.10.16)
ar2 E}—1'3 cee a"

Here, A, is the cofactor of 11 elements of the matrix |G |. If D=A;, is non-
zero, Eq. (4.10.14) has a set of solutions (Eq. 4.10.15). Dj is the determinant
derived from D by replacing j1 row by -G;, (=2 tor).

(322 _621 (;2r

Gy, -+ -Gy - Gy 1
Dj=| : =AY (4.10.17)

G, - -G, - G,

Here, Aj; is the cofactor of 1j element of the determinant|| G |. Substitution
of Eq. (4.10.17) in Eq. (4.10.15) yields
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(ﬁ)_ =By (=23, 1) (4.10.18)
dx1/G,G,,..- G, An

Substitution of Eq. (4.10.18) in Eq. (4.10.11) yields

_ = d dx;
ST Y T

2s [l ¢

I E
= G“+Z-U%1(T)“ ()5, .. 5

= T

(4.10.19)
Partial derivative of G with respect to x; at constant G; (i=2-r) is derived as
d j-1
- Y6y <
il Fl( Lol 4.10.20
= & Ay Ay (4.10:20)

Thus, Eq. (4.10.1) can be rewritten as

(QQLL -0 (4.10.21)
ox; Ga, -+ .G,

Partial differentiation of Eq. (4.10.20) with respect to x; yields

9%, _ 1 (39| =_1_ia|<‘§| *;
ox,’ = 8y, ox, G, - O Ay & oxp | oxg 5

G, - .G, Gy - .G, Ul Gy, .G,
1y a|G|A (4.10.22)
=— Y 1A, .10.

A112j=1 axj !

Using the second critical condition

aZG.L
gt =0 4.10.23)
(ax|2 Gy, -+ G, (

we have
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s, w020
: a . .
Eq. (4.10.24) is expressed in the form of determinant as
x| X, X3 . 3x;
G Gz G o Ga
Idl = 0 (410.2)
ar] arZ ar3 _C—}IT

<<Problem 4-11>> Critical condition for ideal solution and regular
solution

Derive the conditions for the limit of stability and the critical point for

homogeneous binary ideal solutions (1) and homogeneous binary regular
solutions (2).

Answer

(1) Chemical potentials of solvent and solute jiy and p, for ideal solution are
given from Eq.(2.1.1) by

Ho= p.o +RTInx, (4.11.1)
L =U, +RTlnx1 (4.11.2)

where Xo + X1 =1

Mean molar Gibbs free energy for ideal solution is given by
G=xo{to-to’) #xy (w11 = (1-x) g +x (4.113)

Substitution of Egs. (4.11.1) and (4.11.2) in Eq. (4.11.3) yields

G:RT{(I-x,)ln(l-x1)+x,lnx,} (4.11.4)
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Substitution of Eq. (4.11.4) in the condition for the limit of stability

gives

— 1 1

G, =RT{— = A1,
1 (X1+1‘X1) 0 (4.11.6)
Thus,

1y 1 -9 4.11.7
T Ton ( )

Here, Eq. (4.11.7) has no solution in the concentration range of physical
meaning 0<x;<1. This result means that there is no limit of stability in binary
ideal solution. Accordingly, ideal solution has no critical point. In ideal
solution, only entropy of mixing contributes to G, resulting in no phase
separation.

(2) Chemical potentials of solvent and solute [, and L, for regular solutions
are given by

Ao =RTInxo+N,uze (1-x)” (4.11.8)
Au,:RTlnxl+NAze(l-x1)2 (4.11.9)
where z and € are the coordination number and the increase in the lattice energy
for formation of a solute/solvent pair, respectively (See Note of <<Problem 2-

13>>) Using Eqgs. (4.11.8) and (4.11.9) for Al and Ap,, mean molar Gibbs
free energy of regular solutions is given by

G =xpApo+ x40,

=RT[(1 -xl)ln(l -x,)+x,1n x|+ N zex, (1 -xl) (4.11.10)

Substituting Eq. (4.11.10) in the condition for the limit of stability
G =0 (4.11.5)
we have

G, l+ 1 _2_28_0
I-Xl kT_ (41111)

RT "X
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Substituting Eq. (4.11.10) in the second critical condition

-

%%L:Z?_ng (4.11.12)
1 X1

we have

i aGn_ 1 1

S L NP S (4.11.13)

Simultaneous equations of (4.11.11) and (4.11.13) yield the critical
concentration and the critical temperature as x,°=0.5 and
2z¢

T.=— (4.11.14)

respectively.

<<Problem 4-12>> Critical condition for Flory-Huggins solution

The Gibbs free energy of mixing for polymer solutions AGnix and chemical
potentials can be expressed as a function of volume fractions of solvent and
solute, ¢o and ¢,. For example, according to the Flory-Huggins theory, the
following equations hold their validity:

N

Ay =RT ln(l-¢1)+(1 -%)¢l+x¢12 (3.11.3)

Ay, =RT {1[1(1 -¢0)-(n- 1) ¢ + xndy” (3.12.2)

where ¢, =1- ¢,. In polymer solutions it is more convenient to define the
mean volume Gibbs free energy Gy (or AGy) in place of mean molar Gibbs
free energy G (or AG). Gy is Gibbs free energy per unit volume of
solution and AGy is the Gibbs free energy change needed to make a unit
volume of solution from pure solvent and pure solute. (1) Derive the equation
for AGy from Eqgs. (3.11.3) and (3.12.2). (2) When G is expressed in terms
of mole fraction x,, the condition of stability limit (i.e., spinodal) is given by
the relationship

—
(Qﬁ) =0 (4.12.1)
ox?)rp
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Correspondingly, using Gy it is replaced by

2
(a_(h) -0 (4.12.2)
901% rp

Derive the equation for the spinodal condition using Flory-Huggins theory.

(3) At the critical point both Eq. (4.12.2) and the relationship

3
(__a G;) =0 (4.12.3)
901" Jrp

hold their validity. From Egs. (4.12.2) and (4.12.3), derive the equation for

the critical solution point of polymer solutions which obeys Flory-Huggins
theory.

Answer

(1) Assume that one mole of solvent occupies volume of V, and one mole of
solute occupies volume of nV,. Then, AGy is defined by

Ay, Ay,
AG,=(1-¢,) V|t A, (4.12.4)
Substituting Egs. (3.11.3) and (3.12.2) into Eq. (4.12.4), we obtain
AG, =R (1-¢) 11 %o+ 1-9 (4.12.5)
e=, {10 1o{1- )+ im0y 4110 12
(2) Differentiating Eq. (4.12.5) with respect to ¢, we obtain
dAG, RT 1 1
(W)sz Vo4 ln(l - ¢1) - (1 - H) +=Ing,+x (1 - 2¢]) (4.12.6)
Further partial differentiation of Eq. (4.12.6) with ¢, gives
0°4G,\ _RT( 1 1 ;
— | = |t 4.12.
0. | Vo |T-0 Tne (4-12.7)

Thus, the condition for spinodal, Eq.(4.12.2), is expressed as
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_1__+L_2x=0 41 8
-0 no (4.12.8)

Eq. (4.12.8) enables us to calculate the relationship between y and ¢, (spinodal
curve) for given n.

(3) Differentiation of Eq. (4.12.7) with respect to ¢, yields

(a%c;v) RT{ 1 1
%, )., Vo\(1-0) no/’ (@125
Accordingly, the condition for the critical solution point is given by

1 __1 -9 (4.12.10)
(1-0:F nos?

Among the solutions of simultaneous equations (4.12.8) and (4.12.10), the

solution which satisfies the condition 0<¢ ;<1 gives the critical solution point.
That is,

1
c—
¢, T+ 7m (4.12.11)
q) C= \/_IT 12
0 l+\/ﬁ (4.12.12)
Xe= 2 ﬁ (4 . )
* On the other hand, y can be assumed to be divided into an entropy term and
an enthalpy term as
X=XstXn (4.12.14)
where
_1
Xs=5-V (4.12.15)
0
XHEKi‘ (4.12.16)

T
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Substituting Eqgs. (4.12.15) and (4.12.16) in Eq. (4.12.14), we obtain

=;_-W+‘V?9 (4.12.17)

Eq. (4.12.17) can be rewritten as

é‘Li(X;—) (4.12.18)

Using Eq. (4.12.18), x. can be converted to the critical solution temperature T.
Substitution of Eq. (4.12.13) in Eq. (4.12.18) yields

r 1, 1471 .1
T. 0 6y|./n 2n (4.12.19)

Eq.(4.12.19) was first derived by Shultz-Flory and applied to the systems polystyrene in
cyclohexane and polyisobutylene/diisobutyl ketone (See A.R.Shultz & P.J.Flory, J.Am. Chem.
Soc. 74, 4760 (1952))

* The polymer concentration at the critical solution point of polymer solutions is shifted to
extremely low concentration side. For example, ¢,°=0.091 for n=100, ¢,°=0.031 for n=1000
and ¢,°=0.01 (i.e., 1%) for n=10* for Flory-Huggins solution. Therefore ¢,° is at most in the
range of ¢, <10%.

* If the overall volume fraction of the polymer ¢,° is larger than ¢,°, the volume ratio R of
polymer-lean phase to polymer-rich phase in the vicinity of the cloud point is rather smaller
than 1, but if $,°<¢,°, R>>1 is realized. Then, by measuring R in the vicinity of the cloud
point as a function of ¢,° we can determine ¢, © on the basis of this criterion, experimentally.
See <<Probrem 4-41>>

<<Problem 4-13>> Range of critical temperature and critical composition
Discuss the range of ¢, and Y., which can be varied over a wide range of n,
for Flory-Huggins solution.

Answer
In <<Problem 4-12>> we derived

0 =—
o

(4.12.11)

3

1+
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2
. 4.12.13
Xc—z \/H ( . )

for Flory-Huggins solution. For n=1, we have

¢1°=%, Xe =2 (4.13.1)
For n=co, we have

01 =0, Xc=é— (4.13.2)

Therefore, with increase in molecular weight, ¢ decreases from 1/2 to zero

and . from 2 to 1/2. Accordingly, ¢,° ranges from 1/2 to 0 and ). from 2 to
1/2.

<<Problem 4-14>> Determination of 0 and y (I): Shultz-Flory plot
The following relationship holds between the critical solution temperature T.
and the Flory temperature 6.

1 1

1 1 1

Discuss experimental methods for determining 6 and y based on Eq.
(4.12.19).

Answer

If y>0, T, is always smaller than or equal to 6; T.< 6. Eq. (4.12.19)
shows that T, approaches 8 when n—e . That is,

T (n—>e)=6 (4.14.1)

Eq. (4.14.1) means that T, for the polymer with infinite molecular weight (or
degree of polymerization) coincides with the Flory temperature. Thus, 6 can
be determined experimentally by measuring T. for solutions of a series of
polymers with different n and making a plot of 1/T, versus (1/n"*+1/(2n)).

The slope of the plot yields 1/( 6 y) and the intercept at n=e gives 1/ 6. Then,
we can determine 0 and yconcurrently. This plot is often called the Shultz-
Flory plot (See A.R.Shultz and P.J.Flory, J. Am. Chem. Soc. 74, 4760 (1952)).
Note that in this plot the concentration dependence of ¥, is not taken into
account, so that the plot has a tendency to overestimate .
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<<Problem 4-15>> Determination of 6 and y (II). Application to
experimental data

Figure 4-15 shows the relationship between observed critical temperature T
and the molecular weight of solute M for polyisobutylene in mixtures of
ethylbenzene and diphenylether (See T.G Fox and P.J.Flory,
J.Am.Chem.Soc.73, 1909 (1951)) Determine 8 and v for this system.

Answer
For Flory-Huggins solution, we have

LS N U U S
T. 6 6y Jn 2n (4.12.19)

If n>>1, the equation reduces to

1 _1(,,.b
T.C8 "M (4.15.1)

=y (4.15.2)

1 i

0 20 40

M-ll2x 104

Fig. 4-15 Critical temperature as a function of molecular weight of
polyisobutylene in mixtures of ethylbenzene and diphenylether (See T.G
Fox and P.J.Flory, J. Am. Chem. Soc. 73, 1909 (1951))
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1/2
Vo
Vi

oy (4.15.3)

b=

Here, M,v, and v, are the molecular weight of the polymer, the specific
volume and the molar volume of the polymer. Eq. (4.15.1) is rewritten as

T.=0 1 =0

I- %) (4.15.4)

™M

The intercept of the plot of T, vs. M'"/ at M '>=0 gives 6 and the negative sign
of the slope givesb. Then, from the figure we obtain 6 =26.8°C (=300K)4,
and M2 =43x10"* at T=273K. From Eq. (4.15.4), 273/300=1-b(43x10™)

and b= (1-273/300)(1/43x10'4)=20.9. In the original paper, b=13, which was
erroneously determined.

<<Problem 4-16>> Determination of 6 and y (III): Application to
experimental data

Table 4-16 lists the viscosity-average degree of polymerization n, for
polyvinylbenzoate-xylene solutions. Determine the Flory temperature 6 and
the entropy parameter y for this system.

Answer
Chain length P, defined as the ratio of molar volume of polymer V, to that

Table 4-16 Viscosity-average degree of polymerization and critical
temperature of polyvinylbenzoate fractions in xylene

sample ny T«(K)
F1 1620 289.2
F2 1300 287.8
F3 990 285.0
F4 820 283.4

(See I. Sakurada, Y.Sakaguchi and S.Kokuryo, Kobunshi Kagaku 17, 227
(1960))
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of solvent V, can be calculated from the degree of polymerization n using the
relationship

M
o Yo _\Po) _ps2Mg

_VS—(MS)_pp MS n

(4.16.1)
Py

where p; and p, are the densities of solvent and polymer, 2M, the molecular

weight of repeating unit, M the solvent molecular weight. For the above

system, we obtain p,=0.881 (for o-xylene), p,=1.23, 2M,=148, M;=106.

Therefore, if we use n, in place of n, P=0.998n,=n,. From the intercept and

the slope of the plot of 1/T, against (1/n'/*+1/(2n)), we obtain 8 =305.8K and
v =0.47.

* The experimental method for determining 6 and 7 in various concentrations is summarized
in <<Probrem 4-23-b>>.

<<Problem 4-17>> Chemical potential in Flory-Huggins solution
Based on the Flory-Huggins theory, plot Apy/RT against ¢, for the cases of
n=10, 100 and 1000.

Answer
The chemical potential of solvent Ay is given by

A, =RT 1n(1-¢1)+(1-%)¢1+x¢12 (3.11.3)

Figures 4-17.(a)-(c) show the plots of Aly/RT against ¢, for various n and .

<<Problem 4-18>> Mean molar Gibbs free energy of regular solution
Mean molar Gibbs free energy AG,x of the regular solution, in which low
molecular weight solute is dissolved, is given by

AG,,,=RT (xoln Xo* X Inx,; +2ex4x, /kT) (4.11.10°)
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Plot AG,,ix against x;.

Answer

Figure 4-18(a) shows the plot AG,,;, vs. x; for ze=1250, 1500 and 1750
cal/mol at 273K and (b) shows the plot for ze=1500 cal/mol at temperatures
ranging from 248 to 373K. Two-phase separation occurs by increasing ze or
decreasing temperature. The coexistence curve is symmetrical if the molar
volumes of solvent and solute are the same.

(@n=10 () n=100

E.% %=0.5
Z-0.1 o6s
0.8662 (=)

i
0 0.5 1
61

©) n=1000

£=0.5321 (=)

Fig. 4-17 Chemical potential of mixing
as a function of volume fraction for
Flory-Huggins solution for different
degrees of polymerization
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L (a) T=237K 50-(b)ze=1500 cal/mole
| L T=248K
50-
} I 273
[ - 0 ¢
< ! ze=1750 cal/mole %
& £
o =
L 3]
E \E -50 _
@]
3 3
-100
-10
[ 1
-1505 0.5 1
X,

Fig. 4-18 Gibbs free energy of mixing as a function of mole fraction for
regular solution for different interaction energies

<<Problem 4-19>> Mean volume Gibbs free energy and critical condition
for Flory-Huggins solution

When the polymer-solvent interaction parameter ¥, in the Flory-Huggins
theory depends on the solute concentration, the chemical potentials of solvent
and polymer solute Ap,y and Ap, are given by

A, =RT 1“(1'¢1)+(1"11;)¢1+X¢12 (3.11.3)
and
1
= Ing, -(n - - - - d 3.15.10
84, =RT{ g, ~(n- 1) (1-0,) - X0, 1 -0 0], 300, (3.15.10)

respectively. Based on Egs. (3.11.3) and (3.15.10), derive (1) the mean
volume free energy of mixing, and (2) the expression for the condition of
the spinodal (stability limit) and the critical point.
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Answer
(1) AG, is defined by

AG, =(1 - ¢l)(%‘09 + 0

%) (4.12.4)
I'lV()

Substituting Eq. (3.11.3) for Ap, and Eq. (3.15.10) for A, into Eq. (4.12.4),
we obtain

RT o, :
=—{(1- - A d

AG, v, (1-9))In(1-0,)+ . ln¢l+¢]le o, (4.19.1)
(2) The spinodal condition is expressed by
(alAGV) =0 (4.12.2y

o01® Jrp
At the critical point, Eq. (4.12.2)" and the equation
(a3A(iv) —0 (4.12.3y

ad1” rp
hold their validity.
Differentiation of Eq. (4.19.1) with respect to ¢, yields

0AG, RT 1) 1 !

—— | =—{-Infl1-¢,}-{1-—]+-1 fd- 19.
(3¢1 )TP Ve n(1-9,) (1 n)+n N+ |, x40 -x0y (4.19.2)
and further differentiation of Eq. (4.19.2) with respect to ¢, leads to

9’AG, RT | 1 1 %

=V +——-2x-| 5|0 4.19.3
( a¢12 ) Vo |1-¢, n¢, x (3(1)] ] ( )
TP

At spinodal, Eq. (4.19.3) is zero:
—1——+L-2x-(gx—)¢1=0 4.19.4
1-¢1 n¢, db; (4.194)

From Eq. (4.19.3),
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8¢,3 TP Vo (l’q’l)z n¢12 9, aq)lz
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(4.19.5)
Accordingly, at the critical point, the equation
2
11 _3(3x)_(8x)¢,= (4.19.6)
(1-01f no:® 1001/ 99,2
should hold in addition to Eq. (4.19.4).
* When % does not depend on ¢,, the following relations hold.
1
f xdo1 =x (1 - ¢1) (4.19.7)
%1
and
2
o _ 9% _ (4.19.8)
8¢1 8([)12

Then Egs. (4.19.4) and (4.19.6) coincide with Egs. (4.12.8) and (4.12.10) in <<Problem 4-

12>>, respectively. When y depends linearly on ¢,, as given by

the equation

X =Xo(1 + p191)

o]

[, x0=10

o

aq;. XopP1
Mzo
00,°

Then Eqgs.(4.19.1), (4.19.4) and (4.19.6) are simplified as

(3.16.1)

(4.19.9)

(4.19.10)

(4.19.11)

s, =T 100+ oy 1)+ 2 1-0)

(4.19.12)



1 4+ 1 _yo(2+3 =0 (4.19.13)
TRy %o ( P101)
—1 1 _3yp;=0 (4.19.14)
(1-0: nos?

respectively. If we put p1=0, Egs. (4.19.12)-(4.19.14) is reduced straightforwardly to those

for the simple case when % does not depend on concentration (Eqs.(4.12.8) and (4.12.10)).
Two methods have been proposed for calculating cloud-point curves of polydisperse polymer
solutions, one by Kamide et al. and the other by Solc, the comparison of those is given in (K.
Kamide, S. Matsuda and H. Shirataki, Eur. Polym. J. 26, 379 (1990)).

<<Problem 4-20>> Critical condition for homologous polymer solution
The chemical potential of solvent A, and that of solute Ap; in
multicomponent polymer solutions are given by

Apg=RT 1n(1-¢1)+(1-nl)¢,+x¢12 (3.18.5)
Ay =RT {Ing; - (n;- 1) (1-0,)- xni6, (1-¢) +n, L 11 x4, (3.18.4)
where

0,=2.0,
=1

By employing mean volume free energy of mixing AG, in place of mean molar
free energy of mixing, the conditions for spinodal and neutral equilibrium (See
Egs. (4.9.1) and (4.9.2)) are written in the form

A(}"ll AGVIZ AGVI3 cee A(}"Il'
AG,, AG,,, AG,,, .. AG,,

|aG,|=| . , , ~|=0 (4.20.1)
AG,, AG,, AG,, " AG,_
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a] a| a[ AG,
a(b‘ a¢2 a¢3 a¢f
AG,, AGy,, AG,, AGy,,
|AG'V = -0 (4.20.2)
AG,,, AG,, AG,, AG,
where
2
AGvij = (a AGV)
00i90;/1.p
Combination of Egs. (4.20.1) and (4.20.2) leads to
1 1 ay
+—-2
1 - ¢1 nw¢1 x (aq) ) ¢l (4.20.3)
and
1 n, ax 0%
- S == == 19,=0 (4.20.4)
(1-¢,)2 n,’0,> (3¢1) (aq)lz) :

Here, n,, n,, and n, are the number-, weight- and z-average degree of
polymerizations, respectively. (1) Calculate AG, using Eqgs. (3.18.5) and
(3.18.4)’. (2) Derive the spinodal condition, Eq. (4.20.3). (3) Derive the
condition for the neutral equilibrium, Eq. (4.20.4).

Answer
(1) AG, is defined by (See Eq.(4.12.4))
! A
G,=(1-¢, )( ) Z¢,(n$'0) (4.20.5)

Substitution of Egs. (3.18.5) and (3.18.4)’ in Eq. (4.20.5) gives
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_RT

AG, Vo (1 -¢,)1n(1 -¢,)+2

(2) Differentiation of Eq. (4.20.6) by ¢, leads to

V, [ 0AG, 1 1
ﬁ( %, )TP=-1n(1-¢,)-(1-;)+;1n¢i+

Further differentiation of Eq. (4.20.6) by ¢iand ¢; leads to
v, (azAGv V,

RT

30,00; | " RT

V, [ 9%AG, Vo
RT| ¢.2 " RT
'JTp

Vl]

r

i=1

1 1

_;_2x_(

1-9,

AGV..=L+L-=-L+Li
n

n;0;

0 1
Tino+o, L xdo,

1
xdo, - X0,
oy

)q,,EL

(4.20.6)

(4.20.7)

(4.20.8)

(4.20.9)

Substituting Egs. (4.20.8) and (4.20,9) in Egs. (4.20.1), we obtain

L+L, L L
L L+L, L
Vo) L L L+L,
U= ﬁ ‘AGV = S E
L L L
L, L L L
-L, L+L, L L
0 L L+L, L
U=
0O L :
0 L L - L+L,

L
L
L

- L+L,

=0 (4.20.10)
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U can be divided into two determinants as

L, 0 0
LiL; 0
0 -L,L,

+L,

=L|V1 + L2W2

0 L
0 L
0 L
: (4.20.11)
L., L
'L, L+L,
0 L
0 L
0 L
L, L
‘L, L+L,
0 L
0 L
0 L
L, L
L, L+L,
(4.20.12)

Note that the determinant of the right-hand side in Eq. (4.20.11) has the same
form as the determinant V; in Eq. (4.20.12). The determinant W, can be

further calculated as
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o0 0 0 0 L
-LyLy O 0 L
0 -LsLs 0 L
W2=L3
0 0 -Lg :
: : : L., L
0O 0 O -« L, L+L,
0 L
=L;L,Ls - L
34™~5 r-1 —Lr L+Lr
=LsL4Ls-- - LeLL (4.20.13)
V) is also divided into two parts as
L, 0 O .. 0 L
‘L4 L4 O b O L
0 -L<L 0 L
v,=L, s Ls
0 0 -Lg
: Lr—l L
0O 0 © -L, L+L,
0 0 O 0 L
-Ly,L; O 0 L
0 -LsLs 0 L
+L,
0 0 -Lg
: L., L
0 0 O -L, L+L,
=L,V + L3W; (4.20.14)

U, V, and V, are of the same form, and W, and W; are of the same form.
From Egs. (4.20.13) and (4.20.14), we have
r

w,=L [] L, (4.20.15)

J=i+l



Vi=LiyVis +LinWin

With aid of Eq. (4.20.16), Eq. (4.20.11) can be rearranged.

U=V, then referring to Eq.(4.20.13), we have
VO = L ]V] + L2W2
V2= L3V3 + L4W4

Vi=LiuVin +LioWip

Vr—3 =L r-2vr-2 +L r—]wr-l

L.; L

Via=| =LpiLe + L (Lrj + L)
-L, L+L,

and

Wi =l 0 L =LL
-L; L+L,

From Egs. (4.20.15) and (4.20.17), we obtain
Vo=L, (sz2 + L3W3) +L,W,
= L ]Lz (L3V3 + L4W4) + L 1L2W2 + L2W2
=L 1L2L3V3 + L ]L2L4W4 + L 1L3W2 + L2W2

1
r-2 l-]l Lj
=L\LL3-- L 3V,3+X J;'_Wi
iz Ly
i
r-2 I__:[]Lj r
=L,L,Ly--L 3V3+L Y ! IT1L,
i=2 Lig keinn
r r-3 1
=LL,Ly-- L 3Vis+L{IIL;| X —
=t Ji=1 L
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(4.20.16)

As we can put

(4.20.17)
(4.20.18)

(4.20.19)

(4.20.20)

Substitution of Eqs. (4.20.18) and (4.20.19) for V,.; and W,; in Eq.(4.20.17)
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yields
Vi3 = Leole Ly + Lol (Leg+Ly) + Loy LL (4.20.21)
From Egs. (4.20.20) and (4.20.21), we have

= fIL- +L 1£IL- L+——1——+——1— +L IIIL- TZ?L
i i1 J\Lm Lo L =1 \i=t Ly

=(Ir] Li) 1+L(i ~1—) (4.20.22)
i=1 i=1 Li
Finally, Eq. (4.20.10) is reduced to
1+L (2 Li) =0 (4.20.23)
i=1 1
From Eq. (4.20.23), (4.20.8) and (4.20.9), we have
1 oY, d _
1+ {1—% -2 - (%_1) ¢1} (Z; ni¢i) =0 (4.20.24)
Using n, defined by
Z n;o;
_ =l
n, = ) (4.20.25)
Eq. (4.20.24) can be rewritten as
I 9% - 26
1+{ Y (a¢l)¢l}nw¢l =0 (4.20.26)
or
1 1 ax
4.20.27
w¢| ¢ X (aq)l ) ¢1 ( )

Eq. (4.20.27) enables us to calculate the spinodal curve by using experimental
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data of n,, and . This equation has been first derived by Koningsveld and
Staverman in a different way. (See R. Koningsveld and A.J.Staverman, J.
Polym, Sci A-2, 6, 325(1968)) For monodisperse polymer solutions the
condition of stability limit (i.e., spinodal) is expressed as

i S B (ax ) 4.19.4
oo 100 30, ¢ = ( )
(3) First, let’s calculate (9 | AG, | /00;) using Eq. (4.20.22). Here, Uiis
defined by

ou Vo 6|AGVI - 0
Ui =— L —1n

2 (RBT) Py H s (4.20.28)

Substitution of L, L; and U; defined by Eqgs.(4.20.8), (4.20.9) and (4.20.28) in
Eq.(4.20.2) leads to

U U, U Uy U
L L+l, L L L
ve| b L s R (4.20.29)
L L L
T .
L L L L L+L,

Cofactor expansion of the determinant V results in

V=(1]UA+ 3 () (1) A

j=2

where

(4.20.30)



L+L, L L ... L L
L L+L; L ... L L
L L L+L ... L L
A= S C |=0 (4.20.31)
L L L
: L
L L L L L+L,
and
L L L L L L
L L+L, L L L L
L L L+L,, L L L
Aj=
L L -+ L L+Ly, - L L
L L L L ... L+L., L
L L L L - L L+L,
(G=234, .1 (4.20.32)

Equation (4.20.31) can be rewritten with the aid of Eq. (4.20.22) in the form

A]=(HLi)(l+Li%)=f—l(ﬁLi) 1”‘(,1%'%1) (4.20.33)
i=1 =1 !

izl il 1

Subtraction of the first column from each second to r th column of the
determinant of Eq. (4.20.32) yields
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L O -0 0O - 0 0
0L, - 0 0 0 0
00 oL, 0 - 00 ,
A= J =LLL (H Li)
00 o 0 Lj+l 0 0 1+ \i=1
00 .- 0 o - L, O
006 .- 0 o -~ 0 L,
(4.20.34)

Substituting Eqs.(4.20.33) and (4.20.34) in Eq. (4.20.30), we have

g_(nL) IL(ZLL) (HL)(g)(zg—) 62039

From the spinodal condition of Eq. (4.20.23), it is clear that { } in the
first term of the right-hand side of Eq. (4.20.35) is zero. Then, we have

V= (I_L[ L i) (EL:) (g %) —0 (4.20.36)

T
U,
1= 4.20.37
T (4.20.37)

Substituting Eq. (4.20.28) and
1

=k (4.20.9Y
in Eq. (4.20.37), we have

il oL 2 _
(g Li) (E) (nu1) -0y =0 (4.2038)

and then
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oL
(a¢ )( w¢) -n,=0 (4.20.39)
Partial differentiation of Eq. (4.20.8) with respect to ¢, yields
oL _ 1 (azx ) .
= - ¢ -3 A 4.20.40
W0 (1-of lao2]”' " B0y (42040
Combining Eq. (4.20.40) with Eq. (4.20.39), we have
(an)])z a2x q) 3 3(ax)( 0 )2 0 (4.20.41)
- n,, n,, -n,= LY.
(1 - ¢|)2 a¢12 9 ]

Eq. (4.20.41) is finally rearranged by dividing each term by n. * to

1 n, fax) (9%
(1-o) (nuer) ) (a«n. )“" e

* In deriving Eq.(4.20.33), it is recommended to employ the following relationship:

xl a .. g
ID|= ?xj a =f(a)_a(f’_g(xi))x=a (4.20.43)
a a Xm
where
fx)= {1 (x;-x) (4.20.44)
and
o 1
|Dl=iijl (xi-2) 1+a2 Xk—al (4.20.45)

(See K.Kamide, S. Matsuda, T.Dobashi and M. Kaneko, Polym. J. 16, 839 (1984))

<<Problem 4-21-a>> Critical parameters for homologous polymer
solutions with concentration-independent
Derive expressions for the critical concentration ¢,° and the critical value
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of (% o) for multicomponent (i.e., molecularly heterogeneous) pelymer
solutions with concentration-independent Y, based on Eqgs.(4.20.27) and
(4.20.42).

Answer

The condition for the critical solution point (CSP) is given for polymer
solutions by

1 1 i
an)] + l—ﬁ - 2X (aq)l ) (l)l (420.27)
1 n, ox) [ 9%
- 3£ o 4.20.42
(1-0)" (n0r) ) (a«»l)' e

If the concentration dependence of  can be neglected, these equations are
reduced straightforwardly to

1 1

-2x=0 4.21.1
w¢] ¢ Z ( )
1 0 (4.21.2)
2 - 2 - . .
R
By solving these simultaneous equations, we have
oF = ln (4.21.3)
1+ —=
vV nZ
1 (V Vi ) (4.21.4)

i) SR

<<Problem 4-21-b>> Chemical potential for polydisperse polymer in
single solvent (P/S) with concentration-dependent X

When the thermodynamic interaction parameter X; of i th polymer
component is expressed by Eqgs. (3.16.4) and (3.16.11), the heat of dilution AH
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of the solution and the chemical potential of the solvent AL, can be written by

AH =RT{xoo[l + %(—Il +ip ;0 J}q;oq), (4.21.5)

n

RT{ln(l o, )+( +_]o +x00(l+——-Il+Zp ¢J]¢ } (4.21.6)

Using the Gibbs-Duhem relation (See Eq.(1.3.1)), the chemical potential of
n;-mer, A, is expressed as

Al = RT[lnq)i —(n; 1)+ n{l +-1—Jm,
n

n

+n,(- ¢,)2x00[(1+£}{1+2 [2(q+1)q>‘*]}

FIJ

i ¢q
k __.+ — ( Ej ! 4

Derive Eqs. (4.21.6) and (4.21.7). Note that the applicability of Eq. (4.21.7)
is not restricted only to the lattice model used originally in the Flory-Huggins
theory.

Answer
The chemical potentials of the solvent and n-mer, Al, and Al (i=1,...m) for
a multicomponent polymer-single solvent system are given by

= RT{ln(1—¢l)+ (1 +n_1-]m, +x¢f} (4.21.8)

and

Ap, =RT{1nq>i +(n, -1)+ n{l+ ;1_)@,} +%HT (4.21.9)

where N; is the number of moles of ni-mer. Substituting Eqgs. (3.16.4) and
(3.16.11) into Eq. (4.21.8), we obtain Eq. (4.21.6). In Eq. (4.21.8), X ¢,



149

must be of the form

o0AH

RTy ¢ =
X% = 3N,

(4.21.10)

where N, is the number of moles of solvent. The necessary and sufficient
condition under which AL, and Ay, satisfy the Gibbs-Duhem relation
Eq.(1.3.1) is

MH a{wo(aAH)d } (4.21.11)
N, oN

On substituting Eq. (4.21.5) in Eq. (4.21.11), we obtain

1 JAH k ) 2
E’FW_XOO“ [H'-:){(l -¢,) +Z ( 1 +1¢ +o" J}
+Xook (n—l—;n—](l 0, )+ Z Q ¢’”% (4.21.12)

Combination of Eq. (4.21.12) with Eq. (4.21.9) leads to Eq. (4.21.7).

<<Problem 4-21-c>> Critical condition for polydisperse polymer in
single solvent (P/S) with concentration-dependent X
Substituting Eqgs. (4.21.6) and (4.21.7) into Eq.(4.20.5), we obtain

AG __[(1 ~ 0, Jin( - ¢)+z¢ n¢‘+x00{1+-—-(1+n —n )}

{”2 o [iq’q) (llq’r] (4.21.13)

The critical solution point for the Gibbs free energy expressed as Eq. (4.21.13)
is given by the following equations

1 1 1 n = ;
1+ k] 14— D }2+ p.(j+2)q>j}=o (4.21.14)
nw(bl 1_¢l 00{ ( n, nn){ é !
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(- <t>)Z ( ¢)2 XOO{”“(”—I—-HWj}{ipjj(iﬂ)bf'}:o(4.21.15)

Derive Egs. (4.21.14) and (4.21.15) using the condition for the critical point,
Egs. (4.20.1) and (4.20.2).

=

Answer
The derivative of Gibbs free energy is given by

(fori * j) (4.21.16)
or
Vorg. =M+-L =M+M (for i=j) 4.21.17
R'I‘ vii n - i J ( ¢ ° )

From Eqgs. (4.21.16), (4.21.17) and (4.20.1) , we obtain

M+ M, M M
Il M M+M, - M
|AGV|= _IE) _ Y .
V, : - :
M M -~ M+M,
(RT m m
=|— M [1+MY —|=
Vo) (I;[ I ;M) (4.21.18)
Then we have
1+M2L=0 (4.21.19)

=l

for the spinodal. Rearrangement of Eq. (4.21.19) with the aid of Eqgs.
(4.21.16) and (4.21.17) gives Eq. (4.21.14). In deriving Eq. (4.21.18), we
employed Eq. (4.20.43).

Differentiating Eq. (4.21.18) by ¢;, we obtain



151

oAG,| n )
[Vo] (HM _¢, — m.)_w‘ (4.21.20)

90, -

Then, from Eqgs. (4.21.16), (4.21.17) and (4.21.20) and using Eq. (4.21.19),
we obtain

+M, M . M
, M  M+M, - M m . ,
|AG' |=(-1*W,| C N E I G VR VY
. : . N j+2
M M - M+M,
M M+M,
X M M+M, M
M M M+M,,
%M M M+M,_

5 M 3 wi _
[HMIK«‘ Z‘M—J
(4.21.21)

Eq. (4.21.21) can be rewritten, using Eqgs. (4.21.16) and (4.21.17), as Eq.
(4.21.15).

<<Problem 4-21-d>> Determination of cloud point curve for polydisperse
polymer in single solvent (P/S) with concentration-dependent )

Describe methods for determining the cloud point curve (CPC) of
multicomponent polymer-single solvent systems from the chemical potentials.

Answer
The Gibbs condition for the phase equilibrium of quasi-binary
solutions at constant temperature and constant pressure is given by (See

<<Probrem 1-5>>)
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Ay, = Al (4.21.22)
Au'i(l) :Aui(z) (i=1,---,m) (4.21.23)

Here, the suffixes (1) and (2) denote the polymer-lean and the polymer-rich
phases, respectively. Combining Egs. (4.21.6), (4.21.7), (4.21.22) and
(4.21.23), we have

1- ¢|(l) ¢,m __fE‘_(_Z_)_
. {ln1 ™ +(¢m) ¢1(z))—[nn“) - J}
{(q)m) _¢|(z))+k(:|(2) - Py }+2 P, ( o I’(*l’))-l- k{n"z’ _ %0 J}

n(2) n(2) n(2) lFln(l)
(4.21.24)
and
1. ¢ o
0,=—In—2 =g, +-2 4.21.25
ni q)l(]) ° ni ( )
with

(1’1(1) ¢|(2))_[¢l(l) ¢1(2)]

nn Hhe)

n 2 .
+xool:261(|)'¢1(2))' 612“)"1)12(2))'*21 P; {J+ @’m) 1(2))' 6’:0? KZ)%:I
F

x K’ ¢|(1) ¢l(2) ¢12(1) ¢1za) i p ¢|(l) (H(z) ¢1(1) ¢Ij:22)
-Xoo - - - — i -
Doy Ma Ny Ny Fl ! N,y Nue Ny DNp

(4.21.26)

and

o, _kl{@m) ¢|(2))+Z (Pi{f) i(’f,)} (4.21.27)

* An example of the flow chart of the computer simulation of cloud point curves is given as

follows.The volume frac ion of ni-mer in two coexisting phases, ¢.;,(n;) and ¢.)(n;), are given
by
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R+1

O, (n,)= m%(n.) (421.28)
0. (n)=RFrDexp@N), (4.21.29)
@Y R+exp(on)

[SET do(m) n,® By . by p;(i=t. - m), i |

WEQ;I"J%

SET${

ISETwper. Lower cumi(e values of o ; ch,avﬂ

Fig. 4-21-d.1  Flow chart for calculating the cloud point of a
multicomponent polymer/single solvent system (See K. Kamide, S. Matsuda,
T. Dobashi and M. Kaneko, Polym. J. 16, 839 (1984))
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where R is the ratio of the volume of the polymer-lean phase V), to that of the polymer-rich
phase V(;) and ®y(n;) is the volume fraction of n;-mer in the starting solution. The ¢(;y(n;) and
02)(n)) at the cloud point, (referred to as §1,°?(n;), 92)°*(n;)), are given from Eq. (4.21.28) and
(4.21.29) as limiting cases of R~ when the polymer volume fraction of the starting
solution ¢, is lower than ¢,° and R—0 for ¢,°>0,° in the form

M

¢f,p) @;,)=0,(n;)

0 (n;)= 0, (0, Jexp(~o;n;) (4.21.30)
for ¢,%< o°  (=1,",m)

2
¢f.p) @;)=0,@; Jexp(- on,;)
0% (0;)=0, ;) (421.31)

for ¢,°> ¢,°  (i=1,""",m)

Fig. 4-21-d.2 Effect of weight-average molar volume ratio n,’ of the
polymer in a single solvent on cloud point curve (Egs. (4.21.24)-(4.21.27))
for  in Eq. (3.16.14) for p;=0.5, p,=0 and ko=0: n,’/n,"=1 (a), 1.1 (b), 2
(c), and 4 (d); (O), critical point (Eqgs. (4.21.14) and (4.21.15)); (@),
precipitation threshold point; number on the curve denotes n,? (See K.
Kamide, S. Matsuda, T. Dobashi and M. Kaneko, Polym. J. 16, 839 (1984))
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Thus, on the basis of Eqgs. (4.21.24)-(4.21.27), (4.21.30) and (4.21.31)

Xoo at the cloud point (X,°?), O, ¢1)(n;) and dy(n;), ¢y1y and ¢, can be directly calculated for
a solution with given ¢,°. A brief flow chart for computer simulation is shown in Fig 4-21-
d.1. The prerequisites for this simulation are

(a) molecular weight distribution and accordingly the weight- and number-average degree of
polymerization n of the original polymer (n,,’ and n,,’n,%

(b) polymer volume fraction of the starting solution ¢,°

(c) parameters k, and 0 in the expression of X

(d) concentration dependence parameters pj(j=1,2,...,n) in the expression of X

* Figure 4-21-d.2 shows the effect of n,” on CPC, calculated for the solutions of four
polymers (Schulz-Zimm molecular weight distribution, ny"/m."=1, 1.1, 2 and 4) in a single
solvent (p1=0.6, po=0 and k¢=0 in Eq. (3.16.14)). The unfilled circle in the figure is the
critical point and the filled circle, the threshold cloud point. (See K. Kamide, S. Matsuda, T.
Dobashi and M. Kaneko, Polym. J. 16, 839 (1984))

<<Problem 4-22>> Effect of molecular weight distribution on critical
concentration

When the molecular weight distribution (MWD) of a polymer is expressed
by Schulz-Zimm type distribution or Wesslau type distribution, estimate the
dependence of the breadth of MWD, n,/n,, on ¢° for the cases of n,=10
and 1000. Here, the weight distribution of the degree of polymerization f,(n)
of Schulz-Zimm-type distribution is expressed by

h+1
_y h
fw(n) = m)‘ n exp( — yn) (4.22 1)
_p _h+l h42

and f.(n) of Wesslau-type distribution is expressed by
A, n)\?
- Bz( In no) ] (4.22.3)

|32=21n( :—W) n®=(n,n,)? (4.22.4)
n

__ 1
fu(n) = m €xp
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where the weight fraction of polymer molecules with molecular weight
betweenn and n+dn is denoted by f.(n)dn (See <<Problem 9-8>>).

Answer
If % is independent of ¢, and n, ¢,° is given by

oj=—— (4.21.3)

Table 4-22 shows the critical concentration of solutions of the polymer with
Schulz-Zimm-type and Wesslau-type molecular weight distribution for typical
values of n,, and n,/n,. The critical concentration ¢, decreases with
increasing the average molecular weight of the sample n,, and increases with the

Table 4-22 Critical volume fraction of polymers with different molecular
weight distribution

(a) ny~=10

Nyw/Ny 1 2 3 10
Schulz-Zimm

n, 10 15 17 19
¢:° 0.240 0.279 0.290 0.304
Wesslau

n, 10 20 30 100
¢:° 0.240 0.309 0.354 0.500
(b) nw=1000

ny/n, 1 2 3 10
Schulz-Zimm

n, 1000 1500 1666 1900
o:° 0.0307 0.0373 0.0392 0.0418
Wesslau

n 1000 2000 3000 10000

¢:° 0.0307 0.0428 0.0519 0.0909
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breadth of the molecular weight distribution. ¢, for the polymer with Schulz-
Zimm distribution is larger than that for the polymer with Wesslau-type
distribution.

<<Problem 4-23-a>> Experimental method for determining Flory’s 0
condition

Describe experimental methods for determining Flory’s 8 condition of
polymer solutions and compare the methods.

Answer

(1) Critical point method

6 is T, of the solution of a polymer with infinite molecular weight. Plot 1/T,
versus 1/n'/?+1/2n for a series of combinations of T, and n, both
experimentally determined. 6 is determined by extrapolating 1/T, to n—>2°,
according to the relationship

1 1 1 1 1

The plot is usually curved when ¥ depends on concentration or when the
polymer has a molecular weight distribution. Solutions of crystallizing
polymers do not yield two phase separation, frequently, for which the above
method cannot be used. (See K. Kamide, S. Matsuda, Polym. J. 16, 825
(1984))

(2) Second virial coefficient method
Second virial coefficient A, is given by the relationship

2
A, =( NZVO)W(I - —%)F(x) (4.23.1)

(See <<Problem 5-21>>) Then, the temperature at which A, equals zero, is
6. The method is based on experiments by means of membrane osmometry,
light scattering, etc. as a function of temperature or solvent composition for
determining the temperature at A,=0 or the composition at A,=0.

(3) Limiting viscosity number-molecular weight method
The exponent a in the Mark-Houwink-Sakurada equation
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[n]=K M (4.23.2)

becomes 0.5 in @ solvent. Here, [7] is the limiting viscosity number, M the
molecular weight and K, a constant (See <<Problem 8-30>>). Then, we can
determine O or solvent composition at 6 condition by measuring {1] at various
temperatures or solvent compositions for a series of polymers with different
molecular weights, dissolved in solvents.

<<Problem 4-23-b>> Experimental method for determining 0 and V¥
Describe methods for determining the Flory theta temperature 0 and entropy
parameter W, and the concentration dependence of the parameter X of single- or

multicomponent polymer-single solvent system from the critical solution point
(CSP) data.

Answer
(1) Koningsveld et al. method
The interaction parameter g defined in Eq.(3.18.1) is expanded as

g= _E:_’o,gid’f (4.23.3)

Here gy could be devided into temperature-independent and -dependent
components given by

8o = 8o t8y /T (4.23.4)
¥ and 0 can be calculated from

1
V=280 "8 (4.22.5)
0=g, /vy (4.22.6)

Note that the concentration- and temperature-dependence of the parameter g, in
the other words, the parameters go, go1, g1 and g, are evaluated so that the
deviation of the experimental critical volume fraction ¢ ,° and critical

temperature T, data for all the samples from the theory would be the minimum.

* This method was applied to PS-CH and PS-methylcyclohexane (MCH) and ¥ values were
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Fig. 4-23-b.1 (A) Plot of Y in Eq. (4.23.7) against ¢ and (B) plot of g

in Eq. (4.23.8) vs. 1/T, for UCSP (a) and LCSP (b) of the system
polystyrene/cyclohexane. (O) Koningsveld et al. (1970); (@) Kuwahara et
al. (1973); (O) Saeki et al. (1973) (See K. Kamide and S. Matsuda, Polym.
J. 16, 825 (1984))
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Fig. 4-23-b.2 The critical concentration experimentally determined, 0,°
(exp), plotted against the critical concentration theoretically calculated,
¢:°(theo) for UCSP (a) and LCSP (b) of the polystyrene/cyclohexane
system. ( A) Shultz-Flory [Eq. (4.23.14)’];( &) Stockmayer [Eq.
(4.23.14)]; (O) Kamide-Matsuda [Eq. (4.23.9-10), p;=0.6, p,=0}; (@)
Kamide-Matsuda [p;=0.623, p,=0.290]; ((CJ) Kamide-Matsuda [p;=0.642,
p2=0.190 for UCSP and p;=0.602, p,=-0.347 for LCSP]. (See K. Kamide
and S. Matsuda, Polym. J. 16, 825 (1984))
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Fig. 4-23-b.3 Relationship among p,, p, and & for UCSP (a) and LCSP (b)
of the polystyrene/cyclohexane system. Numbers on the curve denotes

8x10*.  Filled circle corresponds to the most ideal combination of p; and p,

to describe the critical solution point. (See K. Kamide and S. Matsuda,
Polym. J. 16, 825 (1984))
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Fig. 4-23-b.4 Changes in ko-parameter in Eq. (3.16.14) with temperature
T; closed and half-closed marks, PS/CH system (@) Kamide-Miyazaki; (@)
Scholte by light scattering: open marks, PS/MCH system ;( [J)
$1°=0.50x10%; () $,°=0.47x 10°% (O) ¢,°=0.86x10% (A) ¢,°=2.0x10°%;

(V) 6,°=1.86x102. (See K. Kamide, T. Abe and Y. Miyazaki, Polym. J. 14,
355 (1982))
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calculated. In their method, the curve fitting was repeatedly used to determine g (for
example, see Fig 4-23-b.1). The concentration dependence of the parameter g (accordingly
that of the parameter X) can be determined not only from the critical point, but by various
other methods such as osmotic pressure, light scattering, ultracentrifuge, vapor pressure, and
phase separation. In the present method, g and g in Eq. (4.23.3) are calculated from ¢,°,
weight- and z- average degree of polymerization, n,, and n, by applying the curve fitting
method to the equation

1 n,

i 5 (4.23.7)
(1-e7)" (n. -oi)

for neutral equilibrium condition. g, is evaluated from g; and g, thus determined and ¢,° and
ny, by using the spinodal equation

1 1
2g, ZT—F+W+ 2g,(1-367) +6g,(1—20% )¢’ (4.23.8)

goo and gy, can be estimated from the plot of g vs. 1/T, according to Eq. (4.23.4).
(See R. Koningsveld, L. A. Kleintjens and A. R. Shultz, J. Polym. Sci. A-2, 8, 1261 (1970))

Y=g, -g, +4g,0) =

N =

(2) Kamide-Matsuda method
The parameter X, can be phenomenologically expressed as Eq. (3.16.4). At the
critical point, the following equations can be derived:

) 1 c ci
o T X (2+Zp G+205)=0 (4.23.9)
and
: ~x ¥ i+ 20" (4.23.10)

-6 (n ¢.) P

where n,, and n, are the weight- and z-average degree of polymerization. Both
Xo° and ¢,° can be obtained concurrently through the application of Egs.
(4.23.9) and (4.23.10), using a numerical method, to the data of n,, n, and p;
(G=1,2). o isrelated to T., ¥ and O through the relation



— =X a0 (4.23.11)

with
W=1/2-%,,, 0=x,/(1/2-%,.) (4.23.12)

where X5 and X are the entropy and enthalpy components of X, respectively
(i-e., Xo=Xos + Xon). Using %o°, calculated from Eqgs. (4.23.9) and (4.23.10)
and experimental T., we can determine 0 and ¥ from the plot of 1/T, against
Xo'- (See K.Kamide and S.Matsuda, Polym.J. 16, 825 (1984))

(3) Stockmayer method
Putting p;=0 (for j=1,..., n) in Eq. (4.23.9), we obtain
c 1,1 1

= _— 23.13
Xo 5(nw¢f+1—¢f) (4.23.13)

Substitution of the Stockmayer equation which was derived for
multicomponent polymer-single solvent system

¢; = —1”—2 (Stockmayer equation) (4.23.14)
1+n_ /n,
into Eq. (4.23.13) yields
c 1 nl”2 1 n,
X == + —N—75+1) (4.23.15)
2 n, n, n

Combining Eq. (4.23.11) with Eq. (4.23.15), we obtain
1 1 1 1

nl 1/2 ]' nw 1/2 1 1
T, ()\;I{Z(nw”2 +(nw) )x(nw”z +(n,) )}+9( 2\|1) ( )

(See W. H. Stockmayer, J. Chem. Phys. 17, 588 (1949))

(4) Shultz-Flory method
When n,=n, is assumed, Eqs. (4.23.14) and (4.23.16) are reduced to the well
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Table 4-23-b.1 Various methods for estimating 6 and y from critical point
data

Method Parameter prerequisite for applying ~ Parameters deduced
method from the method
Molecular Critical Concentration
characteristics  point  dependence of

data X
Schulz-Flory Ny T, _ 0,vy,0/,
[Eq.(4.23.14]
Stockmayer Ny, 1, T, _ 0,v,0,°
[Eq.(4.23.14)]
Koningsveld et al. Nw, N T., ¢ 21,82 8, W, 200,201,81,82
[Eq.(4.23.7,8)]
Kamide-Matsuda Ny, N, T, P1; P2 8, V, ¢:1°, Xoo

[Eq.(4.23.9,10)]
(See K.Kamide and S.Matsuda, Polym.J. 16, 825 (1984))

Table 4-23-b.2 Flory 6 temperature and entropy parameter \ for the upper
solution critical point of the polystyrene-cyclohexane system

Method Equation Concentration
dependence 6/K Y
of X
P P2
Shultz-Flory (4.23.14y O 0 306.2 0.75
Critical Stockmayer (4.23.14) 0 0 306.5 0.80
point
Koningsveld el al. (4.23.7,8) 0.623 0.308 305.2 0.29
0.623 0.290 305.6 0.30
Kamide-Matsuda:
Phase separation 06 0 306.4 0.35
Cloud point (4.23.9,10) 0.643 0.200 306.6 0.27
Critical point 0.623 0.290 305.6 0.27
Critical point 0.642 0.190 305.1 0.27
Membrane _ _ 3076 0.36
osmometry
_ _ 3076 0.23
Second Light scattering _ _ 3084 0.19
virial _ _ 307.0 0.36
coefficient 3074 0.18

(See K.Kamide and S. Matsuda, Polym, J. 16 825 (1984))



Table 4-23-b.3 Concentration dependence of -parameter p,, p,, Flory temperature 0, and entropy parameter s at the critical point for
polystyrene-solvent systems

Polymer:Polystyrene UcCsp Method
or
LCSP
Solvent Kamide-Matsuda Koningsveld et al. Shultz-Flory
P P 0 v P p: 6 v 6 (6 ref) v (v ref)
Methy] ethyl ketone LCSP 0618 -0.208 4236  -0.44 0.550 -0.262 423.8 -0.31  423.1 (422) -0.63 (-0529)
Cyclopentane UCsSP 0.615 0.404 292.1 0.16 0.606 0.497 292.1 0.18 292.7(293) 0.53 (0.548)
LCSP  0.631 0.331 428.5 -0.25 0.611 0.468 428 -0.27  427.4 (427) -0.81 (-0.858)
Cyclohexane UCSP (0.642 0.190 305.1 0.27) (0.623 0.308 305.2 0.29) 306.5 (306.2) 0.75 (0.78)
- - - - (0.623 0.290 306.4 0.30) - - (0.79)
LCSP 0.638 -0.498  488.6 -0.58 0.62t -0.305 488.3 -0.60 486.8 (486.0) -1.21 (-1.19)
(0.602  0.347 487.2 -0.42) (0.571 -0.047 487.8 -0.61) - -(-1.20)
Methyl cyclohexane UCSP (0.602 0.234 340.2 0.25) (0.602 0.363 339.6 0.27 342.3 (344) 0.61 (0.56)
LCSP (0.649 -1.183 4879 -0.54) (0.643 -1.008 487.8 -0.56  485.1 (484) -0.96 (-0.94)
Toluene LCSP 0.494 -0.922 5504 -1.36 0.501 -0.475 550.3 -1.20 549.8 (550) -2.02 (-1.92)
Benzene LCSP 0.388 -1.781 524.3 -1.81 0.382 -1.655 524.2 -1.82 523.7 (523) -2.19 (-1.79)
Isopropy] acetate UCSP 0.673 -0.034 2408 0.11 0.673 -0.082 240.6 0.13 245.3 (246) 0.29 (0.32)
LCSP 0.839  -2.000 398.1 -0.46 0.773 -1.594 394.6 -0.46  389.5 (380) -0.71 (-0.46)
n-Propyl acetate UCSP  0.643 -0.018 1923 0.21 0.623 0.168 192.7 0.22 193.2 (193) 0.60 (0.63)
LCSP  0.797 -1440 4563 -0.47 0.769 -1.204 455.6 -0.49  451.1 45)) -0.96 (-0.85)
Dimethoxy methane LCSP 0.650 -0.202 389.1 -0.25 0.642 -0.083 388.0 -0.24 3860 (- -0.61 ()
trans-Decalin UCSP 0630 0240 2927 0.33 0.623 0.338 292.5 036  293.7() 0.95 (-)

(See K. Kamide, S. Matsuda and M. Saito, Polym. J. 17, 1013 (1985))
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Table 4-23-b.4 Temperature-dependence (a and b in the equation y =a+b/T or a=0.5-y,, b=y,0) and concentration-
dependence (p) and p; in Eq.(3.16.4)) parameters of themodynamic interaction parameter y, Flory entropy
parameter \, and Flory theta temperature § for atactic polystyrene/cyclohexane system (T=299K).

Author(s) Method a b o P2 v, g /K
Krigbaum and Osmotic Pressure 0.2469 76.67 0.630, 0.480z 0.25 302.9
Geymer(1959)

Scholte(1970) Ultracentrifuge 0.2631 7431 0.534, 0.430, 0.24  313.7
Koningsveld et al.(1970) Critical point 0.2035 90.50 0.610¢ 0.920; 030  305.2
Koningsveld et al.(1970) Critical point 0.2211  85.31; 0.622, 0.289, 0.28  305.9
Kuwahara et al.(1973) Threshold cloud point 0.2798 67.50 0.607; 0.512; 0.22  306.5
Kamide et al.(1984) Cloud point curve and - 158.79 0.643 0.200 0.52 305.2

p p vs. T relationship 0.0242,

Kamide and Matsuda(1984) Critical point 0.23 82.37, 0.642 0.190 0.27 305.1
Kamide et al.(1995) Cloud point curve and 0.23 82.89 0.600 0.460 0.27 307.0

o p vs. T relationship

* o ,, the relative amount of polymer partitioned in polymer-rich phase

*T, temperature
(See K.Kamide, S.Matsuda and H.Shirataki, Mem.Fac. Educ. Kumamoto Univ. No.44, Natural Science, 199

(1995))
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known equations derived by Shultz and Flory
¢ 1

P T (4.23.14y
and

1 1.1, 1 1 1 11 1 1
——=——-——-—+12 + — 1—— =———-/—+—— +— 4.23.16,
T, ew{z(nw'” ) e( 2\v) ew(nw” 2nw) 9 ( )

(See A. R. Shultz and P. J. Flory, J. Am. Chem. Soc. 74, 4760 (1952))

* Eq. (4.23.16)’ is strictly valid only for a monodisperse poly mer-single solvent system, in
which the parameter X is assumed to be independent of the molecular weight and the

concentration of the polymer. Whether the concentration dependence of the parameter X and
the polymolecularity of the poly mer should be taken into account to explain the critical point
and, in the former case what would be the most reasonable values of pj, pa,....pn , can be

decided by comparing the experimental critical volume fraction of the total polymer (¢,°(exp))

and the theoretical one (¢,°(theo)) calculated using Eqs. (4.23.9) and (4.23.10) (Kamide-
Matsuda), Eq. (4.23.14) (Stockmayer), and Eq. (4.23.14)" (Shultz-Flory). An analysis of

the data on  9,°(exp), n, and n,, would provide the most ideal values of py, p2, ...and p, as a
combination yielding the minimum 9, defined by

o= % (0§ (exp) —0§ (theo))? /N (4.23.17)
i=1

where N, is the total number of samples. That is, using an appropriate choice of py, p2, ...,
Pns 9;°(theo) will fit ¢,°(exp) for the entire set of data. If ¢,°(exp) and experimental T,
(T ((exp)) data are available for a poly mer-solvent sy stem, we can determine py, ...,p, from the
plot of ¢;°(exp) vs. ¢,°(theo) and 8 and ¥ from the plot 1/T. vs. X concurrently, as shown in
Fig.4-23-b.2,3, and 4.

Table 4-23-b.1 presents the features of the various methods proposed for estimating 6 and
y from the critical point data. When Eq. (3.16.12) is applicable, Egs. (4.23.9) and (4.23.10)
can be modified as,

1 1 6 1 n 1 . i
+ —Xool l + kol 1 - — [x|1+———{|x[2+ (j+2); [=0
n0f 10 "‘”( ( T)( , D( &Pl )“"J

(4.23.9y
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1 n, ¢ _ 0 __1___.n_z 1 (; o
=i S (U ey P

(4.23.10)

Parameters in % determined for poly styrene solutions by various methods are summarized in
Tables 4-23-b.2,3, and 4.

*In contrast to the systems of non-polar polymer in non-polar solvent, for PS-aromatic
solvent systems p, value at CSP deviates significantly from 2/3. (See Note in <<Probrem 3-
16-b>>). For examples, p,=0.494 (toluene) and 0.388 (benzene) were obtained. Kamide et
al. pointed out, from an analysis of 'HNMR spectra with the aid of infra-red spectra and
adiabatic compressibility, that the PS phenylring is stacked in parallel to the solvent pheny!
ring for PS/aromatic solvent system. This strongly suggests that marked difference in
thermody namic parameters, including the concentration dependence coefficients p, and p; of
the parameter X, and Flory entropy parameter at infinite dilution Y, observed for atactic
PS in aromatic and aliphatic solvents, are accounted for, at least in part, by the formation of
some supramolecular structure in the former solutions, which may affect the entropy term in
the parameter X, and the entropy of mixing. (See K. Kamide, S. Matsuda and K. Kowsaka,
Polym. J. 20, 231 (1988))

<<Problem 4-23-c>> Experimental method for determining ¥,
Describe the methods for determining the Flory enthalpy parameter at
infinite dilution X,, defined by

K, =lim {AH,/RT¢})} (4.23.18)

Answer

(1) The temperature dependence of vapor pressure and osmotic pressure
through the use of the relationship

K, =lim {I/(RTO})}{3(Ap,/TYA(1/T)},, (4.23.19)

(See Eq.(1.2.3) and the relationship between chemical potential and osmotic
pressure, Eq. (2.7.8)). The partial differentiation of Apy/T with respect to 1/T
is carried out under constant pressure and constant composition except the
polymer.
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(2) The critical parameters (critical solution temperature T, and the critical
polymer volume fraction §,°). K, is related to the Flory theta temperature 6
and the Flory entropy parameter Y, through the definition of 8 as

K, =0y, /T (4.23.20)
with

Y, = lim(as, ~AS, ™) (R®,)= lim(Ay, - AH, - TAS,"™ Y(RT¢?) (4.23.21)

Vapor pressure
Osmotic pressure

v

AMo

+
3(AUoIT)B(NT)

AHq
aAH/ \

Calorimetry

& of
"oatngy, 37 critical
Membrane osmometry Skt gggglon
Light scattering

Fig. 4-23-c.1 Routes of calculation of the Flory enthalpy parameter from
experimental data of vapor pressure, osmotic pressure, light scattering, and
critical solution points  (see K. Kamide, S. Matsudaand M. Saito, Polym. J.
20, 31 (1988))
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Here, AS, is the partial molar entropy of dilution and AS™™ the
combinatorial entropy. 0 and W, can be evaluated from T and ¢,° for a series
of solutions of polymers having different molecular weights by the following
methods.

(a) Shultz and Flory (SF) method (J. Am.Chem.Soc.74, 4760 (1952))

(b) Stockmayer method (J.Chem. Phys. 17,588 (1949))

(c) Koningsveld et al. (KKS) method (J. Polym.Sci. A-2, 8, 1261 (1970))

(d) Kamide-Matsuda (KM) method (Polym.J. 16, 825 (1984))

(See <<Problem 4-23-b>> for detailed description)

(3) Temperature dependence of A, by membrane osmometry or light
scattering measured in the vicinity of 0 temperature via 6 and Y, as

v, =(V," /v*)B(9A, /3T), (4.23.22)

Here v is the specific volume of polymer (See also <<Problem 5-17>>) and
note that Y, estimated by Eq. (4.23.22) corresponds to a finite molecular
weight. O is determined as the temperature at which A, becomes zero. K,
can be evaluated by substituting © and Y, thus obtained into Eq. (4.23.20).

(4) Calorimetry

The heat of dilution AH and accordingly AHy(=( 9 AH/9 Ny)rp, Ny is the
mole number of solvent) can be directly measured with calorimetry. Figure
4-23-c.1 demonstrates schematic routes for determining K.

* In order to obtain a better understanding of the molecular weight dependence of ¥, a log-log
plot of K, against M,,”! or M;"! for atactic polystyrene (PS)- cyclohexane (CH) system at
307.2K is shown in Fig. 4-23-c.2  All available data points yielded a straight line given by

Ko(=W,)=0.924M  (or M )0 (4.23.23)

Eq. (4.23.23) is valid over the entire experimentally accessible molecular weight range from 6.2
x 10° to 5.68 x 10”. It should be concluded that the most probable X, value is, in a strict
sense, dependent on M,, (or M,), irrespective of the method employed and that if Eq.
(4.23.23) can be expanded its applicability to M,,=%°, K, at infinite molecular weight may be
zero. This is an experimental indication that both the randomness in the mixing of a polymer
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10
| atactic PS/CH system at 308K
,00 L
3 W
o
10t Ko=0.924 My, 00
D-ZJ B 1 4 7 | S 'l 1 A 1 4 3
0 0" My, 0 0
(\/ Mq)

Fig. 4-23-c.2 Log-log plot of Flory enthalpy parameter at infinite dilution
Ky, evaluated by the temperature dependence of the chemical potential and
the second virial coefficient A, in the vicinity of the theta temperature and
by calorimetry versus the reciprocal weight- (or number-) average
molecular weight M,, (M,) for atactic polystyrene/cyclohexane system: (@)
Krigbaum' by membrane osmometry (MO);(ll) Krigbaum-Geymer* (MO);
(O) Scholte’ by ultracentrifuge; (A ) Krigbaum-Carpenter* by light
scattering (LS); (V) Schulz-Baumann® (LS); () Kotera et al.® (LS); (O)
Outer et al.” (LS); ((J) Miyaki® (LS); (@) Fujihara® by calorimetry. Solid
line, the equation x,=0.92M, %%, (See K. Kamide, S. Matsuda and M.
Saito, Polym. J. 20, 31 (1988))

'W.R Krigbaum, J. Am.Chem.Soc. 76,3785 (1954). 2W.R Krigbaum and D.O.Geymer,
J.Am.Chem.Soc. 81, 1859 (1959). >Th.G.Scholte, J. Polym.Sci. A-2, 8, 841 (1970).
“W.R Krigbaum and D.K.Carpenter, J. Phys.Chem. 59, 1166 (1955). >G.V.Schulz and
H. Baumann, Macromol. Chem., 60,120 (1963). 6A Xotera, T.Saito, and N.Fujisaki,
Repts. Progr. Polym. Phys.Jpn. 6,9 (1963). 'P.Outer, C.I.Carr, and B.H.Zimm, J.Chem.
Phys. 18,830 (1950). ®Y.Miyaki, PhD. Dissertation, Osaka Univ (1981). °LFujihara,
PhD. Dissertation, Osaka Univ (1979).



Table 4-23-c  Flory 6 temperature and enthalpy parameter X, at infinite dilution for the upper critical solution point of

atactic polystylene-cyclohexane system

Method 0 k oM, or M, X 1074 (Data)
K at 308°C
(1) Chemical potential Membrane osmometry - 0.21(44) (Krigbaum-Geymer)'
Sedimentation equilibrium — 0.32(15.4) (Scholte)?
(2) Ciritical point Shultz-Flory 306.2 0.75(-)
Stockmayer 306.5 0.80(-) (Koningsveld et al.,
Koningsveld et al. 305.2 0.29(—)} [0.28]° Kuwahara et al.,
Kamide-Matsuda 305.1 0.27(-) 026(e) Saekiet al.)’?
(3) Second virial Membrane osmometry 307.6 0.28() [0.28]° (Krigbaum)®
coefficient 307.6 0.27(00)} (Krigbaum-Geymer)'
Light scattering 308.0 0.19(163) | (Outer et al.)’
308.4 0.19(320) (Krigbaum-Carpenter)®
307 0.39(17) (Schulz-Baumann)®
307.4 0.26(30) ¢ [0.26] (Koteraetal.)'’
308 0.22(=) (Miyaki-Fujita)'"'2
307.7 0.30(c-) (Tong et al.)"?
Calorimetry — 0.28(c0) | (Fujihara)'*

(4) Heat of dilution

® Averaged value (See K.Kamide, S.Matsuda and M.Saito, Polym. J. 20, 31 (1988))

1W.R.Krigbaum and D.O.Geymer, JAm.Chem.Soc. 81, 1859 (1959). 2Th.G.SchoIte, JPolym.Sci. A-2, 8, 841 (1970). 3R.Koningsvcld,
L.A Kleintjens and A.R.Shultz, JPolym.Sci. A-2, 8 1261 (1970). 4N.Kuwahara, N.Nakata and M .Kaneko, Polymer 14, 415 (1973). 5S.Sacki,
N.Kuwahara, S.Konno and M .Kaneko, Maaomolecules 6, 246 (1973). 6W.R.Krigl',-aum, J.Am.Chem.Soc. 76,3785 (1954) 7P.Outer, C.L.Carr
and B.H.Zimm, J ChemPhys. 18, 830 (1950). 8W.R.Krigbaum and D.K.Carpenter, J.Phys.Chem. 59, 1166 (1955). 9GV.Schulz and
H.Baumann, Makromol.Chem. 60, 120 (1963). '°A Kotera, T.Saito and N Fujisaki, Repts ProgrPolym Phys.Jpn. 6,9 (1963). ''Y.Miyaki and
HFujita, Macomolecules 14, 742 (1981). '>Y.Miyaki, PhD. Dissertation, 1981 Osaka Univ. '>ZTong S.Ohashi, Y.Einaga and H Fujita,
Polym. J. 15, 835 (1983). ”I.Fujihara, PhD. Dissertation, 1979, Osaka City Univ.

Il
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and solvent and the spacial homogeneity of the polymer segment density in solution are
expected to be realized in dilute solutions of polymer with infinitely large molecular weight
(ie., AS;=AS,°°™). The fact that the above methods give essentially identical X, value
within £0.02 for a given PS sample in CH, strongly supports the validity of the modified
Flory -Huggins theory . Flory © tempereture and enthalpy parameter X, determined for PS/CH
with various methods are summarized in Table 4-23-c.

<<Problem 4-24>> Critical condition in terms of g
The spinodal condition for multicomponent Flory-Huggins solution is given by

1 1 N
4.20.27
R (ac»,)‘”' (42020

The critical point is determined by solving simultaneous equations of Eq.
(4.20.27) and the following equation:

1 n, o az
ERE (7"’7) (a¢. )‘”‘ (4.20.42)

According to <<Problem 3-18>>,

x=g-(1- ¢')8¢1 (3.18.2)

holds between  and g.

Derive equations corresponding to Eqs. (4.20.27) and (4.20.42) for spinodal
and neutral equilibrium conditions in terms of g and dg/d¢, and rewrite the
equations for the case when ¢ dependence of g obeys the equation

3
g=2, g, (4.24.1)
k=0

Answer
Substituting Eq. (3.18.2) for x in Eq. (4.20.27), we obtain

1 dg g 1
T—szg”(l'2¢')(8_¢7)+¢‘(1'q")(a‘Tﬁ)'-nm] (4.24.2)
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and similarly, using Eq. (4.20.42), we obtain

1 a_g } .& ) 83g - n,
(1-¢,)2-6(8¢,)+3(1 2¢1)(a¢12)+¢1(1 ¢1)(a¢]3) (an)])z

(4.24.3)
If g is expressed as Eq. (4.24.1), we have
og 2
== =81+ 22201 + 3830,
90,
2
—a—g; = 2g> + 62301
90
d’g
20,3 (4.24.4)

Substitution of Eq. (4.24.4) in Eq. (4.24.2) yields

1 1
2(80+g1¢1 +g2¢12+g3¢,3)= +

1- ¢l an)l
+2 (1 - 2¢,) (g, +2g,0, + 3g3¢,2) +0, (1 - ¢,) (Zgz + 6g3¢1) (4.24.5)

Equation (4.24.5) is rearranged as
1

= - - 2(3- 4.24.6
%0~ T et 2g,(1-30,) + 62,0, (1-20,) + 48507 (3-40,) (4.24.6)
In a similar manner, from Egs. (4.24.3) and (4.24.4), we obtain

1 n, 2

5 - 5 =08 - 68, +24g,0, + 60830, - 3230, (4.24.7)
(-0 ()

In case of g3=0, Eqs. (4.24.6) and (4.24.7) are reduced to:
1
Zgo—j‘_—q):‘*m*'z& (1 '3¢1)+682¢1 (1 ‘2¢1) (4.24.8)

1 n,

(1 _ ¢1)2 ) (nw¢1)2 (4.24.9)

1
g1 '82'*'482‘1’1:3
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respectively. These equations were derived by Koningsveld et al. (See R.
Koningsveld, L.A.Kleintjens and A.R.Shultz, J. Polym. Sci. A-2, 8, 1261
(1970)).

* When ¢, dependence of g are completely negligible, Eqs. (4.24.8) and (4.24.9) are
simplified as

g = 1 1
g0= ‘1—_?] + .0, (4.24.10)
1

c—
"= N n,, (4.21.3)

NCH

Then, if g does not depend on ¢,, ¢, can be calculated from n,, and n,. But ample

experiments demonstrate significant ¢; dependence of g. If we consider temperature
dependence of g, as

- goi
= + 220
8o = 800 T (4.24.11)

Eq.(4.24.8) can be rewritten in the form

1 _05-80 1[1 1
c ot go1 \4/n  2n
where gy and g, are the phenomenological coefficients. This is no more than Shultz-Flory

equation (4.12.19). In @ solvent (x4=1/2), gg;=1/2. 8 can be determined from T_ at g-
g:=1/2 in the plot of gy vs. 1/T..

(4.24.12)

* Comparing Eq. (3.16.4) with the general form of Eq. (4.24.1) or

g= Z, g0, (4.24.13)
and using Eq. ( 3.18.2), we can derive the relationship between the coefficients of ) and g as

Xo =80 ~ & (4.24.14)
P =G+1)g —8g,)/N(8o—g) (G(=L--,n-1) (4.24.15)
P, =(n+Dg, (g, - g)) (4.24.16)

Koningsveld and Kleintjens expressed g in a closed form of ¢, as
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g=o+p/l-v) (4.24.17)

where ., P and vy are phenomenological parameters. In the range of 0<y<l, the relation
0<y;<1 is valid and the second term of the right-hand side of Eq. (4.24.17) can be expanded
in infinite series so that Eq. (4.24.17) may be rewritten as

g=a+ﬁ+iﬁ(7¢1)i Ea+B+§n‘,B(v¢1)* (4.24.18)
i=1 i=]

By putting o + B=y, and By=g; (i=1,...,n), Eq. (4.24.18) is reduced to Eq. (4.24.13).
Parameters ¥, p;, and p, can be expressed in terms of o, B and y as follows:

Xo=0+PB(1-7) » (4.24.19)
p,=G+DBY' A-NHa+Bl-y)} (G(=1,--,n-1) (4.24.20)
P, =(n+DRy" Ha+ B -v)} (4.24.21)

<<Problem 4-25>> Relationship between g, 0 and y
Show that the equation

1
80‘81=§"I’+T (4.25.1)
holds between go, g;, ¥ and 0.
Answer

In the Flory-Huggins theory, %o can be divided into two parts: entropy term
V and enthalpy term X, that is,

1 0
3 “N=VY-K=Wy |1 T (4.25.2)

where k=y 6 /T.
Yo is related to gy and g, through Eqgs. (3.18.2), (4.24.1) and (4.24.4) as
Xo = 2o - 81 (4.24.14)

Then Eq. (4.25.1) is directly derived.

* If temperature dependence of g, is given by Eq. (4.24.11), Eq. (4.25.1) can be rewritten as

1
\V=5 -8t &1 (4.25.3)
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Thus we can determine y from gy and g;.  This method is more reasonable than the method
of Flory-Shultz plot because in the former method ¢, dependence of ¥ is taken into account.

<<Problem 4-26>> Slope of spinodal curve
Determine the slope of the spinodal curve as defined by (dT/d¢)s,.

Answer
From Eqgs. (4.24.8) and (4.24.11), we have
2801 1 1
200+~ =T, * g, + 28 (1-30,) + 6820, (1-20) (4.26.1)

Differentiation of Eq. (4.26.1) with respect to ¢, yields
dT T | 1 1
| = {6 (8- 82) — 5 + 28t
(d¢1 )SP 2g0] nw¢12 ( ) (1 _¢1)2 (4.26.2)

At the critical solution point, Eq. (4.26.2) is expressed as

2
dT T 1 1
= +6 (gl - gz) + 248,07
2 2
(d¢1 ) 9] pos 2201 \ n 0° (1 ﬁf) (4.26.3)

Provided that g, and g, are known in advance, we can determine gy, from the
slope of the spinodal curve at the critical point by using Eq. (4.26.3).

<<Problem 4-27>> Phase equilibria of polymer blend (P,/P;) (I): Gibbs
free energy of mixing per unit volume for monodisperse polymer / mono-
disperse polymer

Derive the chemical potentials of mixing and Gibbs free energy of
mixing per unit volume of polymer blends which consist of polymer (0)
with the degree of polymerization n=n, and polymer (1) with n=n;.

Answer
Referring to Eqs. (3.11.3) and (3.12.2), we have
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n
M, =RT ln(l -¢1)+(1 -n—‘l’)¢, +ngx,> (4.27.1)

Ap, =RT{ Ing, + (1-—)(1 ¢)+n,x(1 q>) (4.27.2)

with a generalization of the Flory-Huggins theory. Gibbs free energy of
mixing per unit volume AG, is given by

o A,y
v ( ovo) "o (“v‘)
¢ ¢
70 {—3 Ing, - lncp1 + x¢o¢1} (4.27.3)

<<Problem 4-28-a>> Flory-Huggins free energy for multicomponent
solution

Gibbs free energy of mixing AGp,;, for binary Flory-Huggins mixtures is
given by

AG,, =RT {(NO Indy+N, ln¢l) +zNy0, /kT} (4.28.1)
where
N = Np + nN; (4.28.2)

Note here the number of molecule (not number of moles of molecule) is used.
(Compare with Eq.(3.10.2)). Gibbs free energy of mixing per unit volume
(mean volume Gibbs free energy) AG, is given by

86, =54 (1-0,)n{1-0,) + 2 1ty 301 -0 @125)

(1) Generalize these equations to multicomponent solutions which consist of
N; molecules of i th component with the degree of polymerization n; with the
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volume fraction ¢; (i=1 to r).
(2) Using Eq.(4.12.5), derive the expressions for the differential coefficients

LYo [9AG,

LYo 0%AG,

i =T a¢i2 (4.28.4)
Answer

(1) A generalized equation of Eq. (4.28.1) is given by

r
AG i =RT 3 Nilng, + ZNN, " 0.05€; (4.28.5)
i=0 i<y o
where

r

N=Y N,

i=0

and g;; is the energy for forming a pair of i th segment and j th segment.
Referring to x for binary solutions, we can define

ZE..
=1
Xi = %T (4.28.6)
Equation (4.28.5) reduces to
T
AG i =RT X Niln¢, + NRT Y, 00X (4.28.7)
i=0 igj

Similarly, Eq.(4.28.2) can be generalized as

' ¢o.Inod.
AGE%% Z¢' ,¢'+Z¢i¢,~xij (4.28.8)

=0 i i<j

(2) Considering the constraint

g«bi =1 (4.28.9)



Eq. (4.28.8) can be expressed as

AG, =

1- 20,
RT - _ 2, ¢;1no;
Y, ;1 1“(1 '2¢k)+§ n, + % &0

(i=l, cee 0

Differentiation of AG, by ¢; and ¢; yields
V, [ 9AG, 1 d 1 Ing 1
ﬁf(“aiqg‘)='“@‘“(l'§¢k)'n—o+‘rr+;

‘;¢1X0| (1 Z‘Dk)%(u"' > O
=1

j=i+l
3’°AG,| 1 o
RT a¢ia¢j “n ¢ " Xoi = Xoj T Xij = L j=1,--r

V, [ 9°AG, 1 1 2 L 1
RT = + - <Xoi = Lii (i=1,--.0

09> | mody nid;
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(4.28.10)

(4.28.11)

(4.28.12)

(4.28.13)

For homologous polymer solutions (polymers of the same species with

different molecular weights in a solvent), we may put
L;=L

Xi= 0

Xoi=Xio=X

n,=1

Then we have

VoG, 1 Lo,
RT mj‘ =% xX= @j=1,--.1)

Vo azAG 1 1 oy =L =1 )
—_— - fd . 1 = . vos ’r
RT a¢i2 ¢o 00, X=mi

(4.28.14)

(4.28.12")

(4.28.13")
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<<Problem 4-28-b>> Phase equilibria of polymer blend (P,/P;) (II):
Critical parameters for monodisperse polymer/ monodisperse polymer

Scott is probably the first who carried out a theoretical study on phase
equilibria of polymer solutions consisting of two kinds of polymer with
different chemical compositions (polymer 1 and polymer 2), without solvent
(i.e., quasibinary polymer mixture). He derived, based on Flory-Huggins
solution theory, relationships giving the chemical potentials of monodisperse
polymer 1 and monodisperse polymer 2, ALy and Aly:

Aw, =RT[Ing, +(1-X/Y)0, +Xx, 0] (4.28.152)
A, =RT[Ing, + (1 - Y/X)0, + Yy, 0°] (4.28.15b)

where X, is the thermodynamic interaction parameter between polymers 1 and
2, X and Y are the degree of polymerization, DP (in a strict sense, the
molecular volume ratio of the polymer and the lattice unit (the polymer
segment)), and ¢, and ¢, are the volume fractions of polymers 1 and 2 (¢, + ¢,
=1). Derive the equation for spinodal curve (SC) and the neutral equilibrium
condition for the above system and derive the equations for X, ¢, and ¢, at
the critical solution point (CSP).

Answer

The spinodal curve and the neutral equilibrium condition are given by
O Apy/d¢,=0 and D2Apy/3¢,=0 (or d Ay/ D ¢,=0 and O*Auy/ 3 ¢,’=0)
and finally we obtain

X¢, + Y0, - 2XYY, 0,9, =0 (4.28.16)
for SC and
X-Y+2XYy,, (6, -6,)=0 (4.28.17)

for the neutral equilibrium condition. At the critical solution point (CSP),
both Egs. (4.28.16) and (4.28.17) should be satisfied concurrently and X2, ¢,
and ¢, at CSP are given by

X, =1/2(X7" +Y77) (4.28.18)
0 = YV /(X" +Y"?) (4.28.19)
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o = X" /(X" +Y"?) (4.28.20)

* Scott predicted that values of %, for these systems are several digits smaller than those for
a mixture of two low molecular weight liquids (X,,~2.0) and those for polymer-solvent
systems (X,,~0.5) (See R. L. Scott, J Chem. Phys. 17, 268 (1949)). An attempt to generalize
CSP equations (Eqgs. (4.28.18)-(4.28.20)) for two monodisperse poly mer mixture to the case
of multicomponent polymer 1/ multicomponent polymer 2 systems was made by
Koningsveld et al. (See R. Koningsveld, H. A. G. Chermin and M. Gordon, Proc. Ray. Soc.
London A 319, 331 (1970)) . They derived the equations of spinodal and neutral equilibrium
conditions (Eqs. (12) and (13) in their paper) for systems of multicomponent polymer 1/
multicomponent poly mer 2/ single solvent. As Kamide et al. pointed out, they did not show
the detailed mathematical derivation of the equations. Koningsveld et al. described that the
spinodal condition for the multicomponent polymer 1/ multicomponent polymer 2 system
was derived as Eq. (23) of their paper after multiplying Eq. (12) of their paper by ¢, and
reducing ¢, to zero. But we should first define the Gibbs free energy of mixing AG (See Eq.
(4.28.21)) and derive the equation straightforwardly from the determinant (Eq. (4.28.26))
constructed using AG. They described that the equation of the neutral equilibrium condition
(Eq. (24) in their paper) for two different multicomponent polymers was derived using a
method analogous to the spinodal condition. The equation should be rigorously derived from
the determinant (Eq. (4.28.29)) of the neutral equilibrium condition. (See H. Shirataki, S.
Matsuda and K. Kamide, Brit. Polym. J. 23, 285 (1990))

* Compare Eq. (4.28.18) with % ,° for polymer solutions Eq.(4.12.13) or

2
1
X?2=(_i2::—L)

%12° of polymer blends is much smaller than that of polymer solutions (polymer in low
molecular weight solvent). For example, if we put ng=100 and n,=100, Eq. (4.28.18) yields

whereas, if we put n=100 in Eq. (4.12.13), we have



182

The former is one thirtieth of the latter.

<<Problem 4-28-c>> Phase equilibria of polymer blend (P/P;) (Il):
Chemical potential for polydisperse polymer/ polydisperse polymer

The mean molar Gibbs free energy of mixing AGmix for a multicomponent
polymer 1/multicomponent polymer 2 system is given by

AG =RTL[Z¢ ~In¢, +2 M 1“¢Y +X120192 (4.28.21)

i= 1

where L is the total number of lattice site (= Z;XiNx;+Z;YjNy;; Nx; and Ny; are
the numbers of X;-mer of polymer 1 and that of Y;-mer of polymer 2,
respectively), m, and m, are the total numbers of the components consisting
polymer 1 and polymer 2, ¢y is the volume fraction of X;-mer of
multicomponent polymer 1, ¢y; is the volume fraction of Yj-mer of
multicomponent polymer 2, and ¢, and ¢, are the total volume fractions of
polymer 1 and polymer 2 as defined by the relations ¢ ,=Z;¢x; and ¢,=Z;0y;.
The first and the second terms in the right-hand side of Eq. (4.28.21) are the
combinatory terms and the third term is the term relating to the mutual
thermodynamic interaction.  Derive the equation for the chemical
potentials of X;-mer and Y;-mer, Aly; and Apy;.

Answer
Differentiation of Eq. (4.28.21) with respect to Nx; and Ny; gives rise to

A, =RTlng, —(X, -1)+xi[1 "31_}" +xi(1 —%n.)mz +X%,.0°]

(4.28.22)
AUY, =RT[In¢,, - (Y, =D+ Yj(l - _Xln-}l + Yj(l - ?1'}32 + Y)‘Xlzq)lz]

(4.28.23)
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where X, and Y, are the number-average X and Y (i.e., the number-average
DP of the original polymers). In deriving Egs. (4.28.22) and (4.28.23), we
assumed that, first the molar volume of the segment of polymer 1 is the same
as that of polymer 2; secondly, polymer 1 and polymer 2 are volumetrically
additive; and thirdly, the densities of polymer 1 and polymer 2 are the same
(i.e., unity). Note that Eqs. (4.28.22) and (4.28.23) are symmetrical with
respect to the exchange of polymer 1 and polymer 2. When both polymer 1
and polymer 2 are monodisperse (i.e., single component), Egs. (4.28.22) and
(4.28.23) straightforwardly reduce to Eqs (4.28.15a) and (4.28.15b),
respectively.

<<Problem 4-28-d>> Phase equilibria of polymer blend (P,/P,) (IV):
Critical condition for polydisperse polymer/ polydisperse polymer
The equations of spinodal and neutral equilibrium conditions for a

multicomponent polymer 1 and multicomponent polymer 2 system are
expressed in the form:

Bt S v M)[i ! )[ZNL}O (4.2824)

=1 = .
j i=l j

s e

Derive Eqs. (4.28.24) and (4.28.25).

Answer
The thermodynamic requirement for spinodal is that the second variation of
Gibbs free energy of mixing is always zero and this requirement can be
described for multicomponent polymer 1/multicomponent polymer 2 systems
as the spinodal condition of (m;-1+m;)x(m;-1+m;) determinant:
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AGVX;X: Ava,x‘ Avazx,...
Ava,x, Ava,x‘ AGVXJXml
IAG __Ava.,..x, Ava,,..x‘ Ava,,..x....
! AGVY.X: AGVY.X; AGvy.x...
AGVY;X; AGVY}X) Avar,x,,.
AGVY_,X, AGVY.IX; AGVY.;X.“

Ava,\r, Ava,Y, Ava,v_,

Ava,v, AGVX,YI AGVX.Y.z

AGwxw AGviy v &G, (4.28.26)

AG VY)Y, AG vyy, °°° AG vY,Y,,

AGv Y,Y, AGv vy, 7 AGv Y,Y.,

AGV\(,MY, AGVY_,Yz AGVY.,zY.z

Here, we employed the Gibbs free energy change of mixing per unit volume
of the solution, AG,, defined by

= m (A
4G, =20y (iu 7 )+ §¢yj [—;VL] (4.28.27)

The second-order partial derivative of AGy is defined by

9’AG,
Avain - [aq)x aby l (42828)
i P

El

(=23,..m;;j=12,..m;k £X,,Y,)

where the subscripts T, P and ¢, indicate that the differentiation is carried out
at constant temperature, pressure and volume fraction (except for Xj-mer and
Yj-mer), respectively. As compared with the determinant giving spinodal
condition for multicomponent polymer 1/ multicomponent polymer 2/ single



185

solvent systems, the term AGyx;x is dropped and the matrix starts with X, in
Eq. (4.28.26), making the calculation somewhat complicated (See Eq. (10) in
K. Kamide, S. Matsuda and H. Shirataki, Polym. J. 20, 949 (1988)). At the
critical solution point (CSP), in addition to Eq. (4.28.26), it is simultaneously
needed that the third variation of Gibbs free energy change is also zero; in
other words, the neutral equilibrium condition Eq. (4.28.29) should be
satisfied.

OAG,| PG,|  9aG,)
a¢xl a¢x3 %X.“
Ava,xz Ava,x, Ava,x,,.l
|AG, = Avaulxz AGV X-,X, o AG vxnlxml
AG‘nr,x2 AGV\{.X, AGVYIme
Ava,xz Ava,x, AGv Y,X e
AGVY_,X, AGV Yo X, : AGvy_,,x,,
#G,| PG| 3|
aq)y, aq)y2 aq)y,,,:
Ava,Y, AG vx,, 7 AGVX,Y,,
AGVX_,Y, AG vXaY, Ava_,\r_z =0 (4.28.29)
AG vy, AG vyy, 77 AGV\(,\(,,z
AGv Y,Y, AGv vy, °°° AGV Y,Y,,;
AGVY_,Y, AG VY., 7 AGV\(_,,Y,,,2

In Eq. (4.28.29), the term of partial derivative of AG, with respect to ¢y, is
dropped and this also makes the calculation tedious. Substitution of Egs.
(4.28.22) and (4.28.23) into Eq. (4.28.27) leads to
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RT | & (D lnq) m ¢Y lnq)Y
2% S 4.28.30
o ( Vs IZ X 2 Y x,2¢,¢2} (4.28.30)

From Egs. (4.28.28) and (4.28.30), we obtain

-\i' GVkI = 1 = M

RT X,0, (4.28.31a)
(fork =1 (k))=(X,,X,)

V, 1

2 AG.. = -2y, =N

(RT)A X0, X (4.28.31b)

(fork #1  (k)=(Y,Y)))

.&. G, = ! =M

RT | 'Y X, (4.28.31¢)

(fork #1 (kD)= (X, Y,)or(¥,Y)))

Vv, 1 1

— AG,, = + =M+M,

(RT]A X0, Xy ! (4.28.31d)
(fork =1=X))

V, 1 1

—= NG, == 2%, + =N+N.

(RT)A M X T Y, : (4.28.31€)
(fork=1=Y))

Combining Egs. (4.28.31a)-(4.28.31e) with Eq. (4.28.26), we finally obtain

RT mi+m2-1
sov1<( 5,
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M+M, M M | M M M
M  M+M M | M M M
|
LM M M+M, 1 M M M
M M ] M  IN+N, 1 N - N
¢
M M M | N N+N, N
M M M | N N N+N_,
ml+m2-1
RT m] m2
N,
(VJ (fim. ) i)
Z Z (N - M) z mzz L 0 (4.28.32)
__.._+ _+ — = . .
i= IM i= lM j=le
Similarly, combination of Eqs. (4.28.31a)-(4.28.31e) with Eq. (4.28.29)
yields
, RT ml+m 2-1
G, [_)
V,
We Mo, o0 W, 1 W, W, - W,
M M+M, M | M M
: ' SN :
M M M+M, | M M M
M M - _K/I“_TN_J:T\IT"_T\I"—_—“__-N_"
M M M | N N+N, N
. - . ' - .
: : E
M M | N N N+N

M i
m2 ij m ] " 3
_[E N }[]—2, N_J ]_0 (4.28.33)
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Here, W,; and Wy; are given by
JAG,|
' aq)Xi TP .ok
k=#X,,k=X,,--,X
_(91AG,|
= —
aq)“ T.P gk
k#Y,k=X,,X

=z
I

(4.28.34a)
YI,... Y )

mi? 2 Tm2

=
]

(4.28.34b)
Y' sttty sz )

mi1?

From Eqs. (4.28.32) and (4.28.33), Egs. (4.28.24) and (4.28.25) are derived.

<<Problem 4-28-e>> Phase equilibria of polymer blend (P,/P;) (V):
Critical condition for polydisperse polymer/ polydisperse polymer

Express all the parameters in Eqs. (4.28.24) and (4.28.25) by using Egs.
(4.28.31.2)-(4.28.31¢), (4.28.34a) and (4.28.34b) in terms of experimentally
determinable physical quantities such as volume fraction, average DP and X .

Answer
We finally obtain
1 1

W+ e 2y,,=0 (4.28.35)
1 w 2% w

X? Y’

6.xX) ©.Y)

-0 (4.28.36)

<<Problem 4-28-f>> Phase equilibria of polymer blend (P/P;) (VD:
Critical parameters for polydisperse polymer/ polydisperse polymer

By solving simultaneous equations, Egs. (4.28.35) and (4.28.36), and using
the relationship ¢,+¢,=1 with given values of X2, YWY, X0 and Y,? of the

original polymers, derive the expression for the critical values for X, and 0,°
and 9,°.
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Answer

We obtain

c_ 1 (X Y 4 (y0 ) 4.28.37
AN G ey oyl (4:2837)

YO XO YO
o = —~7 7t =57 (4.28.38)
{(Y,) }/[(XZ) (v?) }
X? X° Y!
¢§ = 77 A R FTAE (4.28.39)
[(Xz) ]/[(X,) (v?) }

Thus, we can calculate these values analytically. In the case when both
polymer 1 and polymer 2 are single-component polymers, Egs. (4.28.35)-
(4.28.39) reduce to the well known equations (4.28.16)-(4.28.20), originally
derived by Scott.

* We can take into consideration the concentration (in this case compositional) dependence
of %,,, given in the form

X12 = X2 [1 + 2(p1,t¢: + Py, 02 )] (4.28.40)
t=1

where t=1,2,...n,, and n, is the highest order number of concentration dependence parameter
taken into account in the calculation. Eq. (4.28.40) is symmetrical with respect to the
exchange of polymer 1 and polymer 2. The coefficient Xi2® in Eq. (4.28.40) is a
parameter, independent of ¢, and ¢, and inversely proportional to T. The coefficients p,
and p,, are the parameters of concentration dependence. After combining Eq. (4.28.21)
with Eq. (4.28.40), we can obtain Apty; and Afly; in the case when X, is concentration-
dependent in a similar manner as the derivation of Egs. (4.28.22) and (4.28.23).

AuXi=(§Nﬁ-) k=1,---,m ;k#1)
Xi /T,P,Ny,
=RT[ln¢ -X.-D+X.[1- ! 0, +X; I-L 0, +X?2X‘¢§
i i i Xn 1 i Yn i

X {1 + E(Pl,n‘b: + p2,t¢t2)+ it(pl,tq):—] - pz,z‘btz—l)‘i’l}

t=1
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@=1,"",m;) (4.28.41)

JAG .
A =] — k:l’..., ’k;t
L x; (aN ]TPN ( m, h);
Yk

Yj

1 1
= RT[lnq)Yj -(Y;-D+ Yj(l - X—)q). + Y,-[l - 7—)% + %12 Y03

n n

X {1 + 2(plt¢: + p2.t¢‘2) + 2 t(pz,nq"z-l - p“q);—l »2}
t=1 t=1
G=1,""",my) (4.28.42)

Substitution of Eqs. (4.28.41) and (4.28.42) into Eq. (4.28.27) yields A G, in the form

RT ¢x. X ¢Yj 0
( o )I:Z'X —In ¢xa +§?jln¢yj+X1z
{143, 6.0: 00000
[RT)[E (;)(X) Znoy + 2¢Y’ lnq)vj + XI2¢|¢2j‘ (4.28.43)

]-I

From Egs. (4.28.43) and (4.28.28), we obtain

Vv 1
(fof)AG“‘z Xoo M 4.28.44
1O (4.28.442)

(fork =1 (kD)= (X,,X,)

\Y 1 oy
— AG_ = -2 2(1- 20, )22
(RT)A Wy ¢ X2t ( ¢2) aq)z

17Xl

9°x
+ o (1— 2o N (4.28.44b)
0,(1-¢,) ==+ 30°
(fork#1 (k)= (Y,,Y,))
L.. G = ! =
RT | ™ X, (4.28.44c)

(fork 21 (kD=(X,,Y,) or(Y;,X,))
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-YO—G=1+IEM+M,-

RT | ™ X0, Xo, (4.28.44d)
(fork=1=X))

A 1 1 aXn

== WG, = —2), +——+2(1-2

RT vkl X|¢x; X2t qu)yj ( ¢2 )aTz

2
+0,(0-9, )—;’%EN +N, (4.28.44¢)
2

(fork=1=Y))

Substitution of Eq. (4.28.30) into Egs. (4.28.34a) and (4.28.34b) gives W,; and Wy,
respectively:

WXiE(a'AGVIl _[R_Jmm_ m‘
00x  Jpe LV

X(lm_[Nj}(-X,+X 1+(N - M)i_l—} (4.28.452)

= j

(k%X k=X, X0 Yy Vo)
we Bel], ) (e ()
[ {1+(N Mg } Y{H(N—M)E,_ﬂlr}

&@g(iﬁ—]{iﬁfiﬂ

k=Y, k=X, X, Y, Y,,)

i

(4.28.45b)

By substituting Eqs. (4.28.44a)-(4.28.44e) into Eq. (4.28.24) and substituting Egs.
(4.28.44a)-(4.28.44¢) and (4.28.45a)-(4.28.45b) into Eq. (4.28.25), we obtain the equations

for spinodal and neutral equilibrium conditions:
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1 1 12 0’ X2 _
2y, +2(0, -0, ) +0,0 (4.28.46)
0X%  6,YS @ 2700, P o0
X YOy, 3% R
-6 +3(9, - 0, =212+ 9,0, ==+ =0 (4.28.47)
oxy @Y o, 0-0.) 30’ * 903

We can calculate the differential term of %, in Eqgs. (4.28.46) and (4.28.47) with using Eq.
(4.28.40) to obtain the following equations:

1 1
o XO ¢ YO 2X12[1+2(Pn¢1 +P2;¢2)]
I 2

~2(6, —%)x?@']t(pl.‘q):" +py05")

+0,0,X1 2 (- 1)(P1,:¢:_2 + Pz,xq)tz_z ) =0 (4.28.48)
X() t=1 Yo

(0,X3)" (0,Y2)

+3(¢, - ¢2)X?2§t(t ~1)(p,, 0! —py,05?)

3 +6X?22t(P1,t¢:—] _Pz,tq’lz_l)
1=1

‘¢1¢2X?2 2H(t=1)(t- 2)(P1,z¢’:_3 + P2,1¢‘2_3 ) =0 (4.28.49)
t=1

Note that Eqs. (4.28.48) and (4.28.49)(and (4.28.46) and (4.28.47)) are symmetrical with
respect to the exchange of polymer 1 and polymer 2. In the case when all the
concentration-dependence parameters are zero (i.e., pi&=p2&0; t=1,..,n), Eq. (4.28.48)
reduces to Eq. (4.28.35), and Eq. (4.28.49) to Eq. (4.28.36). We can calculate SC from Eq.
(4.28.48) and CSP by solving simultaneous equations (4.28.48) and (4.28.49). Then, SC
(i.e., X12° versus ¢, (or ¢,) relation) can be calculated, using Eq. (4.28.48), from X.,.’, Y,,* and
the concentration-dependence parameters. CSP (i.e., &,° (or ¢,°) and X;°) can also be
determined, using Eqs. (4.28.48) and (4.28.49), from X,°, X,° Y.’ Y.’ and the
concentration-dependence parameters.

*Koningsveld and Kleintjens expressed the Gibbs free energy of mixing in terms of g as
follows:



193

- i ¢
AG., =RTL\S: ein g, + & 31n o, +e0,, 42821
with
g= ég.% =g, +g0,+g,9,+--+g 0 (4.28.50)

Here, gy is a parameter dependingon T alone and g, g,... g, are concentration-dependent but
T- and ¢,-independent. Substituting Eq. (4.28.50) into X, in Eqgs. (4.28.46) and (4.28.47),
we obtain the spinodal and neutral equilibrium conditions, given in the framework of
Koningsveld and Kleintjens expression in the forms

1 |
¢ Xo ¢ Yo - 22 gt¢2 + 2(¢| ¢2 )2 tgt¢2_
! = i (4.28.51)
+0,0, 3 tt- g9y =0
1
- y -6 tg,0t" +3(0,-0,)
©.X) @) Y.} = (4.28.52)

><2 t - )g,0.” +¢¢22t(t 1t -2)g,05 =

Using these equations, we can also determine SC and CSP in the same manner as in the case of
using Eqs. (4.28.48) and (4.28.49). Differing from X, given by Eq. (4.28.40), gis expanded
into a series of ¢, alone and then is not sy mmetrical with respect to the exchange of polymer 1
and polymer 2. In addition, it is assumed that the expanded terms in Eq. (4.28.50) are
independent of temperature. This is equivalent to an assumption that the third, fourth and
higher order virial coefficients are absolutely temperature-independent. Therefore, in
Koningsveld et al’s theory it can be said that the concentration dependence of g was
simplified under the sacrifice of the physical strictness. It follows that X ;»=g.

*To confirm the reliability of the theory of phase equilibria of multicomponent polymer
1/multicomponent polymer 2 systems (i.e., quasi-binary systems) and the method of
computer experiment based on this theory (See H. Shirataki, S. Matsuda and K. Kamide, Brit.
Polym. J. 23, 285 (1990); ibid. 23, 299 (1990); Polym. Int. 29, 219 (1992)), CSP has been
determined experimentally for the quasi-binary mixtures of poly(ethylene oxide) (M,=647,
M, /M,=1.15) and poly(propylene oxide) (M,,=2028, M,,/M,=1.08 and M ,=2987,

MM ,=1.13). X2 and the concentration dependence parameters for the above quasi-binary
systems were determined and cloud point curve (CPC), phase volume ratio R and CSP values
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Table 4-28 Comparison of experimental and calculated CSPs

System polymers  ¢,°(exp.) ¢,%(calc.) TF(exp.))'C T P(calc.)/C

A E-600/P-2000  0.5875 0.5841 46.3 47.0
B E-600/P-3000  0.613 0.6264 59.8 61.2

(See H.Shirataki and K.Kamide, Polym.Int. 34,73(1994))

neme=  «—&
15?.0 05 \
a) \}}/
Y&=50 \ y
xo_z'n:is N
R 510
10 104
1108
5-
2
o§ C /
-1 10
10} w-100
X%IX?F!
300
st 6 500 / R
oo 103

05 0 B 0

Fig. 4-28.1 Effects of molecular weight distribution and weight-average
degree of polymerization of the original polymer 1 on SC and CSP:
Original polymers 1 and 2,Schulz-Zimm type distribution; Y,, 0/Y =2, and
(@) Y. '=50, (b)Y =100, (¢ ) Y.*=300, (d) Y.’=1x10%, (¢) Y.>=5x10" and
() Yu’=1x10*; p, =p,,=0; (O), CSP;(2), Flory 6 point. (See H. Shirataki,
S. Matsuda and K. Kamide, Brit. Polym. J. 23, 285 (1990))
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1
0 05 10
)

Fig. 4-28.2 Phase diagram of monodisperse polymer 1/monodisperse
polymer 2 (X=Y) system with % in Eq. (4.28.40) for p;,=p>,.=0. Solid line
and dotted line denote CPC and SC, respectively. The open circle denotes

CSP. Coexistence curve (CC) coincides with CPC. (See H. Shirataki, S.
Matsuda and K. Kamide, Polym. Int. 29, 219 (1992))

70 L L) L] L1
E€-600/P-3000 CSPycal)
60 -
GSP(exp.)
Q L -
< 50 CSP(cal))
a
E
[2 4o} (./SP(exp)
E-600/P-2000
30 4
20 - [ 1 4
0 0.2 0.4 0.6 0.8 1
6

Fig. 4-28.3 Theoretical CPC and CSP for PEO/PPO systems. Solid lines,
theoretical CPC with p;;=-0.0917 and p, ,=0.0022 for E-600/P-2000, and
with p;;=-0.1120 and p,,=0.0027 for E-600/P-3000; ((J) and (O)
experimental CPC for E-600/P-3000 and E-600/P-2000. () and (@)
experimental CSP for E-600/P-3000 and E-600/P-2000. () and (A)

theoretical CSP for E-600/P-3000 and E-600/P-2000. (See H. Shirataki and
K. Kamide, Polym. Int. 34, 73 (1994))
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calculated on the basis of the theory are in good agreement with the values determined
experimentally (See H. Shirataki, S. Matsuda and K. Kamide, Brit. Polym. J. 23, 299 (1990)).
Fig. 4-28.1 shows the calculated effects of average molecular weight and molecular weight
distribution of the polymer on SC and CSP, and Fig. 4-28.2 shows the calculated phase
diagram for monodisperse polymer blends. Figure 4-28.3 shows the experimental and
theoretical CPCs and CSPs for the system A and B in Table 4-28. The full lines are the
theoretical CPCs calculated taking into consideration the concentration dependence of ;.
The theoretical CPCs are in excellent agreement with the actual experiments for both systems.
The parameters in Eq. (4.28.40) were found to be p, ;=-0.0917, p, ,=0.0022, a=-0.3125 and
b=131.59 for System A and p,;;=-0.1120, p;,=0.0027, a=-0.2045 and b=98.09 for System B.

<<Problem 4-28-g>> Second-order derivatives of Gibbs free energy for
ternary mixtures P;/S,/Sy, P2/P;/S¢ and P,/P,/Py

Derive the expression for L,;, L;, and L,; in Egs. (4.28.12) and (4.28.13)
(1) for the system solvent(0)/solvent(1)/polymer(2),
(2) for the system solvent(0)/polymer(1)/polymer(2),
(3) for the system polymer(0)/polymer(1)/polymer(2).
These are the cases for i,j=1,2 in the equations.

Answer
(1) Putting ng=1 and n;=1 in Eqs.(4.28.12) and (4.28.13), we have

Lip=Ly = ¢L - Xo02 - Xo1 + X12 (4.28.53)
0
Ly=Ll4+1. 201 4.28.54
¢10 ¢, ( )
Lo=-L+ L -2y, 4.28.55
b0 Mo ( )

(2) Putting ny=1 in Eqs.(4.28.12) and (4.28.13), we have

Lip=Lyn = ¢L - Xoz2 - Xo1 + X12 (4.28.56)
0
Li=L+ L -2y, 4.28.57
0o o, ( )
Ly=1+ L .2y 4.28.58
o M ( )

(3) From Eqs.(4.28.12) and (4.28.13), we have
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Li2=Lai =L~ %02 - %01 + %12 (4.28.59)
nodo
Lyp=—L 4L 2y 4.28.6
nodo ml¢1 ( 0
Lyy=—1— - 2X02 4.28.
nodo N2> (4.28.61)

* Spinodal condition is given by
Ly L
Ly L

Critical conditions are given by solving simultaneous equations of Eq. (4.28.62) and

(BIAGV) (a‘AGV)
ad, o oo, N

L21 L22

IAG| = =0 (4.28.62)

=0 (4.28.63)

<<Problem 4-29-a>> Spinodal condition for quasi-ternary system
polydisperse polymer/ polydisperse polymer/ solvent (P,/P/Sy)

Gibbs free energy of mixing AGpx for quasi-ternary systems consisting of
multicomponent polymers 1 and 2 in a single solvent is given, based on the
Flory-Huggins lattice theory of dilute polymer solutions, by

AG,, = RTL[q)O Ing, + ﬁ%‘-lmpx.

+ ‘i%ln‘bv, + X000 + X000, + X, 2¢|¢z:| (4.29.1)

where L is the total number of lattice points =Ny+Z;XiNx+Z;YjNy; , No, Nxi
and Ny; the number of solvents, X;-mer and Yj-mer, respectively. The
chemical potentials of solvent, polymer 1 (X;-mer), and polymer 2 (Y;-mer),
Ao, ApLx;, and Apy;, are directly derived from Eq. (4.29.1) as



198

Ay = RT|:ln¢0 +(1 _Xl }y,

¥ (1 - YL}z +X0101 (1= 0 )+ K20, (1 = 06 )= X100, ] (4.29.2)

n

Ay, = RT[lnq)xi -(X; -1+ X{l - xl }n,

n

+ Xi[l = YL}% + X {x, 202 (1=0, )+ %0190 A — &, )= X200, }}

n

(=1--m,) (4.29.3)

b

+ Yj[l - %—}2 + Yj{x, 2(1),(1 — ¢2)+ Xo2%o (1 -0, )_XOlq’oq’l }]

n

Ay, =RT[ln¢yj ~ (v, 1)+ Yj[l— ):

(=1-m,) (4.29.4)

Assume that (a) X,,, X, and ,, are independent of concentration and molecular
weight of polymers, (b) the molar volume of solvent and the segment of
polymers 1 and 2 are the same, (c) solvent, polymers 1 and 2 are
volumetrically additive, and (d) the density of solvent is the same as that of
polymers 1 and 2. Note that Eqs. (4.29.3) and (4.29.4) are strictly
symmetrical with regards to the exchange of polymer 1 and polymer 2.

Derive the expression for the spinodal condition for the Gibbs free energy of
Eq. (4.29.1).

Answer

Thermodynamic requirement for the spinodal curve is that the second-order
derivative of Gibbs free energy should always be zero on the curve and then the
conditions of spinodal are given by the (m;+m;)x(m;+m;) determinant in the
form:
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|AG,|=

Ava,xl Ava,x2 AGVX|Xm| AG VX,Y, Ava,\(Z Avalvm,

AG VXX, AGV XX, AG VX,X,, AGv X,Y, Ava,Y, o AGVXIY,“,

Ava,,,,x. Ava,,,xz Ava,,.,x,,,I AGV XYy Ava,,,,\r'2 Ava,,,,Y,,, —0

Ava,xl Avalxz AGvy,xml AGvy,\(, AGVY,Y, Ava,\rmz

AGvy,x, AG vY,x, AG VY,Xm, AG vY,Y, AGv vy, AG VY,Ym,

AG VY,X, AGv YoX, AG VY Xo AG, Y.,Y, AGVYMYI - AG VYm,Ym,
(4.29.5)

Here AG, is the Gibbs free energy of mixing per unit volume
defined by

AG, ¢O[A\51°J+z¢ (xv ]+2¢( J (4.29.6)

_(2%G,
AGw (“«W ¢1)

(k’l =X X 'aXm,’YlaYz" ) "sz;n # kol) (4.29.7)

AG, can be rewritten by combination of Egs. (4.29.2)-(4.29.4) and (4.29.6)
as

_(RT o ¢, g
AG, _(V_Iq)o ino, + g_x__

0 i

¢,Ino_
¥ g—-’-—\—(—¢+ Xo®od) + Xo:000, + X|z¢|¢2:| (4.29.8)

Substitution of Eq. (4.29.8) into Eq. (4.29.7) yields five types of derivatives
of AG,y;:

v, 1
(E)AGV“_E 2% =M  (fork =1,,1)=(X,,X,)) (4.29.9a)
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A\
(ﬁ)AG vkl
(XO_)AG
RT Vki
Vv
(E}T)AG Vki
A"
(E;T)AG vk

1

0

%o

1
z—_‘?'XO +
b, ]

1

ivx,

1

== 2Yy, T =

®

iy,

M+M,

N+N, (ork=1=Y))

26—— 2x%,, =N (fork ¢l,(k,l)=(Yi,Y, ))

(fork =1=X.)

(4.29.9b)

= i =X - %o =K (fork=1,(k,1)=(X;,Y;) or (Y;. %))

(4.29.9¢)
(4.29.9d)

(4.29.9¢)

Spinodal condition can be rewritten by substituting Eqs. (4.29.9a)-(4.29.9¢)
into Eq. (4.29.5) as

orfs

VO
M + M, M
M M+M,
M M
K K
K K
K K

m,

(4.29.10)

Using the addition rule, Laplace expansion, and cofactor expansion of the
determinant, | AG, | is reduced to

5] wol-

M-K +M,

N-K
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M-K+N, M-K
3K 1
M-K M-K-M,_

N-K+N, - N-K
-3 KM- K)——HM Ix - :
g M, N-K - N-K+N_

=(§Mk) [1+(M K)Z—]-(HN )[HN;NLJ
+2[K._(HMkII+(M—K ;"Z‘,M 1\:1}]
-KM - K)Z HM )]-(QNJH(N—K)E‘N%] (4.29.11)

jtl

In the derivation of Eq. (4.29.1 1), we used the relationship (4.20.43). Now
we can readily rewrite Eq. (4.29.11) as

T
x[[l+ ME:Ml—iII+N'iE1j—]—KZ(i ! Imﬁ l_ﬂ =0

i=l =l i=1 E‘ =1 Nj
(4.29.12)
Spinodal condition is then given by
my 1 m; 1 my 1
1+ MzW 1+N2 2 2_ =0 (4.29.13)
i=l i l.—l

<<Problem 4-29-b>> Neutral equilibrium condition for quasi-ternary
system polydisperse polymer/ polydisperse polymer/ solvent (P,/P,/S;)

For quasi-binary systems consisting of multicomponent polymers 1 and 2 in a
single solvent, the neutral equilibrium condition is given bv
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m, le ) N"“ZZ 1 K moq my WYj 0 (4.29.14)
— + —_— —— — | = - .
; M; A N .z=i' M; 2_" N;
Derive Eq.(4.29.14).

Answer

At CSP, in addition to Eq. (4.29.5), the following neutral equilibrium
condition should be satisfied concurrently:

|aGY|=
G, 9IAG|  9aG,| IAG,| 9aG,|  9AG|
aq)x, aq)xz a¢x_, a¢v, aq)v, a(pv_,

AGy,y  AGy,,, - AGy, AGy,, AGyyy - AGy, .,

AGVx_,x, AGy, ,, - AG _— AGVx_,Y, AGyy AGyy v, |=0

AGy,, AGy, -+ AG,,. AG,, 4G, AGy ym.

AGV\(,xI AGV\QXI AGv\r,xm, AGVY,Y, AG, vy, AGV\(Z\{mz

AGVY-zxy AGVYnzxz o AGVY-zxm AGVszYI AGVYMYI o AGVY“‘zsz
(4.29.15)

Eq. (4.29.15) can be rewritten through the use of Eq. (4.29.92)-(4.29.9¢) as

) RT 1 +my -1
|AGy|= [V—oj

le sz o wXInl WY] WYZ WYmZ

M M+M, - M K K - K

3 : : : : P (4.20.16)
M M MM, K K - K

K K - K N+N, N - N

K K - K N N+N, - N

K K K N N N+N,,
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Eq. (4.29.16) can be rewritten with the help of a cofactor expansion, Laplace
expansion, and Eq. (4.29.12) as

(5] e e [
HHM(;-MT—KII—J}(HNZ—] Kz(iﬁ%—b_/ll,_lgék_ﬂ
_gwx,[M i [ fi. [ )

Satsa{ o Jolfi [ ef i Je e

i e o)

(4.29.16)
Combination of Eqgs. (4.29.12) and (4.29.16)’ yields
RT m+my - m "y m 1 -1
AG',|= M, N |IM2 —
jact|= (vo) (H ' ,H I ‘E.:M)
[(._. 4 I“’Ni—f) M, I; N, ]}z
(4.29.17)
where W,; and Wy; are
a| AG'|
T (k ¢X,.,k=X,,---,Xm‘,Y,,---,Ym2) (4.29.18a)
X;
a| AG’
Wy = ¢Y (k¢Yj,k=X,,---,XmI,Y],---,YmZ) (4.29.18b)
P

* Equations (4.29.13) and (4.29.14) agree completely with Koningsveld-Chermin-Gordon
equations (Eqs. (12) and (13) in their paper), respectively (See R. Koningsveld, H. A. G.
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Chermin and M. Gordon, Proc. R. Soc. London Ser. A 319, 331 (1970)). The parameters in
Eqgs. (4.29.13) and (4.29.14) can be replaced with experimentally determinable parameters
such as ¢g, 9,» 05 Xos» Xoz» X12» the weight- and z-average X; (and Y)), X" and X,° (Y,,° and

Y,%) and
the theoretical expressions finally rewritten as

—1—+ ! -2 L+—1——2x
o 0X% ey 0,YC TN

2
1
'[_+X12 Xm‘onJ =0 (4.29.19)
o
and
1 Xp 1, 1 1
= ——= -2 2x
(‘Dg ((1),)(?,,)2 )( , ¢2X0 on) ¢o (¢ 0, Xw ) o
( L X2 Xm“on) L, 1 7~ 2Xo2
o0\ % % O,Yy
1 __ Y, {1, 1 11, 1 )
-5 = — W T3l -2y
(¢§ (0,v8)° )( ® 0 Xy X°‘) ¢§(¢o o,Yw ”
L X=X =X "1—+X|2—XO1"X02 =

% [ 1 (4.29.20)
with
by +¢, +¢, =1 (4.29.21)
*Symmetry of (4.29.19) and (4.29.20)
By introducing parameters Qx and Qv defined by the following equations
1. 2_1_ =¢,X° (4.29.22)
Qx T M
IR < S 6,Y° (4.29.23)
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into Eq. (4.29.10), we obtain
M+Q, K

=0 (4.29.24)
K M+Q,

Eq. (4.29.24) can be rewritten as
M+Q, ~KIN+Q, ~K)+KM+Q, ~-K)+K(N+Q, -K)=0 (42929
Substitution of Egs. (4.29.9a)-(4.29.9¢), (4.29.22) and (4.29.23) into Eq. (4.29.25) yields

1 1
[W’*’on"%ox —XOZIW+XOI—XOZ—XI2J
wrl wr2

0

1 1
T —+ X127 Xo1 ~Xo2 +Xo1 = Xo2 ~X12 |= 0
[«bo 39,
The neutral equilibrium condition (Eq. (4.29.14)) can also be represented as

XRX QXRY
K N+Qy

1 1
4+ —+ - - + - - (4.29.26)
[¢ Xi2 —Xor onIngq)l Yoz —Xo1 on)

=0 (4.29.27)

where Ry and Ry are defined by
my Wx
RX =) —- (4.29.28)
o M;

R EWY" 29.29)
=) —— (4.29.
Y

in M;

Eqg. (4.29.27) is rewritten with the help of Eq. (4.29.25) as
1

¢_2(M +Qy _K)}(N +Qy - KY
0

+X0QAKI(N+Qy —K) + YIQ2K>(M+Qx -K) =0 (42930)

Substituting Eqgs. (4.29.9a)-(4.29.9¢), (4.29.22) and (4.29.23) into Eq. (4.29.30), the following
equation is obtained:



3 3
Ll et X = Xor - S SRV
¢§ X(\),,,Q)I Xoz ™ Xoi x”) (ngq)z Xoi ~Xo2 Xlz)
XO 1 3 1 )3
+ z |1 _ Ly oy y
(ngq)‘)z Y\?vq’z Xo1 — Xo2 XIZ) (% Xiz—Xo 02
YO 1 3 l 3
b Yz [ 1 . Ly oy o
( w¢2) X0, Xo2 ~ Xon XIZ) (% Xi2—Xo on) (4.29.31)

Eqgs. (4.29.26) and (4.29.31) are obviously symmetrical with respect to the exchange of
polymers 1 and 2, respectively.

*Multiplying both sides of Eq. (4.29.26) by ¢,0,0, gives

¢o{i1Tw + (on “Xo— Xlz)}{?}g + (Xon ~Xo2— X12)¢2}
41 +(X12 = Xo1 — Xoz)bo 0 {Xot —Xo2— X|2)¢2
Yw

+ ¢2{1 +(X12 —Xo— on)%}{xo (on Xor— X12)¢|} =0 (4.29.32)

By putting ¢,=0 (and of course utilizing the relationship ¢,+¢,=1) in Eq. (4.29.32), we can

obtain the condition for the crossing point of SC and the three axes (¢, axis) of the Gibbs
composition triangle as

i" + 0, — 2X0,000, =0 (4.29.33)

w

The following equations are similarly derived:

)q()" + 0 — 2x0,900,=0 (4.29.34)
¢
)‘1;; Yi 20,,0,0, = (4.29.35)

<<Problem 4-30-a>> Chemical potential of mixing for (r+1)-component
Flory-Huggins solution
Gibbs free energy of mixing for (r+1)-component Flory-Huggins
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solutions is given by
r T
AGpi =RT X, Nilng, + LRT 3’ 0,0:x; (4.30.1)
i=0 igj

where N=XN;, L=2n;N; and Z ¢;=1.

(1) Derive the expression for the chemical potential of mixing

A, =(aAG,,,ix /aNk)RT

N

(2) Derive the expression for the chemical potential of mixing Ap(k=0,1,2)
and the Gibbs free energy of mixing per unit volume for the system

(i) solvent(0)/solvent(1)/polymer(2),

(ii) solvent(0)/polymer(1)/polymer(2),

(iii) polymer(0)/polymer(1)/polymer(2).

Fig. 4-30 Cloud point curve (full line), spinodal curve (broken line) and
critical solution point (unfilled circle) of a quasi-ternary system. Original
polymer, Schulz-Zimm type distribution (n,’=300, n,’/n,’=2); %,2=0.5,
%13=0.2 and %»3;=1.0. (See K. Kamide and S. Matsuda, Polym. J. 18, 347
(1986))
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Answer
(1) Differentiating AG,, with respect to N;, we have

Ap;=RT [Ing; + ),

j#

i d 1 <
1- %)‘bj +n; {(1 - ¢i) 2 i - 2 j%i ¢j¢kak}

] j#i

RT ln¢i+2(1 '%)‘Pjﬂli (1 ‘¢i)z¢inj' )y 00X ik
j# # j<k

)

joke
(4.30.2)
(2) For r=3, we have
g No
Ay, =RT| ln¢0+(1 -n—l) o, +(1 -n—2) o,
+ng {Xm (1 - %) O +Xo2 (1 . %) ;- X12¢1¢2}l (4.30.3)
ny n
A, =RT |Ing, +(1 -B—O) ¢0+(1 -;2‘)%
+n, {Xm (1 - ¢1) G0+ %12 (1 - ¢1) o, - on%‘bz} (4.30.4)

Ap, =RT

n n
l“¢2+(1'3%)¢°+(1'n_j)¢'
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+0y {on (1 - ¢2) G0+ X12 (1 - ¢2) o - X01¢0¢1} (4.30.5)

Gibbs free energy of mixing per unit volume AG, is given by

AG, = ¢o A].L0+¢ Apy + 0, A, (4.30.6)
noVo n Vo Vo

Substituting Egs. (4.30.3)-(4.30.5) in Eq. (4.30.6), we have

4G, (V)
(4.30.7)

(i) For the system solvent(0)/solvent(1)/polymer(2), putting ny=n;=1 in
Eq.(4.30.3)-(4.30.6), we have

.

¢ylnd, ¢1ln¢1 + ,In¢,

1
Apg=RT |Ing, + (1 - n—z) &+ Ao (1 - q>0) ¢+ X2 (1 - %) 6, - X 120192

]
(4.30.8)
7

Ap, =RT |In¢, +(1 -niz) &2+ Xo1 (1 -¢1) ¢0+X12(1 ‘¢|) 02 - XooPob2
{

1(4.30.9)

Ay, =RT |In¢ + (1 -nz) (1 - ¢2) + nz{x 02(1 -¢2) ¢0+x,2( 1 -¢2) ¢,-x01¢0¢1}

(4.30.10)

¢ Ing,
AG, ( ) Oolndy + OyInd; + ——— + X 5:000; + Xg2P0P2 + X 12919,

(4.30.11)

(ii)For the system solvent(0)/polymer(1)/polymer(2), putting no=1 in
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Eqgs.(4.30.3)-(4.30.6), we have
Ang=RT

l“%"‘(l 'nil)q)l +(1 'niz) ¢, + Xo) (1 '¢o)¢1 +X02(1 ‘¢o) &, - X 129192

(4.30.12)
A, =RT

1

Ing, +(1 "H)%*(l '"1)¢2+n| {Xm (1 '¢1)¢0+X12(1 '¢1)¢2'X02¢0¢2}

(4.30.13)
A, =RT

1"¢2+(1 '“2) ¢0+(1 —n2)¢1 +n, {on(l ‘¢2) ¢0+X12(1 '¢2) ) 'X12¢1¢2}

(430.14)

AG, = (RT) dolnd, + i |¢I = 2¢2+XO1¢0¢1+X02¢0¢2+X12¢ 0,

(4.30.15)

(iii) For the system polymer(0)/polymer(1)/polymer(2), we have just Egs.
(4.30.3)-(4.30.6).

<<Problem 4-30-b>> Critical condition for quasi-ternary system
polydisperse polymer in mixed solvent (P3/S,/S;)

The chemical potentials of solvent 1, solvent 2 and X;-mer Ap;, Apy, and Ally;
are given by (See Eq. (3.19.2))

Ay, = R'l'[lnd)l "{1_ ); ]+X12¢2 a-0)+ X13¢p(1 -0, )_X23¢2¢p:|(4'30'16)
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Ay, =RT{lnq)2 +(1— Xl )% +%,,9, 1—0,)+ Xz;q)p(l ~0,)- XI3¢l¢p:|

(4.30.17)

n

1
Au, =RT[Ing, —(X, 1)+ Xi(l —i—}bp

+X, {X13¢1(1 —¢p) + x23¢2(1 - ¢p) —x12¢.¢2}] (4.30.18)

where ¢,, ¢, and ¢, are the volume fractions of solvent I, solvent 2 and
polymer, and ),, %5 and ), are the interaction parameters for the pairs solvent
1/solvent 2, solvent 1/polymer and solvent 2/polymer.

For this system the condition of CSP is given by

2
1 1 1 1 1
'—+—‘2X|2I X0 +—‘2X13]_(—+X23‘X13"X|2) =0 (4.30.19)

o

[ 1 1 1 11 1{1 1 1
S P P —— =2 _— =2
_¢pX3[¢? ¢ZJ+¢f(¢z 2"”) 1O X”H(%Xf‘*" x”]

1 1(1 1
~| =+X23=X13—% —|—-2x gt
((b; 23 13 IZIq)]z q)z 23} ¢|2¢pX8v

X5 J 1 2% 2Yys
0, X% 00, 6, &

+ 2001 K13+ X1 K23 + XaskXi2)— 65122 + X,23 + X;)}]

(4.30.20)
Derive Egs. (4.30.19) and (4.30.20).

Answer
Substitution of Egs. (4.30.16)-(4.30.18) into the equation
AG,= ¢1(AM/ Vo) + 02(AM/ Vo) + Z; dxi(ApxilX; Vo)
yields
RT = 0,
AGv = T ¢1ln¢1 + ¢2 ln¢2 + 271n¢x, +XI2¢I¢2 +X|3¢I¢p +X23¢2¢p
0 i=l 0

(4.30.21)
The second-order derivatives of AG,
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d’AG
AG = . (1L,j=N,1,2;--,m;k #1,]) (4.30.22)
’ {aq»,,an,, 1

are given by
M . = i j,i j 4.30.23
RT ij—a)-l-—an=M (fori#j,iand j#N) (4.30.23a)
VO . .. .
RT Gy, =M+%,+%X,,—%,,=M+K (fori#j,iorj=N) (4.30.23b)
V, 1 ..
> AG,, =M+ —+2(,,-%,,)=M+U (fori=j=N) (4.30.23¢c)
RT) " 9,
Vo G, =M+ 1 =M+M. (fori=j#N) (4.30.23d)
RT v X ‘

Ty,

Substituting Eqs. (4.30.23a)-(4.30.23d) into the spinodal condition, we obtain

+U M+K M+K .- M+K
RT I +K M+M, M M
|AG |= —_ +K M M+M, - M
) V" : : : i :
+K M M - M+M
+M, M M
ml
M M+M, - M
=[I§,T] v M !
(1] . . .
M M -« M+M

+TE MR- (M +K)
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M+ M, M M M M
M M+M, M M M

x| M M - M+M, M M
M M M M+M,, M
M M .. M M o M+M_

+ 3" (M+K)

i#2j _
M

M M, 0

M M,

M Mi+|

X1 s
M M,,

M Mj+l

: 0 .

M M, |

[%’;)ij [(M+U)[f[M Il+MH—] g(M+KI(M+K)
[—HM H1+ i 1‘ ' } Z(M+K)—[HM m

_| i=l i l i#j ] k=

[ = ) [HM I(M ¥ U){l ¥ Mzﬁl-} —(M+ K)ZE";MLJ] _0

=1 %

(4.30.24)
Eq. (4.30.24) can be rewritten as

(M+U){l +M2—} (M+K)zz—_ 0 (4.30.25)
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Combining Eq. (4.30.25) with Eqgs. (4.30.23a)-(4.30.23d), we obtain Eq.
(4.30.19). Here, in deriving Eq. (4.30.19), we employ Eq. (4.20.43).
Partial differentiation of Eq. (4.30.24) with ¢,i(i=N,1,2,...m;0 xx=0>) yields

Gy _(rRTY (&
{ 99, JT.P.« _(V—") (IJ:‘IMj)

9 M+ U+ Mo, X }-(M+KY o, X },

Xi

=W, (k# ik =N,1,2;-,m;¢,=9,) (4.30.26)

X

Substituting Egs. (4.30.23a)-(4.30.23d) and Eq. (4.30.26) into the neutral
equilibrium condition, we obtain

W, \ W, o W,
v M+K M+M, M - M
= | |aAGI|=M+K M  M+M, - M
RT : : : :
M+K M M - M+M_
+M, M M
M M+M, .- M
=('1)2wN : : -
M M - M+M,
+ 3w 1y (M+K)
=1
M+M, M - M M M
M M+M, --- M M M
x| M M M+M, M M
M M - M MM, M
M M M M o M+M_
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+ 3D M+K)
MJ
M M, 0

M M

2

i-1

2 Z -
p

M M
=W, [ﬁMjIH Mi.‘.}
i 7 M;

Zw {(M+K{__jnM I1+M§M] %(M+K{ VLM, lﬁ[Mi}

=[1.F""1[Mj IWN(HMZ ] M+ K)Z—} =0

)—l

(4.30.27)
In deriving Eq. (4.30.27), we utilized Egs. (4.20.43) and (4.30.26). Eq.
(4.30.27) can be rewritten in the form:

wN[1+M2L]—(M +K)z&=0 (4.30.28)
F1M; = M

Eq. (4.30.20) can be derived from Eq. (4.30.28), considering Eqgs. (4.30.23a)-
(4.30.23d) and Eq. (4.30.26). Figure 4-30 exemplifies CPC, the spinodal
curve and CSP for quasi-ternary solutions. As the theory requires, the cloud
point and spinodal curves intercept beautifully on CSP. This strongly implies
that both the present theory and the simulation technique used here are
reasonable and unconditionally acceptable. (See K. Kamide, S. Matsuda and
Y.Miyazaki, Polym. J. 16, 479 (1984); K. Kamide and S. Matsuda, Polym. J.
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18, 347 (1986))

* The conditions for spinodal and neutral equilibrium for monodisperse polymer with the
degree of poly merization X in binary solvent mixtures are given by applying Egs. (4.9.1) and
(4.9.2) to this case (P3/S,/S,) as

11 11 2
T “An - Xl} X =Xy X2 =0 (4.30.29)
[q»l o Imx ) } [fb. ]

1 {1 1 1{1 1{1 11
—_——__— = —=2 TH ey —2 13 _+__2X'3
LXX[# ¢i] ¢?(¢z X] ¢,(¢» ” J](‘*’X 4 ]

—-—1—+ ) A : 1—2 +——1 +
g, XnTHe T I o e [Ty

11 2y, 2
K ¢|¢2‘ ;C:“ zu*‘z(xnxn"'xnsxzs+X23X|2) 6C.z+xu +%, :|=0

(4.30.30)
In deriving Egs. (4.30.29) and (4.30.30), the equation (4.30.22) with m=1 (monodisperse
polymer) was employed. Egs. (4.30.19) and (4.30.20) reduce to Egs. (4.30.29) and
(4.30.30) by putting X,=X,=X and ¢,=¢, and are equivalent to Kurata’s equations (2.3.30)
and (2.3.31) in his book (See M .Kurata, Thermodynamics of Polymer Solutions, Harwood
Acad. Publ, New York, Chap.2, p.127 (1982)). In addition, Eq. (4.30.29) coincides
completely with Eq. 26 in Scott’s equation (See R.L.Scott, J. Chem. Phys. 17, 268 (1949)).

<<Problem4-30-c>> Symmetry of critical condition
Prove that Eqs. (4.30.19) and (4.30.20) are symmetrical with respect to the
exchange of solvents 1 and 2.

Answer

Eq. (4.30.25) can be rewritten as follows:
{M+K)(U-K)+(U-K)Q, -K)+(Q, ~K)YM+K)}=0 (4.30.31)
where

QL:i_lJ X0 (4.30.32)
w =M v
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Substitution of Eqs. (4.30.23a)-(4.30.23¢) and (4.30.31) yields

(¢_+X23 Xi3— X121_+X|3 Xa3— Xn)
i

+($2'+X13 X23 Xlqu)p +Xi27 %13 X23J

1 1
+(¢px(\)~ +X|2"X13‘X23IE"+X23 Xi3— Xu]zo (4.30.33)

We can rearrange Eq. (4.30.28) into the form:

1 oW,
W {M+K)+(Qy —K)}—(M+K)[¢ = Z_M—,J

prw i=]

-K)+(Qy -K)YM +K)}

M +K J -

UK l{ X0 JE_;, ](U— K)+ Wy (Qy —K)} =0 (4.30.34)
Eq. (4.30.34) can be simplified using Eq. (4.30.31) as

1 (1 2__ (4.30.35)
Qu -K| ¢,X, TM =

Combination of Eq. (4.30.31) and (4.30.27) gives

m+]
w;(%l) ( MjI(QW —K)+(U—K)_Xi{(M+K)+(U_K)}}
AL

or ©,x% )
(4.30.36)
m-+
RT u -K U-K M+K)+(Qy —K)
wN:(V_OJ (HMJ_I(QW i;r( ) _( (% ]
(4.30.37)

From Eqgs. (4.30.35)-(4.30.37), we obtain
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{Qu-K)+(U-K)F M+K)+U-K) M+K)+(Qy-K) _
01Qw ~K)U-K)  (6.X° JQy-K) 02(U -K)

(4.30.38)
By combining Eq. (4.30.31) with Eq. (4.30.38), we can derive
1 (1_x12+X|3"X23 2_,_ 1 (1+X|2+X23'X|3 ’
M+K M+K U-K{ U-K
2
+ X, (1_X|3+X23+X12 -0
QW"KK Q. -K (4.30.39)

Eq. (4.30.39) can be rewritten using Eqgs. (4.30.23a)-(4.30.23¢c) and Eq.
(4.30.32) as

1{1 (1 ’
| —— =Y.+ ——— Y= Ya +
¢?[¢2 X2~ X2 Xls] [X(:vd)p X137 X23 Xlz]

3 3
11 1
+E(&:"X12 "X|3+X23) ['X_&E:‘X13“X23+X12}

3 3
X, 1 1
+—0—(——X12—X.|3 +X23]['——X12—X23+Xl3] =0 (4.30.40)
xS0, J \& ¢

2

Eqgs. (4.30.33) and (4.30.40) are obviously symmetrical with respect to the
exchange of the solvents 1 and 2 and are consistent with Egs. (4.30.19) and
(4.30.20).

<<Problem 4-31>> Fractionation (I): Coexistence curve of polymer
solution

Describe how to determine the coexistence curve of polymer solutions
consisting of monodisperse polymer with the degree of polymerization n and a
single solvent using chemical potentials of polymer and solvent.

Answer

Phase equilibrium condition for binary solutions is that chemical potentials
of two phases are the same for each component (See Eq. (1.5.1)). That is,
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ALy = Ao (4.21.22)
ALy = Al (4.21.23)
Of course, the following equations hold at equilibrium state.
Ty=Tw
(4.31.1)
Pay="Pg)

Here, the subscripts (1) and (2) denote different phases. According to the
Flory-Huggins theory, the chemical potentials of solvent and polymer are given
by

1
Ho=Ho+RT 1“(1-¢1)+(1-;)¢1+x¢,2 (3.11.3)

ul=u?+RT{ln¢1-(n-l)(l-¢l)+xn¢02} (3.12.2)

respectively. Substituting Egs. (3.11.3) and (3.12.2) in Egs. (4.21.22) and
(4.21.23), we have

=1 {11 010) 4 (9,01, - 1) - (4)1(1) ¢1<2>)\ (4.31.2)
012° - o1 | 1- 1) J

= 111 lﬂﬁl(z) =(®10) - P102)) - (% - qﬂéz—)) -X {2 (010 - 0102 - (01022 - ¢1(1)2)>

(4.31.3)

A pair of volume fractions ¢ (1) and ¢(2) or ¢o(1)(=1-6,(1)) and ¢o(2) (=1-
¢0(2)) which satisfy the conditions Eq. (4.31.2) and (4.31.3) are the volume
fractions in conjugate phases for arbitrary ) (or temperature T). Here, G is
called the partition coefficient. Substituting Eq.(4.31.2) in Eq. (4.31.3), we
have

e (- 4u) - ¢m)_¢1(2)-\2(¢1(1)'¢1(2))'(4’1(2)2""1(1)2)
¢1(1) 101) 1(2)) n o

2 2
¢l(2) - q)l(l)

1-¢ by ¢
x| Ing— ¢1(;) (¢1(1)'¢1(2))'(_11:-1)'_‘;19) (4.31.4)
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Imagine that polymer with weight g is divided into phase(1) and phase(2)
which contain polymers with weights g, and g»), respectively,

g =8m + 8 (4.31.5)

and the total volume V is divided into the two phases with volumes V;, and
V(2), i.e.,

Here, V and Vp are the volume of solvent and polymer, respectively. Now
we define phase-volume ratio as

R=YO (4.31.7)
Vo
From Eqgs. (4.31.6) and (4.31.7), we have
Vin=_R_ vy 4.31.8
M= ( )
V=1 vy 4319
@= g ( )

The volume fractions of the polymer in phase (1) and phase (2) are given by
O 10y=Vpgay8oV=ve" ps (R+1)/R and ¢ 12~ Vpgy8oVeey=vp (R+1).
Here, v’ is the overall polymer volume fraction
A%
V=22 4.31.10
p= (431.10)

ps and p, are the relative amount of polymer partitioned in polymer-lean phase
(1) and polymer-rich phase (2) or the fraction size, defined by

_&m

= 20 (4.31.11a)
_&o
P g, (4.31.11b)

If the overall concentration vp° and the fraction size py(=1-p;) are known, ¢ ()
and ¢ () are functions of R. Thus, the coexistence curve is calculated by
solving Eq. (4.31.4) for R.
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<<Problem 4-32>> Fractionation (II)

Chemical potentials of solvent and solute for polydisperse Flory-Huggins
solutions are given by

1
Auy=RT 1n(1-¢,)+(1-n—)¢,+x¢12 (3.18.5)
1 2
Au; =RT { Ing; - (“i - 1) +On; (1 - B‘) +Xni(1 - ¢1) (3.18.4y
where
=26
i=1
Phase equilibrium condition for this system is
Ay = Ay (4.21.22)
Ay = Al (i=1,2,3, ) (4.21.23)

The ratio ¢ 120 101) is given by the equation ¢ 12/ 11y=exp(on). © is the
partition coefficient which determines how polymers are divided into two
phases. Derive the relationship between G ,0 1) and ¢ () and clarify the
factors which control ©.

Answer

Substituting Egs. (3.18.5) and (3.18.4)’ in the phase equilibrium conditions
of Egs. (4.21.22) and (4.21.23), we have

1 1-¢ Oy 0
X Ino— ¢:ZZ + (¢m> ‘¢1(2)) ( “0 —@) (4.32.1)

= 2 2
¢1(2) ‘¢1(1) Npy DOy

and

o; | 1 ]
lnﬁ i {(1 ) q)'(’))z ) (1 ) ¢‘(2))2} * (1 ) ;;) Oy - (1 - ;1—) O nic
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(4.32.2)
Here,

2 1-¢ 1 1 1-0,

o= In—2+|1-—)0,,-[1-=] 01 'mT—_Q

Oyt iy | -9 n, n, =042
(4.32.3)

Eq.(4.32.3) shows that ¢ depends only on ¢ (1), ¢ 1(2) and n,.  If ¢ does not
depend on n, the volume fraction ratio ¢ ;(2y/¢ 1(1, increases with n exponentially.
Eqgs. (4.32.2) and (4.32.3) are the fundamental equations for molecular
weight fractionation based on the solubility difference of polymers with
different molecular weights.

<<Problem 4-33>> Fractionation (III): Partition coefficient
Chemical potentials for polydisperse polymer solutions with % having a
linear concentration dependence

X =Xo (1 +pi¢1) (3.16.1)
are given by

Ao =RT |In(1 -¢1)+(1 ni) 01+ %o (1+P191) 01 (4.33.1)

n

Ap;=RT |Ing; - (n; - 1)+ni(l ;11—) 0,

n

L

1. 3
+Xoni(1 '¢1)2+x0nipl (5+5¢12+¢13) (4.33.2)

Eq. (4.33.1) is derived straightforwardly from Eq. (3.11.3). Derive the
expression for ¢ defined by

In %@ _ on; (4.32.2y
diq)
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Answer

Substituting Eq. (4.33.1) in the phase equilibrium conditions of Eq. (4.32.1),
we have

1
1

¢1(2)2 - ¢1(1)2) +P (‘1)1(2)3 - ¢1(|)3)

o

1- (bl(l) <t)l(l) ¢1(2)
In——+{0;4,- 912 (4.33.3)
1-01) ( ) <n>n(l) <n> n(2)
Substituting Eq. (3.16.1) in Eq. (4.32.2) and rearranging the equation, we have
1 1 2 2
= (1 - E‘) b1y - (1 - n—) 1y + Xo {2 (¢1(2) - ¢1(1)) - (¢1(2) =010y )}
n n

3
+P1Xo {5 (‘3)1(2)2 - ¢1(1)2) - (‘3’1(2)3 - ¢1(1)3)} (4.33.4)

Substituting Eq. (4.33.3) in Eq. (4.33.4), we obtain

3 1-¢ 1
{2+‘2‘P1 (¢1(1)+¢1(2))} In 1 _¢1§:+( < ) )‘1’1(1) ( < >n)¢1(2)

2
(¢1(1) + q’l(z)) +Pi (¢1(1)2 +01910 + V1) )

-0, (4.33.5)
If we put p;=0, Eq.(4.33.5) is reduced to Eq.(4.32.3).

<<Problem 4-34>> Fractionation (IV): Mass of polymer partitioned in
each phase

Let’s denote the volumes of the dilute phase and the concentrated phase are
Vay and V(,), respectively and the weight (equal to the volume, if the specific
gravity is regarded as 1) of polymers with the degree of polymerization n in the
dilute phase, in the concentrated phase and in the overall system are g(;y(n),
g2)(n) and go(n), respectively. Derive the expressions for g;)(n) and g)(n)
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as a function of partition coefficient 6 and phase volume ratio R=V;/V(3).

Answer

From the definition, we have
goimi) = Vdaymi) (4.34.1)
gofni) = Vydeafni) (4.34.2)
go(ni) = gay(mi) + geami) (4.34.3)

Substituting Eqs.(4.34.1) and (4.34.2) in the definition of the partition
coefficient

1n QM) _ o (4.32.2)”

dayni)
we have
{ga)(ni)}

Vo
—_— = exXpion; . .4

Vay
Eq. (4.34.4) can be rewritten as
galm) _ V@) oy von) = L explon, (4.34.5)
golmi) Vg, pon) R plomi)
From Eqgs. (4.34.3) and (4.34.5), we have

= . R

n;) = go(nj) ———— 4.34.6
gayni) = gol ')R+exp(cni) (4.34.6)
Substituting Eq. (4.34.6) in Eq. (4.34.3), we have

exp(on;)

g(z)(ni) = go(ni) (4.34.7)

R + exp(on;)

<<Problem 4-35>> Fractionation (V): Characteristic specific value for the
degree of polymerization n,

There exists a characteristic specific value for the degree of polymerization
n=n, such that the polymer with n>n, is found more in the concentrated phase
and the polymer with n<n, is found more in the dilute phase. Discuss this
phenomenon with the aid of the results in <<Problem 4-34>>.
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Answer

Imagine equal amounts of polymers with n=n, separate into two phases. In
this case, we have

1 =8 _ 1 eynion (4.35.1)
goin) ~ R OO

That is, using the relationship

IR -, (4.35.2)

we can calculate n,. For n#n, , the combination of Eqs.(4.32.2)’” and
(4.35.2) yields
goyni)

EAT) _ 1 exp(on) = exp (0 (n - na))

gofm) R (4.35.3)

Since © is defined as positive, g@yn) S gy for nSn,.

According to Eq. (4.35.2), the characteristic degree of polymerization n,
increases with increasing R and decreasing 6. The volume fraction of
polymers in the concentrated phase is larger than that in the dilute phase for
polymers for arbitrary degree of polymerization, while the amount of polymers
is not always larger in the concentrated phase.

<<Problem 4-36>> Fractionation (VI): Fractionation efficiency

The probability f,;) for finding n-mer in the concentrated phase can be
calculated by using Eq. (4.34.7). Calculate the fractionation efficiencies
defined by

_ afn@))
€= (———aln o, (4.36.1)
and

' _ afn(z))
€ (——an N (4.36.2)

and discuss which coefficient should be used as a measure of fractionation
efficiency.

Answer
According to the definition,
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o = Bl (4.36.3)
go(n)

Substituting Eq. (4.34.7) in Eq. (4.36.3), we have

fa) = ———A—— 4.36.4

"M Rexp(-on;) (4.36.4)

Differentiating f,;) by In n and rearranging it with Eq. (4.35.2), we have

4.36.5

4 4 ( )

Differentiating f,;) by n, we have

g=0 4.36.6
" (4.36.6)

From the mass balance, R is related to the difference in the overall

concentration ¢,° and the concentration in each phase ¢ (1, or ¢ 1(2) as

R = M'_q)(‘) (4.36.7)
of - d101)

Since ¢ 129>>¢ %, the value of R depends essentially on the denominator in the
right-hand side of Eq. (4.36.7). Thus, R increases with decreasing ¢,° or
decreasing ¢ ,°-¢ iny- The latter condition is realized by decreasing the
fraction size p(=Z2 g)ny = 8omy)- According to Eq.(4.36.5), we need to
increase R for increasing €. €’could be enhanced by increasing 6. According
to systematic simulations by Kamide et al., €’ reflects the width of the
molecular weight distribution more sensitively than € does. (See K. Kamide
and C. Nakayama, Makromol. Chem. 129, 289 (1969)). The parameters € and
¢’ were first defined by Flory (See P.J. Flory, J. Chem. Phys. 12, 425 (1944)).

<<Problem 4-37>> Fractionation (VII): Molecular weight distribution of
polymers remaining in concentrated phase

Derive the expression for f,;) in case of the degree of polymerization n—
o0 and n—0 using the equation

fopm— 1 (4.36.4)
"® 1 + Rexp(-on;)

and discuss the molecular weight distribution of the polydisperse polymer in
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the concentrated phase.

Answer

Eq. (4.36.4) is the equation for the probability of finding n-mer in the
concentrated phase. For n—00, then f,,»=1, that is, if the degree of
polymerization is infinite, all the polymer components move to the
concentrated phase. For n—0, fo;=1/(1+R)#0, that is, a finite amount of
molecules moves to the concentrated phase. It’s inevitable to find a certain
amount of extremely low molecular weight components in the dilute phase.
This phenomenon is called the tail effect. It is desired to increase R for
reducing this effect. It should be also noted that R depends on 6.

<<Problem 4-38>> Fractionation (VIII): Effect of fraction size

n,/n,
e
L1
o
-l
_
(e}
<

0,4 A

o 0.5 1,0 0.5 1,0 05 1,0
p P 4

Fig. 4-38.1 Effect of p on nu/n, of the first fractionation at constant p;(=0)
(in Eq. (3.16.1)). Solid line; polymer-rich phase, dashed line; polymer-lean
phase (Original polymer, Schulz-Zimm distribution ny/n,=2.0; ¢, is
indicated on the curves) (a) n,=150, (b) n,=900, (c)n,=1500 (See K.

Kamide, Y. Miyazaki and K. Yamaguchi, Makromol. Chem. 173, 157
(1973))
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o 4 n. 2,0 '?‘ 4
[] © [}
. L] 50/ - % 2‘010 -
& 0l ,
! 0,1 =19
3 21 1010‘2 1.5 0,01 3 10‘4 o
E 0,1
10° 001
2 = 1.0 . 2
\ - 1% 1%
2 1‘0 ‘.2 N\ 6,4 0?4
X ‘? - 3| 0'101 0,1
1 N 05 0, 1 0,01
X \ 3\ Yy
I \ 1 o X
00 0,5 1,0 OO 0,5 1.0 0O 0,5 1,0
P P P

Fig. 4-38.2 Standard deviation ¢’ for polymer in polymer-rich phase (solid
line) and polymer-lean phase (dashed line), plotted vs. p (Original
polymer, Schulz-Zimm distribution, n/n,=2.0, p=0; ¢ ° is indicated on the
curves). (a) n,=150, (b) n,=900, (c) n,=1500 (See K. Kamide, Y.
Miyazaki and K. Yamaguchi, Makromol. Chem. 173, 157 (1973))

2,0 - 4
= ! °
NG 200 )
. 450 o
300
1.8 150
NS 3F
1,65

1500
n,=150 900
00 A
1,2}
1, :
% 0.5 o % 0.5 1.0
I P

Fig. 4-38.3 Effect of the average molecular weight of the original polymer
on the relations n./n,, of the polymers in both phases (solid line; polymer-
rich phase, dashed line; polymer-lean phase), and p (Original polymer,
Schulz-Zimm distribution, n,/n,=2.0 and different n,; p=0;0,°<1%) (See
K. Kamide, Y. Miyazaki and K. Yamaguchi, Makromol. Chem. 173, 157
(1973))



g (a) § (b)

o 6
3t 4

n,/n, <5

4 n,/n, .5
2 2 2

2 3

1,1

© 0.5 io © o5

Fig. 4-38.4 Effect of th: molecular weight distrib
polymer on n,/n, relationships for polymer in polymer-rich phase (solid
line) and polymer-lean phase (dashed line) (Original polymer, n,=300;
p=0;0,°=1%) (a) Schulz-Zimm distribution (b) Wesslau distribution (See
K. Kamide, Y. Miyazaki and K. Yamaguchi, Makromol. Chem. 173, 157

(1973))
ST
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Fig. 4-38.5 Effect :f the molecular weight
polymer on 6’ vs. p relationships for polymers in polymer-rich phase (solid
line) and polymer-lean phase (dashed line) (Original polymer, n,=300; p=0;
6,"=1%) (a) Schulz-Zimm distribution (b) Wesslau distribution (See K.
Kamide, Y. Miyazaki and K. Yamaguchi, Makromol. Chem. 173, 157

(1973))
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Fig. 4-38.6 (a) Effect of p (in Eq. (3.16.1)) on n,/n, vs. p relationships for
polymers in polymer-rich phase (solid line) and polymer-lean phase (dashed
line) (Original polymer, Schulz-Zimm distribution, n./n,=2.0; n,=300;
$,°=1%) (b) Effect of p on 6’ vs. p relationships for polymers in
polymer-rich phase (solid line) and polymer-lean phase (dashed line)
(Original polymer, Schulz-Zimm distribution, n./n,=2.0; ny=300;¢ =1%)
(See K. Kamide, Y. Miyazaki and K. Yamaguchi, Makromol. Chem. 173,
157 (1973))

“R should be increased by reducing the fraction size, then it results in

narrowing the molecular weight distribution of each fraction”. Is this
discussion reasonable?

Answer

We can take n./n, and the standard deviation ¢’ as measures of the width of
the molecular weight distribution. Figures 4-38.1-6 are the examples for the
relationship between the width of the molecular weight distribution and the
fraction size. As demonstrated in these figures, in most cases, by coarsening
the fraction size (increasing p), the molecular weight distribution initially
narrows and then passes through a minimum (pmin). Take n,/n, as a measure
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of the width of the distribution. p;, increases with increasing ¢ 1 or increasing
the average molecular weight of the original polymer or decreasing the
concentration dependence of . Thus, it is not meaningful to decrease p in
precipitation fractionation.

(a)
5
&

2,0

1,5

Fig. 4-39 (a) Dependence of n,/n, (solid line) and standard deviation ¢’
(dashed line) on the first fraction of ¢,° (Original polymer, Schulz-Zimm
distribution, n,/n,=2.0;n,=300;p=0;p is indicated on the curves) (b)
Dependence of n,/n,, of the first fraction on ¢;° (Original polymer, Wesslau
distribution, n,=300; n./n,=2.0 (dashed line) and 5.0 (solid line); p is
indicated on the curves) (See K. Kamide, Y. Miyazaki and K. Yamaguchi,
Makromol. Chem. 173, 157 (1973))
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<<Problem 4-39>> Fractionation (IX): Effect of overall concentration on
efficiency

“In order to improve the efficiency of the fractionation, the overall
concentration ¢ 1% must be decreased (<<Problem 4-36>>), in other words, we

need to decrease the temperature of a dilute solution at the fractionation”. Is
this conclusion always correct?

Answer

We restrict our discussion to the precipitation fractionation. Figures 4-
39(a) and (b) are the examples of the plot for width of the distribution (n./n,
or ©’) vs. overall concentration ¢;°. There happens to be a maximum in
these plots. Such maximum is always found in the plot of 6’ vs. ¢,°. It
should be noted that n,/n, and ¢’ at this maximum are far above those of the
original polymer.  For example, in Fig.4-39(b), nu/n, is S in the original
polymer, while it is more than 30 in the fractionated polymer. Thus,
fractionation does not always yield a polymer with narrower molecular weight
distribution than the original polymer.

<<Problem 4-40>> Fractionation (X): Shape of molecular weight
distribution

Can we always obtain polymers with a unimodal molecular weight
distribution from the original polymer with a unimodal molecular weight
distribution by successive precipitation fractionation?

Answer

From unimodal polymers with a wide molecular weight distribution,
bimodal fractionated polymers can be obtained. The examples are shown in
Fig. 4-40.1 and 4-40.2. When the original polymer contains a large amount
of low molecular weight component (for example, Wesslau-type distribution),
a new peak appears on the low molecular weight side by increasing the overall
concentration or reducing the fraction size.

<<Problem 4-41>> Fractionation (XI): Successive precipitation
fractionation and successive solution fractionation

Compare the successive precipitation fractionation (SPF) method in which
the concentrated phase is extracted and the successive solution fractionation
(SSF) method in which the dilute phase is extracted as the fractionated fraction.
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Fig. 4-40.1 Molecular weight distribution of the first fraction precipitated from
1.0% solutions of polymers (Wesslau distribution (solid line) and Schulz-Zimm
distribution (dashed line); ny/n,=2,3, and 5; n,=300; p=0, p=1/15)(See K. Kamide,
K. Yamaguchi and Y. Miyazaki, Makromol. Chem. 173, 133 (1973))

E1,5¢ (a)
o
k=
1,0F
0.5}
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10'

Fig. 4-40.2 Effect of the fraction size p on the molecular weight distribution
curve of the first fractions (Original distribution, Wesslau distribution, n,~300;
p=0). (a) nw/n;=2.0; ¢;°=103% (dashed line), 0.1% (solid line), and 1% (dotted
line) (b) nw/n=5.0; $:°=1%
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Table 4-41 Comparison of successive solution fractionation (SSF) with
successive precipitation fractionation (SPF)

Parameter Comparison Advantage
of SSF
1. Partition coefficient ¢ SSF> SPF yes
Volume ratio R SSFLSPF yes
3. Breadth in MWD of te SSF<SPF yes
fractions

(except for extremely low n,, range)
4. Operation conditions for SSF: p -

controlling factionation SPF:¢°

5. Effect of n,%/n,° SSF<SPF yes

6. Effect of n,° SSF<SPF yes

7.  Reverse-order fractionation only for SPF yes

8.  Double-peaked MWD in only for SPF yes
fraction

9.  Upper limit of SSF>SPF yes
initial polymer conc. ¢,°

10.  Easiness of phase separation SSF>SPF yes

11.  Accuracy of controlling SSF>SPF yes
faction size p

12.  Total amount of solventin a SSF>SPF no
given run

13. Ratio of n,°/n,° of the first SSF: always lessthan 1 yes
fraction to n,%/n,° of the SPF: always larger than
original polymer 1

14. Effectof p; ¥ SSF<SPF -

a) For definition of p; see Eq.(3.16.4), py=""-=p,=0.

(See K.Kamide, Thermodynamics of Polymer Solutions: Phase Equilibria and
Critical Phenomena, Elsevier, 1990)
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Answer
The difference between SPF and SSF is summarized in Table 4-41.

* There was an extremely large gap between oversimplified theories of phase equilibria of
polymer solutions and operational conditions of the fractionation in practice. In particular,
the study of operational conditions of the fractionation from the standpoint of solution
theory, even though qualitative, was limited to very special cases. The main reason for this
limitation is that the theory of the phase equilibrium on rigorous monodisperse polymer/single
solvent system cannot be generalized by simple mathematical analysis to polydisperse
polymer/single solvent system, corresponding to the fractionation. It was only after many
years, that by the use of electronic computers, the principal mechanism underlying the
fractionation was well understood. In 1968 Kamide et al. (See K. Kamide, T. Ogawa, M.
Sanada and M. Matsumoto, Kobunshi Kagaku 25, 440 (1968) and K. Kamide, T. Ogawa and
M. Matsumoto, ibid. 25, 788 (1968)) and Koningsveld et al. (See R. Koningsveld and A. J.
Staverman, J. Polym. Sci. A-2, 6, 367, 383 (1968)) bridged this gap by using large (at that
time) electronic digital computers.

(See K. Kamide, Fractionation of Synthetic Polymers (Ed. by L. H. Tung),
Chapter 2 Batch Fractionation, Marcel Dekker (1977) and K. Kamide, I[UPAC
Macromolecular Chemistry -8, p144, Butterworth (1973))
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Chapter 5 Colligative Properties and Virial
Coefficients of Polymer Solutions

<<Problem 5-1>> Osmotic pressure (I): Vapor pressure and osmotic
pressure of polymer solution

As shown in <<Problem 3-11>>, the chemical potential of solvent in
monodisperse polymer solutions is given by the equation

1 B, >
= - -= — 3.11.2
Apo=RT{In 1 ¢])+(1 n)¢1+kT¢, (3.11.2)
Derive the vapor pressure and osmotic pressure of the solution as

functions of volume fraction of solute ¢; by using Eq.(3.11.2).

Answer
Activity of solutions a, is defined in Eq.(2.10.1) as

Apg =y - L =RTlna, (2.10.1y

Vapor pressure and osmotic pressure of solutions are related to the activity of
the solution as

Po_g (2.10.3)
Pj
and
RT
M=-—5lna, 2.10.4
V0 ( )
respectively. Thus, we have
1 Py Au,
n 1—305 “RT (5.1.1)

and
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=0 (2.7.1)

Substitution of Eq.(3.11.2) for chemical potential in Eqs.(5.1.1) and (2.7.2)
gives

Py 1 B
lnp—gzln(1'¢1)+(l'H)¢1+ﬁ¢12 (5.1.2)
RT 1 B  ,
=-—In{l- +{1-—|¢,+—
o1 o
(A) 1 T T T LN | (B) I(X): T
e I E ]
/ (a) | P9 [m] | 1
20+ Pl
nM o 10¢ 3
RTp 3

3 6
plgl™]

Fig. 5-1 (A) Reduced osmotic pressure for the system poly-a-methylstyrene
in toluene at 25 °C against density p for various molecular weights. 10*M,=
07,020,0 50.6,0 119,0182, 0330, O747. (B)(a) Osmotic pressure for
the system polyisobutylene in cyclohexane (®) and in benzene (O) at 37 °C
as a function of p. (b) Osmotic pressure of polystyrene in cyclohexane (@)
and in benzene (O) at 37 °C as a function of p. (See I. Noda, N. Kato, T.
Kitano and M. Nagasawa, Macromolecules 14, 668 (1981); J. des Cloizeaux

and G. Jannink, Polymers in Solution: Their modelling and structure, Oxford
Sci. Publ., Oxford (1990))
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_RT
oY Zo+ (2 kT)¢' 70 (5.1.3)

Here, vy’ is the volume of a solvent molecule and N, is Avogadro’s number.
Figue 5.1 shows osmotic pressure plotted against density for various molecular
weights of polymer.

<<Problem 5-2>> Osmotic pressure (II): Virial expansion

Virial expansion of osmotic pressure [T with respect to solute concentration
C is given by

M=RTAC+AC2+AC3+.. ) (5.2.1)
Derive the expression for the coefficients A;, A, and A;  referring to the

relationship between C and ¢ ,.

Answer
Combination of the equations

o, = Volume of solute _ anvg 29
" Total volume (N0+nN1)v8 (5.22)
and
| My
_ Weightof solute Ny 593
~ Total volume (N0+ N, )vg (5.23)

leads to the relationship between C and ¢, as

0,
01 = I%c (5.2.4)

Substitution of Eq.(5.2.4) for ¢ , in Eq.(5.1.3) yields

3 03 3
_ RT NAVg B \NA 2,,2 Na™vo I
Nvo| M 2 KT M2 3M?



239

2
0 0
C {1 B\Navo ., 1(NAV0) 3
“RT{ = 4|2 B |TA%0 1Y) s, (5.2.5)
M (2 kT) m02 3 m03
Here, my=M/n is the molecular weight of a segment. Comparison of
Egs.(5.2.5) and (5.2.1) gives
A=l 5.2.6
= (5.2.6)
0
A =(.1.-L)M)
2 2 kT mg? (5.2.7)
0
A, = 1NaVS (5.2.8)
3 m03
* Eq. (5.1.3) can also be expressed as
MVo_0 (1 24103+, .. (52.9)
RT n (2 X)Q‘ 3

Here, x=B/kT is a thermodynamic interaction parameter and Vg=Nj v’ is the molar volume

of solvent. If ¢;<<1/n, the higher order terms in Eq.(5.2.9) can be neglected. The first term
is called van’t Hoff’s term.

<<Problem 5-3>> Osmotic pressure (III)
Derive the equation for osmotic pressure:

Table 5-3 Second virial coefficient of polystyrene solutions for various solvents

at 20 °C
solvent molecular weight (10g/mol) A; (10*mol ecm®/g%)
benzene 1330 to 7100 3.6t03.3
bromobenzene 35.5 to 1750 6.38 to 2.15
decalin 390 -0.06
toluene 12.3 to 40.2 2.18 to 1.37

trans-decalin 179.3 -0.036
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I RT v2(1

Here, v is the partial specific volume of solute polymer.

Answer
Referring to Eq. (5.2.4), we can readily derive the relationship

¢1 _C_Cv
P _C_Cv 3.2
Von M Von (5.3.2)

Here,

6, = Cv=—2C (5.3.3)

Substitution of Eq. (5.3.2) in (5.1.3) using the definition of ¥ yields

vi(1
A2=VO(§' ) (5.3.4)
and Eq. (5.3.1).

<<Problem 5-4>> Second virial coefficient (I): Internal energy and
entropy terms

According to Flory’s theory, the second virial coefficient A, of polymer
solutions is given by

-2
A=L 1_9)

Vo T (5.4.1)

Express ¢ and 0 in terms of the internal energy Au,, and entropy AS,, for

forming a 1-2 pair. Here the subscripts 1 and 2 denote solvent and polymer
segment, respectively.

Answer
The variation in Gibbs free energy € for forming a 1-2 pair is expressed as

€= AW12 = AU12 - TAS|2 (5.4.2)
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Thus,

=28 =28upp ZAS)

=Z& = 2841 54.3
x kT kT k ( )
Substitution of Eq. (5.4.3) in Eq. (5.3.4) yields
vi[1 zASy, zAuy,
A=+ ——— - ——
Vol 2 k kT
- 2AS 1- zAu,, 1
0 277k
Comparing Egs.(5.4.1) with (5.4.4), we have
=1,24Sp 5.4.5
?=st (5.4.5)
- zAujo
I(.(_1_+ZAS]2) (546)
2 k

<<Problem 5-5>> Second virial coefficient (II): van der Waals equation
Derive the expression for the second virial coefficient for van der
Waals equation

n+—N\% (V-Nb)=NRT (5.5.1)

(a and b are the van der Waals parameters representing intermolecular
attraction and repulsion, respectively, (V-Nb) is the free volume, aN*/V 2 is the
reduction of pressure and n is the number of moles in volume V) for the
osmotic pressure

%:RT(A1 +AC+ACT+.. ) (5.2.1)

Answer
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Eq. (5.5.1) is expanded as a series of the inverse of volume as

o Na_NRT( Nb)' NRT[  Nb_(Nb)*
+? ; -v —V— 1+—\—,’+7—+"' (55.2)

Rearrangement of Eq. (5.5.2) yields

nv 1[,.2 NAa| N%?

ﬁ—N+V(N b- RT) 7*’"' (55.3)
Putting C=NM/V in Eq. (5.2.1), we have

IT=CRT(A; + AC + A;C% +.. ) (5.5.4)
nv ANM?  ANM?

v 5.5.5
RT = ANM+ ——+—7—+ (5.5.5)

Comparison of Eq.(5.5.3) with Eq. (5.5.5) yields
1

= - 5.5.6

N=ANM or Aj=r (5.5.6)
N’

N%b-D2_ANM? or A,=|b-—% )L (5.5.7)
RT RT |2 -

<<Problem 5-6>> Flory temperature for van der Waals equation
Derive the expression for the Flory temperature (6 temperature ) defined
as the temperature at A,=0 for van der Waals equation.

Answer
Using Eq. (5.5.7), the temperature 0 for A,=0 is obtained as

0=2
Rb

This temperature is called the Boyle temperature for van der Waals gas.

(5.6.1)

<<Problem 5-7>> Partition function for semi-grand canonical ensemble
@D

Consider a solution with volume V which contains N; solute molecules,
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enclosed by a wall, which is permeable only to solvent molecules from pure
solvent outside. After a certain time much longer than the time required for
molecular motion, the temperature inside and outside of the volume V becomes
the same (thermal equilibrium) and the chemical potentials of solvent inside
and outside of V agree with each other. At this stage, the osmotic

pressure of the solution IT is given by

alng*(T,V,po,Nl)
M=kT 5 " (5.7.1)
HotYy
where
. E[T,V.u,N
£ (T,V,uO,N,) = E((T—Vﬁ% (5.7.2)

Here, & is the partition function of the system in question which is called
constant |1y ensemble or semi-grand canonical ensemble. Derive Eq. (5.7.1).

Answer

For the case both mass and heat flow through the wall of the system are not
possible (microcanonical ensemble), the partition function (1(E) is the volume
for the energy between E and E+dE in the phase space. For the case heat flow

Fig. 5-7 Constant p, ensemble
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is permitted while mass flow is not permitted (canonical ensemble), the
partition function Z(T,V,N,,N,) is the integral of the product of (1(E) and
Boltzmann’s factor exp(-E/kT):

Z(T,V,NO,N]) = f Q(E)e *MdE (5.7.3)

In the case when all molecular species can pass through the wall, taking account
of the change in the number of molecules, the grand partition function Z is
given by

E(T,V,Ho’ul) =>3 Z(T’VrNo,N 1)7“0N°l1 "

Na N, (5.7.4)
where
Ao= ehokT
A, = MAT (5.7.5)

N, is the number of solvent molecules and p, and p, are the chemical potentials
of solvent and solute, respectively.

The wall of the system in question is only permeable to the solvent. Thus,
this system is an ensemble which has an intermediate character between the
canonical ensemble and the grand canonical ensemble. Referring to Eq.
(5.7.4), the partition function & is given by

YTVaeN, )= NZ Z{T.V.NoN Ao (5.7.6)
A new thermody;amic function F’ is defined by

F =-kTin§ (5.7.7)
F’ is related to the Helmholtz free energy as

F'=F-puNo (5.7.8)
Total differentiation of Eq. (5.7.8) gives

dF =dF - Nydy - odN, (5.7.9)

Substitution of the total differential
dF =-SdT-PdV + Y, pdN, (5.7.10)

i=1
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in Eq. (5.7.9) yields
dF =-8dT - PdV - Nydu, + 1 ,dN, (5.7.11)

From Eq. (5.7.11), we have

p (aF')
=-13v 5.7.12
ov T.ugN, ( )

Substitution of (5.7.7) in Eq. (5.7.12) gives

(am §(T,V,u0,Nl)
P=kT| ——=———+

e (5.7.13)

)T’llovN 1

Osmotic pressure is defined by the difference of the pressure of the solution P
and that of pure solvent Py. Thus, we have the expression for osmotic
pressure as

H=P'PO

av Y

THeN; TpoNy

= kT{aiv(ln §(T,V,u0,N1) -In §(T,V,u0,0))}
TN,

Jd ..
= kT(a—Vln 3 (T,V,IJ()JVI)) (5.7.1)
TueN,

<<Problem 5-8>> Partition function for semi-grand canonical ensemble
an

When the wall of the system in <<Problem 5-7>> is impermeable to both
solvent and solute (canonical ensemble), the partition function is given by
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1 1 E{No:N)
Z(T’V’N oN ‘) AARY B e"p( - ‘(—kf_—))d’NodTN.
N§
dty, = [1IT dpfldqf (5.8.1)

k=1 J=1

Here, the factors Np! and N,! in the right-hand side indicate that the problem
handles indistinguishable N, solvent molecules and N; solute molecules. h is
Planck’s constant. For one molecule with the degree of freedom f, the inside
of the volume of h'in the phase space is indistinguishable. Thus, for N -
molecule system, the inside of the volume (h)*=h™ is indistinguishable. h™"
and h™ are inserted for this reason. E(Ny,N,) is the total energy (the sum of
potential energy and kinetic energy) of the system consisting of N, solvent
molecules and N, solute molecules. pk;?and qi,” are the conjugate
momentum and coordinate for the j th degree of freedom of & th molecule (for

solvent, k th molecule in total N, molecules) of i th species (solvent or solute).
Let’s define W’ by the equation

I E(NoN
No 0-1¥1- h Ohl i 1 1 ( W‘)
= expl| - =
Nyt pfN kT
1] | o B e
= No! p&" Pl M %
(5.8.2)
Derive the expression for & using Eq. (5.8.2).
Answer
E* defined by Eq. (5.7.2) is obtained from Eq. (5.8.1) and (5.8.2) as
Z[T,V, 1N, |A Mo
. é(T,V,uO,NI) % ( 0 :) 0
& (T Voo )= =

§TVao0) %Z(T,V,pO,O)XONO
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(| E(NoVy)
1 1 N 01
%No!Nl! hfoNo*‘lel}\'Oo exp( ) kT )dtNOdtNl
o
E(N,
IR I DO =001 Py
NO No. hQ)NO kT °
1 LAY
_.Nj.il.TNI_ oon exp —ET— TN] (5.8.3)

Eq.(5.8.3) has the same form as the partition function Z(T,V,¥,) in case of no
solvent. (Compare with Eq. (5.8.1))

* W’ is a function of momentum and coordinate of solvent molecules. When N=0 (pure
solvent), the left-hand side of Eq. (5.8.2) is 1/N;!h'™, then W’=0. Suppose the internal
energy

can be divided into kinetic energy E; and potential energy u as

E=E;+u (5.8.4)
Correspondingly, W’ is divided as

W =E'+W" (5.8.5)

Here, W” is a function of coordinate of solute molecules. In order to clarify the physical
meaning of W’ and W”, we differentiate W’ with respect to the coordinate of solute
molecules and denote it as grad, W*:

-aTVSV—=-gradsW‘=-gradsW"
9 1 1 N, E(NO’N‘)
=-KTog| 2 gy et | CXP(' O
N, VoV1- h
1 1 xNoa E(NO’NI) g
_kTg NoIN;T paortl, 038 | ™| B " " &kT [T
]

E(Ny.N
2 '1 ' 1 - l(l)vo eon exp( - __(L.l_).)d'cN
& NN, o+ KT b
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[ E(N, N
1 1 ( 0 1)
ANe| -] [ - grad Elexp| - ———2 |dt
%NO!Nl!hfonan. 0 ( g S) p( KT ) No
= = (5.8.6)
I L, E(NoMi) |
0 PR -
%NO!NI! oMo + TV, "0 P\ " TRT N

LY

Eq.(5.8.6) means that the statistical average of -grad;E is -grad; W”. Thus, W” is the mean-
force potential between solute molecules.

<<Problem 5-9>> N-body distribution function

As shown in <<Problem 5-8>>, W’ is divided into two factors
corresponding to the kinetic energy E; and the potential energy W”as W’=Ej
+W”. Substituting this expression in Eq. (5.8.6), we have

g (T’V’HO.N 1)

- f exp( El')l_i[l&[dp"’f Jexp( W')lﬁ[ﬁdqg)
= ... 1 mf ... A ,
Ny! M kT eljel kT . i

1 1 w
=-ﬁl—!--mc(T) f J exp( -ﬁ)d{Ni> (5.9.1)

where
N: f
a{vy =I1 I1 dq, @
k=1j=1

Now we define Wy as W” plus a certain constant and assign numbers 1,2,-*-,N
to the solvent molecules. Then the function Fy defined by

F(1,2,+-.N) = exp( - %) (5.9.2)

is a function of coordinates of N solvent molecules. We denote the coordinate
of i th molecule as {i} and similarly the coordinate of m th molecule as {m}.
The constant used for defining Wy, is determined so that Fy satisfies the
normalization condition
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lim —; f f F 1 02,0 ,N 593
Ve VN N ( )
where Fy is the N-body distribution function. Then we define g;(i),g(i,j),

by
Fi(1)=
Fy1, )=

Fy(1.2.3)

gi(1)
g(1 ) ( )+gz(12)
=g 3) +g1(1)g2(2,3) +g1(2)g2(3,1)

+ g1(3)g2(1,2) +g5(1,2.3) (5.9.4)
For example, g(1,2) is defined by

1
Fi(1) : )
g1(1)
2 1 2
F21,2) : ° e + e——m ¢
g1(1)g1(2) @(1,2)
1 1 1
L4 [
+ +
F(1,2,3): % : .—_.2 : 2. g
g1(1)91(2)gx(3) g1(1)g42,3) g1(2)g2(3.1)

+
n
ow
+
n
Iu

g1(3)gx(1.2) g%1,2,3)
Fig. 5-9 N-body distribution function
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g2(1,2) = Fo(1,2) - Fi(1)F4(2) (5.9.5)

Here, 1 and 2 denote the coordinates of 1st and 2nd molecule, respectively.
Then, we divide N solute molecules into k set of n; (i=1,2,3...k) molecules.
Fx can be expressed as

Fy(1,2,N)= Y ﬁ n\ P
| ) {k{n}} - ({ >)

ny+n,+--+n =N (5.9.7)

(5.9.6)

Here, = {k{n;}} denotes the sum over all ways of division and number of sets
(integer partition). On the other hand, cluster integrals are defined by

b=, &:(1)e()

by=g5r[ [ eaf2e(2)

(5.9.8)

b= lej. ng d{m}

Prove that Eq. (5.9.1) reduces to

g(Tv. o,N) N th( ){ {’}IE][(V" on,) (5.9.9)

Answer

Eq. (5.9.3) for N=1 is written as
lim 1] F(1)d(1)= lim L] g(1)d(1)=1=b, (5.9.10)
V—)OV v _.>0V v

Referring to Eq. (5.9.8), b,; is expressed as

by, = vl ,f fgn.{m))d{m} (5.9.11)

From Eq. (5.9.6), we have



251

J [ Eltagmy = - {E»ani({ni})d@i} .

Substituting Eq. (5.9.11) in Eq. (5.9.12), we have

- | F{{N})d{ ZI'[ gnndn_ZHan!
ff o= & T -feofidfte) = 5 T

Eq. (5.9.1) can be reduced to

g*(T,V,uO,N)=%-h%c(T) f f Fy(12,+.N)d{N} (5.9.14)

(5.9.13)

Substitution of Eq. (5.9.13) in Eq. (5.9.14) yields Eq. (5.9.9).

* Fi(1)d(1) is the probability that the first molecule is found at the coordinate between (1)
and (1) +d(1). F5(1,2)d(1)d(2) is the probability that the first molecule is located at the
coordinate between (1) and (1)+d(1) and the second molecule is located at the coordinate
between (2) and (2)+d(2) simultaneously. F,(1) and F,(1,2) are called the molecular
distribution function.

* Eq. (5.9.3) means that the probability for N molecules being found somewhere in the volume
V is unity, in other words, there are N molecules in the volume V.

<<Problem 5-10>> Osmotic pressure (IV): Cluster integrals
Osmotic pressure is given by

- kT( oln F,‘(T,v,po,N))
TN

v (5.7.1)
where £* is expressed as

k
E(TVhoN) =37 th o1) 3 IT(Vai,) (5.9.9)

{k(ni)} i=1

Using Egs. (5.7.1) and (5.9.9), derive the equation
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3 3
I1=KT N-lb2 4%b22-2%’—3b3+--- (5.10.1)

Answer
Substituting Eq. (5.9.9) in Eq. (5.7.1), we have

din §' T V,uO,N ol 1 k
n =kT(—(—)) =KTSs NT 1o1) T ];[ (Vnite,,)
TpeN {k{"i)} =

=kT=5 3 Ik] (Vni!bni) (5.10.2)

P(Vn;!b,;) can be calculated as follows:
(1) Divide N solute molecules into each individual molecule giving N groups

(m=n,=...;y=1). The number of ways to divide in such a way is unity.
Then n;=1 and
b;=1. That is,

ZH(VH b, )= I-N!(V'l)=VN (5.10.3)

k=N i=1

(2) Divide N solute molecules into one group consisting of two molecules
(m=2) and all other groups consisting of one molecule (n;=n;=...ny.;=1) to
make N-1 groups. The number of ways to take one group consisting of two
molecules from N solute molecules is MN-1)/2. That is,

Y H(Vn b ) N(NZ 1)(v)""z(vz!bz)=ﬁ(N—'——

1) v
Nervifede sV (2ha)  (5.104)

(3) Divide N solute molecules into two groups consisting of two molecules
(n;=n,=2) and all other groups consisting of one molecule (n;=ns=...ny.,=1) to
make N-2 groups. The number of ways to take two groups consisting of two
molecules from N solute molecules is N!/((N-4)!12!12!2!). Here, 2!s are inserted
for eliminating indistinguishable configurations.
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k

> TI{vaib, )= (—L(v)”4(v2!b ) = (———N—!——(V)N'z(zzb )’

k=N-2 izl N-4)1212121 N-4)1212121

(5.10.5)

(4) Divide N solute molecules into one group consisting of three molecules
(n;=3) and all other groups consisting of one molecule (n,=n;=...ny.,=1) to
make N-2 groups. The number of ways to take one group consisting of two
molecules from N solute molecules is N!/((N-3)!3!). That is,

N! ! N g
k-§1\l:2.I—-[(Vn o ) (N 3)V3IV 3(V3!b3)=(N_3)33!VN2(V3!b3) (5.10.6)

Substituting Egs. (5.10.3)-(5.10.6) in Eq. (5.10.2), we obtain

Mm=k12R v¥ 4 MVMI(Z!bZ) + ——&—v’“(zzbz)2

v 2 (N-4)212121
N! N-2
+—————(N 3)mv (3'b) }
2
Ao NMN-1)2b,  ar (2D
—kTW InV" +Iny 1 + 5 v +(N-4)!2!2!2! V2
N! 3'b3
RN (5.10.7)

The partial differentiation of the second logarithmic term in Eq. (5.10.7) yields

NMN-1 1 b’ 1 b
i1n1+( )b N by M by

oV s 2+(/v-4)!2! v (w-3)r v
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=—In
oV 2 V2 V2 3

0 {HA(/V- ) -  Mv-1)(v-2)(a-3) by* /\{/V-l)(/V-2)b +\
) P L e A P
e ) M) wv-2)w-3) 6,* M- 1)(

2 v? v?

2),

{ M- 1) - Mv-1)(wv- 2)(/v3)k;2 2/»(/v1)(/u2)‘; }{1 "{/\‘,"l)bz

_A(/v-l)(/v-z)(/v-3) b22_A(N'1)(N'2)b _/vz(/v 1)* b, +}

S ) Vo P e P
+/V2(/V 1) (;v 2)(¥v-3) l:; M- 1) 2)% . (5.10.8)

Substituting Eq.(5.10.8) in Eq.(5.10.7), we have

n= krl— N(N- 1) -N(N- 1){(N 2)(N-3)-N[N- 1)}1;32

-2} ]
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—kT—-N(N 1) -N{N- 1)(—4N+6)E\]2—3-2N(N-1)(N-2)%3§+

If N>>1, then we obtain Eq.(5.10.1).

(5.10.9)

<<Problem 5-11>> Osmotic pressure (V): Relationship for second and

third virial coefficients with cluster integrals
The results of <<Problem 5-10>> can be rewritten as

I =RT(AIC +AC + AsC + ..
Prove that A, and A; in Eq. (5.2.1) can be expressed as

Ar=-Navy = DA o1 2)(1)d2)
M2V

M2
= 2___(b3 2b2) = - Na”_[ [ (33} + 4MA?
MV
Answer
Concentration of polymer C(g/cm®) is expressed as
C= MN or RC _NR Nk
VN, ™ T VN, N2

Substituting Eq. (5.11.3) in Eq. (5.10.1) yields
I = RTC - KTNA2C2 b, + KTNAC{4by? - 2bs) +
M M? M3

2
- m{g Nabace  Ni(op2 )3
M M M

(5.2.1)

(5.11.1)

(5.11.2)

(5.11.3)

(5.11.4)

Comparing Eq.(5.11.4) with Eq.(5.2.1), we obtain Egs.(5.11.1) and (5.11.2).

<<Problem 5-12>> Second virial coefficient (III): Relationship with pair

segment potential
The second virial coefficient A, is given by
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Ap=- Nf; g(1,2)d(1)d(2) (5.11.1)
2M°V

Here, g5(1,2) is expressed using F»(1,2), F;(1) and F,(2) as

£(1,2) = FA(1,2) - Fy(1F(2) (5.9.5)

Then A, is expressed as

Ny f f [F41.2) - F(UF 2Je1K) G12.1)

Ay =-

2M°V

Now let’s assume that the mean force potential corresponding to F2(1,2),
W,(1,2), can be expressed as the sum of the mean force potential for the system
consisting of the first molecule in pure solvent, w;(1), that for the system

consisting of the second molecule in pure solvent, w;(2), and the remaining
part Wy(1,2) as

Wo1,2) = wif1) + wy(2) + wo(1,2) (5.12.2)

Then if we apply two-body approximation, i.e., w2(1,2) is expressed as the sum
of the interactions between arbitrary A, th segment of the first molecule and v,
th segment of the second molecule u(A,,v,) as

wa(1,2) = 2.2, u{hvo) (5.12.3)
A,

wi(1) and w;(2) agree with W;(1) and W,(2), respectively.

Express the second virial coefficient A, of Eq. (5.12.1) in terms of u(A;,v2).

Answer
Referring to Eq. (5.9.2),

Fi1,2)= exp{ i vll?((;—z)] (5.12.4)

Substituting Eq. (5.12.2) in Eq. (5.12.4), we have

0] 200 o 202)

Fy(1,2) = exp| - < T
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(1) Wi(2 wi(12)
=P " TRT kT TTKT
wo{1,2
=F,(1)F,(2) exp) - 21((T ) (5.12.5)
Using the expression Eq. (5.12.3), Eq. (5.12.5) is rewritten as
u(k,,vz)
Fy(1.2) = F|(1)F(2) exp -xzz T (5.12.6)
1V,

Substituting Eq. (5.12.6) in Eq. (5.12.1), we have

21| Ry (1)F (2) exp -ZZU(M’VZ) -1 d(1)d(2)  (5.12.7)

2=-
2M*V T KT

(See W. G. McMillan and J. E. Mayer, J. Chem. Phys. 13, 276 (1945); B. H.
Zimm, J. Chem. Phys. 14, 164 (1946))

<<Problem 5-13>> Second virial coefficient (IV)

The pair segment potential u(A;,v;) (See Eq. (5.12.3)) rapidly approaches
zero with increasing separation of the segments, so we can use the
approximation

exp{ _u(Ag,va)
kT

Substituting Eq (5.13.1) in Eq. (5.12.7), we have

=1+ f{A,v2) (5.13.1)

2dr (5.13.2)

where r is the separation of the two segments. Derive Eq. (5.13.2).

Answer
Eq. (5.13.1) can be rewritten as
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- %%"(KKT ) “[TTes- i ‘;V2)=1J€1(1+f(x.,vZ))
=1 +ZZ f{A Vo) + ZZZZ (R va)f{xbs) +

Ayv, Aivax p,
(5.13.3)
Substituting Eq. (5.13.3) in Eq. (5.12.7), we have
Na
2= oMy

FR()EE o) + ZEES (hevaffrss) « - 10

Ayv, Kily

TS Ak, )] (1)e(2)

Aiv,

N,
=2 | B(1)R(2

(5.13.4)

Here, we neglect higher order terms. The integration is carried out as follows.
Let’s fix the location of the A, th segment of the first molecule and the v, th
segment of the second molecule and integrate F,(1)F,(2) over the coordinates
of all other segments. Then we obtain unity. Next, fix the location of the A,
th segment and integrate over the coordinate of v, , then we obtain the integral
which only depends on the relative coordinate as

B=- J f(r)4nr’dr (5.13.5)

Finally, by integrating over A, , we have the volume V. Thus,
Ay=- f r Anr’dr
2 2M222 o ) (5.13.6)

Since the integral in Eq. (5.13.6) does not depend on A, and Vv, the sum over
A1 and v, reduces to n’. Thus we obtain
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A2=-

N,n
f f(r)dnr 2dr=-— 2M2 (5.13.2)

B in Eq. (5.13.5) means the effective excluded volume per segment pair.

<<Problem 5-14>> Second virial coefficient (V): Polymer segment with
rigid sphere potential

Derive the expression for A, for the polymer segments with rigid sphere
potential using Eq.(5.13.2).

Answer
The rigid sphere potential for the segment with radius a, is expressed as a
function of r as

ufr)=o r<ap

(5.14.1)
ur)=0 r2ag
Using the approximation
u(A1,v2)

s e AT 4 PR (PR WS 5.13.1
exp( KT + f( 1 Vz) ( )
or
fir) = exp{ “(7‘""2)) 1 (5.14.2)
we have
f(r)=exp(-i)- 1=-1 r<a0\

kT (5.14.3)

f(r)=exp(-%)-l=0 r> ao‘

Thus, we obtain

NAn

9=- M .[0 f(r 41rr2dr
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N .n’ a N .n? N,n’
=A% 4 [20 = =20 | Tragd| = 2, (5.14.4)
M 0 M2\ 3 2M

Here, vy is the volume of a single rigid sphere and = v,

<<Problem 5-15>> Second virial coefficient (VI): Comparison of Flory
lattice theory with imperfect gas theory
The second virial coefficient is expressed as

AV()
(2 kT (5.2.7)

in the Flory lattice theory and

Nan? Nav
Ag==8"vo="2"1 5.14.4
2 M2 2m02 ( )

for the rigid sphere model in imperfect gas theory (Refer to <<Problem 5-
12>>-<<5-14>>). Compare and discuss these two theoretical equations.

Answer

In the lattice theory, the segment is defined so that the volume of the
segment is equal to that of solvent. Thus, if we apply the rigid sphere model to
the lattice theory, i.e., B=0, we have

Nav
Ay=-A0 5.15.1
27 omg? ( )

This is equivalent to A, for the imperfect gas theory.

<<Problem 5-16>> Second virial coefficient (VII): Mean force potential
Suppose mean force potential u(r) is given by

u(r) = e r<ag

u(r)=—£0h(r) r>a, (5.16.1)

where &, is a constant and h(r) is a function which decreases rapidly with
increasing r. Calculate



N An2
2M?
and compare the result with A, for the Flory lattice theory.

A,= f ” f{r)jdmrdr

0

Answer
f(r) is expressed as

ufA,,v,
f(r)=exp( - ( T ))- 1

Thus, in this problem,

f(r)=exp(—%)-l=-l r<a,
f{r) = exp(e";(f)) 1= Sff) r2 2

The integral in Eq. (5.13.7), B, is calculated as
oo a =]
B=-4n J;) f(r)r’dr=- 41cJ;) 0 f(r)rzdr - 47tf f(r)rzdr
3

4n_ 5 4meg oo

3 oo
=3% T ), h{r)r%dr = vl 1 ! —ng h(r)r’dr

-_ﬁ 303 a9
Substituting Eq. (5.16.3) in Eq. (5.13.2), we have

Navoll 1 380J’w
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(5.13.2)

(5.14.2)

(5.16.2)

(5.16.3)

(5.16.4)

Comparing this expression with A, for Flory’s theory (See Eq. (5.2.7) and

(5.3.4))
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- Navo[l _ B)_ Navo(l
Anr=YAYOL | b |- INAVQIL 5.16.5
27 2 2 KT mg2 2 X) (16)
we have
B= -—J’ h(r)r%dr

Tarth (r) (5.16.6)

* Since [ is not very sensitive to u(r), or the magnitude of £y and the shape of h(r), we need
not know the details of u(r) (See W. Stockmayer, Makromol. Chem. 35, 54 (1960)). At @
temperature, u(r) =0 and then =0 and A,=0.

<<Problem 5-17>> Second virial coefficient (VIII): Temperature
dependence

Prove the relationship between the heat of dilution AH and the
temperature dependence of the second virial coefficient (dA,/dT)p as

0A
_ 272 902
AH—V(())RC I (a )P (5.17.D)

This equation indicates that the sign of (dA,/dT)p determines the sign of AH
(poor solvent or good solvent).

Answer
According to the Gibbs-Helmholtz relationship, we have

-7

L a(l/T) (1.2.3)
and then
AH a(AuO/T) 5.17.2
R -172)
P
From the relationship between osmotic pressure and chemical potential
Apo = - VOIT (2.7.1)

and the virial expansion of osmotic pressure
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M=RTC +ACC+AC + - .. 5.2.1
T(M+ ,C2 4 AC3 + ) (5.2.1)
we have
Auo V l'I 2 3,
Heat of dilution is then obtained as
0 C 2 3

AH=—-ViR————| =+ A,C*+A,C’ + -+

0 6(1/1")(1\’1 2 3 ) (5.17.4)

Because of the inequality A,C*>>A;C*>A,C*, higher order terms of O(C’) are
negligible and then we have

) oA, \ o {94,
AH -ng(W)PC = VoRC’T (W)p (5.17.5)

Thus, with increasing temperature, A, decreases in good solvent and increases
in poor solvent.

<<Problem 5-18>> Second virial coefficient (IX): I1deal solution
The second virial coefficient of ideal solution A, is given by

N,Vo

Aid =
2T am?

(5.18.1)

Derive Eq. (5.18.1).

Answer
Chemical potential of solvent in ideal solution i, is expressed as

Mo - ug = RTIn xo 2.1.1)

where X, is the mole fraction of solvent. For dilute binary solutions, xo>>X;.
Then,

Inxp =In (1 - x;) = - x '%Xlz"' (5.18.2)
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Substituting Eq. (5.18.2) in Eq. (2.1.1), we have

Ho-ﬂ8=-RT(X1+é—X12+-~ (5.18.3)
Using the relationship between x; and weight concentration C(g/cm®)

CVON,
X1=™™M (5.18.4)

Eq. (5.18.3) can be rewritten as

C V(())N A
0 —_ - —— 2 LR
Ho-Ho=-RTV M+( e C+ (5.18.5)
where we use the relation N vy’=V,.
Using the relationship
Ao =g - Ho=- VoIl (2.7.1)

osmotic pressure is expressed as

C VgNA 2
[M=RT M+( 2 C+ .- (5.18.6)
Comparing this expression with Eq. (5.2.1) we have Eq. (5.18.1).

<<Problem 5-19>> Second virial coefficient (X): Rigid sphere solution
Derive the expression for the second virial coefficient for the solution of
rigid spheres with radius r.

Answer

The radius of the excluded volume of a rigid sphere with radius r is 2r,
Thus, the result of <<Problem 5-14>> can be applied directly to this problem
with replacing a; by 2r :

ag=2r (5.19.1)
If we put n=1 in Eq. (5.14.4), we have
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Fig. 5-19 Excluded volume of rigid spheres

Ay= N_szO = }I—Az(inaf) (5.19.2)
aM? T aM?\3
Substituting Eq. (5.19.1) in Eq. (5.19.2), we have
NN
If we denote the volume of one mole of rigid spheres as V, then we have
4V 4v
2=W’—“ﬁ (5.19.4)

where v is the specific volume of the rigid sphere.

<<Problem 5-20>> Second virial coefficient (XI): Molecular weight
dependence
Eq.(5.13.2) is rewritten with the molecular weight of a segment (M/n)=m, as

A2=-

NA 0 2
rj4nr°dr
2 02_';) f( ) (5.20.1)

Thus, the second virial coefficient is independent of the molecular weight M.
However, observed A, increases with increasing M. Discuss this inconsistency
between the theory and experiment.
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Answer

In <<Problem 5-13>> we calculated only the first term in the bracket of
Eq.(5.13.4) (single contact approximation). In order to obtain the strict result,
we need to calculate higher order terms or higher order contacts. If we take
these interactions into account, A, is generally expressed as

N,

A,=—"pF(z) (5.20.2)
2m,

with a factor F(Z) for correction due to the higher order terms in Eq. (5.13.4).
Here, Z is defined by

ol 3 k1)
Z=Pn (5.20.3)

where b is the bond length and B is defined by Eq. (5.13.5).(See B.H.Zimm, J.
Chem. Phys. 14, 164 (1946).) If we put F(Z)=1, Eq. (5.20.2) is reduced to Eq.
(5.20.1). The explicit form of F(Z) depends on how to estimate the higher
order terms. For example, according to Flory-Krigbaum-Orofino (P. J. Flory,
W. R. Krigbaum and T. A. Orofino, J. Chem. Phys. 18, 1086 (1950): ibid., 26,
1067(1957)),

i (Z) ln(l + 3 '431: za'3) 5204
FKO\£&] = .20.
3«/431: o

According to Ishihara-Koyama (See A. Ishihara and R. Koyama, J. Chem. Phys.
25, 712 (1956)),

0.158 3n
Fi(Z) = =——(In8.75) (5.20.5)
According to Casassa-Markovitz (See E. F. Casassa and H. Markovitz, J. Chem.
Phys. 29, 493 (1958)),

1- exp( - 5.6820&"3)
Fem(Z) = T (5.20.6)
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According to Kurata-Yamakawa (See M. Kurata and H. Yamakawa, J. Chem.
Phys. 29, 311 (1958)),

Fyy(Z)=1-2.865Z+18.51Z°- --- (5.20.7)

* The molecular weight dependance of A is experimentally expressed in the form
Ay o M (5.20.8)
The exponent A in Eq. (5.20.8) can be assessed from the slope of the plot of InA; vs. In M:

. dlnA2
dlnM. (5.20.9)

Substituting Eq. (5.20.2) in Eq. (5.20.9), we have
dnF(z) o dF(z) 0 dZ)az

A= =Y, F(Z) an F(Z) 4Z dn (5.20.10)

Using the expression for Z and the first derivative of Z

i@:ﬁ 3 mln‘l"?
dn b2 | 2 (5.20.11)

Eq. (5.20.10) is rewritten as

i ] e R

(5.20.12)

<<Problem 5-21>> Two-body cluster integral
Prove that the effective excluded volume per segment or two-body
cluster integral f is expressed as

0
B=2V3\l'1(1 'T) (5.21.1)
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with
A
Ay= 2m02|3F(Z) (Zimm)
and
v2 0 3
Ag= oW1~ T F(JE-' ) (Flory-Krigbaum)
NaVo

where v=N,V,%/m, being the specific volume of polymer.

Answer
Near the O temperature,

F(z)=F(18%) = 1
Comparing Eqgs. (5.21.2) and (5.21.3) we have

2
0
NA V2 6 NA(Vo/mo) e
B=—wy|1- = | = — | 1 -

and then we have Eq. (5.21.1)

(5.21.2)

(5.21.3)

(5.21.4)

(5.21.5)

(See W.H.Stockmayer, J.Polym. Sci. 15, 595 (1955); W.R.Krigbaum, P.J.

Flory, J. Am. Chem. Soc. 75, 1775 (1953)).

<<Problem 5-22>> Second virial coefficient (XII): Various polymer

solutions

Calculate the second virial coefficient for the solution of polymers with the

molecular weight being 1x 10° in the case
(1) ideal solution (assume N,V,° =100cc/mole)
(2) rigid sphere solution (assume v=1cc/g)

(3) flexible polymers in good solvent (assume y,=0.30, 6=270K,T=350K,

F(Z)=1, m=100 and N,V,°=100)
(4) flexible polymers in 6-solvent

Answer
(1) Using Eq. (5.18.1)
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NAV,

A= A 20 ~ 100 5= 5x%10° mole~cc/gram2 (5.22.1)
2M° 510 o

(2) Using Eq. (5.19.4)

Ap = 4v - 4 _ 410" mole-cc/gram? 5.22.2
Mg (5.22.2)

(3) Using Egs. (5.21.1) and (5.21.2)

0

_ A of, © N\Vo 0

Ay= 22\;:1\/0(1 . ?)F(z) S w,(l - T)F(z)
2m, m,
100 270 4 2

= (100)20.3 1- gd) 6.86 10" mole-cc/gram (5.22.3)
(4) At T=0,
Ar=0 (5.22.4)

A; of flexible polymers in good solvent is extremely large, as clearly shown
from these typical examples.

<<Problem 5-23>> Second virial coefficient (XIII): Rod-like molecule
Prove that the second virial coefficient for the solution of rod-like
molecules with length / and radius r is expressed as

11:NArl2
4M? (5.23.1)

2=

Answer
The second and third virial coefficients are calculated from

Ap=- ) e
2 M22 2M2V g5(1 d(2) (5.11.1)
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2 3
2:14? (b3 ) 2b22) =" 2:,:3\,” g:({3})a(3) +4MA,* (5.11.2)

Suppose one end of the rod-like molecule locates at (x,,y),21) on Cartesian
coordinate and the direction of the rod is expressed as (6,, ¢) on the polar
coordinate, as shown in Fig. 5-23 (a). When two molecules completely
overlap with each other,

Fy1,2)=0 (5.23.2)

A3=‘

From the normalization condition
|
tim 75 = P12 NJaf) =1 (5:93)

we have
%f Fy(1)d(1) = 1 (5.233)

Similarly,
2n ©

Fl(l)j fsinﬁ,dﬂ,d(p,:4nF,(l)=l (5.23.4)
00
or

@ * (b)

I 3

rod 2

4
(x1,y1,21)

/=

Fig. 5-23 (a) A rod-like molecule on rectangular and polar coordinates and
(b) overlapping of two rods with diameter d=2r and length 1 ( 1 being much
larger than d).
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1
Fi(1)=2-=F(2) (5.23.5)
Thus, if two molecules overlap each other, we have
2
1 1
g5(1,2)=0- (In') =T (5.23.6)
If there is no overlap, F2(1,2)=1/1611:2 and
1 1
1,2 =0
g,(1.2) = PRy (5.23.7)

The volume for the overlap of two molecules is 2r1%sin®,, as illustrated as the
rectangle enclosed by dotted lines in Fig. 5-23(b) Here, 6, and ¢, are the
coordinates on the polar coordinate which is constructed such that one of the
principal coordinates is the direction of the first molecule. The integral in Eq.
(5.11.1) for the overlap volume is carried out as

2t n

A, = ff dxd dzf Jsme do,d
2 ( 2M2V)( 16n) y 1

2n n

x f f (207%5ing Jin6 .06 ,do,

Na 1 2 12 1tNArl2
=| - - V-an| 2n’l?) = 5.23.1
( 2M2V( 2) (on’e) 4M? -2

16m

The volume of the rod molecule is

V=7 1l (5.23.8)
Then, A, is rewritten as

A N1\ _ N4 1 Y_|2
2= 4M2 \r - 4 1gr3 M (5239)

Thus, A, does not depend on M in this case, too.
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<<Problem 5-24>> Second virial coefficient (XIV): Chain molecule with n
sequential rigid rod segments

Derive the expression for the second virial coefficient for the solution of
chain molecules with n sequential rigid rod segments with length A and
diameter d=2r as shown in Fig. 5-24. Assume that the joints of the segments
are freely rotated and nd>>1.

Answer
A, of rod-like molecules is given by Eq. (5.23.1) with replacing A by | as
TN srA?
= 23.1

The integral over d(2) in the equation

Ay=-—Na A2)d(1)d(2 11,
2 2M2ng2(‘”2)d”d() (5.11.1)

gives the volume of a segment V=1 r* A. Comparing Eqs.(5.23.1) with
(5.11.1), we have

f g Mubta)i(1) =- Zzt’ﬁ‘z (5.24.1)

Eq. (5.13.2) is written for the present case with replacing f(r) by g.(A;,12) as
2

N
Ay=- f 8o Ml J4mrdr (5.24.2)

Substituting Eq.(5.24.1) in Eq.(5.24.2), we have

2
_NAnn 2 TCNA 2

= A’ =—2m?A? 5.24.3
2T oaM22 T am? (5.24.3)
k -
I Y O D L D
ad! = O
1 2 3 n-1 n

Fig. 5-24 Chain molecules with n sequential rigid rod segments with length
A and diameter d
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If we put nA=l, Eq. (5.24.3) gives the expression for A, for chain molecules
with n sequential rigid rod segments with length A and radius r=d/2. Thus, A,
does not directly depend on flexibility of the molecular chain.

<<Problem 5-25>> Relationship between second virial coefficient and
excess chemical potential

The second virial coefficient A, relates with excess chemical potential Apio®
as

E
Az:‘%@ (5.25.1)
A; can be divided into enthalpy term A, and entropy term A, as
Ay=Agn+Ag (5.25.2)
Then A, is given by
Ayyy=-T (%ﬁz—) +0pA,

‘ T Jp (5.25.3)

where ¢ is the volumetric thermal expansion coefficient. Derive Egs. (5.25.1)
and (5.25.3).

Answer

From the relationships
Al = Al + ApE (5.25.4)
Apo = - TIV] (2.7.1)
H=RT(§4—+A2C2+A3C3+ (5.2.1)

and the expression for the osmotic pressure and the chemical potential for ideal
solution

qoRTC_ M5 RTCVg
—_——— . ——— 0 - - ——
M Vo M
we have
Apo = Apid - RTVIALC? ... (5.25.5)

Here, we can neglect higher order terms in dilute solution. Then excess
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chemical potential is derived as

ApE = - RTVJA,C? (5.25.6)
From the thermodynamic relationship
ApE = AHo - TASE (5.25.7)
we have
R AuE AH, AS§
=- +
27TRTVOC? RTVIC? T RTVIC? (5.25.8)
Comparing Eq. (5.25.2) with Eq. (5.25.8), we have
AH,
A2,h T 02
RTVC (5.25.9)
AS§
27 RVIC? (5.25.10)

Eq. (5.25.1) is rewritten as

E
AVg=- b (5.25.1y
RTC?
Differentiating both sides of this equation with respect to temperature, we have
IALE
aAz) 0 (avo) T . AuE
£l Vo+ A = - +

Using the thermal expansion coefficient

o = —(av") (5.25.12)

and excess entropy

E
ASE = . (aAu()) ,
£=-{550) (5.25.13)

Eq. (5.25.11) is rewritten as
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oA, ASE
T .ﬁ_ P+A2a0 =W—A2—A23'A2_—A2h (5.25.14)

Then, we have Eq. (5.25.3)
Here, A, and A, are not independent variables. In general, there is a negative
correlation in these variables. At B-temperature, A, ,=A; =0.

<<Problem 5-26>> Third virial coefficient of rigid sphere solution
Derive the expression for the third virial coefficient A3 and the
following equation:

Ay AIM=5/8

(5.26.1)
Answer
Aj; is defined by
2—_(b3 2b,? ga{3))d(3} + 4aMA,? (5.11.2)

From Eq. (5.9.4),
g:(1,2,3)=Fy(1,2,3)- F(1) Fy(2,3)- F,(2) F,3,1)- F.3) F(1,21+2 F(1) F.(2) F,(3)
(5.26.2)

If mean force potential can be approximated by the sum of intermolecular
potentials of each pair of two molecules, we have

F,(1,2) F(2,3) F,G3,1)

A T O TN 6 (5:263)
where
Fi(i, )= expl i g (1) F( ) (5.26.4)

Using a function f{(i,j) defined by

.. —w(i, ]
f(1,])=exp——l£T—'])——1

(5.26.5)

Eq. (5.11.2) is reduced to
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N,’
Aty f £(1,2) £(2,3) £(3,4) d(1) d(2) d(3) (5.26.6)

Now we consider three molecules and denote the three vectors connecting each
pair of centers of mass of the molecules as r,,, ;3 and ry,, respectively as

shown in Fig 5.26(a). Then there is a relationship between the vectors as
,+n,+r, =0 (5.26.7)

Let’s denote the coordinate of the center of mass of the first molecule as
(x1,¥1,2;). Then Eq. (5.26.6) is rewritten as

A=—- 3 M Vf £(1,2) £(2,3) f(3,1) dr,, dr,, druff dx, dy, dz,

dr,, dr;,

(5.26.8)

If the distance between the center of mass of the two molecules with radius 2r
is fixed, the excluded volume of a molecule is the volume of the sphere with
radius 2D. The volume of overlap one another of the two molecules is

V( ru)=21|:(2 r) ( "2) (2+;—';) (5.26.9)

(a)

Fig. 5-26 Relative location of three molecules (a) and overlapping of two
spheres (b)
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When the center of mass of the third molecule enters into this volume,

w(1,2)= w(2,3)= w(3,1)=c0 (5.26.10)
Thus,

f(1,2)=f(2,3)=1(3,1)=1 (5.26.11)
or

£(1,2) £(2,3) f(3,1)=—1 (5.26.12)
Otherwise (in the volume of V-V(r};)),

f(1,2) £(2,3) £(3,1)=0 (5.26.13)

Substitution of Egs. (5.26.9), (5.26.12) and (5.26.13) in Eq. (5.26.8) yields

1) V(rnri,dr,

2
—n:(2 o ( T ) (2+;'2 )41: £ dr,,

2

f 41l:r,2( :'2)(2-02—)&12

2r

Z>~
/—'\
wlN

; 3 rlzJ_ 37

357161 (6)64 M|,

8r’4 (16 3 3r3+—ér)

> N
/_—\

u|to Wi

(3
n)8 r*4m] 2
{3

Z>~
A

N2 (2 5 ) _160m’N,r*
3M3(3 )8r 41:(2 )————9M, (5.26.14)

The second virial coefficient for rigid sphere solutions is given by

16 N,r’
SEYvan (5.19.3)

Comparing Eq. (5.26.14) with Eq. (5.19.3), we have

160n° N’ r'OM' 160 5
IM’(16)'T’ N, r*M (16)° 8 (5.26.15)

A=

A/ AlM=
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* If we expand the osmotic pressure as

IT [IT
§=(E)o[ 141, C+T, C4++ (5.26.16)
I'; and T'; are related to A, and A; as

I'=A,M

T=A,M (5.26.17)
by comparing Eq. (5.26.16) and

I1
‘o RT[—I%I—+ A,C+A,CH--- (5.2.1)
Thus Eq. (5.26.15) is rewritten as
L_A 5

F;"‘Azz M 8 (5.26.18)

F3/F22 of random coil solutions is zero for the expansion factor Ol being | and increases with
increasing . (See W.H.Stockmayer and E.F.Casassa, J. Chem. Phys. 20, 1560 (1952)).

* Derivation of Eq. (5.26.9)

Let’s take the center of mass of one molecule at the origin. The volume of overlap of two

molecules with the distance of the centers of mass being r,, is calculated as
2r

V=2n » yidx (5.26.19)
where
y+x=(2 1)’ (5.26.20)

The integration is carried out to yield

=21tf2r {(2 r)’- xz}dx=21t[(2 r) x—; x3]

T1272

2r

"2
s

3 12 1 ’ —_ 3 1 ? Ty
32 gy BRI ) e
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<<Problem 5-27>> Relationship between second and third virial
coefficients
Assume the relationship

I=gl} (5.27.1)

with g=1/4 in the equation for osmotic pressure
Inin
EZ(E)O[ 14T, C+T, Cl-+ (5.26.16)

Here, g=1/4 is a typical empirical value for polymer solutions. Show the
linearity in the plot (IT/C)' vs. C.

Answer

From Egs. (5.27.1) and (5.26.16),
IT (11 112 2 _(n) 1 2
—C——(E)O[HFZ C+I C ]_ T 0( 4—2r2c) (5.27.2)

Here, the higher order terms are neglected. Eq. (5.27.2) is rewritten as

(42 v

Thus (IT/C)"'? is linearly proportional to C and the slope is I')/2.
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Chapter 6 Statistical Mechanics and Excluded
Volume of Polymer Chains

<<Problem 6-1>> Probability density distribution for Gaussian chain
The probability density distribution that the end-to-end distance of one-
dimensional random chain assumes R is given by

W(Rn)——l—ex -—Ez——
ST SYENT) p ol (6.1.1)

Here, n is the number of segments in the chain and / is the length of the
segment. Thig chain is called the Gaussian chain. Derive Eq. (6.1.1), by
using Stirling s approximation

lnx=(x+—;—) lnx-x+151n (2m) (6.1.2)
and Taylor expansion

ln(lix)=ix-’;—2---six (6.1.3)
Answer

[Solution 1] Method of one-dimensional random walk proposed by
Chandrasekhar

Suppose a particle takes n successive steps of the same length on a line. The
probabilities that the step is to the right and to the left are the same, i.e., 1/2,
irrespective of past history. Then the probability of an arbitrary sequence
of n steps is (1/2)". The number of different ways that the particle performs
n steps and its net displacement is m is

!-;—(n + m)}r;i{%{n-m);! (6.1.4)

and the probability W(m,n) is expressed as



281

1
W(m,n) =- n

1.in 1\"

() =,Cn+rm (—)
— |2

I 2 2 (6.1.5)

§(n+m)

—;—(n - m)]!

The actual displacement from the origin R ism/.  Since m assumes integral
values separated by an amount 2 for fixed n, the range AR contains AR/2/
possible values of m, which occur with nearly the same probability.

For m<<n and n—eo,

1 1 m?
an(m,n)z-Elnn+ln2-EanR-E
17 2
2 m
W(m,n) = (En—) exp(- —2;) (6.1.6)
Here, we use the approximation
In (nim)zi%l—+lnn
n+l=n (6.1.7)
Then the probability W(R,n)AR is obtained as
w<R,n)AR=w<m,n)(%%) (6.1.8)
where
2
WR,n) = —-——I——Tﬁ exp| - —-13—2— (6.1.1)
(21cnl 2) 2nl

(See S. Chandrasekahr, Rev. Mod. Phys. 15, 1 (1943))

* Bernoulli distribution is defined by
n! X n-x
wX)=———7p (1 -
® =g P
or

w=,.C,pp" " (6.1.9)
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Here, the commutation ,Cy is a binomial coefficient and g=1-p. The average <x> and the
standard deviation G? are given by np and npq, respectively.

[Solution 2] Strict solution for diffusion phenomena

Suppose a molecular chain consists of z+1 segments. Let’s denote the
probability distribution function that the end-to-end distance of a one-
dimensional chain assumes R as w(z+1,R). This is identical to the
probability distribution function that the projection of the position vector r
of a molecular chain with z+1 segments on the x axis is R. The distribution
function @(A) of the projection of the molecular chain with z segments on x
axis, A, should satisfy the conditions

f°°<p(A)dA=1, fmAw(A)dA=0 (6.1.10)
From the definition of ¢(A), we have

w(z+ 1,R) = f : W(ZR - A)p(A)dA (6.1.11)

If z is large enough, we can expand both sides of Eq. (6.1.11) as a Taylor
series :

aw(z R)

w(zR) + . =w(zR) J ~ oA

2
(el f " Ap)A+5 e f " M)A (6.1.12)

Here, we put dz=1. From Egs. (6.1.10) and (6.1.12), we have

ow(z,R) *w(z,R)
% PR (6.1.13)

where

_L1f= 4
_2L A%Q(A)dA (6.1.14)
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Eq.(6.1.13) is called the diffusion equation. The boundary condition of
Eq.(6.1.13) is w(z,R)=w(R) for z=0 and w=0w/0R=0 for R=* 0. It is
convenient to use the Fourier transform

<w(p)> = f * e " PRyw(zR)dR (6.1.15)

Then, Eq. (6.1.13) is reduced to
d
= <W(p)>=- Dp <w(p)> (6.1.16)

The solution of Eq. (6.1.16) is
<w(z,p)>= exp( - Dpzz) f_ o:o W(y)e P¥dy (6.1.17)

w(z,R) is obtained by an inverse Fourier transformation as

w(z,R) = —%Joo W(y)dyj exp( - Dpzz -jpt+ ij)dp (6.1.18)
Putting

.(R-
u=p~/DZ—_]£——2—}L)- (6.1.19)

and then integrating Eq. (6.1.18) over p, we have

1 T R-y)®
<w(z,R)> = ﬁ[ _ W(R)exp{ ) }dy (6.1.20)

The distribution function W(R) is symmetrical with respect to R=0. Then
the integral over the whole range of R is unity. Thus, we finally obtain

1 R?
<w(z,R)> = —2—_\/;—2_]5—_ exp( - Z_Z—]S) (6121)

The problem of random walk was proposed by K. Pearson (1905) and
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developed for the problem of Brownian motion by Einstein and Langevin
(See A. Einstein, Ann. Physik. 17, 549 (1905); P. Langevin, Compt. Rend.
Acad. Sc. (Paris) 146, 530 (1908))

<<Problem 6-2>> Distribution function of end-to-end distance of
random chain (I)

Generalize the distribution function of end-to-end distance of a one-
dimensional random chain

W(R) =

3R2
exp| - 6.2.1
v 2r<R®> 2<R%> ©2.
to a three-dimensional chain (See also <<Problem 6-5>>).

Answer

Let’s locate one end of the three-dimensional chain at the origin of a
rectangular coordinate as shown in Fig. 6-2.1. The probability that another
end of the chain be in a small volume at x~x+dx, y~y+dy, z~z+dz,
W(x,y,z)dxdydz, is the product of the probability that the x coordinate of the
end be in the range between x and x+dx, W(x)dx, the probability that the y
coordinate of the end be in the range between y and y+dy, W(y)dy, and the
probability that the z coordinate of the end be in the range between z and

z
drR
/ -
X
Fig. 6-2.1 Three dimensional Fig. 6-2.2 Concentric spheres with

random chain the center at one end of the chain
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z+dz, W(z)dz, since these probabilities are regarded as independent. W(x)dx,
W(y)dy, and W(z)dz can also be defined as the probabilities that the
projections of a position vector on the x axis, y axis and z axis be W(x),
W(y) and W(2), respectively. Therefore,

W(x,y,z)dxdydz = W(x)dxW(y)dyW(z)dz = W(x)W(y)W(z)dxdydz (6.2.2)

Then we obtain

32 2
3 3R
W(x,y,z) = WR) = exp] - 2.
Y ) (21t<R2>) p( 2<R2>) (6.2.3)

Here, W(R) means the probability that the end of the chain is located at a
point R in the three-dimensional space as shown in Fig. 6-2.2. The
differential coefficient of W(R) with respect to R is obtained as

WR) [ 3 \¥*[-32R exp 3R?
9R 2n<R*> | |2<R*> 2<R*> (6.24)

The value of R which satisfies the equation dW(R)/dR=0, R, is zero. On
the other hand, the probability distribution function that the end of the
molecular chain is in the range between R and R+dR, W(R ), is expressed
as

312 2
3 3R 2
W(R) = expl| - 4R 6.2.5
(21t<R2>) p( 2<R2>) (6.2.5)

The differential coefficient of W(R) with respect to R is obtained as

31
oW, -
i I({R) - ( 3 ) { 6R (47R?) + 41E-2R} exp|

R2

3
"3 <R2>) (6.2.6)

2n<R*> 2<R*>

The value of R at the maximum of W(R) is given by the equation

%fg;- +8nR =0 (6.2.7)

Then, we have
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2 172
R, = 8“521; ) =§<R2), Rmax=(§(R2)) (6.2.8)

W(R ) has a maximum at the origin, while W(R ) has a maximum at
R=(2<R*>/3)""%. Thus, the probability point density W(R) has a maximum at
the origin.  On the other hand, the probability that R is located in a
spherical shell, W(R), is (point density) x (volume of spherical shell) e
(point density) x (radius)z. The point density W(R) is a decreasing function
of R, but the volume of the spherical shell with a fixed thickness is an

increasing function of R. Then W(R) has a maximum at a certain value of
R as given by Eq. (6.2.8).

<<Problem 6-3>> Distribution function of end-to-end distance of
random chain (II)

Plot W(R) and W(R) as a function of R by using the equation

32 2
W(R)IR = 3 5 exp| - 3R2 dR (6.2.5y
2n<R> 2<R*>
Answer
Eq. (6.2.5) is rewritten as
0.6 %)
“o 0.4
X
&
Z 0.2
| 1 1 1
00 1(l)0 2(I)0R300 400 500 ob 100 200 300 400 500

R
Fig. 6-3 Distribution function W( R) (a) and W( R) (b) for <R?>>'"2=200
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312 IR?
W(R) 4nR°dR = exp( . ) 4nR%dR (6.3.1)

2<R%

2n<R*>

Figure 6-3 shows W(R ) and W(R ) as a function of |R|=R for
<R?>'2=200.

<<Problem 6-4-a>> Elastic force of Gaussian chain (I)
Prove that the elastic force of Gaussian chain obeys Hooke’s law.

Answer
The probability distribution function that the vector connecting the two
ends of a Gaussian chain is in the range between R and R+dR is

3 \" expl - 3K
2renl 2 2nl 2

W(R) =

(6.4.1)
where n is the number of segments and / is the length of a segment.
The change in internal energy of the Gaussian chain is written as
dU=TdS + KdR (6.4.2)

Thus, K is obtained as the differential coefficient
aS
K= -T(ﬁ)u (6.4.3)

According to Boltzmann’s principle

S =k In W(R) + const. (6.4.4)
Then we have
3 d In W(R)
K=-kT 3R (6.4.5)
Using Eq. (6.4.1), we have
dIn WR) _ 3R 16
oR 2 (6.4.6)

From Egs. (6.4.5) and (6.4.6), we have
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K=(- kT)( . —3—%) = (—?E)-R (6.4.7)

nl nl?

The coefficient 3kT/nl’ is a constant when the temperature is constant.
Thus, K is proportional to R, that is, Hooke’s law holds.

<<Problem 6-4-b>> Elastic force of Gaussian chain (II)
Prove that the distribution function of the end-to-end distance of a three-
dimensional random chain obeys the equation

W(R) o< exp) - nf: L"(y)dy (6.4.8)

where L(x)=cothx-1/x is called Langevin’s function.

Answer

Consider the Brownian motion of a particle which is observed at a certain
time interval. Let’s denote the displacement of the particle during the time
interval from t; to t;.; as L+, and the probability density as w(l;+). The
probability density for such a successive value is w(l;)w(lz)...w(l,). The
probability distribution function that the particle which was at the origin at
time to, is at R at time t, is

W(R) =f f wdwil,) -+ wd,)dldl, - d,
where the integral must be carried out with the restriction:
Y 1,=R (6.4.9)

Using Laplace transformation of W(R ), we can remove this restriction as
follows. The generating function is expressed as

Q(s) = j W(R)exp(Rs)dR

=J f w(ll)w(lz)---w(ln) exp(ll+12+ +ln)sdl,d12---dln
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{ j w(l;) exp(ls) dl,}{ f w(l,) exp(ls) dlz} { f w(l,) exp(l,,s) dln}
(6.4.10)

Now, there is no restriction for each integral in Eq. (6.4.10). Then Eq.
(6.4.10) can be rewritten as

n
Q) = {f w(1) exp(ls) dl> (6.4.11)
When the length of the step is constant, i.e.,

=== - -

and the direction is arbitrary, then

1

n

) (6.4.12)

fO w()dl =1 (6.4.13)
must be satisfied. Hence, we have

1
w(l) = (w 2) 3(1]-) (6.4.14)

Here 8(Jl}-/) is Dirac’s 8-function.
From Egs. (6.4.11) and (6.4.14), we have

n

1
Q) = J (W 2) 8(| 1|-1 ) exp(ls)dl (6.4.15)
Here,
Is=Ilscoso (6.4.16)

and |...dI can be rewritten as

J(‘)w J;n J:Tt (41.:12)exp(lSCOS(P)8(|l|_l)l2sin(pdld(pde
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© R
=‘211—2J; J; exp(lscoS(p)5(|l|-l)lzsin(pdld(p (6.4.17)

Putting cos@=X (dcosp=-sinpdp=dX), Eq. (6.4.17) can be calculated as

f (47:1 2)exp(ls) 8(|1]-1)a

=# : ﬁl exp(ls 301 28{|1]- 1) (-dx) pdl
-1
1 [~ |exp({sX)
==l [T l125([1|-1)dz

_1 “exp(lsX)-exp(-1sX) 2
—JZJ; - 28|t~ ) a

els_els sinh(ls)
R (6.4.18)

where s=|s|. Substituting Eq. (6.4.18) in Eq. (6.4.15), we have

_ sinh(l s) "
Q(s) s (6.4.19)

On the other hand, when the end-to-end distance of the molecular chain is
fixed at R,we have

F E
e kT =Z(T,R) =f f e ktdI’ (6.4.20)
R fixed

Here, E is the sum of kinetic energy and potential energy. The total
differential of Helmholtz free energy of this system is written as

dF =- SdT + KdR (6.4.21)

Using Gibbs free energy derived by Legendre transformation

G=F-KR (6.4.22)
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we have

dG =-SdT - RdK (6.4.23)
Then,

e fF = QT.K) = J Z(TR) exp( ; %)dR (6.4.24)
Comparing equations

Q)= | WR) exp(Rs) &R (6.4.10)
and

QTK)= f Z(T,R) exp ( %) dR (6.4.25)

we understand Q(s) is the partition function in case the force K=kTs exerts
on the chain. From Eq. (6.4.23), R is obtained as

3G
R=. (ﬁ)r (6.4.26)
From Eq. (6.4.24),
. % = In Q(T,K) = In Q(T.s) (6.4.27)

By combination of the equation ds=dK/KT and Egs. (6.4.26) and (6.4.27),
we have

R= gs- In Q(s) (6.4.28)

Substituting Eq. (6.4.19) for Q(s) in Eq. (6.4.28), we have

inh (I
R=% an(s):%{nln Smli S)}=n%[{ln sinh(ls)}-ln (1 s)] (6.4.29)

Substituting equations
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d . 1 ole!s-e's

gln {smh (l s)} = ih (l S) —ag( > ) =[coth (l s) (6.4.30)
and

d 1

Sin{is)=< (6.4.31)

in Eq. (6.4.29), we have

K
R=nl {coth (l s) - %} =nl (coth X - %) (x =ls= I?l—,) (6.4.32)

or using the Langevin function L(x), we have

IK

R=nlLXx) , x= T (6.4.33)
x is expressed with the inverse Langevin function as

(R
x=L (nl ) (6.4.34)
or

_kT 1 R
K= ] L (nl ) (6.4.35)

From Egs. (6.4.23) and (6.4.27)

_ [9G) _SkTInQes) _ dinQ(s)\ [ 3s
From the equation s=K/kT,
os K
(?ﬁ),( = - W (6.4.37)

Accordingly,

S=k

In Q(s) - sg InQ(s)|=-k f : sﬂz— In Q(s)ds (6.4.38)
ds o ds?
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Using the equation
0
R= 3 In Q(s) (6.4.28)

Eq. (6.4.38) can be reduced to

S=-kf s-—ds——kf sdR (6.4.39)

Using Boltzmann’s principle, we have

R R
1 R .
W(R) o< exp| - I—J L (nl ) dR|=exp| -n 0“1 L l(y) dy (6.4.40)
0

where we put y=R/n/ (dR=nl/dy). Expanding the inverse Langevin function
as

9 5 297 s
L 'y= 3y+5y gy (6.4.41)

the integral in Eq. (6.4.40) is reduced to

R
nl
9 5 297 5
-HJ; (3y+5y +—1',ﬁy + "')dy

32,9 4, 297 6.
M2Y Y547 T 175%6°

R/ni

0

=- 3R2 1+_§_£2+_3§__R__4+... 42
L 10\ n! 175\ n! (6.4.42)

Substituting Eq. (6.4.42) in Eq. (6.4.40) and rearranging the equation, we
have
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3R? 3(R) 33(R 4
R — . = A
W(R) = const. exp T I+ 10( l) + 175( ] ) + (6.4.43)

When R/n/ <<1, the inside of the braces in Eq. (6.4.43) is approximated to
unity and we have

W(R) = const. exp| - 3R? 44
- WL (6.4.44)

Here the constant is determined from the normalization condition:

R
J; W(R)dR =1 (6.4.45)

Then we have

312 2

3 3R
W(R) = - 4.1
® (21m12) exP( 2n12) (6.4.1)

This is the equation for the three-dimensional Gaussian distribution.Thus,
a random chain obeys the following equation strictly:

kT . ; R
TL 7 (6.4.35)

K=

This equation is nonlinear with respect to (R/n/ ) and Hooke’s law holds
only in case of R/n/ <<1.

<<Problem 6-5>> Mean square end-to-end distance of Gaussian chain

Suppose that the probability density of the end-to-end distance of one-
dimensional chain or the distribution of the length of radial vector is in the
Gaussian form:

1 x2
W)= ——— N
(x) (2 12)”2 CXP( 2n12) (6.1.1)

Here, n is the number of segments in a chain and / is the bond length of the
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segments.
(1) Calculate <x> and <x’>.
(2) Derive the expression for <r*> for three-dimensional Gaussian chain.

Answer
(1) Since W(x) is an even function (W(x)=W(-x)), we have

2
(x) = ——-—’Wexp( - ﬁ;)dx:O (6.5.1)

Using the well known relation, we have

2 2
X X
(x) =| —F—exp|-2ax=n1? (6.5.2)
2\3 2nl
.. (2m1?)
*
® 2 ax? 1 T
Loxe xd":z& N (6.5.3)
Tl a3 [T
J_wx e dx = e X (6.5.4)

(2) Using Eq. (6.5.2), Eq. (6.1.1) can be rewritten as

Eq. (6.5.5) can be generalized for a three-dimensional Gaussian chain as

W)=
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WR) =

3 32
2n(R’->) o

3R?
2<R2>) (6.2.3)

where

(R?) = f R*W(R)R = fo " 4nR*W(R)dR

12

21t<R2> _ <R2> =ni2 (6.5.6)

3

2\ 73

n (2<R2>)2x

L Y
=3 4n(2n<R2>

* The equation derived for three-dimensional Gaussian chains
(R?)=n1?

also holds for more general three-dimensional random chains. On putting the bond vector
of i th segment as l,, we have

<R2> = <$ (‘i)2> = él (1) (6.5.7)
Ifitk,
Ll =0 (6.5.8)

since 1;and I are independent.
If i=k,

1, =12 (6.5.9)
Thus, we have

(R?) = n<§n; li-li> +3, <li-lk> =ni? (6.5.10)
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<<Problem 6-6-a>> End-to-end distance for chain molecule with
internal rotation (I)

Consider a set of unit vectors for bonds lying along a molecular chain. Let
n—0 be the angle which two consecutive vectors i-1 and i make with each
other. Choose sets of rectangular coordinate frames in such a way that each
unit vector i coincides in the position and direction with the z; axis of i th
frame. x; axis lies on the place determined by z; axis and z;, axis and at the
trans position of the vector i-2. ¢ is measured from the trans position. y;
lies in the direction to make a right-handed coordinate. Figure 6-6-a is an
illustration of the coordinate systems for i th bond (x;,yi,z) and (i+ /) th
bond (Xi+1,yi+1,Zi+1)- The relationship between a vector I; (x;,yi,z;) described
on the x;y;z; frame and the same vector 1"+ (Xi+1,Yi+1,Zi+1) described on the
Xi+1Yi+1Zi+) frame is expressed as

Vi, =Tl

where

(6.6.1)

cosB cosd cosO sind sinO
T= sin@ - cos¢ 0 (6.6.2)
sin® cos¢ sinf sind - cosO

Fig. 6-6-a Two coordinates and the angles between them
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Derive Eq. (6.6.2).

Answer

The angle between z;.; and z is 1—6. Then, the angle determined by x;.,
axis and x;y; plane is n—-8. The angle determined by x; axis and the
intersection of x;+1zi+| plane and x;y; planeis ¢. Y. axis is on x;y; plane.
The angle determined by y;. axis and x; axis is 1/2—-¢. Now, let’s consider
UVia=(%i+1, Yi+15 Zi+1) and E=(x;, yi, z)). The component of the unit vector
Xi+1 in the direction of x;y; plane is cos(m—0)=-cos6 and that on z; axis is
sin(n—0)=sinB. x; and y; component of the former component are
-cosBcos(n—0)=cosBcosd and cosBsing, respectively. Then we have

Xi41 = €080 cosd x; + cosO sind y, + sinb z; (6.6.3)
yi+1 has no z; component. Referring to Fig. 6-6-a, we have
Yis1 = sing X; - cosd y; (6.6.4)

Note that y; component of y;.; and y; is in the opposite direction.

Similarly, z; component of z., is cos(t—¢)=-cos8. The component of the
unit vector in the direction of z.; on x;y; plane is sin(n—08)=sin6, x; and y;
components of which are sinBcos¢ and sinBsin¢, respectively. Accordingly,
we have

Z;,1 = sinB cosd x; - sind sind y; - cosO z; (6.6.5)
In summary, we have

X1 = €080 cosd x; + cosO sind y, + sinb z;

Y+ = Sind x; - cosd y;

Z;, = sinB cosd x; - sin6 sind y, -cosO z; (6.6.6)
Rewriting Eq. (6.6.6) in a form of matrix, we have

Xisl cos8 cosd cosO sing sinB Xj
Vsl |= sing -cosd 0 Yi (6.6.7)
Z, sin@ cos¢ sind sing -cosO z;
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<<Problem 6-6-b>> End-to-end distance for chain molecule with
internal rotation (II)

Mean square end-to-end distance <R%> is given by the average of the
scalar product of R with itself. That is,

R=) I, (6.6.8)

(R =ni%23, (1;1,) (6.6.9)

i
The second term of the right-hand side in Eq.(6.6.9) can be written as
I, =1"T,,T,, - T, T;1 (6.6.10)

Combining Egs. (6.6.9) and (6.6.10), derive the following equation for the
case where the internal rotations of consecutive bonds are independent:

(R)=n12+2" <T>>(n- 1'<T>n)1 (6.6.11)

1-(T 1-(T)
Answer
Substituting Eq. (6.6.10) in Eq. (6.6.9), we have
<R2> =nl 2+ ZITZ <Tj-lTj-2 oo Ti+lTi> | (66 12)

j>i
Since the internal rotations of consecutive bonds are independent,
<Tj-lTj-2 Ti+lTi> = <Tj»l> <Tj-2> <Ti+l> <Ti> (6.6.13)

Here, the average of T for an arbitrarily chosen m th bond <T,> is obtained
from

2n
| Tmexp { U, (0)/ kT}d(p 66,14

(Tm) =—
J; exp { U, @)/ kT}dq)
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where U (¢) is the rotational potential of m th bond. When <T,,> is

identical for all the bonds (in case that the chain comprises an identical kind
of bond, for example, polymethylene), we can take <T>=<T,>. Then,
from Eqgs. (6.6.12) and (6.6.13), we obtain

(R?) =ni 2+ ATy (1)1 (6.6.15)

i
The summation in the second term in Eq.(6.6.15) can be simplified as

YATY = (- 1(T) +@-2)(T) + (@-3)(T)° + - +2T)" (1) D

=n(T) (1 + (T) +(T>2+ +(T>n-2 ) ) (T) (1 +(T)+(T)2+ +(T)“'2
(1 () e
o e [ B O

] 2 1'<T>

1'<T> i

i=2 i=2

- n-n<T>"-'-i<'r>‘-2-i<'r>"")

(1) |, 1)

ST |ty @ XD e

= (1) n- ! '<T>n) (6.6.16)
1-(T) 1-(T)

Thus, Eq. (6.6.11) is directly obtained from Egs. (6.6.15) and (6.6.16).

<<Problem 6-6-c>> End-to-end distance for chain molecule with
internal rotation (III): Oka’s equation
When n>>1, Eq. (6.6.11) can be approximated as



T
(R%) =n|12+27 L
1-(T)
Using this equation, derive the equation [ Oka’s equation ]

1-cos® 1+<COS¢>
<R2>=n121 +cosf | -<cos¢>

Answer
From the definition of inverse matrix, the equation

ey =(1-@)”

(1-(m)) (1-(1)) " =1

(1) (1-(1)) "= (1-¢)) "1

Substituting Eq. (6.6.21) in Eq. (6.6.17), we have

(R =n {1 2+ 2ATCD 1+ 271 - (T))"l}

where | is the unit matrix

100
1={010
001

I" and 1 are expressed as
1"=(001)

and
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(6.6.17)

(6.6.18)

(6.6.19)

(6.6.20)

(6.6.21)

(6.6.22)

(6.6.23)

(6.6.24)
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0
1={ 0 (6.6.25)
!
respectively. From Eqs. (6.6.23)-(6.6.25), we have
100\ /o0
1I"(-DI=-(001)]|010 0 |=-12 (6.6.26)
001 !

Substituting Eq. (6.6.26) in Eq. (6.6.22), we have

(R?) = n{l 22242071 - (T))"l} - n{ 14271 - (T))"l} (6.6.27)

Here,

(1-(1)) 1= 23; (), (6.6.28)

ij=1
k,m=1

1; and 1y, are zero except for j=3 and k=3, from Egs. (6.6.24) and (6.6.25).
Thus, we need to calculate only 33 component of the matrix in Eq. (6.6.28).
Then we can calculate the average of T:

c0s0 cosd cosO sind sinO

T= sin@ - cosd 0 (6.6.2)
sin@ cosd sind sing -cos O

in the following way. Since the chains comprise identical bonds subject to
independent rotational potentials U(¢), <sing>=0. Then, <T> and 1-<T> can
be simplified as
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cosB(cosq)) 0 sinf
(T)={ 0 -{cos§) 0 (6.6.29)
sinf (cosq)) 0 -cos 0
and
1- cos(-)(cosd)) 0 - sin6
1-(T) = 0 1+{cosp) 0 (6.6.30)
- sinf <cos¢> 0 1+cosB

From the definition of inverse matrix, we have

(1-(m))..” =% (6.6.31)

Here, D is the determinant of the matrix (1-<T>)"' and expressed as

Dl o 1+ (cos¢> 0 6 0 1+ <C05¢>
=(1 - cos (cos¢>) 0 | +cosb + sin <inf <cos¢> 0
= (1 +cos9)| 1+ (cosp))(1 - {cost)] (6.6.32)

and Ajj is the determinant of the cofactor of 33 component of the matrix
(1-<T>) and is expressed as

1- cosG(cos¢> 0

A= = (1 - cosB(cosd))(1 + (cosd)) 6.6.33
33 0 1+(COS¢> cos <cos ) <c ) ( )

From Egs. (6.6.32) and (6.6.33), we have

L o (- cos9<cos¢>)(1 + (cosq))) o 1- cos9<cos¢>
(1-(m),, = (1 +cosB)(1 + {coso))(1 - {cos)) (1 +cos6)(1 - {coso))

(6.6.34)
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Substituting Eq. (6.6.34) in Eq. (6.6.27), we have
(R?) = n( 721 (T))33") =nl 2( 1+2(1- (T))33")

ol 2-2cos8(cost) e o(1 - cos)(1 + (cosd))
(1 + cosB)(1 - (cos¢>) I (1 + cos)(1 - <COS¢>)

(6.6.18)

(See S.Oka, Proc. Phys.-Math. Soc. Japan 24, 657 (1942), W. Taylor, J.
Chem. Phys. 15, 412 (1947)) For freely rotating chain, <cos¢>=0.
Then we have

1 - cosB
2\ _ ;2
(R?) =ni e (6.6.35)

(See W. Kuhn, Kolloid-Z 68, 2 (1934), R. Kubo, J. Phys. Soc. Japan 3, 119
(1948), H. Eyring, Phys. Rev. 39, 746 (1932), F. T. Wall, J. Chem. Phys.
11, 67 (1943), and H. Benoit, J. Polym. Sci. 3, 376 (1948))

<<Problem 6-7>> Distribution function of end-to-end distance of a
polymer chain

Derive the distribution function of end-to-end distance of a polymer
chain W(R) in the case when the valence angle of the consecutive segments
is constant and the rotation about single bond is not completely free but is
restricted by energy barriers. Then derive the probability W(R )dR for
finding the end-to-end distance between R and R+dR.

Answer

W(R) for random chain is given by

W(R)_(2n<R2>) exp( 2<R2>) (6.2.3)

For restricted rotation, <R>> is given by

<R2> _. ,(1 - cosO)(1 + (cos¢))
B (1 +cosO)(1 - <cos¢))

(6.6.35)



Eq. (6.6.35) is also expressed as

12 ,(1-cosO)(1 + (cosq)))

(R =n17?

Thus, this chain can be considered as the random coil chain with the

effective bond length 1’.

W(R) = (

Similarly, we have

3 |7 3R
W(R)dR= (———2) exp (-

<<Problem 6-8>> Bresler-Frenkel’s equation
Suppose the potential for the molecular rotation is expressed as

2mnl’

U(p) = %uo(l - cos)

3\
ex
2nnl’? )

g

as illustrated in Fig.6-8.

506

~~
€
=

Fig. 6-8 Potential energy for molecular rotation

(1 + cosO)(1 - (cosq)))

For this chain, Eq. (6.2.3) is replaced by

3R’
2nl’?

2nl’?

0.8

T

T

0.4
0.2

0
2n

- 0
Rotation Angle

T
()

2n
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(6.7.1)

(6.7.2)

(6.7.3)

(6.7.4)

(6.8.1)

When the rotation of the consecutive segments is
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not possible near the room temperature and only small torsional vibrations
around the equilibrium position ¢=0 are permitted, calculate <cos¢>.
Then, prove that the mean square end-to-end distance is given by

<R2>=n121-cose 2u,

_— 6.8.2
1 +cos® kT ( )

where uy is the peak potential on the potential curve. Assume ue<<kT.

Answer
Expanding cos¢ in a form of Maclaurin series as
_ 0t et
cos¢_1——2—!—+4—!- ---=1-T (6.8.3)

Then, Eq. (6.8.1) can be approximated by

2
U(o) =uoy (6.8.4)

and the average of cos¢ is calculated as

2r o0 \
0’ - g’ 2 | -ugd’
1- — - .
2 )exp( ar | Vexp - T |
<cos¢>s ° =1- 170 = 1-!‘1
- ) 2 e 5 U
-u y --u0¢ d
XP\ " T | P\” kT
UO 0
(6.8.5)
21 oo
2 2
Zexpl- " lio= | 62 exol- 2% | 6.8.6
o exp( 2T )dd)_ ¢ exp( e ) Lo} (6.8.6)
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2 3R
-u
¢2 exp| - Oq) d =.1_ il_(_]: _‘}.k_T_R -_—l M nl/Z (6.8.7)
4kT 41 u, u, 41 u
0
< 2 1)
- ugf ] 4kT kT 2
- dp==, / —mn =|—| = 8.
exp( 2T ) ¢ 2 o (uo) (6.8.8)

From Eqgs. (6.8.7) and (6.8.8), we have

02 “uod” do kT
€xp| - KT 2(__) 2
2

©o

0 Up (kT) 689
= = — (6.8.9)
= 2 kT \"” 1 to
- u0¢ dq) u— b1
P Tk 0
0
<R*> is expressed as
1-cosO)(1+
(R?) =i (1 - cosO)(1 + {cos)) (6.6.35)
(1 + cosO)(1 - (cosq)))
Using the approximation
kT
(cosp)=1- ™ (6.8.5)
Eq. (6.6.35) is reduced to
1-cosB 2u
2\ _ 2 ey
<R )—nl l1+cos® kT (6.8.2)

Eq. (6.8.2) holds for long and stiff polymer chains. This equation is called
Bresler-Frenkel’s equation. (See S. E. Bresler and Ya. I. Frenkel, Zhur.
Eksp. i Teoret. Fiz. 9, 1094 (1939); M. V. Volkenstein, Configurational
Statistics of Polymeric Chains, (High Polymers, vol XVII), translated by
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S.N.Timasheff and M.J.Timasheff, Interscience, 1963, Chap. 4)) If we

determine <R*>/n/ and 0 empirically, we can calculate rotational potential u,
by using Eq. (6.8.2).

<<Problem 6-9>> Mean square radius of gyration

The mean square radius of gyration defined as the mean square distance of
the collection of atoms from their center of gravity is one sixth of the mean
square end-to-end distance for a freely jointed molecular chain, that is,

() =2 (R?) (6.9.1)

Derive Eq. (6.9.1) using pearl necklace model in which small particles are
assumed to be located at the junctions of the bonds and all the mass of each
structure unit is concentrated on each particle.

Answer

Let’s number the small particles serially from an end of the necklace as
1,2...n and denote the position vector from an arbitrary chosen origin as ry,
r,...n.1, I, Then the position vector of the center of gravity rg is expressed

rg =% S, (6.9.2)

The vector connecting a small particle i and the origin is expressed as

IGi=rIi-Ig (6.9.3)

Fig. 6-9 Relative location of each sphere in pearl necklace model



Taking a summation of both sides over i=1 to n, we have

309

n n n n
2
= z r -22 rrg+ 2 rg = 2 r;"-nrg (6.9.4)
i=1 i=1 i=1 i=1
From Eq. (6.9.2)
n (l‘ + l' 1.12)
rg =rgrg= zzzr = , 5 (6.9.5)
ij
*
Fij=rj-r; (6.9.6)
The scalar product of r with itself is
r,J2 Iy Ty = (rj - ri) (rj -T, ) =r; +r 21',j2 6.9.7)
Then we have
rpry=r+r’-r’ (6.9.8)
Eq. (6.9.5) is rewritten as
1 n
==y r’- eru (6.9.9)
ni=l n i=1j=1
Substituting Eq. (6.9.9) for rg’ in Eq. (6.9.4), we have
n n

Z rei'= Z ory’= Zr., (6.9.10)

l 1j=1 |>_)
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From the definition,
2\ _ 1 2
(s >=;Zrci (6.9.11)

Here, <> means the average over all molecular conformations. Using Eq.
(6.9.10), Eq. (6.9.11) is rewritten as

(s7)=- Zru (6.9.12)

i>]

When the molecule is a Gaussian chain, the mean square length between i th
particle and j th particle is expressed as

<rij2>=|i‘j|"2 (6.9.13)

for |i-j >>1. The number of ways for choosing two particles with the' '
difference |i-j| being t, i.e., the length of a partial chain cut from the original
chain consisting of n particles being |i-j|=t, is n-t. Then we have

n ’2 2
2\ _ 1 n n‘n+1) nm+1)@2n+1)
(s ):—2_2 tn-01 =?{ 2 - (6.9.14)
Since n>>1, <8%> is approximated by
1’03 n?| n?
2\ ! fn” n’) ni’”"
(%)= 7z ( 7 376 (6.9.15)

Using the equation
<R2> =ni? (6.7.2)

we have

(s2) =2 (»?) (6.9.1)
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<<Problem 6-10>> End-to-end distance of partial chain

Using the Gaussian distribution of the end-to-end distance for random coil
chain consisting of n bonds

3R 2
3 3R
W(R) = exp| -
(21m12) p( 2nl°
derive the expression for (1)< 1/|R|>, (2)<R,>> and (3)<RgRg>. Here,

R, denotes the vector connecting the center of gravity and k th segment and
< ng2> is the same as <§?>.

(6.4.1)

Answer

(1) From the definition,

<'_11{_'>= J' I_IITIW(R)dR (6.10.1)

Substituting Eq. (6.4.1) in Eq. (6.10.1), we have

K722 et 2
1 3 1 3R 2
— V=4n| —— —exp |- ——= | R“dR
<lR|> (27“1’2) L R p( 2n12)

2rnl 2 2ni 2
0
a3 VP (6)" 1 6.102)
Tl 27nl 2 3 T\nm 12 U

(2) For convenience, we place one end of the molecular chain at the origin.
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Ry denotes the vector connecting the end of the chain and k th segment.
Then,

Rg =R, -Rg (6.10.3)

and

Rg =R, 2-2RR;+Ry2 (6.10.4)

From the definition,

1

Rg=-2 R, (6.10.5)
1

and

5 1 s 1

Rg'= LR -2 >Ry’ (6.10.6)

i ij

Substituting Eq. (6.10.6) in Eq. (6.10.4), we have
22 2 1 2 1 2
Ro'=R,*- =3 RR;+ > R’- _222Rij (6.10.7)
ne e 2n7
With the aid of the relationship

R 2+R2-R’

R,R = . (6.10.8)

Eq. (6.10.7) can be simplified as
1 1 1 2
Ra =R, - EZ (Rk2 +R;- Rkiz) + ;2 R;®- EZ'ZZRU
i i i

1 1
= HEJ R,%- F;;R“Z (6.10.9)

Averaging both sides of Eq. (6.10.9), we have
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<RGK2> =%214 <Rki2> - $;§<RU2> (6.10.10)

The first and the second term in the right-hand side of Eq.(6.10.10) are
calculated as

Z(Rki2> =Z|k-i|/2=(r§:t +i‘t)/2

{(n k) (n- k+1)+k(k+l)} (6.10.11)

NI»—

and

>3(Ry?) =23 ta -1
i t=1

= {nz(n+1)-%(n+1)(2n+l)}lz (6.10.12)

respectively. Substituting Egs. (6.10.11) and (6.10.12) in Eq. (6.10.10),
we obtain

2
<RGk2> {(n K -k+ D+kle+ 1) }- n{n(n+1)——(n+1)(2n+l)}

l 202 onk+2k 40+ L —’—2(n -3nk + 3k )

(3) As clearly shown from Fig.6-10,

G

Fig. 6-10 Relative location of a chain from the center of gravity
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ReRgy = (Rk - RG)'(Rk’ - RG)

=R,-Ry - (Rk +Rk,)-RG +Rg’

(6.10.14)

Substituting Eqgs. (6.10.5), (6.10.6) and (6.10.8) into Eq. (6.10.14), we have

R+ R"Ry,”
2

1 1 1 1
- ;Z R-R-— SRR+ - R’ - —ZZERif
i n, n; 2n” i j

R Re=

Rk +Rk

> - “2( 2R Rkiz)

1 1 1
- EHEI’ (Rk’2+Ri2' Rk’iz) + ;;Riz - ‘Z—HQ;JZRU'Z

1 1
o (ZRkiz + ZRk’iz) - ——ZZZRif
i i 2n" § j

Averaging both sides of Eq. (6.10.15), we have
<RGk‘RGk'>

s s LeEsie)

i

=-%|k—k’|12

(6.10.15)

1)1 1 1 1 2
—_—l—(n - - il —n-k _ ¥ K& + D!
+2n 2(n k)(n k+1)+2k(k+l)+2(n k)(n k+1)+2k( +1)
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1 1 2
"5 n(n + 1)-§(n + 1)2n+ 1)[!

2n2+3(k2+k'2)-3n(k+k’+|k-k’ (6.10.16)

)

2
6n

<<Problem 6-11>> Distribution function of separation between segments
and the center of gravity
The distribution function of the separation between the segments and the
center of gravity of a Gaussian polymer chain is approximated by
2

3
3 \2 3
p(r)dr=n (HST} exp (' @) 4mrdr (6.11.1)

Here, n is the number of segments of the polymer chain and <S*> is the mean
square radius of gyration (Fig. 6-11). Derive Eq. (6.11.1).

Answer
The Gaussian distribution function is expressed as

3
W(R)IR =41t [—3 b exp ( 3L2) R%’dR (6.7.5)
27nl 2 2nl?

If we replace j-i for n in Eq. (6.7.5), the equation expresses the probability that

Fig. 6-11 Relative location of a chain from the center of gravity
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the distance between j th segment and i th segment be R.

If we place i th

segment near the center of gravity, then Eq. (6.7.5) approximately stands for
the segment distribution about the center of gravity. Then we can reasonably
assume the probability for finding segments anywhere in the range of the
distance from the center of gravity between r and r+dr to be proportional to

exp(-B’r?)4nr’dr:
p(r)dr= A exp (- B2r2) 4ne’dr

(6.11.2)

Here, A is a proportional constant. Normalization condition is written as

0 0

or

A= nB?
312

From the definition, we have

< 2
<Sz> _ IO rp(r) dr _ 32 i

oo 2
fo p(r) dr B

Substituting Eq. (6.11.4) in Eq. (6.11.5), we have
2\_3 .2
<S > 2 B

or

Then we have

A(; <s2>")

32

n =f p(r)dr = 41:Af rZexp (- Bzr2)dr = n3/2.A3_
B

(6.11.3)

(6.11.4)

(6.11.5)

(6.11.6)

(6.11.7)

(6.11.1)
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Substituting Eqs. (6.11.7) and (6.11.1) in Eq. (6.11.2), we finally obtain Eq.
(6.7.5).

<<Problem 6-12-a>> Excluded volume effect (I)

Consider the pearl necklace model and suppose the particles interact with
each other and cannot approach each other within a certain distance (Fig. 6-
12.1 and 6-12.2). In other words, the particles have a finite excluded volume.
The probability W(R)dR that the end-to-end distance of the chain be in the
range between R and R+dR is proportional to

Q(R)dR=f---f exp(—%)drldrz---drn (6.12.1)

Here, r; denotes the position vector connecting i th segment and one end of the
chain and U=U(ry,r,,...1r;) is the interaction potential for a set of the position
vector ry, ra,...r,. Let’s assume the molecule be the Gaussian chain and the
potential U be the sum of the potential between i th particle andj th

particle as

U= Z u(rij)

i>j

Referring to the virial expansion, Q(R)dR can be approximated as

Fig. 6-12.1 Pearl necklace model Fig. 6-12.2 Three partial chains
in a random coil
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QR)R= (471 2)"

3 \* ool - 3R?
2rnl P\ o
2

3 32 3l‘i2 3 32 3(rj—ri)

+§I f (2ni12) exP('Zﬁ)x(r‘j)(zno-i)zz) TP 2

3 3 3(R-rj)2
X(m) exp -—2_(n-j—_)12 dl‘idl'j dR (6122)

with

u(r;
eXP(- E(T’)) =1+x(ry) (6.12.3)
Derive Eq. (6.12.2).

Answer
The integrant in Eq. (6.12.1) is expressed as

2, uofr; r
IR EAL PO ECT TR
=1+ 2 (rg)+ X X x(ri)x (ren) =1+ 2k (r5)  (6.12.4)

i>j j>im>k i>j

and then

Q(R)dR:J f {1 +2.% (rij)} drdr, -+ dr,

i>j

=f j dr,dr, - dr, +ff {Zx(ru)} drydry - dfy 612.5)

i>j

The integration over r;, rjand R
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dr, ---dr,

(6.12.6)
dl'i er dR

is given by the product of Gaussian distribution functions for the end-to-end
distance of three partial chains 0~i th particles, i~j th particles and j~n th
particles being r;, rj-r; and R-r; , respectively. That is,

nl 3 \¥? 32 3 31 3(l'j - ri)z
(41tl 2) 3 exp| - '2 X s expl-———%
2mil 2il 2n(j - i)l 2(j - )l

3 32 3(R - rj)z
X W exp —W dl‘idl'de (6]27)

Substituting both Eq. (6.12.7) and the equation

32 2
. _ AL 3 3R
J f Aridry ot —(4n/ ) (2ﬁn/2) o (- 2n/2) (6.128)

Z l'i=R
in Eq. (6.12.5), we have Eq. (6.12.2).

<<Problem 6-12-b>> Excluded volume effect (II)
Perform the integration of Eq. (6.12.2) with the aid of Laplace

transformation under the assumption that the interaction potential is expressed
as

ufrij)=co |rj-ri<a
u(:;.l) << 1 |rj‘ril 2a (612.9)

Then show that the effective excluded volume defined by

p=- 7 (ra) ary= - 4mx (rg) - (x(m)=e01) (61210
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is expressed as

B=4lt;i[1 %} (6.12.11)

with

0 =41t?13k jo u(rij)41trij2drij

I =]rj-ri| (6.12.12)

Answer
The Laplace transformation of Q(R) is defined by

L(s) = f Q(R)exp (- RsidR (6.12.13)

The Laplace transformation of the first term in the right hand side of Eq.
(6.12.2) is calculated as

3\ 3R
(4m ?)" j (21m12) exp(-ﬁ)exp(-Rs)dR

)
3 — 2
2 n 1 2 3Rl
=(41tl )H (21::112) exp(-ﬁ-Risi)dRi

i=1

(6.12.14)

Here, i=1,2 and 3 denote x, y and z components, respectively, in the
rectangular coordinate. The magnitudes of R? and s are expressed as

R?=R,? +R;> +R?
82=S|2+522+832 (6.12.15)

Eq. (6.12.14) is reduced to
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= 17} 2 )2 2.2
n 1 3 n nl s
=4nl 2 -—— R, S; exp( )dRl
[7) 1 (21m12) P 2n12( 3 ) 6
,\n nl (slz+522+s3)
=(41tl ) exp 6
s |7 12 2 \?
1 3 nl
X expy-—— |R;- S; dR
il;[ (21m12) P 2n12( '3 ) ‘

= (41tl 2) nexp{ n/ 6282}

Here we use

f e-ax’dx = \[g (6.12.17)

©Q

(6.12.16)

The Laplace transformation of the second term in the right-hand side of Eq.
(6.12.2) yields

2, exp(“’—g*—‘ ! 252) f(s- 1) + - (6.12.18)
i<j
where
3
(l){ X(r’)(zmﬂ) exp\- 22 exp(-ris)r (6.12.19)

For the interaction potential Eq. (6.12.9), %(r) has a finite value only in the
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limited range r=0, and then

(- —i) exp(-ris)=1

Eq. (6.12.19) is reduced to

. 312 3/2
f(S,l)—fX(rij)( 3 ) drjj = Zt%l—?') X (rij) dry

2mil 2
or
372
3
f(s,i) = -
(2nil 2) g
with

o0 oo 2
l.’)=-f0 x (rij) drj; =-f0 4mr X(l'ij) dr
For the interaction potential, Eq. (6.12.9),

kT kT
and
X (rij) =-1 (1;; <a)
Then Eq. (6.12.23) is reduced to

p= 'f; 47%'27( (l'ij) dr;; 'J-: 4mij2x (l'ij) dr;;

411',8.3 1 o 2
——3_ + ﬁja u (l‘ij)41trij drij

(6.12.20)

(6.12.21)

(6.12.22)

(6.12.23)

(6.12.24)

(6.12.25)
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47a’ 3 oo 2
K (1+4na3kT)L u (g dr, (6.12.26)

Substituting 6 defined by Eq. (6.12.12) in Eq. (6.12.26), we have Eq.
(6.12.11) for B.

<<Problem 6-12-c>> Excluded volume effect (III)

In <<Problem 6-12-b>>, the Laplace transformation of Q(R) was obtained
as

L(s) = | QRexp (- Rs)dR

= (4m?)" exp(% ! 252) +Y exp(n '16+ I 2s2) f(s,j - i) + - (6.12.27)

i<j

Expanding the exponential terms in braces as a Taylor series, derive the
equation

_ 1 2\ 2 1 4\ 4 1 Vg2, ...
L(S)—L(O) 1+‘3—'<R>S +—5—'-<R>S + .-+ (—2p—+'—1'5—'<R >S +
(6.12.28)
with
2\ _ 2 4
(R?) =n1 (1+3Z) (6.12.29)
and
i 3 \ ¥
Z=n —
B (2n12) (5.20.3)
Answer

Using the polar coordinate system, L(s) is written as
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oo [T
L(s) = fO fO Q(R)exp (- Rs cos 9) 27R sin® RA6dR (6.12.30)
On putting X=-cosO (dX=sinBdB), the integration over X is performed as

oo 1
L(s) = fo Q(R)27R? f | exp (RsX) dXdr

Rs |!

= J " QR27R? % dR=| Q(R)4nR> S‘“l;‘sRs dR (6.12.31)
0 1 0

sinh(Rs) is expanded as a Taylor series:

SinhRS _ 1 22 1 4 4
Rs  ~ raRstgRs +- (6.12.32)

Then we have

(- Lpoa, Loty ) ame?
L(s)—f0 Q(R)(l+3!Rs+5!Rs + )41tR dR

=f0 QRMTRZR + % fo R2Q(R)MTRA R + —2—' fo R*Q(R)M4TR?d R +--

(6.12.33)
L(0) is obtained by putting s=0 in Eq. (6.12.27) as
LO= [ Q®) dR= [ Q) 4R R (6.12.34)
From the definition,
f: R’Q(R) 47RZd R

=(r?) (6.12.35)

fo‘” QR) 4nR%R

and
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fow R*Q(R) 47R%d R

_[p4 (6.12.36)
L(0) - <R >
Then, Eq. (6.12.33) reduces to
Yoo\ 2, 1704\ 4
L(s)=L(0)(l+§<R >s +3T<R >s + e (6.12.37)
Substitution of the equation
3 |3
f(s,i) = - 6.12.22
(21:11 2) P ( )

for f in Eq. (6.12.27) and series expansion of the right-hand side of the
equation yields

n 2 Ly 3 32
an/?) 1+ 27262 B At B | ——
( ) 6 " 16l ECXP 6 2n(j-i)/2 P

2
n

/484 +ees
2162

= (41:/2)n 1+ %lzs2 +

3n . ( _.+.)2
-y _3 B 1+£_’_J_il/252+L_J_l/4s4+...
i | 2nlj-i)/? 6 2167

= (4ns?)

T LR VIV I W
6 216 2n/?
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n— .]+ / 2
BJZ'(J 1) ,Z. (j-—l)m s+ (6.12.38)

The coefficient of s* in the right-hand side of Eq. (6.12.38) is

2" n o 3 _]+l 2
(4m12) gl '(21:1 ) B ,§6 ok (6.12.39)

The summation in the brace is calculated as

Zn-(j;i) ik(n k) —nikm Zk]/z

i (j-i) EE i k=1
2n 1y o 3 (6.12.40)
2

Then Eq. (6.12.39) is further reduced to
kY.
2\0n . - 3 4 1n
(4nl )gl 1+ (;d—z) B3n (6.12.41)

This coefficient has to be identical to the coefficient of s? in Eq. (6.12.29):

L(O)%<R2> (6.12.42)

Substitution of the definition of Z (Eq. (5.20.3)) in Eq. (6.12.41) yields
1/ nl%f, 4 H\P
L(O)§<R ) = T{l +§ Z}(4nl ) (6.12.43)

Using the relationship
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32
n 3 1
L) ={4m ?) { 1+ —— — 6.12.44
( ) 27'(12 Bj>i0_i)3/2 ( )
we finally obtain
2 2 4
(R?) =n1 (1+§z) (6.12.29)

Thus, when the excluded volume effect is not negligible, Gaussian
approximation cannot be applicable.

* For Z =0, we have
<R2>0 —nl? (6.12.45)

The swelling coefficient (or expansion factor) based on the end-to-end distance oy is
defined by

of=>— (6.12.46)
R™ .12,
(®?),
Using Eq. (6.12.29),
2 _ 4
op=1+ §Z (6.12.47)

Similarly to Eq. (6.12.29), we have
- 4
(rij) =(-i)! 2(1+§ z) (6.12.48)

for the partial chain consisting of i to j th particles. In this context, the interactions only
between | and m segments in the range i<l<m<j are taken into account and the interactions
between k, 1 and k’ segments with 0<k<l<j<k’<n are not included. Taking the latter
interactions into account, Yamakawa and Kurata derived the equation

n

A . ra) 4o 3 )
() =G-1 1433(;{13 D+-
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D=§0—i)”2—4(n-i)"2_4j”2+U‘i) .8

Vo3

X{ m-)*"?-@m-)¥?-j¥ +i3’2> (6.12.49)

Substitution of Eq. (6.12.49) for <rij2> in the equation
2\ _ 1 2
(s?)=5% <fij > (6.12.50)
n i>j

yields
2
2 _nl 134

(See H. Yamakawa and M. Kurata, J. Phys. Soc. Japan 13, 78 (1958)).
The swelling coefficient based on the radius of gyration is defined by

. (89

a’= <SOZ> (6.12.52)

If we take higher order terms into account,

aglza’ (6.12.53)

*Excluded volume parameter Z is defined by

3 3n -
Z= ( ol 2) Bn (5.20.3)

where / is the length of a segment, B the excluded volume of an arbitrary chosen segment
pair. The number of different segment pairs in a polymer chain with n segments is

2

n! =n(n— 1)

n
“C2“2!(n-2)! 2 2

The excluded volume of a polymer chain is calculated as the sum of the excluded volume of
segment pairs and is proportional to

b,Co=bn?/2.

For Gaussian chain, the root of the mean square end-to-end distance is
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<R2> " (nl 2) v (6.12.54)

The volume of a molecular chain is proportional to the third power of <R?>"2 (or (n/ 2,
Hence, the ratio of the excluded volume to the volume of a molecular chain is

an 1 Bn]/2

5 (nl 2)3/2 = 2(1 2)3/2 =Z

Thus, Z is proportional to the volume fraction of the excluded volume in the molecular
volume (See Reference below Eq. (5.20.3)). The parameter Z was first introduced by Zimm-
Stockwayer-Fixman (See B. H. Zimm, W. H. Stockmayer and M. Fixman, J. Chem. Phys. 21,
1716 (1953)).

(6.12.55)

<<Problem 6-13-a>> Increase in free energy by swelling
Derive the expression for the increase in free energy by swelling AF,, with
expansion factor o for Gaussian polymer chains:

3
N; =N(%) exp(- BZRJ-Z) -41tRj2de (6.13.1)

where N is the number of total polymer chains, N; the number of polymer
chains with the end-to-end distance being R;, B*=3/(2<S>>)=9/<R*>, <§>> the
mean square radius of gyration and <R>> the mean square end-to-end distance.
Assume the entropy change associated with the conformational change of the
polymer chains is negligible.

Answer
Consider polymer chains at swollen state. The probability for finding

polymer chains with the end-to-end distance in the range between R; and Rj+dR,;
is

3
W= = (%) exp(- BR;?) -4nR %dR; (6.13.2)

The end-to-end distance of the polymer chains before swelling is Rj/a..  If we
assume the number of polymer chains does not change by swelling, the
corresponding probability x; and the number of polymer chains N; before
swelling are expressed as
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MR

respectively. The number of ways for dividing N polymer chains into N,
N,,...Nj... polymers is
N N '
AN AT AR AR (6.13.4)
10725073 J H Nj'
i

Hence, the number of states is obtained as
whi
Q=N]] (N—’,) (6.13.5)
i\
Using Stirling’s law, the logarithm of W is calculated as

InQ =N1nN-N+Z(1n whi-N, 1an+Nj)
j

]

NW. ) Vi w. ) %i
=zj‘,1n{-]w’} =sz:1n{—)—(_—1} (6.13.6)

]

From Egs. (6.13.2) and (6.13.3),

W, 1
< = oexp (8%R7%) (1 - gz‘) (6.13.7)

J

Then, we have

W,
In (——’) = |32Rj2(L -1) +3lna
Xj (12
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InQ=N 3} x BZRJ?(—]E -1) +3Ino
i o
J

1
=N[32 (? ~1)Z{ijj2}+3Nlna (6.13.8)
i
Approximation of sum by integral yields

2 ijjz - foo rzx(r)dr
j O

h B \(4n B2r? 3 (o)’
=J:) (ﬁ) (g)r“exp(- 7 dr= 5 (‘6 (6.139)
We finally obtain

3
an=5N(1-a2)+3Nlna (6.13.10)

Since we can assume that the swelling process occurs without significant
change in internal energy, we have AF, = -TAS,, and

AF,(a) = Fy(ot) - Fy(1) = Fy )

3 2 Ino
=-kT1nQ=-§NkT{(1-0L )+T} (6.13.11)

(See P. J. Flory, J. Chem. Phys. 17, 303 (1949))

<<Problem 6-13-b>> o’-law

Suppose the center of gravity of a Gaussian polymer chain be at the origin.
The volume of the shell with the center at the origin and with inner radius s;
and thickness ds; is 4nts?ds;. The number of segments at a distance from the
center of gravity in the range between s; and s;+ds; is
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3
n;= n(%) exp(- stjz) -41tsj2dsj (6.13.12)

Here, n is the total number of segments. If the polymer chain expands
isotropically with an expansion factor a, the resultant volume of the shell is
4no’s’ds;.  The number of solvent molecules in the shell is

41t0(3sj2dsj(1 - q),j)
N;= Y, (6.13.13)

where ¢ ,; is the volume fraction of the polymer in the shell (=r;/(n;+N;)),Vo
the molecular volume of the solvent. Referring to the expression for the
chemical potential of solvent in Flory-Huggins theory

1
Ao =RT 1“(‘-¢n)+(1'g)¢,+x¢,2+~- (3.11.3)
the chemical potential of solvent in the shell is
1
Auy =RT 1“(1 '¢1j) + (1 'E) Oy +X¢1j2 +oe (6.13.14)

If n; is much smaller than N, we can expand the logarithmic term in Eq.
(6.13.14) as a series of ¢,; . Neglecting the higher order terms, we have

)
Ap,oj:—:-RT{% -X }¢l,~2=-RT\v,(1 - ?)%2 (6.13.15)

The change in free energy by swelling is the sum of the change in free energy
of mixing AFy and the change in elastic free energy as

AF:AFM+AFel=ZAFMj+AFel (6.13.16)
i

Fig. 6-13-b shows an illustration of AFy and AF,, against a. The value of o
at the equilibrium state is determined as o at the minimum of the free energy.
Derive the relationship between o and Z.
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— L, .
Fig. 6-13-b Illustration of change in free energy of mixing ZAFy;, elastic
free energy AF. and total free energy AF as a function of swelling
coefficient

Answer
From Eq. (6.13.16), we have
JAF oAF Mj 0AF

Ta_zj do. + oa (6.13.17)

The first term in the right-hand side is rewritten as

. JAF aN oN,
Mj M
? oo _zj: oN; ; Hoj - aa

-HW( )2¢u o (6.13.18)

In case Nj>>n;,

;= " ]
1j nJ+NJ NJ

n

(6.13.19)

From Egs. (6.13. 12) and (6.13.13), we have

N, 12moa’s .
aa ——;G—— 5; (6.13.20)

ny Vo B 3 2 2
et Yo (B o

4 na3Sj2 dSJ
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nV, 3
_(T) eXP( Bs 2) (6.13.21)
and then
N, 12n°Vp°
2 0 2.2
qu’li F i ZS exp|- 27,7 o (6.13.22)
12n%V,B° 3n°V,B°
Z—% szexp(- 2|32$2) ds= 3/313 (6.13.23)
o 0 (Zn) ot
Here we approximate sum by integral. Using the relationship
B2=, BP=] K 6.13.24
<R2> <R2> (6.13.24)
and
Mo
nv0=—N—v—‘='nV0,v0 =V, (6.13.25)
A
we have
2 aN 6CMM"’-
1J ot
-3n
- 2
Co =27 v’ <R> (6.13.26)
M7 N2V M

Here, v is the partial specific volume of polymer and v, the segment volume.
The coefficient Cy does not depend on the kind of solvent and molecular

weight of polymer but only depends on the kind of polymer. Substitution of
Eq. (6.13.26) for the summation in the right-hand side of Eq. (6.13.18) yields

OAF,, ( e)éCMMm

s KTV a (6.13.27)

T o
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From Eq. (6.13.11), we have

aAFel 1
3o =-3kT (a— -0() (6.13.28)

for N=1. We finally obtain
oAF 0AF Mj dAF el
da. =§’ o | da

= Xy, [1-2 6CuM” 3T | 4
= KTy, |15 | == - 3kT| - (6.13.29)

At the equilibrium state, dAF/d0=0. Thus, we derive the Flory-Fox
equation

)
as—a3=2CMw1(l--,f) M2 (6.13.30)

(See P. J. Flory and T. G Fox, Jr., J. Polym. Sci. 5, 745 (1950))
Using the relationships

2 _
/2=<R°> n=_Mv

?

n TN,V

(6.13.31)

the excluded volume parameter Z can be expressed from Egs. (5.20.3) and
(5.21.1) as

12
n

0
Z=2\U1 (1 -—) ———33
T (anz)

3

(6.13.32)

Z is further rewritten as

332 0 M V2 v 2 172
7)) (o) 61539

Then, Eq. (6.13.30) can be rewritten as
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o’-0P=260Z (6.13.34)

Eq. (6.13.34) is called o>-law (See P. J. Flory and T. G Fox, Jr., J. Polym. Sci.
5, 745 (1950)).

<<Problem 6-13-c>> Segment density at the origin
Show that the segment density at the origin p(0) is proportional to M~
M?# by using the Flory-Fox equation:

o’ -ad=2Cpyv, (1 %) M'"?

o M2 (6.13.30)

Answer
For a Gaussian chain, we have
n 2
p(r)dr=n _ET exp iz— 4nridr (6.11.1)
2n{s?) 2(s?)
At the origin (r=0),
3 3n
PO =n|—— (6.13.35)
2n(s?)

From <<Problem 6-9>>, we have
2\ _ l ”2
(8?) =2l (6.13.36)

Here !” is related to the parameter o as
17 =017 (6.13.37)
According to the Flory-Fox theory (See Eq. (6.13.34)),

o’ - 0% o« M®? (6.13.38)
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If o>>1, we have

o oc M%? < n%? (6.13.39)

Substitution of Egs. (6.13.36) and (6.13.37) for <S8*> in Eq. (6.13.35), we
have

p(0) o< a;‘ 5 (6.13.40)
In case a=1, we have

p(0) =M (6.13.41)
In case a>>1, we have

p0) M %8 (6.13.42)
Thus,

p(0) o< M 08 . M 03 (6.13.43)

This result indicates that the segment density near the center of gravity is small
when the solvent is good.

<<Problem 6-14-a>> Mean internal energy

Consider a Gaussian polymer chain having n segments with the radius of
gyration being S%.  The probability density for finding segments at the
distance from the center of gravity in the range between r and r+dr is

p(r) = —3—3/2 eXP-g—i— 6.11.1
21!(8)2 2 <S>2 ( 11, )

Assume the potential energy of the polymer is approximated by the sum of the
potential energy for arbitrarily chosen segment pairsi and j as

(=09

Fig. 6-14 Interaction of two spheres
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U(r‘,rz’ P ,ri’ “es ’rj’ .o ,l'n) =2 u (l'ij) (614,1)
ij

and the force between segment pairs is a short range interaction as

u (rij) =0, r<a (6.14.2)
@ <<l r=a (6.14.3)

B is defined by
B= kiT fo " u(rnedr (6.14.4)

(See Eq.(5.13.5)). The total number of segment pairs in a molecule is n%/2.
Calculate the mean internal energy for a fixed value of S:

<U(S)>=£22-J- f u(rij) p(ri)p(rj)dridrj (6.14.5)

Answer

Let’s change the integration variables from the set r; and r; to the set r; and
Lij.

I =T +Tjj (6.14.6)

Since Jacobian

X:ViZi, XiViinZs

dr, -dr, =y | 22070 BEYiRt ) g g (6.14.7)
XipYisZip XY pZj

is 1, then

dl‘j 'dri =dl'J 'drij (614‘8)

Using the relationship

2 2
2 i r
ri2+l‘j2 =ri2+(ri+rij) =2(r.+—l-) ""'L (6149)
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and Eq. (6.14.1), we have

ury) p{rs) p(r5) = u(ry) p(rs) pfr + vy

3 2
3 3 L L
ﬁ) u(ry) expl- o 2(n+3}) +—> (| (6.14.10)

The integration of U(S) over r; in Eq. (6.14.5) yields

r

2( 3 )’ 3 3 ry |
<U(S)>=Ez—(—27c? u(rij)exp(-zs—irij2 dry | expl -_-S—2 (ri+—21) dr;

3

o

2 3f
n 3 3 2
=_2‘(E “('ij)exP( Tag2 dr;; (—

|

3
_ n2 3 1\2 3 2 d
= —1—6- E u(rij)exp - Erij rij (6141 1)

Since the interaction potential is finite only in the range r=0, exp{-3r; jz/(4SZ)}
in the integrant can be approximated by 1. Then, using Eq. (6.14.4), we have

mwlw 3

2

3 kT n 2
(U(S» = 11]_6(%) j “("ij) dr;;= Bl—6 (%) ;— (6.14.12)

<<Problem 6-14-b>> Relationship between o and Z (I)
Eq. (6.14.12) can be rewritten as

KT (31 n2  n?BckT
o222
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1 3 32
C=1—6(E) (6.14.13)

The radius of gyration of ideal chain obeys Gaussian distribution, i.e., <§%>.
The radius of gyration of the excluded volume chain is calculated as the
statistical mean:

- (Us)
J S p,(s)exp(-—ﬁ— dS

0
(s?)= (6.14.14)
= ues
J' pl(S)exp(-< k(T)>)dS
0
with
3\ 382
p@S) = (21:(32)0) exp 2(32)0 (6.14.15)
and
l 2
<S2>o=36— (6.14.16)

Derive the relationship between o, and Z by substituting Egs. (6.14.13) and
(6.14.15) in Eq. (6.14.14). Here, Z is defined by

ol 3 3n

Z=pn (gr—cl—z) (5.20.3)

If we define S* as the value of S when the function

S’exp %%—E;F (6.14.17)
0

has a maximum, the integral of this function is calculated as
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3 3 8% n?Be
S €Xp| - 3 <S—2>-—- 3 S3 dS
0 0
S”+8S
2 2
- b Sexpl -3 S M Belyg
._Sélr_)no S €Xp --2—'@2—}—- 2 S3 dS—l (6.14'18)
S™-88 0

That is, Eq. (6.14.17) can be replaced by Dirac’s & function 8(S-S*). Use this
relationship.

* In a strict sense, we must use exp(-F/kT)=<exp(-U(S)kT)> in place of exp(-<U(S)>/kT).

Answer
Eq. (6.14.14) can be rewritten as
T os-sT), s e
| ms* ds fo 5(s-s") 4ns ds
(s?) = 0 - (6.14.19)
[~ &8s -s* ~&s-s*
—(—7—) 4nS? ds J % 4m dS
Jo S 0
Using the relationship

f: (5) §{3-$7) ds=£s") (6.14.20)

Eq. (6.14.19) is further reduced to
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(-

(6.14.21)

Thus, we need to calculate S*? instead of <S*>. Differentiation of the

function Eq. (6.14.18) with respect to S yields

2 Is3e _.31_82__22_
oS 2<Sz>0 2 g3
. 38* 3n?Pc 3.8 o
=(3S <Sz>0+ 2 S ’§<Sz>0' 2 g3

35 30’ e
() 287

38™2

or
*
S™ 2

Dividing both sides of Eq. (6.14.24) by
2\ 2 0¥,

(57 = =om!

we have

N2\ 3/23%30: 32,3 2 16
() (7 1 0l

From Eqs. (6.14.21) and (6.12.52), we have

(6.14.22)

(6.14.23)

(6.14.24)

(6.14.25)

(6.14.26)
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(),
N (o2 s (6.14.27)
CHNNCHA
Combining Eqs. (6.14.26) and (6.14.27), we have
33/2
o -od= =5z (6.14.28)

This result agrees with the Flory-Fox equation (6.13.34).
(See M. Fixman, J. Chem. Phys. 23, 1656 (1955) and T. B. Grimley, Trans.
Faraday Soc. 55, 681 (1959))

<<Problem 6-15-a>> o’*-law
Fixman derived the equation

ag’-1=27 (6.15.1)

by assuming that the variance of Gaussian distribution function be enhanced by
o’ times by the excluded volume effect. Derive Eq.(6.15.1).

Answer

The end-to-end distance of a polymer chain is expressed as a series expansion
of the excluded volume parameter Z as

4
(R?) =n12( 1+32Z+ ) (6.12.29)
with
3 3R
Z =pn'”? (W) (5.20.3)

When the excluded volume effect is large, the higher order terms are not
negligible. Thus, it is more convenient if a closed form of <R”> is available.
We start from the equation

(R?) =ni’0ap2=n (toe)? (6.15.2)

This equation gives the mean square end-to-end distance of a Gaussian polymer
chain with the segment length / oz. If the interaction between segment pairs
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changes, resulting in a change in Z, Egs. (6.12.29)" and (5.20.3) are replaced
by

4 _,
<R2> = nl20LR2 l+§Z + .- (6.15.3)
and
3 32
Z =pn'"*| —5— 6.15.4
b 2nl %o (6.15.4)

Let’s denote the infinitesimal change in <R*> caused by an infinitesimal change
in Z’,dZ’, asd<R*>. Then we have

(R ~Sarogaz 5 (2] " 7 5
d{R =-3—nl (leZ =§1—}; -2—1d—2 n B (615)

Here we assume that og be constant. Similarly, from Eq. (6.15.2), we have
d(R?) =2 nl 2opdocg (6.15.6)

Since the change in oy is associated with the change in 8, Egs. (6.15.5) and
(6.15.6) should be identical. Thus,

2 4 3 \"” 40

Jog {2112 (6.15.7)
Rearrangement of Eq. (6.15.7) yields
3n
2, _4/( 3 n a4
20gdog = 3 (2nl 5| n"dB= 3dZ (6.15.8)
Integration of Eq. (6.15.8) gives
O, 2. |2 3|™®_2 32 4 _ Zidz
fl 2oldo=| 305" | T=gon’- 37327 |3 (6.15.9)

Here we use the boundary condition og=1 for Z=0, i.e., f=0. Thus we
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obtain

2 5 2
_(x - ——
R 3

N

3

aR3-l=(%) (g-) V4 (6.15.1)

Eq. (6.15.1) shows og’e<M'? or otg’<Z for M—yeo or Z—co.  This is called
o’-law. The method used in this problem is a perturbation theory. (See M.
Fixman, J. Chem. Phys. 36, 306, 3123 (1962))

4
3

<<Problem 6-15-b>> Relationship between o and Z (II)
According to Kurata-Yamakawa theory, the radius of gyration of a polymer
chain is given by

2
\_p°f, 134,
(s2) =" (1+1052+ ) (6.12.51)
with
372
_a.2| 3
Z=pn (‘—zmz) (5.20.3)

Derive the equation

aj-1=191Z (6.15.10)

by means of Fixman’s method used in <<Problem 6-15-a>>.

Answer
Suppose the radius of gyration of a random coil chain

2
<Sz>o=gl6— (6.14.16)

is modified by intermolecular interaction to

n/20t 2
(s2) = — (6.15.11)
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For a change in o, Ao, associated with the change in the interaction, say AP,
we have

2 2
S
2
EH(IZS) (1+2Aas+...) (6.15.12)

Eq. (6.15.11) gives the radius of gyration of a random coil chain with segment
length / . Eq. (6.15.12) gives that of the excluded volume chain affected
by the interaction AB. Thus, from Eq. (6.12.51),

2 n
<Sz>=ﬂ(l(61s) 1+}3‘5‘Aﬁn"2{—3—)—2}

27‘(10‘5 (6.15.13)
Combining Egs. (6.15.12) and (6.15.13), we have
280, 134 poinf 3 3w
o, 105 om (loc )2 (6.15.14)
S
For an infinitesimal change, Eq. (6.15.14) is reduced to
2o, = 132 6.15.15
20 "dot, = 75 dZ (6.15.15)

Integration of Eq. (6.15.15) under the boundary condition (=1 for Z=0)
yields

13433

3 =
o -I—WZ—ISIZ (6.15.10)

s

The coefficient of Z is slightly different from that obtained in <<Problem 6-
15-a>> based on the end-to-end distance:

ag’-1=2Z (6.15.1)



<<Problem 6-15-c>>  Relationship between o and z (III)
The equation for three-dimensional polymer chains

ag®-1=27

is replaced by

(XRZ- 1 =‘;‘Z*

with
Z' = —[-3—5 n
Tl
for two-dimensional polymer chains. Derive Eq. (6.15.16).

Answer
For two-dimensional chains, Eq. (6.4.1) reads

1 R
W(R) = exp| - —
nnl 2 p( nl 2)

where

(R = (%) -u

347

(6.15.1)

(6.15.16)

(6.15.17)

(6.15.18)

(6.5.7)

Here R is a two-dimensional vector. Referring to Eq. (6.12.7) and replacing

4nl % by 2nl and 3/2 by 1, we have

f dr,---dr
dridrdR

(2 ?)" [ ) (L (5s-r)’
=2nl —_— L .
. (nilz) A RTE (n(i-i)lz)exp G-

2
R-r

X ———1————5 exp - £—1)2 dridr;dR
n(n - j)! (m-pl

n

Using the approximation

(6.15.19)
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TS I

(i) j>i

with

el )

the equation

QR)IR = f f exp( )dr dr, --- dr,
is reduced to

QR)R= | (2n 2)"( ! 2) exp ( _R_z)
n

Ttnl

B[ ] (]2t

2
e 5
X| = lexp|{-———5 [% -
n(j - 1?2 G-1! n(n-j)!

The Laplace transformation of Q(R) is defined by

L(s) = f Q(R) exp| -Rs)dR

(6.12.4)

(6.12.3)

(6.12.1)

2
drdr;

(Rr;)
z)exp ( (@-ji

dR

(6.15.20)

(6.12.13)

The Laplace transformation of exp(-R*/n/ ) in the bracket of the right-hand
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side in Eq. (6.15.20) is given by

R2
exp| - — exp(—Rs)dR
n/
2 2
=] exp -—)E—Z-sz dX x | exp -—Y——Z-Ysy dy
nl nl

2.2 2.2
N 2 nl sy 3 nl sy
=4/ ml exp( 7 ) XA/ Tl exp( 7

2 n! 282
=7l “ exp 7 (6.15.21)

Thus, we have

, o
L) = (2nd )" exp( nls )+Z exp( n—'iﬁlzsz)f(s’j'i) (6.15.22)

i

where

) x(r) r’
f(s,i) = =

The numerical values 47t/ 2, 6 and 3/2 in Eq. (6.12.16) are replaced by 2x/, 4
and 1 in Egs. (6.15.22) and (6.15.23).  Since the integrant has a finite value
only in a limited range of small r, we have

IJ‘ 1
r)dr=—— f (r) 2mrdr
w2l rin2)

1 u(rij)) | -
=- 1-ex (- ——2 | ( 2nrdr=- B 6.15.24)
nil ? { P nil 2 (

0

exp(- rs Jdr (6.15.23)

f(s,)) =
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with

. u(rij)
B = 1-exp|- =7 2nedr (6.15.25)

0

The exponential term in Eq. (6.12.13) is expanded in a Taylor series as
1 1
exp(- Rs) =z F(_ Rs) Z k'( Rs cos9)
= k!

Then Eq. (6.12. 13) is rewritten as

(6.15.26)

1s) = [ QRJE 35(- Rs cos 6) 'ar (6.15.27)

The probability distribution function that the end-to-end distance of a chain be
R, Q(R), depends only upon R and does not depend on 6. Thus, the
integration over 0 can be performed as

L(s) =§,ki!s“ j Q(R)(-R)'RdR f (cos6)de

G
2 r(%z)

,k :odd

,k :even

oy 1)
k

k

(6.15.28)

F‘ k+1)
=§ %24/11: k22 skf Q(R)RdeR, k=024, -
. k! ( + )
2

For s=0, Eq. (6.12.13) is reduced to
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1O = [ Q(R)R=[ Q(R)ReR [ de=2n/ Q(r) RaR (6.15.29)

Then the integration over R in Eq. (6.15.28) yields

r(&;l
v 1 k1 k
L(s) % o2/ N $5— f Q(R)R*2nRdR
2
kel
=y Llosm 2 L J Q(R)R*dR
s N
2
1 r(%l 1

=L(0)<1+%%<R2) o qr g (RY) S“+---} (6.15:30)

Expanding the exponential terms of Eq. (6.15.22) in a Taylor series and
neglecting higher order terms, we have

22 \K . k
L) =(2n )" 2%( P‘IZS—) +ZZEIT{( o 17‘82) f(s,j-i)}
k : )

Piok
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2 k
=(2nl ) ZQ, (%-) + ( nf:l ) fi(s,j- 1)} s*  (6.15.31)

joi

Comparison of the terms for s=0 (k=0) in Egs. (6.15.30) and (6.15.31) yields

L(O)=(21tl )“ 1-

B*
=i G- 2] (6.15.32)

Then Eq. (6.15.31) is rewritten as

1 nl 2 * n-j+i, » X B* 2k

i G - i)l 2

L(s) = A (6.15.33)
1. p

(- )2
Comparing the coefficients of s?* in Egs. (6.15.30) and (6.15.33), we have

1 n-j+i\* B (nlz)k
—11- ’
1 lr(zk?j’l) k! E( n )n(j-i)lz 4
2k

—_ R*) = -
(k) v {2k +2 -3
2 1 TG - 1)1 2
(6.15.34)
Approximating sum by integral and putting k=1, we have
* n 2
|y ) 2 l-ﬁ/"lzfl (0-1*/ a
_1_ T r( - nl (6.15.35)
2!
1.8 /nl f n-1/ dt




353

With the numerical values I'(3/2)= ~/n/2 and I'(2)=1, the coefficient of <R*>
is calculated as 1/4.  Using the parameter Z* defined by

* B*
y4 =(;l——2)n (6.15.17)

Eq. (6.15.34) is reduced to

<R2>=nl2 =nl?

. (Mn- n
1-Z j L ozl (L g
1 nt p\t o

* 3 2 1
1-Z (lnn-§+h—-:—2;§)

1-2*(1nn-1+1)
n

=nl ?

AR A
=nl (1+7+;+"-) (6.15.36)

* Compare with <R®> for the three-dimensional chain given by

4
(Rz) =nl 2{1 +32Z+ } (6.12.29y°
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The relationship between o and Z* is obtained referring to Fixman’s‘
method as follows. <R®> of the polymer swollen by the interaction B’ is given
by
2
(R2) =ni 0, (6.15.2)

If ag changes by Aoy associated with a change in B*, AB*, Eq. (6.15.2) is
replaced by

<R2> =nl? (aR+AaR)2'=~nl 20 (1 +2 %(—XR—R + oo ) (6.15.37)

Combining Egs. (6.15.17) and (6.15.36), we have

A\ _ 2 a2, 1 _op
(R?) = nl %o 1+2nlzaR2n+ (6.15.38)

Comparing Eqgs. (6.15.37) and (6.15.38), we have
200 1 AR 1AZ°

ar 2 1l%ag? n=z g2 (6.15.39)

For an infinitesimal change, we have

20 dotg = % dz’ (6.15.40)

Integration of Eq. (6.15.40) under the boundary condition ag=1 for Z*=0
yields Eq. (6.15.1).

<<Problem 6-16-a>> Relationship between o and Z (IV)

In Fixman’s theory, it was assumed that the segment length of the excluded
volume chain increased by o times the segment length of the original random
coil chain and the value of o was coincident with that of ag. However, when
the excluded volume effect is not negligible, the random coil approximation is
no longer applied. Thus, o should not be always identical to og. If we
denote the former value of « as o*, Eq. (6.15.8) should be
replaced by
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dz

dog? =C, =
R 1 (6.16.1)
with
4
Ci=3=133- (6.16.2)

Here, ox? and o2 were calculated as

2 oo
og’ = <<:02>> =1 +i§] Gz (6.16.3)

c1=§51.333

Cy=- 1?6 + %gn =-2.075385396

C _64 73679_132021n2+16161ng i
373 8100 ~ 2025 405 2

512 0do
45 (143 sin%)

— =6.296879676

C,=-25.05725072
C5=116.134785
C¢=-594.71663 (6.16.4)

(See M.Muthukumar and B.G.Nickel, J.Chem. Phys.80,5839 (1984) ; H.Suzuki,
Macromolecules 18,2082 (1985))

{8 s o
o = =1+C\Z-C,Z2°+ C'yZ7 + - (6.16.5)
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, 134
¢\ =1ae =1276

, 536 1247 _
z—ﬁ-mnzlom

(6.16.6)

(See H. Yamakawa and G. Tanaka, J. Chem. Phys. 45, 1938 (1966), ibid. 47,

3991 (1967) and M. Fixman, ibid. 23, 1656 (1955))
Express o* in a power series of Z using Egs. (6.16.1) and (6.16.2).

Next, on

assuming that do*?/dZ can be expressed in a similar form as Eq. (6.16.1),

derive o* in a closed form of Z. Then derive the equation

4.67 02 =3.67 +(149.34) ™

Answer

Differentiating Eq.(6.16.3) with respect to Z, we have

2
dog

‘—(Tz—' =C|-2C2Z+ 3C3ZZ-‘“

Substitution of Eq. (6.16.8) for dog?/dZ in Eq. (6.16.1) yields

C
C,-2C,Z+ 3C,Z%- . =2

*

a

and then we have

* 1

- 2
C, Cs

C, G\ (G5 ..
_1+4C_IZ+ 12(61‘)-6(-(:—1- Z°+ .-

a

The differential of o*? with respect to Z at Z=0 is

(99_) &
iz ), C,

(6.16.7)

(6.16.8)

(6.16.9)

(6.16.10)

(6.16.11)
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On the other hand, the differential of o* with respect to Z at Z=0,
(doch/dZ)z=0 , is C;. Combining Egs. (6.16.8) and (6.16.9), we have

dag’) Cy 6.16.12
Z ) o (6.16.12)

for Z>0. We assume a similar relationship between the values at Z=0 and
Z>0 for da**/dZ:

(datz) iCs 6.16.13
Z | co (6.16.13)

The solution of Eq. (6.16.13) is

*3
o C2
=5 _2(61-)Z+k, (6.16.14)

Under the boundary condition (ot*=1 for Z=0), we have k;=1/3. Thus, we
have o* in a closed form of Z as

C

o =1+6(—3)z (6.16.15)
C

Substitution of Eq. (6.16.15) for a* in Eq. (6.16.1) yields

daR2 ¢

© el

The solution of Eq. (6.16.16) is

(6.16.16)

f* 2/3

Cy
1+6| 2|z
\ c,dz  _ 3c i

B
C 2
1+6] 22|z 6(C—2)
C, ]
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2/3

C]2 C2
R RS (6.16.17)
1

Under the boundary condition of ag=1 for Z=0, we have

C 2
1
kz—'zc—z (6.16.18)
Thus we obtain
23
az_c,216c22 1C12
R =26,) YOl E, MR ToN
) 2
RSN s BPUNY FURPY o1 P 3 (6.16.19)
ac;| ¢ 2 C,

Substituting Eq. (6.16.4) for C, and C, in Eq. (6.16.19), we have Eq. (6.16.7)
which is called Ptitsyn’s equation. (See O. B. Ptitsyn, Vyskomol. Soedin. 3,
1673 (1961))

<<Problem 6-16-b>> Relationship between ccand Z (V)

Ptitsyn’s theory is more strict than Fixman’s theory since the former takes
account of non-Gaussian expantion factor for the excluded volume chain.
However, in this derivation, an adjustable parameter k was introduced as

o= 1-kZ (6.16.20)

In the equation of a*? in a power series of Z

C c,\? (c
2 _ 2 22) el 3 2, ...
a? = 1+4(CI)Z+ 12(C’) 6(Cl) 7%+ (6.16.21)

the numerical value of the coefficient for Z? is



359

2
2,075 6.459) et

which is only 1/1245 of the coefficient for Z. Thus, we can rewrite Eq.
(6.16.21) as

. C
a? = 1+4(—3)Z+0(z3) (6.16.22)
C,
With the aid of Eq. (6.16.22), solve the equation
dag’ C,
Z o (6.16.23)
Answer

Substitution of Eq. (6.16.20) for a* in Eq. (6.16.23) yields
dog C,

a7 - T (6.16.24)
C,
{1 +4 (C_l) Z}
The solution of the differential equation (6.16.24) is
.2 c 12
2 1 2
= — —= 6.16.25
g 2C2{1+4(C1)z} +k, ( )
Under the boundary condition (og=1 for Z=0), we have
C,?
k,=1- 3, (6.16.26)
then
) V)
2o S 2% Sz
% = 3G, E_F R C, (6.16.27)

Substitution of the numerical values C,=1.333 and C,=2.075 (Eq. (6.16.4)) in
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Eq. (6.16.27) yields
ag? =0.572+0.428 (1+623Z)" (6.16.28)

(See H. Suzuki, Macromolecules 3, 373 (1970) and H. Yamakawa and G.
Tanaka, J. Chem. Phys. 47, 3991 (1967))

* The equation for a2 which corresponds to Eq. (6.16.28) is given as follows: o is
expanded in a power series of Z as

ol =1+CZ-C,Z%+-- (6.16.29)
where
C, =1.276,C,=2.082 (6.16.30)

If we use Eq. (6.16.29) in place of Eq. (6.16.4) and perform similar calculations as <<Problem
6-16-a>> and <<6-16-b>>, we have

3
., G2 l4c, Ll C, .
o -—E C—lz -1+ + -(-:—1 (6.16.31)

(Ptitsyn’s equation)
which corresponds to Eq. (6.16.19), and

12
2, Ci7 |26, Lo liaal €2y n
o —2C2 C—lz -1+ + E—; (6.16.32)

(Suzuki’s equation)

which corresponds to Eq. (6.16.28). Substitution of numerical values C, and C, in Egs.
(6.16.31) and (6.16.32) yields

@2 =0.805+0.195 {1+9.79Z} (6.16.33)
and
o, =0.609+0.391 {1+6.53Z} " (6.16.34)

respectively. Since o is readily determined empirically, Eqs. (6.16.33) and (6.16.34) can be
assessed by experiments.
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<<Problem 6-17-a>> Relationship between o and Z (VI): Kurata-
Stockmayer-Roig’s equation

For a Gaussian chain, the segment density at the point where the distance
from the center of gravity is r is expressed as

_ 3 " 31‘2 2 ,
p(r)dr—(m) exp| - E 4nr-dr (6.11.1)

Now let’s assume that <R*> is given by (See Eq. (6.14.14))

R*p(R) exp(- ﬁ%‘fl) dR

U (6.17.1)
p(R) exp(— g—lﬁ) dR

@)

where p(R) is the probability distribution function that the end-to-end distance
of the chain is R and Uy is the interaction energy for R, as expressed by

3R?
PR) = const CXP(' 2nl 2) (6.17.2)
(Ur) = COSSL B ka PrARIPR(R) 47s” ds (6.17.3)

Here, pr(R) is the segment density at the point where the distance from the
center of gravity is R for the chain with the end-to-end distance being R. For a
fixed value of the end-to-end distance R, the shape of the molecular chain is
assumed to be an ellipsoid of revolution with the direction of the major axis
being the direction of R.  The radius of gyration for a fixed R in the three
principal directions is given by

2\ _ nl 2 3R2

and
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nl?
<sy"-> =<sz2> -5 (6.17.5)
The volume of the ellipsoid of revolution constructed by revolving the ellipsoid
2 2
X y
Nt a1 (6.17.6)
<Sx > <Sy >
along the major axis x is given by
”
2\ 12 <Sx2> 2
Sx 2 2 X
Vg=n ARy dx=mx Sy 1-< 2> dx
“\S 1”2 s
" (s:7) '
47 N2y 5
=3 (s2) (s,2)m (6.17.7)

Substitution of Egs. (6.17.4) and (6.17.5) for <s,>> and <s,”> in Eq. (6.17.7)
yields

12 1”2
V. —iniz El_z_ l+.3_Ri
R™3M 36 36 nl 2
1”2
41V e 2 n!
—3‘(%) 3%anl R1+—3?

nl 2

12
=const. nl >R{ 1 + — 6.17.8
( mz) 617:8)

If we assume n segments are distributed homogeneously inside the ellipsoid of
revolution, the segment density is obtained as

n const.

p (S) = =
R Vi ] 2 173 (6.17.9)
nl “R{l1+ n /3R2
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According to the method used in <<Problem 6-14>>, derive the relationship
between og and Z as

czZ

ocR3-ozR=—-——-—l--7 (6.17.10)
1+ 3
3oy
for the present model. Here C’ is a constant.
Answer
Substitution of Eq. (6.17.9) for pr(R) in Eq. (6.17.3) yields
<UR> const oo const.f3 oo
2 2 2 2
) fO pr(s)dns”ds = > Pr (s)fo 4ms” ds
12
nl?
_ const.§ n_2 — const. Bn'? R?
- 2 VR_ 13 nlz (61711)
1+ -
3R

Then substitution of this expression for <Ur>/KT in Eq. (6.17.1) yields

172

s 3R? Bn'/? n/? )

R? exp| ~ exp| —-C 4R *dR
{ p( 2n/2J 7 7 |R(1+nf/3R?)

1/2
o 3R? Bn'/2 n/ )
exp| — exp| -C 47tR “dR
£ p( 2n/2] =7 R2(1+n/ /3R?)

1727
< . 3R? Bn'/? e
R*exp| — -C dR
!) A" 207 £ |R*(1+n/ /3R?)

) ot P 7] (6.17.12)
R?*(1+n/ /3R?)
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Using the relationships

o 2= R R (6.15.2)
L. 15.
nl <R2>
and
Bn]/2 3 3R
=75 (5) (5.20.3)

Eq. (6.17.12) is further rewritten as

- 12
3 2123 1
o expl — = o2 —C(—) YA P do
REXP Ty R ™M ok (1+1/303) R
2\ _ L J
(aR>_ r 3 23 ) 1727
< 2%
[o& exp| - = otk - C(——) Z{—z————} dotg
0 0 )

O e §

2 3 2(1+1/30k

o , -112

[akexp ——3—a§—3cz(l+ 12) dog

0 2 (0.2 3(X,R
= — (6.17.13)

jfoc2 exp —gaz Xz, L da

. R 2 R o 3(1]2; R
where

(2n)3/2

C’=———5TC=const (6.17.14)
Let’s denote the value of og when the function
alexp -2 a2 2CZ 14— o

R €XP{ -7 OR oy 30‘R2 (6.17.15)

has its maximum as ag*. Then Eq. (6.17.13) can be rewritten as
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J;o ot S(aR - a;) dog
. 6.17.16
() - .

foc 8(ocR - a;%R dory

0

Thus, we need to calculate og*? in order to obtain <oig”>. og* is given by
solving the equation

i0c3ex -Ea 2—3C'Z 1+ ! o
dag| R FPY\TZ MR g 30,2

Ao, 3CZ 1 \" 3¢z 1 1 \Y¥ 2
SRR Bl b ] Bl v iy ) R
R R R R

X exp -éa 2-3C’Z 1+ ! " =0
2 %R o 302 (6.17.17)
or
-12 -3n
o . C'Z
3o - 30 +3CZowg [ 1+ 1,2 3 S 1+ 1*2 =0 (6.17.18)
3oy 3oy 3ag
1 -3R
o -ag=CZ (1+-—,,3) =0 (6.17.19)
oy

If we denote <og> simply as o, by using Eq. (6.17.17), we have Eq.
(6.17.10). Eq. (6.17.10) is called Kurata-Stockmayer-Roig’s equation
which gives a closed form of o as a function of Z. When 0ig—>eo, then
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Zo<og®. (See M. Kurata, W. H. Stockmayer and A. Roig, J. Chem. Phys. 33,

151 (1960))

<<Problem 6-17-b>> Relationship between o and Z (VII)

The coefficient C’ in the equation for the ellipsoid of revolution model

2

R
oy -0 =CZ (1 +g)
R

is determined as

, 4 52
=3

by comparison with the coefficient of the equation

aR2—1=%Z+---

Derive Eq. (6.17.20).

Answer
Eq. (6.16.3) can be approximated by

17
aRs(1+%Z)

and then

3n 1”7
aR3-aR5(1+%Z) -(1+%’-Z) E%Z

(6.17.11)

(6.17.20)

(6.16.3)

(6.17.21)

(6.17.22)

By comparing the right-hand sides of Egs. (6.17.11) and (6.17.22), we have

312

n 1+ 30,2
ST Ly
3 3ag 3\ 30,

(6.17.23)
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Thus, Eq. (6.16.3) can be rewritten as
T 1 -32 i5/2 —3— 32 Bnm'
R R~ 3(1R2 3 m I 3 (61724)

<<Problem 6-18>> Determination of Flory constant K

Assume the ratio of the root of the mean square end-to-end distance for
nonideal conformation <R*> and ideal conformation <R*>, (or perturbed state
and unperturbed state), a=<R>*>'"?/<R?>,'2, be related to the excluded volume
parameter

of 3\
as
ag’-1=2Z (Fixman’s relation) (6.15.1)

Combine this relationship with the Flory-Fox equation for the intrinsic
viscosity

[n]=KM e, (6.18.1)

and discuss how to determine the Flory constant K in Eq. (6.18.1) from [n]
and M. Here,

( 2> 32

R

K=<I>0( M") =@,A° (6.18.2)
(R?)y w2 2

A=l o 18.
M M m, (6.18.3)

172 32, <112 32
=gl 3y"M”_B[3 Y
Z—B(M) (21:) o _moz(zn) AM (6.18.4)

where my is the molecular weight of a segment. Eq. (6.18.4) is identical with
Eq. (8.33.1) (See also <<Problem 8-32>> and <<8-33>>).
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Answer
Using the parameter

=— (6.18.5)
Eq. (6.18.4) can be rewritten as

3n
Z= (—315) BA M =0330B A*M'? (6.18.6)

According to Fox and Flory (See J. Phys. Colloid Chem. 53, 197 (1949)), we
have
an3 = 2% (6.18.7)

Let’s assume a functional form similar to Eq. (6.15.1) for the relationship
between o, and Z;

a,-1=CZ+0(z?) + - (6.18.8)
Combining Egs. (6.18.7) and (6.18.8), C is estimated as

2.43x2
C= 3 =1.62

3

If higher order terms in Eq. (6.18.8) are negligible, we have the equation
o,’- 121.62Z (6.18.9)
Substitution of Egs. (6.18.1), (6.18.2) and (6.18.6) in this equation yields
n ;
%2- =K + @A x1.62x0.330B A" *M 2 = K + 0.535B @, M ? (6.18.10)

Thus, we can determine K from the intercept of the plot for [n)/M'/? against
M2 (M—es). This plot was first proposed by Burchard and then a similar
plot was carried out by Stockmayer-Fixman based on Kurata-Yamakawa
theory:

0; - 1=1.55Z (6.18.11)

in place of Eq. (6.18.9). In this case, Eq. (6.18.10) is replaced by
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n
% =K +0.5¢,B M~ (6.18.12)

The coefficients of M'/? in the right-hand sides of Eqs. (6.18.10) and (6.18.12)
are slightly different.

* a, is defined by
] Fw
"], Fol® (6.18.13)

where [n], is the intrinsic viscosity at 0 state. For x—»ec (complete non-free draining), we
have

F(x
o 3= ¥ _

—2 =1+ 1552+ OZY) + - (6.18.14)
N Fo(x) oz

from Kurata-Yamakawa theory (See <<Problem 8-34>>). If higher order terms are negligible,
we can derive Eq. (6.18.11). The parameters A and B in Eq. (6.18.6) stand for short range
interaction and long range interaction, respectively. The former is the interaction between
close segments along the main chain. It depends on the valence angle and the restriction of
molecular rotation and also slightly depends on temperature, but does not depend on
molecular weight and kinds of solvent very much. The latter is the van der Waals type
interaction between segments distant on the main chain but temporarily close. It depends
strongly upon molecular weight, kinds of solvent and temperature. The theory developed
with use of only these two parameters for describing solution properties of polymer is called
the two-parameter theory. (See W. Burchard, Makromol. Chem. 50, 20 (1961), W. H.
Stockmayer and M. Fixman, J. Polym. Sci. C1, 137 (1963))

<<Problem 6-19>> Determination of Z
Discuss how to determine the excluded volume parameter Z

Answer
Z is expressed as

3n
Z= (23—“) BA®M"=0330BA> M"? (6.18.6)

with the parameters



A== (6.18.3)
and
B
B=—3 (6.18.5)
my

Here, A can be determined with the aid of the relationship A*=<R?>y/M=
6<Sz>o/M

or

Wl
A= 50—M% (6.19.1)

173

empirically from the ratio of <S¢*> and M or the ratio of [] and M in 6
solvent.

* The parameter B is determined by the following methods.
(1) Ajisrelated to B as

N,B NuB,( @
Ar=——=—3 (1-;1,-) (6.19.2)

near the 6 temperature (See Eq.(5.21.2)). Differentiation of A, with respect to T at T=6
yields

dA,| 2
By=0 Ea R (6.19.3)
) NA
Thus, from the temperature dependence of A, we can determine
B=B,|1 9 (6.19.4)
=Dy T .19,

(2) With the aid of the relationship

-2
v 0
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NABO 0
2

1 _T) F(Z) (521.2)

we can determine B from the slope of the plot for A,/F(Z) vs. (1-8/T).

(3) With the aid of Stockmayer-Fixman equation (See Egs. (6.18.12) and
(6.19.2))

[%1; =1 + 1.55x0.330B A *M "2 (6.19.5)

we can determine B from the slope of the plot for (n)/[n], vs. M2, Here, the
approximation

o= 142Z (6.19.6)

is used for the derivation of Eq. (6.19.5). Thus, Eq. (6.19.5) cannot hold for
large Z.

(4) According to the Flory-Huggins theory, apparent second virial coefficient S
for concentrated solutions is given by

2 3 i
_ vell vl V| iz
where
X=%1+ X294 (6.19.8)

The intercept of the plot for RTS vs. C at C=0 is given by

-2
vi(l N,B
RT v (-2- - xl) =RT > (6.19.9)

We can determine B from the intercept based on Eq. (6.19.9). (See N. Kuwahara, T. Okazawa
and M. Kaneko, J. Chem. Phys. 47, 3357 (1967))

* Thus, no direct method for determining B or B is available. If the excluded volume
theory is exact, we have an explicit function

Z=f{a,) (6.19.10)
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Then, we can determine Z from Eq. (6.19.10). The theory can be checked by confirming the
proportionality between Z thus obtained and M 2. However, if we determine Z based on
Fixman’s o,*-law for solutions of polystyrene, poly o-methylstyrene, polychloroprene and
polyisobutyrene, the resultant Z is a nonlinear function of M 2

<<Problem 6-20>> ¢, and y; comparison between experiment and theory
According to McMillan-Mayer theory, A; is given by

Ny Ny

Ay=-—277 = fg 1,2)d(1)d2) |
2 Ve M2V WV 2( ) (5.11.1)
and
n_c 2 3

=—+A,C°+A;C +
RT M (5.2.1)
On the other hand, A, for gas is given by
A,=-N,/*=- 21N {1 -exp{ 20

2- " Na - A -€Xp KT (6.20.1)

0

A, A.
n_1, 2+__3+ . (6.20.2)
RT V y2 3

where u(r) is the two-body potential. Similarly to Eq. (6.20.1), A, for
polymer solutions is expressed as

N, w(iyia)
A,= ~oT F()F,2)|1-exp{ - D, — 1A (5.12.7)

iy
\%

where w(ij, i) is the interaction potential between /; th segment and i, th
segment and Fy is the N-body distribution function. (See <<Problem 5-12>>)
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In case of
oo, I<Iy W(il’iZ) _, uD
u(r)_{u(r), rZro} P 121' (=T (6.20.3)
112
we have
_ Ty 5 * r%u(r)
A,= Ny 2n 0 rodr+2n T dr (6.20.4)

o

Thus, A; stands for the excluded volume of a polymer chain (first term) when
the attraction force (second term) is negligible. Eq. (5.12.7)’ can be
expressed in a series of Z, W(Z), as

(s9)™
A,=4n*N, vead (2 (6.20.5)

Generally, y(Z)=0 for Z=0 and converges to a finite value for large Z. This

result indicates that the excluded volume is proportional to <§?>*? for large Z
and decreases with decreasing Z, i.e., polymer chains do not penetrate each
other for large Z but penetrate with decreasing Z. y(Z) is called the

penetrating function. Summarize the theoretically explicit functional form
of Y(Z) and describe how experiments can be compared with the theories.

Answer
Theoretical functional forms for (Z) are summarized as follows:
(1) Flory theory

o’ -a’=2.60Z

(L), 2302

s

(2) modified Flory theory
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5 3_ 134

%0 =155

573 g (6.20.7)

Z

N

(3) Yamakawa theory
o2 =0.541 +0.459 (1+6.04Z

-0.2865
Y= D S P v (6.20.8)
1.276 o’

) 0.46

S

(4) Fixman-Kurata theory
o =1+191Z

(1)), [, 06832\
V=135047 o3 (6.20.9)

S

These theories are compared with experiments. Modified Flory equation and
Fixman equation can be rewritten with the parameter

Z =0.330BA> M!? (6.20.10)

as

a’-o

——— =1.27x0.330BA" (6.20.11)
M

and

o 3.
s _ 3

" 1.91x0.330BA (6.20.12)

respectively. Therefore, we can discuss the validity of these theories by plotting
(Ocss-as3 YM"? and (o 3-1)yM" 2 against M2, using light scattering data.
Typical example is shown in Fig. 6-20. It should be noted that the observed
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<8%> includes effects of the interaction between segments and solvent, since
different kinds of solvent are used in the experiments. Generally, the solvent-
polymer interaction parameter exhibits anomalous behavior, then <§?>or o
depends on molecular weight in low molecular weight range, resulting in
inconsistency with theories. In Flory’s theory, molecular weight dependence

Fig. 6-20 ¥ as a function of o’ observed and calculated using different
theories.  Polychloroprene fractions in trans-decalin  at different
temperatures(QO), in n-butyl acetate at 25°C (D), in carbon tetrachloride at
25°C (@). Solid lines, calculated from various theories cited in the text;
(1)Flory (2) modified Flory (3)Yamakawa (4)Fixman-Kurata. Dashed line
is the best fit to the plotted points. (See T.Norisuye, K.Kawahara,
A.Teramoto, and H.Fujita, J Chem.Phys. 49, 4330 (1968))

[1] P.).Flory, JChem. Phys. 17, 303 (1949); P.J.Flory and W.R.Krigbaum, J. Chem.
Phys. 18, 1086 (1950); T.A.Orofino and P.J.Flory, J.Chem.Phys. 26, 1067 (1957) {2]
B.H.Zimm, W.H.Stockmayer and M.Fixman, J Chem. Phys. 21, 1716 (1953);
M.Fixnan, J Chem. Phys. 23, 1656 (1955); H. Yamakawa, J. Phys. Soc. Japan 13, 87
(1958); A.C.Albrecht, J.Chem. Phys. 27, 1002 (1957) [3] H.Yamakawa and G.Tanaka, J.
Chem. Phys. 47, 3991 (1967); H.Yamakawa, JChem. Phys. 48, 2103 (1968) [4]
M Kurata, M .Fukatsu,H.Sotobay ashi and H.Yamakawa, J.Chem. Phys. 41, 139 (1964);
M.Fixman, J. Chem. Phys. 36, 3123 (1962).
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of AF,, is not taken into account and an approximation of M—-eo is used for the
estimation of concentration inside the coil. In Fixman’s theory, molecular
weight effects are included only in a many-body effect of cluster expansion,
i.e., in higher order coefficients of Z.
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Chapter 7 Light Scattering

<<Problem 7-1>> Rayleigh’s equation for scattered light intensity

Suppose N optically isotropic scattering particles of the same shape in a
scattering volume V. Perpendicularly polarized incident monochromatic light
with vibration number ®, travels along positive x-axis with the electric vector
polarized along xz plane. Calculate the scattered light intensity L(r)
observed at a point P where r is the distance from the standard particle at the
origin O to the point P and prove that I,(r) is inversely proportional to the
fourth power of the wave length A (Rayleigh’s A"* law). The optical
geometry is shown in Fig. 7-1.

Answer

Light is electromagnetic field which propagates in time and space. The
electric field of light in the direction r is expressed as

E-E, cos(21w 20 r) (7.1.1)

where Vv is the frequency, A the wave length of light, t the time and r denotes

zt

¥ 2X scattered light

incident light

Fig. 7-1 Optical geometry
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an arbitrary point. When an isolated particle is illuminated by a parallel beam
of linearly polarized radiation, the particle becomes polarized in the
electromagnetic field due to the displacement of the electrons with respect to
the nuclei. For the harmonically oscillating electric field E of Eq. (7.1.1), a
synchronously vibrating electric dipole P is induced (Lord Rayleigh, 1871).
Then a scattered light is emitted from the dipole (secondary wave). The
relation between E and P for the particle at a point ry is given by

2r
2‘% r, ) =P, cos(21wt iy ro) (7.1.2)
where the proportional coefficient « is the polarizability. Since Eq. (7.1.2)
should be independent of the position of the particle, it is sufficient to consider
the equation

P =0E = 0oE cos(2nvt) = P, cos(2mvt) (7.1.3)
instead of Eq. (7.1.2). Here, we assume that the solution of the scattering
particles be sufficiently dilute so that the scattered light from the particles are
regarded as independent and the multiple scattering is negligible. The
scattered light at a point P which is distant from the particle by r has an electric
field polarized along 6, E,, and a magnetic field polarized along vy, H,.
According to the electromagnetic theory,

P=0E=cE, cos(vat -

271)? P, si
E, = ("—)%sﬂcos(znvt _ %"r) (7.1.4)
(2m)*P,sin@, | ( 27 )
H =—Z 2Vt — — (7.1.5)
v 7\.2r sin N r

The time average of the electric energy per unit volume E’/(8m) is given by
the integration of Eq. (7.1.4) as

el Ll
8n T 8n’°
1 1 av(@u)*P?sin’0, 2n
=r-r"§'1-t'0 )\,4[‘2 cos 21tvt—7r t
1 1 (m)*P?sin’0, anv 2n
_¥§ }\,4r2 .J.O cos 27(\’(-—:1‘ t
1 1 n)*P,sin’0, T (7.1.6)
Tt e 2 -
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Here, the integration is performed by putting x=2nvt-2nr/A (dt=dx/27v) as

jl/vcos (ZWt——r)dt—jx" COS X I [lsin2x+§]
0 2nv 4 2o

= —1—[1 s1n(4nvt—i1-cr) 1 (21wt——2-£r):|
2nvi 4 A 2 A 0

1 {1 an ar Y 1[ 2n ]”V
=— n4mnvtcos— 4mvtsin—r +=| 2Vt ——Tr
{ [Sl cOoSs l r—Ccos 11 l ] 2 )\'

Xo

21tV 0 0
.t _ 1. T
2y 2v 2

(7.1.7)
Similarly, we can calculate the time average of magnetic field and obtain

_1_§=Lﬁz—=(2n)“P02 sin”@, 1 (7.1.8)
8n 8n 8nA‘r? 2

The electromagnetic energy per unit volume is given by Eq. (7.1.8), and is
transferred with velocity of light c. The intensity of light is defined by the
energy transferred per unit cross sectional area and unit time. Thus we have
the scattered light intensity I as

-2 ., 112
_(E +H )C_ c (@m'sin’0, P} ¢ (m*sin®0, o’E

1. = =22 > Yz 70
* 81 an Atr? 2 4m Atr? 2
(7.1.9)
From Eq. (7.1.1), incident light intensity I, is obtained as
Ey? (v ( 2n )d E,2 T E,’
P 21rvt___ t = — s — = — 7.1.10
T h e ST 2 2 (7.1.10)
2
¢ (o7 c E
I,=—(E? +H?)=— =2
. 8n( H?) s (7.1.11)
From Egs. (7.1.9) and (7.1.11), we have
4 .2 2
I _(2m)"sin” 6,0 I, (7.1.12)

z = A2
Thus, the scattered light intensity is inversely proportional to fourth power of
wave length A.
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* Lord Rayleigh (J. W. Strutt) in 1871 gave the first theoretical explanation (the dipole

radiator theory) to the phenomena of light scattering by molecules in a gas in terms of the
electromagnetic theory. Rayleigh considered that the oscillating electric field of light incident
upon a transparent optically isotropic particle when radiation is small compared with the
wave length of the light induce an oscillating electric moment in the particle (See Lord Rayleigh,
Phil. Mag. Ser. 4, 41,447 (1871) and G. Oster, Chem. Rev. 43, 319 (1948)).

* Electric field can also be expressed using an exponential form as

E=E exp(-i(wyt+q,T)) (7.1.13)
where @, is the vibration number and qq is the wave vector of the incident beam.

If there are N particles in a volume V, the relation between E and P for j th particle is given by
P=0E; (7.1.14)

If we denote the vector from the standard particle at the origin to the j th particle as rj, then
the total electric field is expressed as

N N
E(0=Y E~Y, on(t)exp[iq-rj(t)]exp(-imot)exp(-iqS~r) (2.115)
ol B

=1 §

where g, and q are the wave vector of the scattered light and the scattering wave vector (=q;-
qo), respectively, the magnitude of q is g=4n/Asin (0/2)=4ntn/A,sin (6/2) where n is the
refractive index of the solvent and A, is the wavelength in vacuo.

The scattered light intensity I, observed at P is calculated as the time average <E;*Eo> as

050 %sin’8, 1 (1
IZ:NEO—T_I cos” (w,t-qr)dt
cT T 0
T
4.2 : 2
®,0.“sin “0
20 z1 ) 1|1 . > . i
=M g———————{ —| —sin” ® tcos 2q.r-cos 2m,tsin 2q.r +—[(D t-q ]
4?2 T %4 0 9 otSIN 2457 T ] Mot st
0
_,0q0%sin®e, . 16ntasin’e,
- 0 0 7.1.16
c'r? A2 ( )

Eq. (7.1.16) is, of course, consistent with Eq. (7.1.12).
Similarly, when the incident light is polarized along xy plane, the scattered light
intensity Iy is calculated as
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_ o l6mfatsin®®,
I, = VE; — (7.1.17)

If the incident light is natural light or non-polarized light, the scattered light intensity I; is the
sum of Egs. (7.1.16) and (7.1.17) as

I=1, 4,

4. 2. .2 .2
o “(sin“ O +sin” 6,) , 8ot
=NEg k4r2y =NE§ ——- s (1+c 26) (7.1.18)

Here we use the relatioship sin’8, + sin’0, = (1-cos?,) + (1 - cos?8,) = 2 - (1 -cos?8) = 1 +
2
cos 9.

<<Problem 7-2-a>> Total scattered light intensity
Using Eq. (7.1.17), derive the equation for the total scattered light intensity

for a particle in unit volume
128n°

wat =7 0l (7.2.1)

Answer

The total scattered light intensity is calculated by integrating Eq. (7.1.18)
over all directions as

< >
< >

1
Fig. 7-2 Attenuation of light intensity in solution.
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2% om . 2n n81t4
Low = IO _[0 Ir? sin 6d6de = _[0 _[0 —?»4r2 r
8“4 2 2R em 2
=—x7—oc IO_[O jo(sin6+sin6cos 0)déde
81t4 2 T . . 2
= —}F—a IOZRJ.O(smB+smecos 0)de =

25inO(1 + cos” B)a’1,d8d@

1287’
¢

Note that the area element at the radius r is given by
(rd@)(rsinBdy)=r’sin6d0dy.

o’l, (7.2.2)

<<Problem 7-2-b>> Turbidity (I)

When incident light with intensity I, passes through a polymer solution, the
intensity decreases due to the light scattered by the polymer molecules. The
transmitted light intensity of the beam emerging at a distance / is given by

I, = Igexp(-tl) (7.2.3)

The attenuation coefficient 7 is called the turbidity. Suppose there are N,
molecules in unit volume. Show turbidity is proportional to N;.

Answer
Equation (7.2.3) is rewritten as

1, L 1 Iyl
T = (n(=>)= -()n(1— (7.2.4)
=) n(Io) (-)ln( I, )

In dilute solutions, (Io-1;)/Ip<<1. Then, we can neglect the higher order terms
of the Taylor series of the logarithmic term as

Iyl 1,1
‘t=—(l/)ln I-L) —__-(l)_o_‘

I, 71, (7.2.5)
The intensity decrease in the solution is identical to the total intensity scattered
by the molecules in the solution. The intensity scattered by a particle in unit
volume is calculated as

1287°
=227 4?1 (7.2.1)
total 37\.4 0

Then the turbidity per unit length is obtained as
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Io"I:_/Vl Imm_1281t5 2
= L= 1, 3\ o N (7.2.6)

Thus, the turbidity is proportional to the number of molecules in unit volume.

<<Problem 7-3>> Rayleigh ratio
Derive the relationship between the Rayleigh ratio defined by
Isr2
0 I()

(7.3.1)

and the number of molecules per unit volume of a polymer solution, &;, where
r is the distance from the solution to the detector and I and I, are the scattered
and incident light intensity, respectively.

Answer
According to Eq. (7.1.18), the intensity I in the direction of 0 scattered by
N, particles in unit volume of the polymer solution is given by

L= % cos? 0)oc
s = W( +C0s )(X oN] (7.3.2)
Thus, Ry is rewritten as

8 20y 2
Ry =~ (I+cos™@)a’V, (7.3.3)

* Rayleigh ratio R, is independent of the distance from the observed particle to the detector
and the intensity of the incident beam. It only depends on the shape and the size of the
scattering particle, the scattering angle and the concentration. The factor (1+cos?8) is the
correction for natural light. Reduced scattered light intensity R} is defined by R, divided by
(1+cos’8).

* The turbidity per unit length 1 is related to R, as

Iy1= 21tR;)I OJ. (1+cos® 8)sin 60
0

= 21tRlelo J: sin 6d6 + .[) " cos? Bsin 00 (= —1—3§1tR;,Io
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I‘I ’
=2t t_16 R

734
3R (73.4)
According to <<Problem 7-10>>, KC/R, can be expanded as a power series of C as
KC 1
—=— +2A,C+3A,C%+ -
Rg M

with

(73.5)

2n% Lfdn)?
=13 nz(é) (7.3.6)
AN,

In the limit of C —0, we have

32 ©°n? { dn \?
limt=MHC=22—"—{ 22} MC 73.7
C0 3 x'NA(dC) 737

Thus, we can determine the molecular weight of the polymer M by measuring the turbidity of
the dilute polymer solution and the difference in refractive index of solution and solvent, and
extrapolating it to C—0, without introducing any kind of empirical constants.

Hlim(C/1)=1/M 7.3y

c—=0

<<Problem 7-4>> Scattering from large particles

If scattering particles (such as polymers) are large compared with the wave
length of the incident light, we must take account of the interference of the
light scattered by different parts in the single particle. Derive the intensity of
the scattered light from particles of arbitrary size.

Answer

We consider an optical geometry as shown in Fig.7-4. The induced dipoles at
B and B’, each scattered by i th or j th particle (or segment) are expressed from
Eq. (7.1.2) as
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P, =P, cos(vat - ZTRK]) (7.4.1)
P, =P 2% & (7.4.2)
; = Pg cos 2TEVt——5L—AJ 4
The electric fields of the scattered light are expressed from Eq. (7.1.4) as

(2n)?P, sin® {( 2n _.) 2n ,__}
E, =————2cos{| 2nvt - —Ai |- —iB (7.4.3)
A’iB A A
@
1
A
1'
Al
(b)
rjcosa
J r("
i/
J '4' . ]
rjcos

Fig. 7-4 Difference in phase of scattered light from points i and j
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(2m)* P, sin O {( 2n —.) 2n .—}
E.=—— " Zcosd|2nvt — —A’j|— — jB’ (7.4.9)
j 5B’ x )T
respectively. The difference in phase of the scattered light is

8, =5 (A +TB)- T (KT + )= {(Ki - 7 - (58" - B)}

2R (5
=7(J i-ij') (7.4.5)
Using the relationship
ji= r; coso
_ (7.4.6)
ji’=r1; cosP

Eq. (7.4.5) is rewritten as

2R (& 5\ 271
Ay =_)T(J i—1ij )=—k—rij(cosot—cosB)

4r ) -, +0o
=Ty smE—smﬁT

A
Putting the relationship f—0=0 in Eq. (7.4.7), we have

A —ﬂr singsin(9+a)—4—nr singcos(z—g—a)
AT 272 A VT2 2 2 (7.4.8)

Introducing parameters (See Note of Eq. (7.1.15))

(7.4.7)

(7.4.9)

Eq. (7.4.8) is reduced to
A; =1;qcos@ (7.4.10)
If we approximate iB=jB’=r, Egs. (7.4.3) and (7.4.4) are reduced to

E - (2m)? P, sin @,

i 2 cos(2mvt’) (7.4.11)
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_(2m)?P, sinb,
TR

If a polymer consists of n segments, the electric field of the scattered light from
the polymer is

cos(27vt’ + A ) (7.4.12)

E=E,+E, +---+E, =Y E, (7.4.13)

i
i=0

The intensity of the scattered light is expressed as

2
C (T2 T2 c7 cf
I=—(E*+H?)=—E?’=—|YE, | =
81t( ) 4n 4n(i§) ')

The average in Eq. (7.4.14) is calculated using Egs. (7.4.11) and (7.4.12) as

zn"fn:EiEj (7.4.14)

c
41 i0j=0

2

21m)* P si

EE == ﬁ((_"));_s“‘ez_J cos(2mvt’) cos(2mvt” + Ay )dt’
r

_12m)*Py*sinG,’
2 Atr?

1 2r)*P,? sin@,?
=5 ez 4y (7.4.15)

The integration of the first term in the bracket of Eq. (7.4.15) is carried out
using a parameter X=4nv t'+A;; (dX=4nvdt’) as

[% JOT cos(41l:vt’ +4 )dt’ + —;j jOT cosA ijdt’]

1/v

ITCOS de isin(41wt’ + Aij)
0 4gmv 4nv

1 . . /v
= —lsm 4mvt’ cos A — cos4mvt’sin Aijl
4nv 0
0

41y
(sin Ay —sin Aij)
= =0 (7.4.16)
4nv
Substitution of Eq. (7.4.15) in Eq. (7.4.14) yields

c 1 (2r)*P,2sin0,% 2 &
e e > Y cosA; (7.4.17)

i=0 j=0

= (—l—){(sin 47 cos A + cos 4T sin Aij) - (0 -cosA; +1-sinAy )}

1=



388

From Eq. (7.4.10), Eq. (7.4.17) is rewritten as

(2n) PO sin@,% o, @

c 1
I=—. — cos|gr;; cos ¢ (7.4.18)
i e Sen(a, cos)

The average in Eq. (7.4.18) is calculated as

I()z ' ,[(:[ cos(qrij cos ‘P) sin pd@dp _ Sin(qrij )
[* [7sin pdedp ar, (7.4.19)

<cos(qrij cos (p)> =

The integration is carried out by using a parameter X=cos@ (dX=-sin@pde),

. _] . n
J,_, ~cos (qr..x)dx _ |sm(qrijx)| _ lsm(qrij cos (p)
0 ! qr; | ‘ qr; ‘
0 0
-1 ) 2sin(qrij)
=—{sin{—qr, | - sin{qr; }) = ———— (7.4.20)
= (i) - sinfar, ) = 2
2ssin{qr;; sin{qr;;
j Jcos(qr,J cos(p)sm(pd(pdp J’znydp=4n cfr J) (7.4.21)
L ij
Lf " [ sin pdgdp = Ioz "I~ cos <P|:dp =2n(2)=4n (7.4.22)
Thus we finally obtain
_ ¢ 8n*P{sin’® singr;  16n*sin’ 0, & & singry
1(0)=—— —X‘,—Z—E:,)JZO - Iy~ 20,20 ar, (7423)

(See M. Kaneko and K. Ogino, Polymer Science (Kobunshi Kagaku), Kyouritsu
Pub. Co., 1965, p130)

* If we use exponential form of electric field (Eq. (7.1.13)), the problem is solved as follows.
We consider the scattered light from the positions rjand ry at time t=0.  The scattered light
intensity is calculated as

1,©)= (EVE,)

o*0?E3(1+cos? 0) /

= e \z exp[lq r: (0)] 2 exp[ iq- 1'1(0)]
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N N N N
=A? 2 z exp{-iq-[r,(O)-rj(O)]} = AZE Z <cos q-rjl> (7.4.24)
=1 =l =1 =1
with
q=4qsqp, I =1y (7.4.25)
and
0)2 E 1 + 200172
A=2%% ( 5 cos’6) (7.4.26)
cir
Let’s denote the angle between r; and ry as 3, that is,
q-T;j= qrjicos B (7.4.27)
The average of cos(gr;) is calculated as
J; cos (qrj,cos B)sm pBdp sinary
<cos (q-rj|)> = - =— (7.4.28)
f sin B dp arji
[}
and then
4202 29l ¥ N
O 0“Egl 1+cos 0 sinqr
1(6)= E s )2 y (7.4.29)
cr e 9
which agrees with Eq. (7.4.23).
<<Problem 7-5>> Particle scattering factor P(6)
Particle scattering factor P(0) is defined by

P@) =2

©) = 1,(0) (7.5.1)

Calculate P(0) for I(0) of a large particle
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4(12Eg( 1+cos 29)

NN
c*r? ZZ

in case of qry<<1.

10)= il (7.4.29)

Answer
sin(qrj)) is expanded in a Taylor series as

. _ 1
sm qr; =q rjl‘g(q rjl)3+ (7.5.2)

Then Eq. (7.4.29) is expressed as

22{1 -—(qrﬂ) + } (1.5.3)

I' =1 1=

2E0( 1+cos 9)

(0= =

I(0) is obtained by putting
q-(ri - l’j) =(
in Eq. (7.5.3) as

2 4,22 2
E0(1+cos 9) ry No'a E0(1+cos 9)
Y3 i= X (7.5.4)

=

The ratio of Egs. (7.5.3) and (7.5.4) is

iﬁ{l - %(qrjl)2+ "'}=1 - '6'3—;’_22;4;512"'

1
N J

1(0) =

—_—

—

P(®) =

1 2/q2
=1-3q (82) + - (7.5.5)
Here <SZ> is the mean square radius of gyration defined by

(s?)= zz,.

(See Eq. (6.9.12))

N4

* Debye noticed that ‘dissymmetry in angular distribution of scattered light intensity (See
P(8)) can be used to obtain information about particle size’ and ‘it is much easier to relate
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particle form and particle size to the observed scattering and ‘the molecular weight of the
substance in solution can be evaluated without introducing any kind of empirical parameters’.
(See P. Debye, J. Appl. Phys. 15, 338 (1944))

<<Problem 7-6>> Guinier plot
Show how to determine the radius of gyration of molecular chains by means
of light scattering.

Answer
According to <<Problem 7-5>>

P©)=1- %qz (s2) + - (1.5.5)

When 0 is sufficiently small, P(0) is approximated as
_1 Y a2/a2
PO =1-q*(s?) (7.6.1)

Thus, we can determine <S*> from the slope of the plot P(6) vs. q* (See A.
Guinier, Ann. Phys. (Paris) 12, 161 (1939); J. chim.Phys. 40, 133 (1943)).

<<Problem 7-7-a>> Determination of the shape of particles from P(6) (I)
Derive the expression for P(6) for

(a) spherical particle with radius a

(b) rod-like particle with length L

(c) Gaussian chain.

Answer

(a) Spherical particle:

Let’s denote the scattering vector as q, the vector connecting the center of the
spherical particle and an arbitrary point P in the particle as r, and the angle
between q and r, as .  The phase of the light scattered from the points where
qr, is a constant is the same. The volume of the element in the range of a
between o and o:+dat and r, between r, and r,+dr is 2nr,’sinododr

The scattered light intensity is given by
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2
2 .
ISZIES‘ = Zexp[lq-l‘p] (771)
P
with
=2nfjﬁ iqr, |, %sin odod 7.
| ) exp[ q p]rp sin rp (7.7 2)
Putting cosa=f, d&=-sinada,, Eq. (7.7.2) is calculated as
_ a -1 . 5 _ a L[ . ]-1 2
| -—ZRJ; J: exp[lq rp]rp d€dr,= ZTEJo r exp(lqr) T dr
1, 4t a 1 .
=4n{| —sin(qr)rdr=—(- —cos(aq) + —sin (aq)
o 9 q q q
Thus,
2 [4n) a 1 2 (47‘)2 2
I,={E/|" = |— (-a-cos(aq)-i—-—z—sin (aq)) =-— (-aqcos(ag)+sin(aq))
q q
a6(4n)2
= 6 (sin x-Xcosx) (11.3)
with x =aq and
q=(4mn/A,)(sin6/2) (7.7.4)

in the medium with the refractive index n.

Iy is obtained by expanding sinx and cosx as a Taylor series and extrapolating
toq —0 as

2
6( 1,12
a(4n 3 S 2
Ip=kmI, =lim (4n) (X_X_+x__..._x(1_x_+...))

q-0 =0 x 6

x>0

2 a641t2
=lima(41t) ((21' %)Jr(% —1—)x2+---)= Sl (1.7.5)
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Then we find the particle scattering factor for spherical particles as

I, o a%4n)’
PO

. 2
s X - XCos X)

X

2
= [%(sin X - XCos x)] (7.7.6)

* Eq. (7.7.6) was first derived by Rayleigh (Lord Rayleigh, Proc. Roy. Soc. A90, 219 (1914).

(b) Rod-like particle:
The difference in phase of the light scattered at the points P and P’ along the
rod depends on the distance between the two points. The total scattered light

intensity I is calculated by summing up the intensity of the scattered light
over the distance.

I e ZZE%;QI (7.7.7)
P p

The integral over P for r,,=const. is
2(L - ryp) (7.7.8)
Approximating sum by integral, we have

L . L ., L .
IsocZJ (L-r) oy =2LJ qurdr-2j S gy
0 qr o qr o 9

L
_ sin qr 1
= ZLL - dr - 2;2—(1 - cos Lq) (7.7.9)

I, is obtained by expanding sin(qr) and cos(Lq) as a Taylor series and
extrapolating to q— 0 as
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3
(ar)
- )
» . I 2. (aL)
[p=limI = lim 2L ——— |dr- | 1 -S54 -]
q—0 q-0 qr q 2!

L
ssz dr-L? =12
0

(7.7.10)
Then we have the particle scattering factor for rod-like molecules as
P(6) = —— —f sin qrd - )2\1 - cos Lq)
H 2x . . 2
= ﬂf sinqrg, .2 2(1 - cos 2x)= lf M4z (Sm x) (7.7.11)
xJ), qr (2x) x) z X
where
X= 1 Z=qr
=3 , ZE(Q

* Eq. (7.7.11) was derived by Neugebauer (See T. Neugebauer, Ann. Physik 42, 509 (1943)).

(c) Gaussian chain:

Let’s take the pearl-necklace model. We denote the vector connecting the k th
segment and j th segment as r;;. The number of combinations for a constant
value of k-j is n-k-j.  Since the number of ways of numbering to j and k is 2
(from left end or right end), the total number should be doubled. The
scattered light intensity

Igoe 2 ; eXpigqryy (7.7.12)
J

is calculated by approximating sum by integral as
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1,(6) o< 2 J Y (n -|k-j l) exp(iq-r,-k)W(rjk) dry (7.7.13)

ik
with the distribution function of ry;

2
3rj

3 2
W)= —= et LI
(*30 (2n| ke |b'2) A i p?

where b’ is the bond length. Using a rectangular coordinate Xjiyjizjx, we have
2 2 2
dl‘jk = dedejdejk, rjk = Xjk + Y_]k + ij

Approximating sum by integral and using a parameter pE’| k-j |, we have

1,(0) o ZJ (n-p) dpj dxpj dy,| dz,expi(q.xp+Qqyy,+ q,Zp)
(1] o o -0

3 % 3(xp2+yp2+zp2)
X|——5 ] exp|- 3 (7.7.14)
2npb’ 2pb’
Integration over X, is carried out as
- 3 )
. 3 2 3%,
exp iq, X )| — | exp| - dx
(qx p)(21tpb’2) p( 2pb'2) p
3
3 ir . 3xp2 d
= exp| iq, X, - —— |dx
21Cpb’2 X P 2pb12 p
U” 2
3 1 . 1 2, 0,2
— 3 2 exp- 3 2x il 30 exp(qx 2pb )dx
2 2 2
=exp(- 3Pb7a, ) (7.7.15)

Thus, 14(0) is calculated as
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" 2,02
1,02 () dp exp(- 3P’ )
]

=2 J nexp(— %pb’zqz)dp - ZJ exp(- %pb’zqz)p dp
0 0

= 2[: nexp(- Ap)dp -2 J; n P exp(- Ap) dp

2 2 2n
= Pexp(- An) - XE + X (7716)
with
2.,2 2
=-b
A 3 q

Putting x=An, we have
2
1.(6) o< 212 { exp(- x) +x - 1} (1.7.17)
X
I is calculated by extrapolating x to 0 as

2n2 21’12 X2 2
Iy o< lim —2{exp(~x)+x-l}= lim =2\ 1-x+ 22 +x- 1=

x-0 X x=0 X
(7.7.18)
Thus the particle scattering factor for a Gaussian chain is obtained as
I, 2
PE)=—= exp(-x) +x -1 (7.7.19)
0 X

with x= —i—nb’zq2

* Eq. (7.7.19) was obtained by Debye (Lecture given at Polytechnic Institute of Brooklyn,
New York, November 25, 1944, according to Oster’s review (See G. Oster, Chem. Rev. 43,
319 (1948), ref. 32)) and derived in detail by Zimm, Stein and Doty (See B. H. Zimm, R. S.
Stein and P. Doty, Polym. Bull. 1, 90 (1945) and see also Debye (P. Debye, J. Phys. Colloid
Chem. 51, 18 (1847))).
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* The scientist who first suggested the importance of light scattering approach to polymer
solutions is P.Debye. He submitted a paper entitled “Light Scattering in Solutions” in J.
Appl. Phys 15, 338 (1944), where he said," In a general way the theoretical work involved is
rather complicated. However, in the special field of polymers advantage can be taken from
the fact that it is possible in many cases to adjust the solvent in such a way that the difference
in refractivity between the solvent and the solute can be considered as small."

<<Problem 7-7-b>> Determination of the shape of particles from P(6) (II)

Calculate the relative scattering intensity at 6=90° with respect to 6=0° for a
spherical particle with diameter 2a=2000A in a solvent with refractive index
n=1.333 for the incident light wavelength 628nm.

Answer

The parameter in Eq. (7.7.4), x=aq, is (4nn/Ay)asin(90°/2)=2.17. Thus,
from Eq. (7.7.6), P(90°)=[(3/2.17%)(0.826-2.17x{-0.564})]>=0.361.

<<Problem 7-8>> Determination of the shape of particles from P(6) (III)

P(®)

xor x*?

Fig. 7-8 Particle scattering factor P(0) for basic particle shapes, abscissais
x for rods (1) and spheres (2), and x'? for coils (3), where
x=(2n/A)Lsin(6/2) for rods, x=(4m/M)asin(6/2) for spheres, and
x=(8n*/3\%)nb"*sin?(6/2) for coils.
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The particle scattering factor P(0) for rod-like particles, spherical
particles and random coils is given by

L 1 (*sinz sinx |2
P(e)=—=;f ————dz-(———)
0

Iy z X (7.7.11)
X= lL Z=qQr
=5Llg . z=q
2
P(0) =[3 sinx—Xcosx]
E( ) (7.7.6)
X = aq
P(B) = ;{exp(-x) +x -1) (7.7.19)
= ;b/Z 2
X 3 q°n

respectively. Calculate P(6) as a function of x or x'%.

Answer
Figure 7-8 shows P(0) as a function of x for particles with various shapes.

<<Problem 7-9>> Determination of polarizability o

Show that the polarizability o can be determined by measuring the
differential coefficient of the refractive index n with respect to the
concentration C, dn/dC, as a function of C, and extrapolating it to C— 0.

Answer

The polarization P induced in a homogeneous solvent in an electric field E is
given by

P=eoE (7.9.1)

where &, is the dielectric constant of the solvent. Suppose solutes are

dissolved to make a sufficiently dilute solution. Then a new polarization P; is
induced on each solute particle. The total polarization of the solution
containing N, particles in unit volume, observed at a far point from the solution,
is given by
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Dtotal = 80E + 4TCN,P1 (7.9.2)

The observed polarization P, is related to the electric field using the dielectric
constant of the solution, g, as

P,=€¢E , eEE=¢gE+4nVP,
P P
e=£0+41t/VlE , E-Ey=4nN 0, azf (7.9.3)

where o is the polarizability of the solute. Here, the direction of P is assumed
to be the same as E.  The velocity v of electromagnetic wave in homogeneous
substanes is given by

V=4/ &L n ny/egly (7.9.4)

where p and L, are the magnetic permeabilities of the solution and the solvent,
respectively, ¢ the velocity of light in vacuo and n the refractive index of the
solution. Thus,

€U ]
n= — =VE& 7.9.5
ety V H (7.9.5)

with ex=¢/€, and p*=p/p,. Since u* =1 in most substances, we have

n= Ve
n?=¢" (7.9.6)

Thus, Eq. (7.9.3) is rewritten as
n’-ny’ =47nN,a (7.9.7)

where n and n, are the refractive indices of the solution and the solvent,
respectively. The term n’-n,? depends only on the concentration C and can be
expanded as a series of C as

2 2. d_112 1/dn?} .
n“-ng =(dC C=0C+2 2 C (7.9.8)

In dilute solutions, o is approximated by
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n“-n 2 n
o= 0o o L jdn} o_ fofdn) o (7.9.9)
any, AnM\dC ., 2rM\dC .,

Thus, o can be determined by measuring (dn/dC)c. Here, note that
(dn/dC)c- depends on wave length of incident light.

<<Problem 7-10-a>> Scattering from small particles
The scattered light intensity of natural light from a solution of small

particles (smaller than 1/20 of wave length) is given by
I, 2nn?(on\*1 ) ol
3 F(1 +cos?6)CKT/| 5~

[ 3C (7.10.1)

e

(See <<Problem 7-13>> and <<7-14>>). Derive the equation for determining
the molecular weight of the particles M and the second virial coefficient A; in
the virial expansion of osmotic pressure

I 1
E:RT(I—VI—+A2C+A3C2+---) (2.8.10)

from the Rayleigh ratio R,

Answer

Optical constant K and reduced scattered light intensity Rg for natural light
are defined by

_ 2n%n? (én_)z
" Nph,'\9C
Isr2

s ——————— .10.2
Re:lo(l +c0526) (7.10.2)

K (7.3.6)

respectively (See <<Problem 7-3>>). Eq. (7.10.1) is rewritten as
KC 1 [l 1

L o =—+A,C+ACH+- (7.10.3)
R, RT(E)C)C_)O M

Thus, we have



401

(K_c) .
-l M
Re c-0

A; can be determined from the initial slope in the plot of KC/Rgvs. C.
Using the relationship

A

n=—_“0°_ (2.7.8)
VO

Eq. (7.10.3) is rewritten as

KC_ 1 aA“o) 7.10.4

R, RTvg( 9C Jr» 71049

<<Problem 7-10-b>> Scattering from polymer solution
Consider a polymer solution which contains N polymer molecules with the
degree of polymerization n in volume V. Derive the equation for the

scattering from the polymer solution and compare the equation with Eq.
(7.10.3).

Answer

The scattered light from polymer solutions comes from the interference of
the scattered light of two segments in the same molecule I; and in different
molecules 1,:

I=Ii+Id (7.10.5)

Referring to Eq. (7.4.24), the former is proportional to I; < /Y. 3 exp(igr;)

for the segment pairs in the same molecule and the latter is proportional to
I, < N? Y exp(iqr;;) for the segment pairs in different molecules.

Using P(0) defined by Eq. (7.5.1),
I= Mn® P(0) (7.10.6)

Using the segment distribution function F,(1,2) defined by Eq. (5.12.4),
. N? .
I, < N*Y Y expikrpp ) = Wz Y -+ [F,(1,2) expikr, ,, )d(DA(2)
PP

K V2

(7.10.7)
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Here, the subscripts 1 and 2 denote arbitrarily chosen molecules, i, and v,
denote the , th segment of the molecule 1 and v, th segment of the molecule 2,
respectively, and r,,, is the distance between the two segments. Eq. (7.10.7)
can be rewritten as

MY Y exp i(krwk%z j i p,(exp i(kr) dr (7.10.8)

with

paD=dY. [ 3 EE L
Vs (7.10.9)

where the integration in Eq. (7.10.9) is carried out under the restriction r,,,,=r
(const.). If we rewrite F5(1,2) as {F,(1,2) - F(1)F(2)} + F(1)F(2), then Eq.
(7.10.9) is devided into two terms as

Py T [ AF.2-F) FO) d) dpen’
TP H1vy

(7.10.10)
Substitution of Eq. (7.10.10) for p,(r) in Eq. (7.10.8) yields

N? ZZexpl(krPP)—szz -] {F,(1,2)- FOF)}expi(kr,,,, )d(1)d(2)

v2
B (7.10.11)
Here, the contribution of the term n? is neglected. Now we define P,(0) by

>3- [ {F,(1,2)- FO)FQ2)}expi(kr, ,. )d(1)d(2)

P,(0) =" (7.10.12)
:(0) n? [ [{F,(1,2) - F)F(2)}d(1)d(2)

From Eq. (5.12.1), we have

2A, M2V

[ ] {02~ FOF@}d2) = - =—2—— (7.10.13)
A
Eq. (7.10.11) is rewritten as
2 2
ZZexpl(krPP )=-2A, A\’, M n’P,(0) (7.10.14)
P A

If we denote the proportional coefficient in Eq.(7.10.7) as k’/V, Eq.(7.10.5)
is
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rewritten as

’ 2
1(6) =< 1://“ {P(®)-2A,MP,(8)C +--} (7.10.15)
with C=NM/N,V or
1(6) = KC{MP(6) - 2A,M’P, (8)C +---} (7.10.16)
or
kC__1 P,® .
1(6) MP(9) t2h, P(0)> C+ (7.10.17)

with K=k’Nn?/M?

<<Problem 7-11-a>> Effect of molecular weight distribution of polymer
chains on P(6)

From <<Problem 7-7-a (c)>>, the particle scattering factor for dilute random
coil solutions is given by

I, 2
P(9) = L= F(exp(-x) +X -1) (7.7.19)

LS

where n and b’ are the degree of polymerization and the bond length,
respectively. Derive the expression for P(0) for a polydisperse polymer with the
number distribution function f,(n) and the weight distribution function f,(n).

Answer

I(0) is given by the integration of the intensity of the scattered light from
the polymer with the degree of polymerization, 1,(6), over n as

o

146) = f 1,(6) f,(n)dn o f " P,(6)n’f,(m)dn = f P,(6)nf, (m)dn (7.11.1)
0 0 0

Here, f,(n)dn is the fraction of the polymer with the degree of polymerization

being in the range n and n+dn. From the normalization condition, we have
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o oo

J fo(n)dn = J fw(n)dn =1

(7.11.2)

The particle scattering factor for the polydisperse polymer is calculated as

j i Pn(G)nfw(n)dn

P©) == -
fo Jnfw(n)dn

Eq. (7.11.3) is rewritten as
1 oo
PO) = [ P(o)ntucoran

with

n, = J; i nf,(n)dn

With reference to <<Problem 7-5>>, P,(8) is expressed as
P©)=1- 3inq2<2 ch2> .o

For Gaussian chains, we have

LS4

Eq. (7.11.6) is rewritten as

P,,(9)=1-1§un+...

Substitution of Eq. (7.11.8) for P,(0) in Eq. (7.11.4) yields

P©) = J (1 RLITA ---)nfw(n)dn
n 3

wJe

(7.11.3)

(7.11.4)

(7.11.5)

(7.11.6)

(6.9.1)

(7.11.7)

(7.11.8)
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. f i nf(n)dn - J %unsz(n)dn + j ) O( q4)nfw(n)dn + .
n 0 0

w 0
1
=1-Zhn, + - (7.11.9)
with

)
f

n,

J: nf,(n)dn

Using Eq. (6.9.1), Eq. (7.11.6) is rewritten as
Pn(6)=1-%<82>q2+--- (7.11.11)

Substitution of Eq. (7.11.11) for P,(6) in Eq. (7.11.4) yields

P(§) = }TI‘J (1 ; %-qz(sz) + ---)nfw(n)dn

= Hl“ fo i nf,(n)dn - ni%qz ﬁ i (s2)nfw(n)dn P

=1 _-;-q2<(s2)>z+ (7.11.12)
with
((s9), -1 [ {sPntutomn = o[ {s2)me.ovpam (7.11.13)

* Thus, <S%> determined by the light scattering method is z-average one. If 8 is small,

.1 1 16n’n®
lm =+ 39 (5, =1+ (7). o

where n is the refractive index of the medium and A the wave length of the incident light in
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vacuo. Then, referring to Eq. (7.10.16), Eq. (7.10.3) is replaced by

KC:(I )1+16n2n2<<82>>z .0

— +2A,C sin” — (7.11.15)
R, M ? 3\ 2

For solutions of large particles, K/R,> of unknown solutions is determined using R, for
standard substances such as benzene as

212 n2 dn )’

n —_

K _ n(dC) — (7.11.16)
R’ (I— Io) . Riaz90

alvo

I BZ,90

where Ipz o is the intensity for pure benzene and Ry o in benzeneat 25°C is 29.1, 23.1 and
7.81 x10°%cm’! for A= 488, 514.5 and 647.1nm, respectively.

<<Problem 7-11-b>> Zimm plot

From Eq.(7.11.15), we can determine the radius of gyration, the second
virial coefficient and the molecular weight from the initial slope at C —0 and
6— 0 and the intercept in the plot of KC/R, vs. sin?60+kC, where k is a
constant, respectively, as shown in Fig. 7-11-b.  This plot called the Zimm
plot (See B.H.Zimm, J.Chem. Phys. 16. 1099 (1948)) is widely used for the
analysis of polymer solutions by means of light scattering.

Suppose that from the angular dependence of the scattered light from a
monodisperse flexible polymer solution extrapolated to zero concentration, the
initial slope k; and the intercept with the y axis, k; , in the plot of (KC/Rg)co
vs. sin?(6/2) was obtained as 2.0 x 107 and 4.0 x 1077, respectively. Helium-
Neon laser with wavelength in vacuo A;=628nm and a solvent with refractive
index nyg=1.39 were used. Calculate the molecular weight and the end-to-end
distance of the polymer.

Answer

From Eq. (7.10.17), the molecular weight of the polymer is M=1/k=2.5 x
10° and the radius of gyration <S§?>=3A%k,M/(16nng%)=1.32 x 10° A. Hence
<§2>12=1.15x10°A. For the linear coil (Eq. (6.9.1)), the end-to-end distance
is <R*>'/2=62<8%>12=2 8x10°A.
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X10-

0.2 0.4 06 03 L0 Lo L4
sin* +100¢

Fig. 7-11-b Zimm plot for the system polystyrene in toluene at 34.5°C
which gives M,=4.5x10° and 6<$*>/M=0.70x10"'® (by courtesy of Prof.
Nakata in Hokkaido University)

<<Problem 7-12-a>> Particle scattering factor of polymers with Schulz-
Zimm molecular weight distribution (I)

Calculate P(8) for the polymers with Schulz-Zimm type distribution of the
degree of polymerization as

1
@ =17 exp(-yn) (7.12.1)
z!

where the two parameters, z and y, specify the width and the position of the
peak of the distribution, respectively (See Eq. (9.8.13)).

* It is easily shown that the ratio of the weight and number-average degrees of polymerization
is given by the relationship n,/n,=(z+1)/z. For a monodisperse sample, z=c°. With
decreasing z the distribution broadens. The important case of the normal distribution of
molecular weight, which results from polycondensation reactions, is characterized by z=1.

Answer
According to <<Problem 7-11>>,

PO = [ ,(6)nf,@dn (7.11.4)

Substitution of Eq. (7.12.1) for fi(n) in Eq. (7.11.4) yields
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z+1

yz —n” exp(-yn)dn

L[ 1-x{sD)q%+ - Y e exp(-yn)dn
n 3\ /4 z Y (7.12.2)

The first term and the second term in the right-hand side of Eq. (7.12.2) are
calculated as

nW
exp(—yn)dn:;l-=l (7.12.3)
w
1 11 9™
+ ¥
— - =—] — -yn)d
J exp(-yn)dn an; 18q i exp(-yn)dn
yz+l q2
l8n J ST exp( yn)dn= Tgn (7.12.4)

respectively. The particle scattering factor for monodisperse Gaussian chains

2 2.,
Pn(G) = )—(—z-(exp(-x) +x -1), X=ny, U= §b 2q? (7.7.19)

is rewritten as

P,(6) = %(exp(-nzlﬂ) +ny -1) (7.12.5)
n2

Then P(0) for the polydisperse chains is obtained as

1 [ 2
P(e)'n_wjo n2u2

_ 1 - 2 2 2 yZ+1 21
e J; P(exp(-n 1) -yn) +njL -I)Tn dn

z+1

(exp(-nzuz) +np -l)yz' n?*!

exp(-yn)dn



409

1

o 2 yZ+] 21 1 2yz+1 .
“n.l 2 X | 7 - d 12,
an; 2 2 exp(-ym)n~ dn + o exp(-ymn“dn  (7.12.6)

Integration over n yields
P(9)=2/nwu~2[(z+ l)lz(nwu)2]~[l —@+1)? f(z+1+ nwu)z] (7.12.7)

For z=00, Eq. (7.12.7) is reduced to Eq. (7.7.19). For z=1, we have

oo

2 22 W o 2 2.2
! Eexp(-n 1) -yn) el dn——IIZ—J; exp(—n 1l -yn)dn
[~ z+1 2 e
%y ' exp(-yn)nz']dn=£y7f exp(-yn)dn (7.12.8)
Jo H z p-Jo
[~ z+1 2
2y z 2y J.w
— xp(-ymn“dn = — xp(-yn)dn
douz!ep(y)nn l’lonep(y)
and
PO) ' =1+n,p/2 (7.12.9)
For large values of x, Eq. (7.7.19) is reduced to
2 2 2 2
PO==-5=-—" 12,10
(© x XX mn nip? (7.12.10)
and
_ 1 x 1 nu
P'@®)=—+=+-+— 7.12.11)
© 2 2 2 2 (

Eq. (7.12.11) indicates that P"'(8) should be proportional to sin?(6/2) for
sufficiently large x. For polydisperse systems, P(8) defined by Eq. (7.11.4),
in combination with the asymptotic form of P(0), Eq. (7.12.10), yields

P(0)=n] G) [, f. (n)xn—ny/ (52—] [, n7'f,, (n)dn (7.12.12)
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where
nn=f_";— (71213)
Jo n’ f, (n)dn
The reciprocal of the asymptotic form of P(0) is given by
- n,. n
P 1 e - w + w 7.12-14
(6) > *om ( )

n

<Problem 7-12-b>> Particle scattering factor of polymers with Schulz-
Zimm molecular weight distribution (II)

Consider a linear polymer having weight-average degree of polymerization
n,=3 x 10* and the effective length of the monomer unit in the chain b’=8A.
The polydispersity of n of the polymer is described by the Schulz-Zimm
distribution Eq. (7.12.1) with z=0.5. The light scattering measurement has
been performed for the polymer in an ideal solution with refractive index
n=1.400, with incident light wavelength in vacuo A;=628nm. Compare the

range of the asymptotic behavior of Eq. (7.12.14) at the highest angle of the
measurement being 150°.

Answer

The value of n,y is (8%*/3A%)n,, b’ ?sin%(6/2)=3.10. From Eq. (7.12.7),
P(150°)=0.377 or P"'(150°)=2.65. For z=0.5, n,/n,=(z+1)/z=3. The
asymptote Eq. (7.12.14) assumes, for n,1=3.10, P~'(6)=3.10/2+3/2=3.05.
Thus, the asymptotic form cannot be applicable experimentally in the present
case (See Light Scattering from Polymer Solutions, Ed. M. B. Huglin,
Academic Press, London, 1972, Chap. 7).

<<Problem 7-13> Light scattering arising from concentration fluctuation
The scattered light intensity from a solution which contains N small particles
per unit volume is given by

2
8nta

I,=NI, W(14»cos2 0)
r

(7.1.18)

for natural light. Rewrite Eq. (7.1.18) by using the solute concentration
fluctuation 3C? defined by the mean square deviation of concentration from
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the mean concentration.

Answer

The thermal motion of molecules generates concentration fluctuations, i.e.,
local concentration does not agree with the mean concentartion, resulting in the
fluctuation of polarizability. Let’s denote the local polarizability and the
mean polarizability as o and @', respectively;

o= +8a (7.13.1)

where 8ot is the deviation in polarizability from the mean value. Eq. (7.1.18)
is rewritten as

4

8r PPRY
IS=N—izr—2(1+cos29)(a +8a) I, (7.13.2)

The time average of o denoted by the bar is expressed as the sum of averages as

(o + 80 = 0% + 20000, + 502 (7.13.3)

The contribution of the first term in the right-hand side (corresponding to no
fluctuation) to I; is much smaller than that of the third term. The second term
is zero since da takes plus and minus equally. Thus,

(o + 80 = 8o (7.13.4)

The fluctuation of o comes from that of pressure, temperature and
concentration, that is,

do Jo o
* (aP)T,C * (aT)p,C * (aC)T,P (7.13.5)

In dilute solutions the first and the second terms are negligible compared to the
third term. From <<Problem 7-9>>, the refractive indices of solution n, and
solvent n,? are related to the polarizability as

n,2-n% = 4nNot (7.13.6)

In dilute solutions, n, can be expanded as a Taylor series and the higher order
terms are negligible. Then we have

on
4nNa. = 2n?(§é)c (7.13.7)
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Differentiation of both sides of Eq. (7.13.7) with respect to C yields
a(X. 2 0 anr
a—c‘-mnr (5-(-:— (7138)
Substituting Eq. (7.13.8) in Eq. (7.13.5) and taking the time average, we find
0\? 2

2_| e | (9] 5 7.13.9
(8ar) —(2KN) (BC)SC (7.13.9)
Substitution of Eq. (7.13.9) for (5&)2 in Eq. (7.13.2) yields

2 2

I 4 n? on | —;
—S=/V§-n—(l+cos2 o)l — — | 8c?
I, 242 2nNV| |\ oC

2 2 anr 2_
=L 1%(14c0s?0) (%) 8c? (7.13.10)

APy

<<Problem 7-14>> Relationship between concentration fluctuation and
chemical potential

Derive the equation for the concentration fluctuation of solute

S kT
CV\ 9C Jrp

where V' is the partial molar volume of the solvent, V the volume of the
solution, C the concentration of solute and 1, the chemical potential of solvent.

(7.14.1)

Answer

The fluctuation of free energy is expressed as a series expansion of
concentration fluctuation as
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doF 1 0%F 2
OF=|—] 8C+-|—=| (86C}) +--
(ac)“, 2(3(;2)11)( ) (7.14.2)

If the system is at the equilibrium state, the free energy is at its minimum with
respect to concentration. Thus, ( dF/d C)1p=0, as shown in Fig. 7-14. Then
neglecting higher order terms in Eq. (7.14.2), we have

2
oF = 1 a—FJ (5C) (7.14.3)
E(GCZ TP

The mean square fluctuation of concentration is evaluated as follows.
Probability distribution function W(8C) obeys Boltzmann’s law as

y(5C) = exp(- % (7.14.4)

Using Eq. (7.14.3), Eq. (7.14.4) is rewritten as

y(8C) = CXP(- (QZE) (—SQ) (7.14.5)

r.p 2kT

aC?

From the definition,

-»C
Fig. 7-14 Free energy near the equilibrium state



= (7.14.6)
J, wlsc)a(ac)
Substitution of Eq. (7.14.5) for yw(8C) in Eq. (7.14.6) yields
" a%F\ (8C)?
(SC)ZCXP - (5?) (2k'1)‘ (8C)
— ) TP
A (7.14.7)

1 9%F

Putting A= KT 307

X =(8C)

the numerator and the denominator in Eq. (7.14.7) are calculated as

) 2 1 19
LXexp(-AX )dX:ZQ /F (7.14.8)

and

= 1 b1
SAXHdX =2 [ = 7.14.9
j) expl- AX?)dX =y / & (7.14.9)

respectively. Then, we have
P kT
8C? = (7.14.10)
( < )
2
oC TP

* Einstein derived a similar equation as Eq. (7.14.10) (See A. Einstein, Ann.
Physik 33, 1275 (1910)).




415

If a volume element consists of Ny moles of solvent and N; moles of solute and
the partial molar volume of solvent and solute are V, and V, respectively,
the volume of the element is given by

V=NgVy+NV, (7.14.11)
The differential change in moles of solvent is related to that in solute as

\4
dNoz—V;le (7.14.12)
Using gram concentration C and molecular weight of polymer M, we have
N _C
YoM (7.14.13)
Then we have

\Y%

dN,=MdC (7.14.14)
and

Viv
dNO_'Voﬁ dC (7.14.15)

According to the thermodynamic relationship,
dF = nydNj + 1, dN, (7.14.16)

Substitution of Eqgs. (7.14.14) and (7.14.15) for dNy and dN, in Eq. (7.14.16)
yields

- Viv A%

dF = - uo=—1¥-dC + u, X dC .14.17
roOM M 7 )
then

aF V] V

- = - | ¥ 7.14.18
o= (1wl (14D

Further differentiation gives

0°F _ (9w V9oV
3 (f - V:E)“E)Ri (7.14.19)
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The Gibbs-Duhem relation for binary solutions reads
Noduo+Ndp, =0 (7.14.20)

(See Eq. (1.5.6))
The change in |, relates to the change in 1, as

Np

du, =-N—1du0 (7.14.21)
Substitution of Eq. (7.14.21) in Eq. (7.14.19) yields

OF) _. M(noVo +nV, )(3_%) (7.14.22)

oCjrp MU mVo oC Jrp
Using the relationship
M
noVo+mV, (7.14.23)
we have

9°F \ auo)

— | =- e 7.14.24
(acz)T,P CVol oC Jrp ( )
Combining Eqgs. (7.14.10) and (7.14.24), we have
5C2=-— <L 7.14.25)

e i
CV,\ oC TP

Eq. (7.14.25) coincides with Eq. (7.14.1) when V,=V,’ . Combination of Eq.
(7.14.25) and Eq. (7.13.10) gives Eq. (7.10.1).

<<Problem 7-15-a>>Light scattering from copolymer (I)
The increment of refractive index Y of copolymer solutions which contains
A and B components is assumed to be

Y =Yawa + Ypwp (7.15.1)
where w, and wp are the weight fractions of A and B component, respectively

and Y, and Yy are the increments of refractive index of homopolymers A and
B, respectively. Derive the expression for P(6) of the copolymer.
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Answer
The weight average molecular weight of the copolymer is given by

M, = waM4 + wgM2 (7.15.2)

where M,* and M,.? are the weight-average molecular weights of A and B
component, respectively. P(8) is given by

1 sin qr;;
PO) = —— Y;Y. ! 7.15.3
OMACIE 15

where ng denotes the degree of polymerization. Let’s divide the particle
scattering factor into three parts; PA(0) for the combination where both Y; and
Y; elements are A components, Pg(8) for the one where both elements are B
components and Qg(0) for the one where either

element is A component and the other is B component. Then we have

DA nA
_ 1 > / sin qr;;
P,(6) = WZ ; < FTJ > (7.15.4)

Py(8) = — 22<Si—"?—_“i> (7.15.5)
P

oB
1 ® < / sin qr;;
Que® = 5522 ( —— (7.15.6)
s g i J quj
The particle scattering factor of the copolymer is given by
P®) = Lz[wA2YA2PA(e) + wp2Yp?Pg(6) + 2WawsY A Y5Qas(0)) (7.15.7)
Y

Similarly apparent mean square radius of gyration <S*>,*"? is given by

(527 = Llwa2yXsh) + wa2Y¥sh) + 2waws YA Yn(Shs) (7.15.8)
Y

where <S,>> and <Sg?> are the mean square radii of gyration about the center
of inertia of A and B, G, and Gg, respectively, <Sap”>=(<Sa2>+<Sp*>+1?)/2
and | is the distance between G, and Gg.
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<<Problem 7-15-b>>Light scattering from copolymer (II)

Consider solutions of copolymer which is polydisperse in chain composition
as well as in molecular weight. Denote the overall weight fraction of
monomer A and B as w, and wg, respectively, the overall weight-average
molecular weight and weight fractions of A and B of ith copolymer as M;, wa;
and wg;, respectively, and the volume concentration of total copolymers and ith
copolymer as cp and c;, respectively. Derive the expression for the apparent
molecular weight M,;, of the copolymer.

Answer

The molar mass of monomer A in ith copolymer is wa;M; and the weight-
average molar mass of monomer A included in a copolymer is
MA=Z(WAiMi)(WAiCi)/WACp. Similarly, we have MB=Z(WBiMi)(WBiCi)/WBCp.
From the definition, wacp=Zwaic; and wgcp=Xwaic;. Let’s denote the
deviations of w,; and wp; from their average values w, and wp as dw;=w;-
wa=wg-wg; and define parameters for the degree of width of distribution for
molecular weight and composition as

P = Z¢;M;0w;/cp (7.15.9)
and
Q = ZciMi(dw;) /ep (7.15.10)

Using the relationship M,=XMi;ci/cp, Eqs. (7.15.9) and (7.15.10) are rewritten
as

P = [-Wa(My,- Mp) + wp(M,, - M3))/2 (7.15.11)
Q= wawpg(Ma+ M- M,) (7.15.12)
The increment of refractive index for ith copolymer Y;=dn/dn,; is expressed as
Y= waiYa+ waiYp (7.15.1y

where Y, and Yg are the increments of refractive index for monomer A, dn/dca,
and monomer B, dn/dcp, respectively. The increment for total copolymer
Yp=dn/dcp is given by

Y= waYas+ WpYp (7.15.1)”
Then we have apparent molecular weight

Mapp = [E(WaiYa+ WaiYB)’Mici)/[(WaY 4 + WpYg)’cp]

= [YaYsMy+ Ya(Ya- Ye)Ma+ Ya(Ys- YA)Mg] /Yp
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=M, + 2P(Ya- Yg)/Yp+ Q(Ya- Yg)¥/Y’ (7.15.13)

(See W. Bushuk and H. Benoit, Can. J. Chem. 36, 1616 (1958); M. Kurata, in
“Experimental Method for Light Scattering”, Eds. M. Nakagaki and H. Itagaki,
Nankodo, Tokyo, 1965)

<<Problem 7-16>> Light scattering arising from optically anisotropic
particles (1)

Suppose scattering particles are optically anisotropic so that the polarizability
o is expressed by a tensor (¢,,0,,0t;). When the incident light is polarized
along x-y plane and the scattered light is observed in y direction, the scattered
light is not completely polarized along x-y plane, since the polarization has x
component as well as z component. Let’s define the polarization extinction
coefficient (or the degree of depolarization) p by the intensity of the light
vibrating in z direction divided by that in x direction. Derive the equation

p=<i’—z2>= 6B2
(p2) (6A%+7B?)

where (P,)and (P,) are the average polarization in z direction and x direction,

(7.16.1)

respectively,

Ol + 0y + 0y
A= — (7.16.2)
and

2 1 2 2 2
B°=- E{(a‘ - 0‘2) + (oz2 -a3) + (oc3 - al) } (7.16.3)
a3
zZ
@,
ok

Fig. 7-16 Principal axis of polarizability tensor
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Answer

Let’s denote the cosine of the three principal axes &, 02, 03 of the
polarizability tensor against the three axes of x-y-z coordinate as (1,,m;,n;),
(12,my,n,) and (13,m3,n3).  That is, 1,=cos(o;”x), m;=cos(c;,y) and
ny=cos(e;*z). Suppose the incident electric field E has x and y components,
E, and E,, respectively.

EX

E=|E, (7.16.4)
0

If we denote the rectangular coordinate which consists of the principal axes of
polarizability of the particles as 1,2 and 3 in place of X, y and z, we have

E;

E'=|E, (7.16.5)
Es

The components of E and E’ are related to each other as

Ei=Ed + Eyml + En; =E,l; + Eyml .
E; = Eis + Eymy + E;np = Eylp + Eym; (7.16.6)
E3 = Exl3 + Eym3 + Ezn3 = Ex13 + Eym3

These series of equations are rewritten as
i, m m

E'={1, m n [E=LE (7.16.7)
b m3 n;

If we denote the polarization induced in the direction of the three principal axes
as Py, P, and P;, then

P1 = a1E1
P, = B, (7.16.8)
P;= o3E3

Combining Egs. (7.16.6) and (7.16.8), we have
P, = al(Exll + Eym,)
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P,= az(Exlz + Eymz)

P, = a3(Exl3 + Eym3) (7.16.9)
Thus the polarization P(P,, Py, P,) is related to P’ (P;,P,,P;) as
P=L'P (7.16.10)
with

L L I
L'=| mj m ms (7.16.11)

n n; n3

Here L™ is the inverse matrix of L, i.e., LL'=1. Here, note that for rectangular
matrices, the transposed matrix L is identical to the inverse matrix L™'; L™=L"".
Py, Py and P, are calculated by using Egs. (7.16.8)-(7.16.11) as

Py L L L Y ou(Exl +Eymy)

Py |=| mi m ms [ 0(Eids+Eym,) (7.16.12)
P, ng n; n3 N oz(Eds+Eym;)

or

Py = (oul? + oaly? + 03152) By + (0u1ymy + 0tplamy + 03l3m3)E,

Py = (oylym; + colym; + 03l3m3)Ey + (00m;2? + oomy? + 0i3m;3?)E,

P,= ((xlllm] + oixlomy + a313m3)Ex + (ouymn; + O0;man; + ozmsnz)Ey
(7.16.13)

These expressions are for a specified particle in a specified direction. Thus it
is necessary to average them all over the directions. We assume the distribution
of the direction of the particles be homogeneous. Let’s express I;, my,...as

—_ Ay—
1, =cos o, x=cos 0,

m; =cos a;"y=cos 8,

(7.16.14)

The average of 1;"™,m;*™ and n;>™ is given by
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R

J cos2m @;,sin 6;, dO;,
[¢]

(12m) = i (7.16.15)
J‘ sin Gix deix
0

K

I cos2™ @;ysin 8y dB;y
(mi2m>= 0 . (71616)

J sin eiy dejy
0

J cos2m 0;,sin 6;, dO;,
(nj2m) = =2

x (7.16.17)
j sin 9,‘2 deiz
[}
respectively. The integration is carried out as follows:
202 2m-1 _
Jcoszmeix sin9,do, = sin” 8, cos 04 + 2m 1jsin 0, cos’™%9,.do,

2m+1 2m +1

.0 2m+1
__sin"6; cos™ 60, L lljsin_l 9, cos’™ 8,.do,,

2m+1 2m +
o Cos2m+] eix
2m+1
—-cos2m+] eix n _ (_1)2m+l N (_1)(1)2m+1 _ 1 (1 _(—1)2m+1)
2m+1 | 2m+1  2m+1  2m+1

Using the relationships

(_1)2m+l =_1

1

Kcosz"‘ 0, sin0, do, = X2

2m+1
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_[:sin 8,d9, = |—c059ix|g =—(-D)=(-)=2

we have
1.2"1 = {m;2M)} = (n;2m) = 1
(12™) = (m;2m) = fn;2m) T (7.16.18)
Using the relationships
112 + m12 + n12 =1
122 + m22 + n22 =
132+ m32+n32=1 (7.16.19)
we have
2

<(li2+ mi2+ niz) >= <1i4+ mi4+ ni4+ 21i2mi2+2li2ni2+2m-,2ni2>

=3(1;*)+ 6(t'm) =1 (7.16.20)

Eq. (7.16.18) for m=2 gives
()= : (7.16.21)

Combining Eqgs. (7.16.20) and (7.16.21), we have

- .4
(1%m.?) =-1—36<l—'—>=%(1 %)ﬁlg (7.16.22)

Similarly we have

lmimy) = - L :
(iljmimg) = - = (7.16.23)

Using the relationships Eq. (7.16.21)-(7.16.23) and with reference to Eq.
(7.16.13), we can calculate <p,’>, <P? > and <P,’ >. For example,

(I?,F) = <((l]112 + (12]22 + (13132)2Ex2> + ((oclllm, + a212m2 + a3l3m3)2Ey2>
+ 2(((11112 + (12122 + (1.3132)Ex((1111m1 + O2lom; + a313m3)Ey>

(7.16.24)

Here <> and - denote the average all over the directions and the time average,
respectively. Since E=E,=E,,
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2122 + 2 i 121m1m2> +2

N
Ll
l
3
N

>+2<1,122m,>}a]a252

2<122132 + 2 213lm2m3> + 2<1221 3m3> + 2<12132m2>}a2a3E2

+<2<132112 +2(i 31 lm3m,>+2<
{ 1,4>+2<1, m, >+2<1, m,>}{ +a22+a32}1?2
+2{<1,212> 1121m,m2 <1 12m2> <11122m1>}

x(a1a2 + 0,0, + a3al)E2

(7.16.25)
From Eqs. (7.16.21) and (7.16.22),
2\ 1 33 1
(1)=5 (m)=g5 (iPm)=0
Then we obtain
=3\ 4 = 1 =2
<Px2> 15{0‘1 o, o }E2+ 1—5(a1a2+a2a3+a3a,)E (7.16.26)

Comparing the expressions for P, and P, in Eq. (7.16.13),

,2)=(p2) (7.16.27)
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Following the same procedure, the average of P, in Eq. (7.16.13) is given by
<1712> = %(alz + 02 + 03 - 04002 - 02083 - 030t )E? (7.16.28)

From <<Problem 7-1>>, the scattered light intensity I, relates with the
polarization P as

| o1 ogsin®8, 53 (7.16.29)
*4mct r

If the incident light travels along z direction and the scattered light is observed
in y direction, 0, should be 90° both for < ) and < > and then

:ggig g;% (7.16.30)

Substitution of Eqs. (7.16.26) and (7.16.28) in Eq. (7.16.30) yields

T?-S—(oq2 + 02 + 032 - 00l - 00l - 0130t )

p =
%{alz + 02 + 032} + %(oc,az + 003 + 0L301)
2
=—0B" (7.16.31)
6A + 7B?

<<Problem 7-17>> Light scattering arising from optically anisotropic
particles (II)

When the scattering particles are small compared with the wavelength and
optically isotropic, the total scattered light intensity from a particle in unit
volume is given by

Low = 12882021, (7.2.1)
3A4

On the other hand, when the scattering particles are optically anisotropic small
ones, it is given by

Liota = f 1281\:5 (al +op + (13) Io

(7.17.1)

with the Cabaness factor
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fe (6 +3p)
(6-7p)

Derive Eq. (7.17.2).
Answer
Using the relationship
_Eo

4n

we have

Iy

<l;2> = a2E02 = 41ta210

Eq. (7.2.1) is rewritten as
4

Liotal = L_<32;4 P2>

where

#)= .2 + B2+ p2)

Substitution of Egs. (7.16.26)-(7.16.28) in Eq. (7.17.6) yields
<l—)_2> = <I—’7> + <I?> + <l_>—z_2>= %(alz +o,2 a32)E-2
Substitution of Eq. (7.17.7) for <P?> in Eq. (7.17.5) yields
Liota1 = 6ﬂti(()hz + o2 + 0.32)}—3_2

ort

Using the parameters

A=(11+(12+(X3
3

and

1

E{(a] o)+ o —a3)2+(a3-a,)2}

we have

B%=

(7.17.2)

(7.17.3)

(7.17.4)

(7.17.5)

(7.17.6)

(7.17.7)

(7.17.8)

(7.17.9a)

(7.17.9b)
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oy +0p 0" =3A%+5B? (7.17.10)

Substitution of this expression in Eq. (7.17.8) yields

Liotal = 6941'[ (3A2 + 5B2)E2 (7.17.11)

If the incident light is natural light,

h=E (7.17.12)
2n

Then Eq. (7.17.11) is rewritten as
Liowt = 6;4;1—“‘4—(3A2 + 5B%)2xl, (7.17.13)

From <<Problem 7-16>>,

-___6B* 7.17.14)
(6A2 + 7B?) (

Eq. (7.17.14) is rewritten as

3A2+5B2=13A20+3p (7.17.15)
6-7p

Then substitution of Eq. (7.17.15) in Eq. (7.17.11) yields

2
o _128n’(6+3p) oy +a, + o I
total — 37\’4 \6—7p 3 0

(Compare with Eq. (7.2.1)). Thus the total scattered light intensity of optically
anisotropic scattering particles is larger than that of optically isotropic ones
(See P. Cabannes, La Diffusion Moleculaire de la Lumier, Presses
Universitaires de France, Paris (1929)).

(7.17.16)

<<Problem 7-18>> Fluctuation theory of light scattering

Light scattering can be calculated both from fluctuations of molecular
distribution and local distribution of refractive index in the order of wave
length. Imagine a small volume V in a solution where there is a thermal
motion of solute particles. Let’s denote the components of the solution as
i=0,1,2,..., s, the corresponding number of molecules and chemical potentials
of the components as N; and i, respectively, the temperature as T and the
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pressure as P. Derive the expression for the correlations of fluctuations
<AP”>, <APAN> and <AN.AN;>. Here AP=P-<P>, AN=N;-<Nj> (i21) and
the symbol < > denotes the equilibrium value.

Answer

We consider an ensemble described by thermodynamic variables P, N,
W], 15 for treating the fluctuations of V, Nj, M,,..., N; in a region of the
solution at constant Ny,. The probability that a state of the solution with V, E
and N; (i=1) is realized is
proportional to

exp{—( E+ PV—i w, V) KT} (7.18.1)

where E is the energy and k is Boltzmann’s factor. Since the total number of
the states with E and N; (i21), W(E,N,), is exp(S/k), the probability that the
states with E and N, (i>1) are realized is proportional to

exp{—( F+PV-3 L. V)/ KT} (7.18.2)

where F(=E-TS) is Helmholz free energy. Expanding the function in the
parenthesis in Eq. (7.18.2) in a Taylor series of AV(=V-<V>) and AN; and
neglecting the higher order terms, we have

A(F+ PV—E p,/\{)_(aa—F)A v+2(aF )A /v+( )(az )A %

V2
4{%)2 (a—%a%v—)A VA M+ PA V—i WA ¥,

=1

+( ) Z( )A/VA/V (7.18.3)

=1 i=

Using the relationships

—AP—A(aF) (av2)Av+2( )A/V,-

e H 7w o v v o

3

Eq. (7.18.3) is reduced to
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A(F+ PV pi/vi)z ($)arave(L)ana (7.18.4)

Now we change the independent variables from V to P using the relationships
dG) _ 3’G

AV—A(T) ( 3 p? )A P+2( ) (7.18.5)
3G ’G °G

Au;A( ) =( )A P+ AN 18.
ON )z s \OPIA, NI, |~ (7.18.6)

Then Eq. (7.18.4) is rewritten as

{rerv-SuH el 58

4{%); ( )AP+Z( )A/v AN,
{5 oma (3 )2ZGUA/VA/V

=l =l

Thus, the probability p for the fluctuation AP and AN; (i21) is expressed as

p=A exp _(_ G, A P2+§, g‘ G,A VA /V,-)/2 kT (7.18.7)
where
ppz(a;P(;,)T’M (7.18.8)
Gf( ‘cT/aTjaG_/v, ) (7.18.9)
TP

and A is the constant determined by the normalization condition

|| [ paaryaamyaa my- aa wyer (7.18.10)
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The integration over AP is calculated as

[ expl—{— G AP) )12 kT]d(A P)z(%‘i) i a18.11)

pp

For the integration over AN,, we introduce a matrix X with s column and 1 row,
the components of which are x;=AN; (i=1 to s). Then the quadratic form

i 2 GANAN,
=1 j=1

is rewritten as 'XGX, where 'X is the transposed matrix of X and G is (s,s)
square matrix having Gj; as (i,j) components. Using the diagonalization
transformation of X as X=TY, the quadratic form is further rewritten as

‘XGX="Y('TGT)Y (7.18.12)

where T is the diagonalization matrix. If we denote the eigen value of G as
A'] ,A'Z,' '-’}\'59

A, 0

A
'TGT = z

0 A

Then we have

=Yy (7.18.13)
‘. i=1
0 A

s

The volume of the integration element does not change by orthogonal
transformation as

d(A V) d(A V) d(A V)= dx, dx, dx=dy, dy,- dy, (7.18.14)

Then the integration over AN, in Eq. (7.18.10) is carried out as
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J ” exp(-i > G A VA N2 kT) d(a M) d(a 7)) d(A ¥,)

= j=l

i=1

=f[ J i exp(-Ay 2 KT) dy, ={(2nkT)s/13 %i} " {(ma)s/ﬂ G I} "

= J exp(—Z Ay kT) dy, dy, dy,

P e

(7.18.15)

Here we use the equivalency of the product of the eigen values ITA; of the
matrix G and the determinant of G, ||G||. |G| is obtained by
substituting A=0 in the characteristic equation

YA =[G-AE|= A=A )A=L,) - A=A)=0 (7.18.16)

Then we have

1/2 1/2
a<| S ldl (7.18.17)
2rkT ) | (2nkT)*

Now we can calculate <(AP)*> as

((aPy)=[ - f (AP)?Pd(AP)d(A #,) d[A 7,)-- d[A X))

B GPP(A P)2
2kT

2

=A[ (aP) exp d(AP)

J .= J exp(_i Y GANA N kT)x d(A ¥,) d(A ¥;)- d(A ¥

=l =l

(=S )" (1\[=Cw) [ 2KkT \""_kT
_(21({‘) ’(i)'(sz)'(—G ) G (7.18.18)

PP PP

Here we use the well-known relationship
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1/2
[ x? exp(~px?)dx = 1/(2[3)(%) (7.18.19)
<APAN;> is calculated as

(A PA M)= L f APA VPd(AP)d(A ) d(A &) d(A V)

=A L AP exp[—{— G {AP) )12 led(A P)x

=1 =l

[ J AN, exp(—z 2 G,A VA N2 kT)d(A /V,) d(A /vz) d(A /Vs)

(7.18.20)

As the integral of the product of an odd function and an even function over
minus infinity to plus infinity is zero,

J‘- x exp(—P x?) dx=0 (7.18.21)

Then we have
(APA V)=0 (7.18.22)

Using the relationship
f f pd(A P) d(A V) d(A V,)--- d(A V=1 (7.18.10)

<AN,AN;> is calculated as

=l =l

={ (2n kT)s} (7.18.23)
|Gl

Partially differentiating both sides of Eq. (7.18.23) by G;; and using the
determinant of the cofactor |G |i=3(G||/dGi;, we have

J “ J exp(—i > G,ANAN/2 kT)d(A N7,) d(A ¥;)- d(a X))




433

- kTG,
J J A/VA/Vexp(—Z Y G ANAN/2KT (AN, )d(AN,)-d(A V)= ING ""I
=1 =1
(7.18.24)
Then we have
kT| G|,
<A NA M):—TG—I’. (7.18.25)

Thus, the fluctuations of pressure and concentration are independent, whereas
the fluctuations of each component correlate with each other.

<<Problem 7-19>> Turbidity (II)
Imagine a sphere with the volume V and the dielectric constant €+A€ in a
medium with the dielectric constant €. Then the polarizability of the sphere

is equal to (V/4m)(Ae/€). The scattered light intensity of natural light is
expressed as

1 (2r2) (v?) (AnY
F G e
- {2"1"2 ].(mf (1 cos”0) (7.19.1)

where n=(g)!? is the refractive index and Ap=An is the wave length of light in
vacuo. Derive the expression for turbidity using Eqs. (7.18.18), (7.18.22) and
(7.18.25).

Answer
Let’s consider the refractive index as a function of P and »; (i21). Then

An=(g%)A P+2 (aa/—r“,—i)AM (7.19.2)

An (?ﬂ%) AP +2Z (98 n)(aa—/“‘,)A PA /v+§, JZ (aa%,)(aa—}&;)A NA,
(7.19.3)
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Using Eqs. (7.18.18), (7.18.22) and (7.18.25), we have
_ d d
(An?)= ( ) KT/ G +Z 2( n )(ﬁ)leGLj/|G| (7.19.4)

If we denote the isothermal compressibility as x and the density as p, G,, and
(dn/dP) are expressed as

2
_Gppz_a_G_ v __1_ oV V=xV (7.19.5)
oP? B3 P

~ @)@ @
I EH )

respectively. The scattered light intensity induced by the first term of the right-
hand side in Eq. (7.19.4) is obtained by substituting it in Eq. (7.19.1) as

I,_{2n2v? _{ 2r2Vv? on) 2
I—Z_( " )n2<A nZ)(1+cosze).(To,,r—2 n? (33] p2kKT/KV i 14+cos?)

=(__*__21t271‘(;1;KV ){np(%g)}z( lﬂzosze)/ r?

(7.19.7)

The total scattered light intensity is calculated by integrating Eq. (7.19.7) over
all the directions. The integration yields

I (1+ cos?0)2r 1 sin6 d8=10 136 (7.19.8)

then we have

2
32 kTx on
=2 ) 222 - 7.19.9
i (3 Tt) (7&04} {np(ap)} ( )

The scattered light intensity induced by the second term of the right-hand side
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in Eq. (7.19.4) is obtained by substituting it in Eq. (7.19.1) as

(32 3) kTV
1= 22n0 | d n/d V0 n/d V|G
(3 (x )(ﬂGl)ZJZ lal, (7.19.10)
If s=1 (binary system), using the relationship |G|;=9|G|/0G;; =1, we have
(32 3\ [kKTV{n2)({dn
To‘_(3n)( ;\‘04 )(G”)(;M) (71911)

From the Gibbs-Duhem relationship Nodue+N,du;=0, we have
du1=-(N0/N| )d],l() Then
9G\_ 91, (/Vo) o,
G, === .19.
AT ARy vd v (71912

Using the relationship w=M;N,/(MoNy+MN;) and p=(MoNotMN;)/VN,, we
have dw=M,;MyNo/(MoNy+M;N;)? dV;. Then

3 2
T =220 I:T -(M"W]-(na"J /[———a”"j (7.19.13)
3%, N,p /) \ow aw
Weight concentration is related to w as C=pw. Since p is approximated by

solvent density in dilute solution, w can be replaced by C in Eq. (7.19.13).
Using the relationships djly=kTdloga, and loga0=-I'IV0°/RT, we have

32r kT [Mou | (nd n)? o, _ 0
( T )(NAP)( aw) 1t =388 —Taloga,/a C = KTI/RC(TTV," RT)

(7.19.14)

where V,° is the volume per one mole of solvent. In dilute solution, we can
approximate V0°p=M0. Then we obtain

H

€. a—n—l/M+2A2C+3A3C2+--- (7.19.15)
T, RT) oC
where

3.2 2
p=|32%0 | (o0 (7.19.16)
3N A, \ac
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* 1. is the scattering due to fluctuations in concentration and 1, is that due to density
fluctuations. T>T, is expected for high enough molecular weights (See P. Debye, J. Appl.
Phys. 15, 338 (1944); H. C. Brinkman and J. J. Hermans, J. Chem. Phys. 17,574 (1949); 1. G.
Kirkwood and R. J. Goldberg, J. Chem. Phys. 18, 54 (1950); W. H. Stockmayer, J. Chem.
Phys. 18, 58 (1950); N. Saito, Polymer Physics, Chapter 5, § 34, Shokabo Pub., (1958))

<<Problem 7-20>> Light scattering arising from polymer solution with
molecular weight distribution

Generalize Eq. (7.19.15) to the solution of polymers with molecular weight
distribution.

Answer

Chemical potential of i th component of the system with molecular weight
distribution is expressed as

MM,
n=p."+ kT logyC,, , C*:NAV (7.20.1)

In dilute solutions, y;—1 and ¥,Co— 1. Expansion of logy; in a Taylor series of
C yields

logy; =Y A, C, + Y B C,C) +-- (7.20.2)
k ik

Then we have

0N, \N,V/3C,|N,VC,

)'(5ij+ci Aij'*'ciz By Gyt (7.20.3)
k

and

M M ...M kT s
G — 1 2 s ( )X
5] ( c,czmcs) N,V

+Y CA+Y Y CCA i,.Aj,—X Yccaa ,i+_i B,C.C+O(C)

i>j >

(7.20.4)
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Neglecting higher order terms in the equation dG;=(MKT/NAV)x
(dA;+CiZCdBijjit...), we have dG;;=(M;KT/NAV)dA;;. Using this relationship,
we have

||G||J _ aHC'“ [MJkT]. I (7.20.5)

oA,

and then

a“(:‘“ij NAV 3
5 {Mjk"r]’{cisi ~C,C,A; +0C )}/[HZQAii +j (7.20.6)

If we approximate dn/dC;=dn/dC (independent of molecular weight) in Eq.
(7.19.10), using Eq. (7.20.6) and the relationship Ni=(NAV/M;)C;, we have

A @R e

= 37%?“;] ) (%—acf—‘) > Z M, {c 5-CCA+0(C )}

5 ;3:02‘“;1 ) (%a_n) {MiCi—Z Z MCCA +0(C’ )} (7.20.7)
Using the definitions

me > M
E/VM C‘iC

M,=

we have

L S (S| [T

LCM~—xy \ZNM TNV

= MWZ C,= sz C (7.20.8)

and
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MM,
oo MM, [ ) | 2

B ()] (LN

:.MiwleC2 (7.20.9)

Then we finally obtain

He C/<M,ci_g SMecAofc )}
=1/{}; MC/ C_Z,Ez,Mi(ci/c)(C/C)Am‘ o(c’)
g gsams
< (/VM/z /Vij)CAij+ o(c’)

—1/{M Cz 2 MwwA +0(C )}
=M, +{CM,” XXM ww,A +0(C’) (7.20.10)

Thus the scattered light intensity of the system with molecular weight
distribution gives the weight average molecular weight.

<<Problem 7-21>> Osmotic pressure of polymer solution with molecular
weight distribution

Derive the expression for osmotic pressure of the solution of polymers with
molecular weight distribution

Answer



From the Gibbs-Duhem relationship

N, dlogy, Co+Y., Vd logy,C=0

i=|

Using the relationship C;=N,Mi//N,V,

N,V SN VC
( A }dlogyoco = 2( )dlog'ini
M, S M,

Using Eq. (7.20.2),

C S Ci
—(—l\i}i logY,Co =3 (M—) {dlogC; +dlogy;)

i=l

Integrating Eq. (7.21.3) at constant Cy, we have

S5 ec T Sifesc
>3 (Av)c a3 (—id‘—)(:dc
_g g (%)C dc +2 Z (f‘M—f)Cidcj
=2§ Z (AH cdc,

DIYCHTS [ ){ e

439

(7.21.1)

(7.21.2)

(7.21.3)

(7.21.4)

(7.21.5)
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Here we use the relationship A;;M;=A;;M,. Using the definitions

Mmoo

n=—=
Z ¥, 2,
i=1
similarly to Eqgs. (7.20.8)-(7.20.10), we have

Yo, S (Tam) Sy Y

i=l — =1 = _i=t i=] —_t=]

M, NV | NV 2 M, M (7.21.6)

S3like-313)20)1)

i=l =] =l =1

(I 33Al

N, (n,Z /V,()Mj
k=1

=l j=1 =1

2 2
=33 Ann = = -
=l DY LD A A
k=1
=( ;4322 )2 3 AnnM, (7.21.7)
n i=l =1

Therefore, we obtain

M= 2% |10g7,C,
VO

=(RTOJ.(NAV]. C +% Y S M;n;n A, +- (7.21.8)

Vo NO M n <M> n i=1j=1

<<Problem 7-22>> Light scattering arising from the system polymer in
mixed solvent (P,/S,/Sy)

Derive the expression for the turbidity of the system polymer in mixed
solvent, using Eq. (7.19.10).
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Answer

Let’s denote two solvents as 0 and 1 and polymer as 2. Then Eq. (7.19.10)
is rewritten as

_(32mkTV
rc_( . )(IGI)ZZan/a/van/a/ﬂGu

i=t =1

_ (321:3 kTV)

N ZZan/ac 8n/8C(MkT)x

i=l )=l

{c 8~ CC,A +0(C )}{(_11:%47}

’(357:2”&)2 3 (nd w2 C ) (nd w3 CM{CB- CCA+ O(CY)

i=l =1

(7.22.1)
Using the relationship M,A|,=M, A;,, we have

3 2
T = 32x ' (nan] ,(CI—C,ZA“)
4 oC
3y N, 1

non non non 2
7.22.2
A{2) (2o (2] wfer-ein] om0

The first term in { } of Eq. (7.22.2) comes from the concentration fluctuation
of mixed solvent only and we denote this contribution as 1,:

2
B on on ‘ 2

Then we have

0 )
T, =1, =H,M,C,(1-C,A,,) _2H2(5£_Ma_cn_J ‘M,C,C,A,, (7.22.4)
1 2

where
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327 non 2
H, =[ ! J'(ac ) (7.22.5)
3o N, 2

or
=|— |- 1K1-C,A,-2d — |/ — |- CA
(t-1) (M, ¥ fec J\ec,) "
1 on [ on
= (E){l +CA,,+ {a—c—l')/(gc—z) : C]Al2 +- } (7.22.6)

(See N. Saito, Polymer Physics, Shoka-bo, Tokyo, 1959, Chap. 5, Section 34)

* For further reading on practical and experimental problems, see M. B. Huglin, Light
scattering from Polymer Solutions, Academic Press, 1972; B. Chu, Laser Light
Scattering, :Basic Principles and Practice, 2d. ed., Academic Press, Boston, 1991.
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Chapter 8 Hydrodynamic properties

<<Problem 8-1>> Equation of motion for viscoelastic fluids (I)

There are two kinds of force. One is proportional to area (surface force, for
example, friction force) and the other is proportional to weight or volume
(body force, for example, gravitational force). Now consider a small cube with
volume V flowing with velocity v in a fluid. Let’s denote the surface force per
unit area acting on the surface perpendicular to x, y and z-axis as P,, Py and P,.
P, is expressed as

P, = Pyi+P,j+Pyk (8.1.1)

where P,,, P,, and P,, are the x,y and z component of P, and i, j and k are
unit vectors in the direction of x, y and z-axis, respectively. P, and P, are
expressed similarly. P has nine components and is expressed as a tensor:

Pyxx Pyx sz
P=| P, P, P, (8.1.2)
sz Pyz Pzz

Here P,,, P,, and P,, are normal stresses and other components are tangential
stresses. The body force F’ is expressed as

F = mB = pdxdydzB = pdxdydz(B,i +B,j +Byk) (8.1.3)

where p is the density, B(Bx, B,, B,) the body force per weight m=pdxdydz.
The force acting on a fluid F is related to the acceleration v by Newton’s
second law as

F =mv (8.1.4)

Express the equation of motion of viscoelastic fluids exerted by both surface
force and body force in an explicit form.

Answer

x component of the surface force acting on the surface perpendicular to x-
axis (ABCD and EFGH in Fig.8-1) is the difference of x component of the
force acting on EFGH and ABCD and expressed as
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{(Pxxt (0Py,/0x)dX)-Pyx} dydz= (9P, /0x)dxdydz

x component of the surface force acting on the surface perpendicular to y-axis
and z-axis is similarly obtained as (dP,, /dy) dxdydz and (dP,./dz) dxdydz,
respectively. Thus the sum of these three components is expressed as

((9P4«/0x)* (9P /dy)+ (0P, /dz)) dxdydz

x component of the force F, F,, is expressed as

F, = (anx + 9Pyx | 0Py dxdydz +pBydxdydz (8.1.5)
ox dy oz

Substitution of Eq. (8.1.5) for F, in Eq. (8.1.4) yields

F, = (apxx + Py, 9P )4 4vdy 4B dxdydz = pdxdydz v (8.1.6)
ox ay oz

For unit volume of the fluid, we have Newton’s law as

oP oP oP .
xx 4 9Pyx % 4 0B, = p V, 1.
ox 8y+az TP Py (8.1.7)

in the direction of x,

2 +pBy=pvV
ox ady oz PBy =P Yy (8.1.8)
Z
Pt P C
H G
Pxy
Pxy 3 —
Yy
E F
X

Fig. 8-1 Volume element in fluid



445

in the direction of y and

0Py, , 9Py,
ox oy

in the direction of z.

aPzz ¥
+ B,= z .1.
5 +p pv (8.1.9)

* In fluid mechanics, it is more convenient to use Eulerian description than to use
Lagrangian description, i.e., one describes physical quantities at every fixed point in space
as a function of time rather than follows individual particles or expresses the time course of
physical quantities along the stream line. Time derivative along the stream line is called the
Lagrange differential or the material derivative and expressed as D/Dt. Suppose a physical
variable F to be a function of x, y, z and t. The fluid element located at r(x,y,z) at time t
moves to r+vDt (x+v,Dt, y+v,Dt, z+v,Dt) at t+Dt. Here v,,v,and v, are the x,y and z
component of the fluid velocity. The change in F, DF, during Dt is expressed as

F(x+vat, Y+, AL, Z+V, AL, t+At) - F(x,y,z,t)

DF .
Dr =i A
_oF O [ OF _OF
ot T Vax TVvgy TV (8.1.10)

Similarly for arbitrary physical variables, we can derive

Q:i-{.v.(_a_.i +_a._j +ik)

Dt dt ox dy oz
d
= — + v-grad
S TVE (8.1.11)
Lagrange derivative of v is expressed as
Dv_ 9V, v-gradv
Dt ot g (8.1.12)

where the first term of the right-hand side associated with unsteady time variation at a fixed
position is called the local derivative and the second term is called the convective derivative.
The differentials in vy, vy and v, in Egs. (8.1.7)-(8.1.9) are the Lagrange derivatives and
expressed similarly to the right-hand side of Eq. (8.1.12).

<<Problem 8-2>> Stress-strain relationship
Derive the stress-strain relationship for elastic bodies with a small volume
element dxdydz and the corresponding relationship for viscous fluids.
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Answer
Let’s denote the volume element of the elastic body after a transformation as
dx’dy’dz’. If the displacement is sufficiently small, we have

dx =dx(l +e,,) (8.2.1)
dy =dy(l +e,,) (8.2.2)
dz' =dz(1 +e,,) (8.2.3)

where e,, is the x component of the strain on the surface perpendicular to x-
axis (e,y and e,, denote the corresponding y and z components). The volume of
the element after the transformation is expressed as

dx'dy'dz = dx(1 + ex)dy(1 + eyy)dz(1 + ;)
= dxdydz(l + e (1 + ey )(1 + €2,) (8.2.4)

If the volume of the element before the transformation is unit volume, the
increment of volume of the element by the transformation &,, is given by

dx dy dz
£,= —d;d%-z— d=(l+e) (L+ey) (1+e,) 1=, +ey, +e, (8.2.5)

The last expression is identical to the trace of the tensor
€xx €xy €xz
€=| €yx €y €y

] (8.2.6)
Cx €y €z (strain tensor)

ﬁZ

D |(x.yz+dz) C
H dz G
(X,¥,2) ("”'”"’;)
& A dy B
(x+dx,y,2) y
E F
X

Fig. 8-2 Volume element in fluid
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In general, the strain tensor e is expressed as the sum of the isotropic
component corresponding to the volume change without shape change, €, , and
the anisotropic component corresponding to the shape change without volume
change, ey, i.e.,

e=g,+eg (8.2.7)

When the transformation is isotropic (e,=0), the rate of the volume increment is
independent of the direction. Then Eq. (8.2.5) is reduced to

gp=¢e+e+€e=3¢ (8.2.8)
where £=¢,,=¢,,=¢,,. From Egs. (8.2.7) and (8.2.8), we have

Cxx~€ exy €xz
€g=€eE, = © By E ey, (8.2.9)

€,4€

where the dots denote the symmetrical components. Similarly, the mean
pressure P, is proportional to the trace of the stress tensor

P,x P Xy |
P=| P, P, Py, (8.2.10)
Pox Py Py (stress tensor)

and expressed as

Pm=Pxx+P;y+PZZ =-P '3P "P p— -P (8.2.11)

where P is the hydrostatic pressure having the opposite sign to Py, Py, and
P,. When the transformation is infinitesimally small, Py, is related to €, as

Pm=xey (8.2.12)

where K is the elastic modulus. The anisotropic component of P is the
component P;; with i#j. If we denote this component as Py, we have

PXX—P PXy PXZ
Po=P-Pyr=| . P, PP, 8.2.13
yy y
Pzz‘P
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P, is related to e, as
P = 2yeo (8.2.14)

where 7 is the shear modulus. For viscous fluids (with no elasticity), the stress
for arbitrary strain is zero and the pressure is proportional to the strain rate. If
we denote the strain rate for the volume change as ¢, and that for the shape

change as ¢, the stress is proportional to the strain rate as

Prm =18 (8.2.15)
and
Py =2ne, (8.2.16)

where 1}, and 1 are the volumetric viscosity and the shear viscosity,
respectively. The viscosity of polymer solutions usually means 1.

* Strain is defined by e=Al/l where 1 and Al denote the original length and the displacement,
respectively.

* Hooke’s law holds for the stress and strain relationship in infinitesimal transformations of
elastic bodies.

<<Problem 8-3>> Lamé constant
For isotropic elastic bodies, the stress Py, is related to the strain e as

Prs = 2lers + Adps(exx + eyy +€2) (8.3.1)

where the subscript rs means the component in the direction of s on the surface
perpendicular to r axis, A and | are the materials constants called the Lame
constants and ,, is Kronecker delta (5,.=0 when r#s and =1 when r=s). A

and p are related to x and 7y defined by Egs. (8.2.12) and (8.2.14), respectively,

as
2
7\.=K-§‘Y,p=’y (8.3.2)

Derive Eq. (8.3.2).

Answer

In the three dimensional space, stress P and strain e are described with nine
components as shown by Eqgs. (8.2.6) and (8.2.10), respectively. If the system
is at an equilibrium state, the moment of rotation on an arbitrary infinitesimal
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rectangular prism about the coordinate axis must be zero. For example, the

moment about z axis is

oP

(ny + a;)de)dydzxdx - (Pyx + ?yldy)dxdzxdx =0
X Yy

(8.3.3)

* The moment of inertia about arbitrary axis, I, is defined by I=rxF. The vector I is in the

direction perpendicular to the surface constructed by the vectors r and F.

For the infinitesimal volume elements,

Then from Eq. (8.3.3), we have
Pyy = Pyx
Similarly,
P =Py,
Py =Py,
Thus the stress tensor P is the symmetrical tensor
Pxx Py Px
P=| - Py Py
Pz
For the strain tensor, we have
€xy = €yx

€zx = €xz

€y =€y

(8.3.4)

(8.3.5)

(8.3.6)
(8.3.7)

(8.3.8)

(8.3.9)

Thus the strain tensor is also the symmetrical tensor. Each six among nine

components of P and e are independent. For brevity, let’s denote the

independent components as
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Pl = Pxx
Py =Pyy

P3;=P,

Py =Py, (8.3.10)
Ps = Py«
Ps = P,y
and
€1 =€xx
€2 = €yy
€3=¢
e4=e;§ (8.3.11)
€5=¢€xx
€6 = €xy
P is a function of e. For example, r component of P is expressed as
P, = f,(el,ez'e3,e4‘e5,es) (8.3. 1 2)
Expanding f; in a Taylor series and neglecting higher order terms, we have
6
P=ke;+kpe, +Kges+ke, +kses+kgee= 2, ko€ (8.3.13)

i=1

where k;; are the elastic modulus. The number of the elastic moduli is 6x6=36.
For isotropic bodies, independent elastic moduli are only two:

k44=%(k11 -kig)=p (8.3.14)
and

kip=4 (8.3.15)
Then Eq. (8.3.13) is expressed as P,=2te,+Ad.s(exxte€yyte,;). For Py, we have
Pyx = 2{1exx + Aexxt+ Aeyy+ Aez, (8.3.16a)
or

Prx = (21 + Mexx + Aeyy+ Aey, (8.3.16b)
Similarly we have

Pyy = Aexx + (21 + Meyyt+ Aey, (8.3.17)

Py, = Aexx + Aeyy+ (21 + AJe,, (8.3.18)
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The sum of both sides of Eq. (8.3.16b), (8.3.17) and (8.3.18) yields

P+ Py +P,, = (2u + 37»)(3“ +ey .t ezz) (8.3.19)
Substituting equations
3Py = Py, + Pyy +P,, (8.2.11)
€y = €xx + Eyy +€;5; (8.2.5)
in Eq. (8.3.19), we have
3p, = (2;1 + 37\.)8V (8.3.20)
Comparing Egs. (8.2.12) and (8.3.20), we find
‘o 21+ 3A

3 (8.3.21)

For pure shear, Eq. (8.2.6) is reduced to

0 ey O
e=| - 0 O (8.3.22)
0
and Eq. (8.3.8) is reduced to
0Py, 0
P=| - 0 0 (8.3.23)
0

For infinitesimal transformations, from Eq. (8.2.14), we have

Py = 2Yexy (8.3.24)
From Eq. (8.3.1),

Pyy = 21eyy (8.3.25)
Then

pu=A

The substitution of this equation in Eq. (8.3.21) yields the relationship
A=x-2/3 y
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Thus the mechanical properties of isotropic elastic bodies are expressed only by
the elastic modulus and the shear modulus.

<<Problem 8-4>> Stress equation
Derive the relationship between stress P,; and shear rate ¢, (=
de, ¢/ dt) for viscous fluids:

Py = 21655 + {—P + (nv : %n)év}&s (8.4.1)

Answer
Substitution of Eq. (8.3.2) in Eq. (8.3.1) yields

2
P =2y + (K - §y\)8,88v (8.4.2)

for isotropic elastic bodies, where &,=e, +eyy+e,, represents the unit expansion.
A similar relationship holds for fluids if we replace v by m, k by 1}, and e, by
és, according to the viscosity-elasticity analogy as

Py = 21éxs + (nv ; %n)aﬁév (8.4.3)

If the fluid has viscosity as well as elasticity (viscoelastic body), by summing
up the right-hand sides of Egs. (8.4.2) and (8.4.3), we have

) 2 2 :
P =2y +2ne,+ (K - 57)8,58‘, + (n v 311)8,58‘, (8.4.4)

In general, shear modulus v is zero and ke,=P,,=-P for fluids. Then Eq. (8.4.4)
is reduced to Eq. (8.4.1).

<<Problem 8-5>> Equation of motion for viscoelastic fluids (II)
Derive the equation of motion for fluids

p 1_\oe, :
anv,-—a;+(nv+§n)¥+pB,=pv, (r=x, Y, z) (8.5.1)

by substituting Eq. (8.4.1) for P in the equation of motion Egs. (8.1.7)-
(8.1.9).



453

Answer
Substitution of Eq. (8.4.1) in Eq. (8.1.7) yields
de deyx , 0é,)| OP 2 o€ :
2 xx 4 Thyx  Obx ) OF v- & Y+ pBy = x 8.5.2
T]( ox dy oz ) ox (Tl 3Tl ax P Py ( )
Similarly, from Eqgs. (8.1.8) and (8.1.9) and (8.4.1), we have
0€yy . 0€yy 06\ OP o€y
o 28y 4 %Oy , OCy v-2n%Y 4 pB, = pV 8.5.3
"(ax 3y az) oy +n-2 5y TPBy=PY (8:.3)
9y,  0€y;  0éz| OP /3
2 Xz yz 4 9=z v 2 v B, =pv,
n( S S ) 2+ (- n}a— +pB, =pv (8.5.4)

In general, the tensor which expresses an infinitesimal displacement Dy is
divided into the component corresponding to the strain e, and that
corresponding to the rotation (rigid body displacement) o as

1 1 du, dug| 1{du, Jug
Drs=§(Drs+Dsr) Z(Drs Dsr) 2(§+_5;)+E(g'§r_)=ers'ors

(8.5.5)

Here u, and us denote the displacement along the surface perpendicular to r
direction and s direction, respectively. The strain rate tensor ¢ is expressed as

de,, de,, de,,

dt dt dt :
o | ooy | [Encuren
=Et= ’ dt dt = : eyye.yz (856)
de,, T G
dt

The partial differentiation of the components with respect to x yields

s _ 3 [1f0vy ?_L)}=L(292_v_)
ax &{2 x oxl T2\ a2 (®:37)

9y _ 9] ?.V_xﬁﬂ) _1Pve Py (8.5.8)
ox ox|2lox 9dyJ| 2\lox2 9xdy
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From the definitions,

ovx  OVy OV, _ q[du, , duy auz) . : L

=ttt =t =+ —|=ext + €,z =Eyv 5.
dx dy odz dtldx dy ¥ P K (8.5.9)
and

0%vy . 0%vy 0%Vx _ 2
) + W +aZz = Vv, (8.5.10)

Substitution of Eqs. (8.5.7)-(8.5.10) in Eqgs. (8.5.2)-(8.5.4) yields

o, P 2 \oe, :

n 'a—x+V2Vx -X‘F nv-§ 'g""pr:pVx (8511)
o, 9P 2\, :

n a_y+V2vy _?a_y_+ nv_§ ._a_)T-}-pByszy (8512)
og, oP 2 \oe, .

5, +Vy, -3, * -3 |5, +PB.=pv; (8.5.13)

Eqgs. (8.5.11)-(8.5.13) are summarized as Eq. (8.5.1).

<<Problem 8-6> Equation of continuity
Derive the equation of continuity for fluids

dp .

-——=pdivv 8.6.1
o=p (8.6.1)
where p is the density, t the time, v the fluid velocity, and dp/dt the time
derivative of density at the same position in the fluid.

Answer

Consider an infinitesimal rectangular prism with volume dV=dxdydz. Let’s
denote the fluid velocity in the direction of x, y and z direction as v, v, and v,,
respectively. The volume flowing into the element through the surface ABCD
(area dydz) per unit time is

d;’t* = vydydz (8.6.2)

(See Fig.8-1) The volume flowing out from the element through the surface
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EFGH (area dydz) per unit time is

dVisax - (Vx + ?&dx)dydz (8.6.3)
dt ox

Then the rate of the volume increment of the infinitesimal rectangular prism
through the surfaces perpendicular to x direction is

dV, Vg - 9Vs vy

- Cxdxdydz = -LXdv (8.6.4a)
dt dt ox ady
Similarly, those through the surfaces perpendicular to y and z directions are
av
- 9Vy4v 8.6.4b
o (8.6.4b)
and
AZT 8.6.4
3% (8.6.4¢)
respectively. The rate of the total volume decrease is given by
dv _ . (9_W_+ ﬁﬁ&)dv (8.6.5)
dt dx dy oz

Flow flux density, the total amount of fluid flowing through unit area per unit
time, is pv for the fluid with density p and velocity v. Then div(pv)dV is the
rate of the weight decrease per unit time. If there are no source and sink
singularities in the volume element, the weight decrease is equal to -( dp/ dt)dV.

Here, dp/ dt means the time derivative of the density of the fluid element.
Then

- aa—f:dv = div(pv)dv (8.6.6)
or
- %% = div(pv) (8.6.7)

Using the vector relationship
div(pv) = grad p-v + p-div v (8.6.8)

Eq. (8.6.7) is rewritten as
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-%—‘: =grad p-v +p-div v (8.6.9)

The rate of the increase in density of the infinitesimal fluid element locating at
(x,y,z) at t is expressed as

dp _dp ,9pdx 9pdy  9pds
dt oJt odx dt dy dt oz dt

=9, 0P, 0P, 9P, 9P, s 8.6.10
dat ax X+8y d azvz at+grapv (8.6.10)

Combining Eqgs. (8.6.9) and (8.6.10), we have

%l:_ +pdivv=0 (8.6.1)

<<Problem 8-7> Navier-Stokes equation and Euler’s equation
Derive the equation of motion for incompressible fluids with or without
viscosity.

Answer 4
Equation of motion for fluids is given by Eq. (8.5.1). From Eq. (8.6.1) &,=0
for incompressible fluids. Then Eq. (8.5.1) is reduced to the equation

oP N AL
nV2v, 5t pB, = pvrzp(w + v,—aT) (r =XY, Z) (8.7.1)

Eq. (8.7.1) is called the Navier-Stokes equation. If the fluid is perfect fluid
(m=0), Eq. (8.7.1) further reduces to

JoP
- +pB,=pV, 8.7.2
m p pv ( )

Eq. (8.7.2) is called Euler’s equation. For a slow steady flow dv,/dt=0, the
inertia term v; dv,/ dr can be neglected, that is,

v=0 (8.7.3)
If there is no external volumetric force (B=0), we have

v2y, = 9P
V=S (8.7.4)

or
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NV2v = grad P (8.7.5)

Eq. (8.7.5) is called the Stokes equation (or Stokes formula) which is one of
the basic equations in the theory for viscosity of polymer solutions.

<<Problem 8-8> Reynolds number

Discuss the balance of the force of inertia and the force of viscosity in Eq.
(8.7.1).

Answer

Let’s denote typical length and velocity which characterize the flow as L and
U, respectively. From a dimensional analysis, the force of inertia ~ pU*/L and
the force of viscosity ~jU/L? and the ratio of the force of inertia and the force
of viscosity = (pU*/L)/(MU/L?*) =(pUL)n=R. Here, R is called the Reynolds
number. When R is small the force of inertia is negligible, and when R is
large the force of viscosity is negligible.

<Problem 8-9> Couette flow

Imagine the viscous fluid held between two plates with the upper plate
moving with relative velocity u against the lower plate along x-axis on xz plane,
as shown in Fig. 8-9 (a). Derive the equation

Vx = 8Y (8.9.1)
by solving Stokes equation and then derive the relationship between P, and e,
by substituting Eq. (8.9.1) in the stress equation (8.4.1).

Answer
In this problem all the physical quantities depend only on y coordinate. The
fluid held on between two plates has velocity only in x direction, that is,

vy # 0 \
vy=0 (8.9.2)
v, =0 ’

According to <<Problem 8-7>>, Navier-Stokes equation for a slow steady flow
of incompressible fluids is given by
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NV?v = grad P

For the present condition,
9%vy _odP
ay? 9y

Since pressure is constant,

P _,

dy

Then Eq. (8.9.3) is reduced to
9%v

"— =0  (h¥#0)
dy

The solution of Eq. (8.9.5) is

(a)

(8.7.6)

(8.9.3)

(8.9.4)

(8.9.5)

(b)
- 103
/ : / 3
: b

y " b .%’ 102} ) 9 — Y
/Z/ ;:'." / : 10. \

. P

—_—x

e 100 102

Fig. 8- Y/ (1/s)

(a) Couette flow

(b) The effect of the degree of polymerization DP of cellulose on the
solution viscosity 7 as a function of shear rate ¥ for the system cellulose-

cuprammonium : a) DP-1400, b) DP=1050, c) DP=800, and d) DP=550

under the condition
NH;/Cellulose=0.94(w/w),

of Cp(concentration
and Cu/Cellulose=0.36(w/w)

of cellulose)=5wt%,

(See 1.

Miyamoto, T. Matsui, M. Saito and K. Okajima, J. Text. Mech. Soc. Jpn. 50,

73 (1996))
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vy=ay+b (8.9.6)

with a and b being integration constants. Let’s denote the distance between the
two plates as h. Using the boundary condition (v,=0 when y=0 and v,=u when
y=h (no slip condition)), we have v,=uy/h=gy, where

h —a? (8.9.7)

is the velocity gradient. We finally obtain

vy=0 ] (8.9.8)

From Eq. (8.5.8),

. _deyy l(avx avy)
[+ = — = — 4 L
YT a2 dy 9Ix (8.9.9)
Combining Egs. (8.9.8) and (8.9.9), we have
Exy =§ (8.9.10)

All the components of ¢ except for é,, are zero. Substitution of Eq. (8.9.10)
and the incompressibility condition &,=0 in the relationship of P and e , Eq.
(8.4.1), yields

Pxx = Pyy = PZZ = 'P (8.9.1 1)
Py =Mg (8.9.12)
Py, =P;=0 (8.9.13)

* The notation o,y is used in place of Py, frequently as
Oxy =Mg (8.9.12)

where O,y is the stress acting on the surface perpendicular to y axis along x direction. Whenn
is constant, the fluid is called Newtonian. Polymer solutions are usually non-Newtonian,
as shown for a typical case in Fig. 8-9 (b).

* The dimension of 1 is evaluated from Eq. (8.9.12) or
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Py
g

Let’s denote weight, length and time as M, L and T, respectively. Then we have the
dimension of 1 as

-2
(n)= (MII}LX#) =L'MT! (8.9.14)

7} is expressed by g/em sec or dyn sec/cm? (poise) in cgs unit. Poise is named after Poiseuille.

n= (8.9.12)”

<<Problem 8-10>> Equation of motion and equation of continuity for
slow steady flow (1)

The solution for the equation of motion and the equation of continuity for
slow steady flow

NAu = grad P (8.7.6)
divu=0 (8.10.1)
is given by

u = grad(r-¢) - 2¢ (8.10.2)
P =2ndiv ¢ (8.10.3)

Here ¢ is the vector which satisfies the equation A¢=0. Prove Egs. (8.10.2) and
(8.10.3).

Answer
Divergence of both sides of Eq. (8.7.6) is given by
1 div Au = 1Adiv u = div grad P= AP (8.10.4)
Substitution of Eq. (8.10.1) in Eq. (8.10.4) yields
AP =0 (8.10.5)

This equation is called the Laplace equation and the function which satisfies
the Laplace equation is a harmonic function. Let’s denote an arbitrary
harmonic function as ¢ (¢x,$,,9.); A$=0. Then

Alr-¢)=r-Ad + 2div ¢ = 2div ¢ (8.10.6)
Thus u in Eq. (8.10.2) satisfies Eq. (8.10.1), since
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div u = Alr-¢) - 2div ¢ = 0 (8.10.7)
Substitution of Eq. (8.10.2) in the left-hand side of Eq. (8.7.6) yields
nA( grad(r-¢) - 2¢) = 1 gradA(r-¢)= 2ngrad(div ¢) (8.10.8)

Then we have Eq. (8.10.3).

<<Problem 8-11>> Equation of motion and equation of continuity for
slow steady flow (II)
Derive the equation

Ap=0 (8.11.1)
for
jol = L (8.11.2)

Then derive the expressions for u and P for one-dimensional case in
<<Problem 8-10>> by substituting ¢=i/r in Egs. (8.10.2) and (8.10.3).

Answer
Using the relationship r2=}:xi2,

1 82 1 or 2(ar\* 1 3%

1

Here,dr/ ox;=x;/r and 9*r /9x;>=1/r-x;/1* (3r/9x;)=1/r-x;*/r’. Then we have

2 2

1) _ 2[ X 1L X2 1 1
A(J"? ?(?) ';5(?'73) TR (8.114)
Substitution of ¢=i/r in Egs. (8.10.2) and (8.10.3) yields

o 1), i [x* 1},

u= grad(r~¢) -2¢=rgraddp-p=- x(:); ?) i+ ;—(—r? + ?) i (8.11.5)
and

_n 9f-1)_2Nx
P=2ns T)‘ o (8.11.6)
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<<Problem 8-12>> Equation of motion and equation of continuity for
slow steady flow (III)

Derive the expressions for u and P for the potential ¢=—A/r with A=(1,1,1)

Answer
Substitution of ¢=—A/r in Egs. (8.10.2) and (8.10.3) yields

1\ A
u= (r~l)grad(-;) +—

) (8.12.1)
P=-2nA grad(?)

Eq. (8.12.1) is rewritten as

u=(X‘+X2+X3)

1. . AAo1
?(x|l+xzj+x3k)l+—r—=?+}—3(xl+X2+X3)r (8.12.2)

or
u=Y §ri_k + XX (8.12.3)
k r
and
1\ (2
P=-n grad(—)= (—121)2 X (8.12.4)
r r‘ /i

<<Problem 8-13> Oseen tensor

When a body moves with the velocity u in a viscous fluid, it exerts a force
on the fluid, resulting in disturbing the flow field. For a force F acting on the
fluid at an arbitrary point, the velocity change v’ of the fluid where the
distance from the point is R is given by

F {1 RR

Ve gmiR T = R=|R| (8.13.1)

where I is the unit tensor, R=(x,,x,,X;) and
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2
X1 XXX X3
2
RR= X2x1 Xz X2X3 (8.13.2)
X3X ) X3X5 "32

Derive Eq. (8.13.1) on the assumption that the fluid be incompressible and the
flow be a steady flow.

Answer
Stokes equation for a steady flow under external force F is expressed as
grad P=nAu+F (8.13.3)

(Refer to Eq. (8.7.6))
The equation of continuity is given by

divu=0 (8.10.1)

Let’s denote the solution of Eq. (8.13.3) as u(u,,u,,u;) and P, and the solution
of Eq. (8.7.6) (for F=0) as v(v,,v,,v3) and P’ at a certain region B in the fluid.
If we assume all of these solutions be single-valued and twice successively
differentiable, we have

J {v(nAu - grad P) - u(nAv - grad P') + Fv}d‘t =0 (8.13.4)
B

If we denote the boundary surface of B as S and the normal vector of the
surface as n, we have

Ju ov
n£ (véﬁ - uﬁ)ds - J; (vgrad P-ugrad P - Fv) dt

~

du 9P ov oP
= V(na—n-ﬁ)-U(na—n-g) ds +J;FVdT

Js
r‘

du; 9P ov; oP _
= g vi(n-éH - E) - Ui(n—a—rr - —a‘a') ds + J; ;Fivi di=0 (8.13.5)
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From the result of <<Problem 8-12>>, we have

Si Xix
vi=2(—r—k+—3—") (8.12.3)

o [1

Then we take the point P at the origin and denote the position vector as
r(x;,X2,X3) and its magnitude as |r |=r. We take B between a sphere with radius
¢ including P°, o), and a concentric larger sphere 6,. If ¢ and @ are

arbitrary twice differentiable continuous functions, we have

[ (00 - waoke= [ (632 - 28]

> (8.13.6)

Here 0 / dn is the partial derivative along n direction at the boundary surface S.
Let’s perform an integration on the surface 0

. du, aPk
llmj Zv( "5 )dS (8.13.7)

€0 i

Since the inside of the parenthesis is finite, v; «<1/r and dS or?, the integral is
proportional to r. Thus the integral is zero when r— 0. Since the directions of
n and r are opposite, we have

£—0 i r

So

av oP’ XX, 2X S
lim | Yy dS—hmn uk+32u L . %— (8.13.8)
arl r3 r

%o

Taking account of symmetry of spherical surfaces, we have
[oodS/P=am, [, xix/r* dS/P= [, x/1* dS and [, xi/r dS/r*=0

Then, Eq. (8.13.8) is expressed only with the minus components of r. Using
the polar coordinate, x,=rcos0, dS=2nr’sin6d6 and

2 x
ﬁdS = 21tJ’ cos’0 (sinB de) = i1t
r 3

0
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Thus, the integral of Eq. (8.13.5) over oy surface is -8mnu,(P°). Then we have

u(P°) = §11c? f ) {vi(n@ i a_P) i ui(n@ _oP }dS +[SFvat (8139

L on dn on odn
From Egs. (8.12.3) and (8.13.8), v; =0 and (n (dvi/ dn) - (dpi/ dn)) =0 on

the surface when r—e. The second term in the right hand side of Eq. (8.13.9)
can be neglected. Thus we have

dr (8.13.10)

o= 1 | (F XXk
uk(P)-gn_nf(r + R

If F(F,,F,,F,) acts at the origin, we have

100 X12 X1X2 X1X3
u=8rt'n% 010 +r13 XoX] X2 Xox3 || F (8.13.11)
001 X3X|] X3X2 X32

Here if we denote

100 X12 XiX2 XiX3
I={0 10| RR=|xx; x2 xpx3{, T=R, n=m¢ (8.13.12)
001 X3X1 X3X2 X32

Eq. (8.13.2) is rewritten as

u=TF
where
- LT RRIo
T PR (8.13.13)
where the tensor T is called the Oseen tensor. If we replace RR by
the average (R¥/3)I (<x;x,>=8;,x:2), then we have
u=—1_1JF (8.13.14)

67'51'\ oR
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Eq. (8.13.14) is rewritten, if Stokes formula is applicable (Eq. (8.7.6)) as
F=6mmRu={Clu, {=6nnR (8.13.15)

where  is the friction coefficient (See, for example, J. N. Hunt, In
Compressible Fluid Dynamics, p15-16, Longmans, 1964). Thus the force F
acting on a small sphere with radius R flowing with velocity u is proportional
to the radius of the sphere and the viscosity of the fluid.

<<Problem 8-14> Capillary flow

Consider a steady flow of incompressible fluid in a capillary (i.e., steady
axially-symmetrical flow in a straight pipe of circular section). Let’s denote the
difference in pressure of both ends of the capillary, the radius and the length of
the capillary and the fluid viscosity as AP, R, / and 1, respectively. Show the
volume V, flowing through a cross section of the capillary in time t
is given by

v, = TRIAPt 8.14.1
t— 8T|l ( . . )
Answer

Let’s take x axis in the direction of the center line of the capillary tube.
Then the fluid velocity v is a function of only y and z. The Stokes equation
(See Eq. (8.13.3)) is solved under the boundary condition

vx#0, vy=v, =0 (8.14.2)

or

Avy=0,Av, =0 (8.14.3)
AP=P1-P2

Fig. 8-14 Poiseuille flow
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Then we have

T\Avy=0=%yE (8.14.4)
1]sz=0=—6£ (8.14.5)
Y azv; .\ azv; . azvzx _ azvzx N azv; _oP (8.14.6)
ox’ oyl oz oyt ozt | OX
Here we use the relationship in the present situation:
2
%=:; =0 (8.14.7)

The right-hand side of Eq. (8.14.6) is a function of only x whereas the left-
hand side is a function of only y and z. Thus, both sides should be a constant,
that is,

& const. (8.14.8)
ox

Since the difference in pressure for the tube length / is AP,

@ _-AP (8.14.9)
ox /
Substitution of Eq. (8.14.9) for dP/dx in Eq. (8.14.6) yields
o%v, o _AP
=t =Av, = — (8.14.10)

Using the cylindrical coordinate, v, is a function of only r and Eq. (8.14.10) is
reduced to

dv AP
A x=11(r——’i)=-— (8.14.11)
r dr

Integration of Eq. (8.14.11) yields
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v =-£r2+alogr+b
X7 4l (8.14.12)
with a and b being integration constants. Since v, should be finite along the
center line of the tube (r=0), the constant a must be zero. If we assume no-slip
condition (v,=0 at the capillary wall at r=R), we have

AP,
b=zt (8.14.13)
Substitution of Eq. (8.14.13) for b in Eq. (8.14.12) yields

AP( 2 2
vx=In—l(R -2 (8.14.14)

Fluid of the volume 2xrv,dr flows per unit time through the shell between
circles with radius r and r+dr. Then the volume of fluid which flows through a

cross section of the capillary tube in time t is given by
R

V.= tJ 2nrvy dr (8.14.15)
0

Substituting Eq. (8.14.14) for v, in Eq. (8.14.15) and integrating over r yields
Eq. (8.14.1), which can be rewritten as

_mR*APt
7 (8.14.16)

Thus the fluid viscosity 1} can be determined by measuring the time t required
for a given volume of fluid flowing through a cross section of the capillary
tube. Eq. (8.14.1) or (8.14.16) is called the Hagen-Poiseuille law which is a
basis for the capillary viscometry. Poiseuille found in 1846 that the resistance
of fluid flowing in a capillary tube is proportional to the fourth power of the
inner diameter of the tube. Afterwards Hagen gave a theoretical explanation for
this phenomenon. (See E. Hagenbach, Pogg. Ann. 109, 385 (1960);
J.L.M.Poiseuille, Mem. Savants Etrangers 9, 433 (1846))

* Since R,/ and V, (the volume of the fluid reservoir of the capillary viscometer) depend only
on the dimension of the viscometer and AP is proportional to the density of the fluid p, Eq.
(8.14.16) is reduced to

n o pt (8.14.17)

Using a standard liquid, i.e., a liquid whose viscosity and density are known (usually pure
solvent), we have
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t
n_|Pit (8.14.18)
where the subscript 0 denotes the standard liquid. Thus 1 can be determined by measuring the

time t required for all the solution flowing out. For dilute solutions, the density of the solution
p is nearly equal to that of the pure solvent p, , Then we can approximate

nN_t
M0 i (8.14.19)

The prerequisite conditions for Hagen-Poiseuille law are

(1) fluid is incompressible

(2)steady flow (fluid viscosity is so slow that the force of inertia is negligible)
(3)Newtonian viscosity

(4)laminar flow

(5)correction for kinetic energy is not necessary

<<Problem 8-15-a>> Frictional heat and viscosity

Consider a steady laminar flow in a horizontal cylindrical tube. Take x
and y axis in the direction of the length and in the radial direction of the tube,
respectively. The change in fluid velocity in the direction of x axis, vy, with
respect to the radial direction y yields a velocity gradient g, that is,

A @ 1 ®

x+ghy 45
: A |4

3
: v+35lg
= B Y 2 '

Vg
Fig. 8-15 Two layers in a shear flow (a) and shear flow near the planar particle

(b)
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dy (8.15.1)

Viscosity 1 is defined as the ratio of the frictional force (stress) on the surface
along the flow X, to the velocity gradient as

Xy=ng (8.15.2)

M is also defined using the frictional heat ® produced in unit volume in unit
time as

o =ng? (8.15.3)
Derive Eq. (8.15.3).

Answer

Imagine two layers A and B, each having surface area AS and the thickness
along y axis Ay, in the tube, as shown in Fig. 8-15(a). The layer A moves
faster than the layer B by gAy. The force which acts on the boundary of the
two layers is X,AS. Then the work done by the layer A against the frictional
force is AW=(velocity difference)x(frictional force) in unit time;

AW =(velocity difference) X (fn’ctional force) = gAyX AS (8.15.4)

The volume of the layer A is ASAy. Thus the work produced in unit volume
and unit time is

- AW _ -

o=-A4W -x 8.17.%)
Asay OB (8175

Using Eq. (8.15.2), we have

O =Ngg="ng? (8.13.2)

<<Problem 8-15-b>> Estimation of volume fraction dependence of
viscosity coefficient

Consider a planar rigid particle with the surface area S and thickness | in a
steady laminar flow with a velocity gradient, as shown in Fig.8-15(b). We
neglect the edge effect and the rotation of the plane. The fluid velocities on the
plane and under the plane are different. Now we assume that the velocity of the
plane is equal to that of the fluid on the center line, v. If we assume no-slip
condition, the velocity of the fluid on the plane changes from v+(1/2)g to v and
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that under the plane changes from v-(1/2)g to v by the existence of the planar
particle. Then we assume that such modification of flow caused by the
existence of the plane appears at most over the length | from the plane. Then
the velocity gradient from the center line of the planar particle to the surface
which is | above the plane is [{v+(31/2)g}-v]/I=(3/2)g. Similarly, the velocity
gradient from the center line of the planar particle to the surface which is |
below the plane is (3/2)g. Calculate the dissipation heat caused by the plane and

derive the expression for the viscosity coefficient by comparing the heat ® in
Eq. (8.15.3).

Answer

Using Eq. (8.15.3), the dissipation heat in the volume ABB’A’ in Fig. 8-
15(b) caused by the plane is 14(3g/2)*(2S1). If there are N, planar particles per
unit volume, total volume fraction of the particle ¢, is SIV,. The volume
fraction, the flow field in which is not disturbed by the planar particles is (1-
3SIN,). Thus, the dissipation heat in this volume is n0g2(1—3SIN,). The total
dissipation heat is the sum of these dissipation heats as

2
@=1, g%(1=3 SV} O(% g) (2 S1)V=n (1+1.5 SLV,) g2 (8.15.6)

We can also say that this heat is the decrease in kinetic energy of the fluid,
resulting in the fluid being more viscous due to the decrease in velocity of
the fluid molecules. Comparing Eq. (8.15.6) with Eq. (8.15.3), we have

nN=N.(1+1.5¢,) (8.15.7)

The coefficient of ¢y, 1.5, in Eq. (8.15.7) derived by the above rough
estimation is slightly different from that of the exact Einstein’s equation, 2.5,
derived in Eq. (8.27.1). An instructive conclusion of this problem is that the
viscosity coefficient only depends on the volume fraction of the suspended
particles and the solution viscosity is proportional to the solvent viscosity.

(See M. Kaneko and K. Ogino, Polymer Science (Kobunshi Kagaku), Kyouritsu
Pub. Co., 1965, p130)

<<Problem 8-16> Two-dimensional steady shear flow of solution of
dumbbell-like molecule (I): Diffusion equation

Consider a dumbbell-like molecule which consists of a rod with spheres at
the both ends. When this molecule is put in a shear flow of fluid with viscosity
o, the center of gravity moves and rotates along the flow. If we take the origin
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at the center of gravity of the molecule, the probability density f(8,y,t) of
finding this molecule at a position (8, in the polar coordinate) at time t is
described by the diffusion equation. Imagine a solvent flowing with the
velocity v’ by an external force F. If we put the dumbbell-like molecule in the
solvent, the equation of motion is expressed as

mdV' = F -ty 8.16.1
™ v’ ( )

where { is the friction constant. If there is no external force, the first term in
the right-hand side in Eq. (8.16.1) is removed. For a shear flow, the velocity of
the solvent is given by

000 000}\/x
0

v'=[g00 |r=(g00 || y|=(0.gx,0) (8.16.2)
000 000 /\z

Then we have the diffusion equation expressed as

af(r D - givjt (8.16.3)

where j is the flow defined by
j=v' - D(grad fyf (8.16.4)

with D being the diffusion coefficient. Egs. (8.16.3) and (8.16.4) give the
probability density when there are two forces; shear stress and diffusion force
due to the thermal motion. Derive the angular velocity for the molecular

rotation, 0 and ¢, in the steady state when the thermal diffusion is
negligible.

Answer

For convenience, we put r=unit vector. Then grad f and div jf can be
rewritten in the polar coordinate as

o of
df=
gra Ug— 89 + u¢sm 630 (8.16.5)
d'v'f—-——l——‘ in® +Li'f
V3= oo in 0) + g g4 (8.16.6)

where u, and u, are the unit vector and j, and j, are the components of j in the
direction of 6 and ¢, respectively. Now, we redefine j, and j, as angular
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velocities, that is, j, —j, and j, —j,sinB, as shown in Fig. 8-16. Then Eq.

(8.16.3) is rewritten as

of 1 9 g 1 90 fieo
—=-—1_—{jofsinB)- L Z{jyf sin O

3t sinB a0 in 6) sin © 9¢ of sin 0) (8.16.7)
0 and ¢ components of Eq. (8.16.4) are rewritten as

e A of

jof =06f - DE)E (8.16.8)

Do o of
jof sin 8 = ¢(sin O)f - si]n)G 30 (8.16.9)

respectively. Next we calculate each component of the relative velocity
v’ (v}, Vg, Vy). Let’s denote the velocity of the small sphere of the dumbbell-

like molecule as V. Then we have

vi=V -0
with
0
b\,
V= (5)6 (8.16.10)
bl . .
(E)sm Osin ¢

The projection of the half length of the rod of the dumbeli-like molecule b/2 on
the x-y plane is b(sin6)/2. The x component of the projection is (bsinBcos¢ )/2.
From Eq. (8.16.2), we have

vy = gx (8.16.11)

The 6 component of voyo is (b/2)gsinBcosBsing cos¢ . Similarly, we can derive
the ¢ component of v’, v,°, as (bgsin@cos’d)/2. Thus
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0

0

v = (g)gsin Ocos Bsin dcos ¢ (8.16.12)

(g)gsin Bcos’ ]

Then 0 and ¢ components of v’ are obtained from Egs. (8.16.10) and
(8.16.12) as

's = (246 - (Elsin 20sin 2 8.16.13
Ve (219 (4)sm Osin ¢) ( )
Ve = (%)sin 80 - gcos? o) (8.16.14)
respectively. In the steady state,
dv _ .
mé¥- =0 8.16.15
i ( )
Then Eq. (8.16.1) is reduced to
Fo= CV'e (8.16.16)
Fy=0Cv) (8.16.17)

0 and ¢ components of the moment M to rotate the dumbell-like molecule
induced by the force F are expressed as

M, = Fe’l% + Fe,z% =blve= be;(g)(e - (%)sin 26sin 2¢) (8.16.18)

b) . bl . . - b\ . ;
M¢=F¢,,(§)sm6 +F¢,2(§)sm9 =bsin 0Cv 0= b?;(z)smz 0 (¢ - gcos2 ¢) (8.16.19)
respectively, where the subscripts 1 and 2 correspond to the small spheres 1 and
2. In the steady state,
Mg=0
® \ (8.16.20)
My=0 |

Then we have
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6= (%)sin 20sin 20 (8.16.21)

¢ = geos® ¢ (8.16.22)

Thus the dumbbell-like molecule performs a rotational motion with a constant
angular velocity 8 and ¢.

* A dumbbell-like molecule is an element of a pearl-necklace molecule (or bead-and-bond
molecule), which is used to represent a linear polymer molecule.

* Statistical approach to an equilibrium state is described by the forward equation of Fokker-
Planck equations (See for example, C. Kittel, Elementary Statistical Physics, John Wiley &
Sons, Inc., New York, 1977):

919 {aft, x)f)—2(b{t, x)f)+ oft, x)e (8.16.23)

for one-dimensional case, where f is a probability density function and a, b and c are functions
of time t and coordinate x. In case a=const.(=diffusion coefficient D) and b=c=0, i.e., the

stochastic process is homogeneous in time and space), we have Brownian motion:
21/9t=a0 3. Incase b=V’ and c=0, we have Egs. (8.16.3) and (8.16.4) in three-
dimensional case.

* Eq. (8.16.5) is derived as follows.
Let’s express the relationship between a rectangular coordinate (x,y,z) and a curvilinear
coordinate (q;,92,93) as

x=x(q; 4 q)

y=y(ai 4 ) (8.16.24)
= Z(qn 9, q:)

The operator grad is expressed using the coordinates as

Va0 d d _ W d %o U 9
grad(=V)—ex5;+ey3?+eza—z = Qll Fq. t szaqz t nga s (8.16.25)

where (e,, ey, €,) and (u,, u,, u3) are unit vectors in the rectangular coordinate and the
curvilinear coordinate, respectively, and

) 2 {9 2 2
Qa=(§:;l) +(a 32) +(§§3) (8.16.26)
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The divergence of an arbitrary vector j is expressed as

divi=V-(j st j jurt j su;)

(8.16.27)
or
Vijuzj VuruVj i (8.16.28)
The first term of the right-hand side in eq. (8.16.27) is expressed as
dQQ
j V=1 (290 i#j,k
IVN=g Q0 Fa, (i%],k) (8.16.29)

and the second term is expressed using Eq. (8.16.25) as

i 1 d_(: d_(; 9_{;
divj= Q,Q,Q, m(] 1 Q, Qs)"ﬁ(.] 2 Qs Qx)"’m(l 3 Q Qz) (8.16.30)
Now we consider a dumbbell-like molecule represented by a vector r in a polar coordinate as
shown in Fig. 8-16:

X =r sin Bcos ¢
y =rsin Bsin ¢

(8.16.31)
Z=rcos 0
then
(a) (b)
4 A
Z 1 z
6/b o200 !
J A
:' y 6 P
¢ ‘\\ I', : yA
N . T i/ sin 6j,
2 “

Fig. 8-16 A dumbbeli-like molecule in a shear flow (a) and the
components of j, and j, (b)
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Q’=1, Qi=r1?, Qi=r’sin’0 (8.16.32)
As we put r=unit vector,

of _9i_,

or _or (8.16.33)

From Eqgs. (8.16.25) and (8.16.30), we have Egs. (8.16.5) and (8.16.6), respectively.

<<Problem 8-17> Two-dimensional steady shear flow of solution of

dumbbell-like molecule (II): Force and its corresponding moment acting
on the molecule

Derive the force F(F,, Fy, F,) which acts on the small spheres of the
dumbbeli-like molecule in <<Problem 8-16>> and the corresponding moment
M(M,, M,, M,) both in the three-dimensional and two-dimensional spaces.

Answer

From Fig. 8-17(a), the relationship between the components of the
rectangular coordinate and the polar coordinate is given by

(j O)x = (cos Ocos ¢)je
(is), = (cos @sin d}iq (8.17.1)

(io), = (sin o

h A j‘
(a) z ﬂ (b) z
) :
E y .
¢ ¢ \\\ ;
X X RN :. Js
Jocos@cosg —singJ, cosgJs

Fig. 8-17 Components of j, (a) and j, (b)
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Similarly, from Fig. 8-17(b), we have

(o), = (-sin 0)ig

(ie), = (cos diq (8.17.2)
(ia),=0

Thus

jx = (i) + sin B{j)x = (cos Bcos dljp - (sin Osin Oljo (8.17.3)
jy = (is)y + sin 8(jo)y = (cos Bsin d}jp + (sin Bcos Plig (8.17.4)
j = (-sin BJje (8.17.5)

The velocity of the small sphere is given by (distance)x(angular velocity), that
is,

V =jr (8.17.6)

The relative velocity is given by

vV=V.y0 (8.17.7)

The force acting on the sphere is

F =V - v9) = {jr - v°) (8.17.8)

Substitution of Egs. (8.17.3)-(8.17.5) in Eq. (8.17.8) yields

Fy = Q(%I(cos Bcos ¢)je - (sin Bsin ¢lje) (8.17.9)
b AT . . .

F = C(g)k(cos Osin ¢)Je + (sm Bcos ¢)_p¢ - gsin Bcos ¢ (8.17.10)

F,= f;(lzll-(sin 8lje] (8.17.11)

The moment M is defined by

M=) rxF, (8.17.12)

where i=1 and 2 denote the two spheres. x component of the moment is
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evaluated as

Mx = z (yFLi - ZFy,i)
i

b . b o b b
= z(a)sm Osin ¢C(E)[_ sin 0j g] - 2(5)005 GC(E)

X

cos Osin ¢jq + sin Bcosd j, - gsin Beos ¢]

2
_ 2(%) gl- sin 0o+ sin Bcos j - gsin Bcos ¢] (8.17.13)

M, and M, are likewise obtained.
In the two-dimensional space, the force which acts on the first spheres Fy | is
evaluated, in reference to Eq. (8.17.10) with putting 8=n/2, as

Fy.1 = {cos dlo - geos 0] = YPkos olio - £] = Fy.2 (8.17.14)
Similarly, from Eq. (8.17.9),

Fy, = -(;(lzl)sin djo = Fx.2 (8.17.15)
The moment about z axis is given by

M = Fy 1x; + Fyox2 + Fyiyy + Fyoyz = Czﬁ(gcos2 o - jo) (8.17.16)
In the steady state, we have

jo = geos? ¢ (8.17.17)
which agrees with Eq. (8.16.22).

<<Problem 8-18> Two-dimensional steady shear flow of solution of
dumbbell-like molecule (III): Probability density

The probability density f(¢,t) for the two-dimensional flow of a dumbbell-
like molecule is given by a set of equations

%%=_3%(j¢f) (8.18.1a)
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j¢f=¢f—D§£ (8.18.1b)

(by putting 6=n/2 and j;=0 in Egs. (8.16.7)-(8.16.9) and é=gcos’¢ (from Eq.
(8.16.22)). Let’s express f as a power series of g as

f=2L{ 1+ fig +,g2 + f3g3 +. . | (8.18.2)
14
Here 21t comes from the normalization condition when
fi=fh=f3=-..=0 (8.18.3a)
that is,

2n n
J fdp=1, j fg7dp=0(r=123,) (8.18.3b)
0 (1]
Derive f; and f, in the steady state
of
2-0 .18.4
o 8 )
Answer

Using Eq. (8.18.1b), Eq. (8.18.1a) is rewritten as
of d .
o= 2ol

| D 9
=- % 2%(1 +fg +f2g2+ ) - E%-(l +fig +f2g2+ )

1 _ 9°f, ‘ , of, 9|,
=- =1l -2sin ¢cos ¢ - DW g + | -2sin ¢cos ¢f; + cos ¢§6 - DW g+

(8.18.5)

From the steady state condition of/ dt=0, all the coefficients of g, g’,... must be
zero. For the coefficient of g,
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: o°f, _
- 2sin ¢cos ¢ - D—L=0 (8.18.6)
04?2
The solution of this equation is
f; =520 4 co+c 8.18.7
=D 19+ ¢ ( )

f, at =0 and ¢=27 should be the same, then ¢,=0. From the normalization
condition

2n
f fydo=0 (8.18.8)
0
¢;=0. Thus we have
f = sin 2¢
1 aD (8.18.9)
For the coefficient of g?, we have
2
-2sin dcos of; + cos? 2L - D22 — g (8.18.10)
d 042
Substitution of Eq. (8.18.9) for f; in Eq. (8.18.10) and rearrangement yields
0’f, 1 [ )
—~2=-—lsin 2¢+2c0s2¢-4cos4¢} 8.18.11
00>  4D? ( )
Integration of Eq. (8.18.11) over ¢ yields
of, 1 . . "
—=- 5{sin 4¢ + 2sin 2¢ +c4 (8.18.12)
*®  (4p)
4 "
fy=c— 1= % 4 cos 20+, 0+ ¢, (8.18.13)
(D)"| 4

Since f; should be the same at ¢=0 and 2n, ¢=0. Using the normalization
condition, c4=0. Then we have

1
(4D)"

cos 4¢
4

f,

+cos 2¢| (8.18.14)
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Substitution of Egs. (8.18.9) and (8.18.14) in Eq. (8.18.2) yields

1 g g 2 cos 4¢
f=% 1+(E)sm2¢-(5) (—4—+c052¢) (8.18.15)

The probability density f is given as a function of 2¢ for various values of
g/4D in Fig. 8-18. Such a relationship was first derived by Boeder.(See P.
Boeder, Z. Phys. 75, 258 (1932))

* The diffusion equation for dumbbell-like molecule in three dimensional case is given in
<<Problem 8-45>>

<<Problem 8-19> Two-dimensional steady shear flow of solution of
dumbell-like molecule (IV):Viscous dissipation

Pure shear flow of viscous fluids with shear velocity g induces heat of ng’
per unit volume and unit time (See Eq. (8.15.3)). The viscosity of the solution
1 is related to the viscosity of pure solvent 1y as

ng?=mnoeg? + Aq | 100
g/4D
0.2 — .
Y
0.18 ! \\ _____ 0.02
I~
.}’f‘ - }_\.{\ ................. 0.03
“ 16 [letmrmatay
) f W\ S ——:JJ. _____ 0.05
[ N1~ -7 g
* \\ // ,/
0-14 \‘\ - ,l, - e om— 0-10
N,
) ~--=- 0.20
0.12
0 5 4 S
2¢

Fig. 8-18 Probability density as a function of 2¢
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This equation means that the solution generates heat more than the solvent by
Aq. Consider a solution which contains N dumbbell-like molecules per unit
volume. The force on the spheres of the dumbbell-like molecules exerted by
solvent is -F whose components are given by Egs. (8.17.9)- (8.17.11). Thus the
work done per unit volume by the solution is larger than that by solvent by -
MF ,v,°+F2v2°). Here the subscripts 1 and 2 denote two spheres of the
dumbbell-like molecule. In the two-dimensional flow, the motions of the two
spheres are the same, that is, F,v,°=F,v,°. Then we have

Aq = ‘Nf f( FIVI +F2V2) q) NJ‘ )’]V 1 + F zvyz) dq)
0

=- 4Nf 2f(0)F,,v,, do (8.19.2)

Evaluate Aq using f(¢), F,, and v, obtained in <<Problem 8-17>> and
<<Problem 8-18>>.

Answer
From Eqgs. (8.17.14) and (8.17.17), we have
b
Fy = C( )cos ¢[J¢ g] ( )cos¢ g[cos - 1] (8.19.3)

In Eq. (8.16.11), x=-(bcos¢ )/2 for the present problem. Then we have
o _|b
Vg =- > gcos ¢ (8.19.4)
From Eqgs. (8.19.3) and (8.19.4),
b)2
0
Fyvy; = C(E) g’cos? ¢[ ]- cos2¢] (8.19.5)
Substitution of Egs. (8.18.15) and (8.19.5) in Eq. (8.19.2) yields

2
2
Aq=3M1 11+| & |sin20 - | £ | { Leos 46+ cos 20
m 4D 4D | |4

0
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2
xl;(g) gzcos2 ¢[1 - cos’ ¢]d¢

x
2

= Qc(b) g2 cos ¢ - cos* ¢+ (%)cos2 dsin 2¢

2, - 2
- (%)0034 ¢sin 2¢ - (i)w - (i) cos” ¢sin 2¢|do

4D 4 4D
(8.19.6)
and then
25 2 2
Aq:Nng E_.:_S_T_t.{._g_ _l___l_-_g— E
T 4 16 4D |2 3 4D | 8
Nb2§g2 16( g g 2
_T[Hm(ﬁ) n @197

<<Problem 8-20>> Limiting viscosity number of solution of dumbbell-like
molecule (I): Estimated from heat dissipation
The viscosity of a solution is related to the viscosity of the solvent as

Aq
N=No+— (8.19.1)
g
The limiting viscosity number is defined by
. M-My
=1
[n] 0 NoC (8.20.1)

Evaluate [1] using Eq. (8.19.7).

Answer
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From Egs. (8.19.1) and (8.19.7),

Aq _ MY 16 (g)
M= 2 = 1+(4D)61t 2(5) (8.20.2)
Substitution of Eq. (8.20.2) in Eq. (8.20.1) yields
[n]_hm 9 —lim M’C[H 16 2—g—2 (8.20.3)
C—0 nOC Co0 16n0Cl 4D 6n “\4D e

Using the relationship N=N,/(M/C), Eq. (8.20.3) is further rewritten as
N 16( e ) ()2 ITARTEA
6n\4D | | 4D 8 3x\aD| 42D

NAb%|1
[Tl] T 161 oM
Eq. (8.20.4) indicates that a dumbbell-like molecule solution is non-Newtonian.

T MM

(8.20.4)

<<Problem 8-21>> Limiting viscosity number of solution of dumbbell-like
molecule (II): From the ratio of shear stress to shear rate

Consider a surface S with unit area in a solution. Let’s denote the normal
vector of the surface as v. The plus side and the minus side of S are defined as
the side where v has the plus sign and the minus sign, respectively. Denote the
unit vector along the molecular axis (8,0) as e. The total number of molecules
with the molecular axis (8,4) among the molecules which pass through the
surface S is the total number of molecules having the molecular axis (68,0) in
the volume of the cylinder surrounded by the dashed line in Fig. 8-21, that is,
[vl] bNVf. Here |Vl |b is the height of the cylinder. Let’s denote the force that an
arbitrary molecule exerts on the surface of the fluid from the minus side to the
plus side as F. Thus the force induced by a dumbbell-like molecule from the
plus side to
the minus side is given by the integration of

- Fvib ¥1{6.6) (8.21.1)

over all the directions, that is,



486

Vo[ [ |wifFe(e.6)sino dodo (8.21.2)

If we denote the total stress on the surface S as ¢, and the corresponding stress
for the fluid without the dumbbell-like molecule as ovo, we have

6,-0,=-wb[ [ ¥i(6.9)sin 6 dado (8.21.3)

Now we take v axis in the same direction as x axis so that (vI)=sinBcos¢.
Thus, the shear stress Oy, the y component of the stress on the surface
perpendicular to x axis is given by

O,y - Oy, =-/b f f Fyt(e,¢)sin2 6cos ¢ dOdd (8.21.4)
Since m is defined by

av0
ny='ﬂ5x—=ﬂg (8.21.5)

1n-1° is expressed as
n-1°= (@) f j F,f sin’ 8cos ¢ d6d¢ (8.21.6)
g

Evaluate the viscosity coefficient 1 for the solution of dumbbell-like
molecules in two-dimensional space.

Fig. 8-21 Stress on the surface of an arbitrary volume element in a fluid
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Answer
In two-dimensional space, Eq. (8.21.6) reads

1 -n°=-(—"é’i) f F,fcos ¢ do (8.21.7)

Using Eqgs. (8.18.15) and (8.19.3), we have

o_Nb%) 16(g) 1fg)’
NM="16 )\ *x\ap) " a|ap (8.21.8)

Eq. (8.21.8) agrees with Eq. (8.20.3). Thus we can confirm that 1 calculated
from the viscous dissipation induced by fluid of unit volume per unit time is
the same as the ratio of the shear stress to the shear velocity.

<<Problem 8-22>> Definition of solution viscosities

In physical chemistry of polymer solutions, relative increase in viscosity of
dilute solution induced by dissolving solute is more important than the viscosity
itself. Describe the definition of (1) relative viscosity') or viscosity ratio”, (2)
specific viscosity'’, (3) reduced viscosity' or viscosity number®, (4)
inherent viscosity" and (5) limiting viscosity number?® or intrinsic
viscosity"

Answer
Let’s denote the viscosity of solvent and solution as 1 and 7, respectively.

=N 8.22.1
I N i ( )
(2) Msp =nﬂo -1=m,-1 (8.22.2)
Msp
3) =F 8.22.3
(3) C ( )
where C is the mass concentration.
Inn
4) — ' 8.22.4
4) . ( )
(5) ["]=lim‘-nsp (8.22.5)
C—=0 C

or
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1
[ﬂ]=limn“r

- (8.22.6)

The unit of [7] is volume/weight (usually 100cm®/g") or cm*/g?). [n] defined
by Eqgs. (8.22.5) and (8.22.6) are sometimes denoted as [n]y(Huggins) and [n]x
(Kraemer), respectively.

VL. H. Cragg, J. Colloid Sci. 1,261 (1946); ® International Union of Pure and Applied
Chemistry, J. Polym. Sci. 8, 257 (1952)

* The concept of specific viscosity was proposed by Staudinger-Heuer in 1930 (See H.
Staudinger and W. Heuer, Ber. dtsch. chem. Ges. 63, 222 (1930)). They understood m, as *die

Viscositiits-Erhthung’, die in einem Lsungsmittel durch den gelésten Stoff hervorgerufen
wird’

<<Problem 8-23>> Determination of relative viscosity by viscometer
When a viscous fluid flows in a capillary viscometer, 7 is determined from
the time t required for the fluid falling by a certain distance as

C2
n=e C‘t“t—

=pC,|t !
PCil - (8.23.1)

where p is the density of the solution and C, and C, are the apparatus constants
which mainly depend on the dimension of the viscometer. Derive the
relationship between 1, and t.

Answer
From the definition

n

"'=ﬁ—o

(8.22.1)

Substitution of Eq. (8.23.1) for 1 in Eq. (8.22.1) yields

n

ﬂr=n—0



489

Cp \[ t-C/Cyt

= 8.23.2

where py and t, are the density and the falling time of solvent. In the usual
condition of dilute polymer solutions

plpy=1

t>>C,/Ct,

to>>C,/Ctq (8.23.3)

Thus we have

t
n=- (8.23.4)

o]

Therefore, measurements of the flowing time in a capillary tube t allows us to
determine 1.

* Concept of limiting viscosity number as lim 1 o/ Cor lim(ln up ) / C was formed
C—-0 C—>0

when 1,/C for numerous polymer solutions was observed experimentally to show
concentration dependence. [1] was considered that it represents the contribution of a polymer
molecule to solution viscosity. In 1937 Staudinger used Z, for lirré Myp / C of cellulose

c—

nitrate solutions (H. Staudinger and M. Sorkin, Ber. dfsch. chem. Ges. 70, 1993 (1937)). In
1938 E. O. Kraemer named [1}] ‘intrinsic viscosity’ and in1944 G. V. Schulz named [n]
‘Viscositiitszahl’ (E. O. Kraemer, Ind. Eng. Chem. 30, 1200 (1938); G. V. Schulz, Z.
Elektrochem. 50, 122 (1944)). In 1945 1. Sakurada proposed ‘limiting viscosity number’ for
[n] (. Sakurada, Kobunshi Kagaku (Chem. High Polym. Japan) 2, 253 (1945)). Note that [n]
is not viscosity, but just anumber. In German industry, k in Fikentscher-Mark equation (Eq.
(8.26.2)) was utilized as ‘Eigen viscositt’.

<<Problem 8-24>> Huggins’ plot and Kraemer’s plot (I)
Limiting viscosity number [n] is defined by

[n] =lim- (8.22.4)
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1
[n] = lim-

22.5
cso C 8 )

Prove [n] defined by Eqgs. (8.22.4) and (8.22.5) are the same.

Answer
From Eq. (8.22.2),

Me=1+ng (8.24.1)
The logarithm of Eq. (8.24.1) is expanded in a Taylor series as

Inn, Mg (1\Me2] (1) N | (1) Mg’
e LRl ) e

When the concentration tends to 0, 7, tends to 0 and 1)5,/C approaches a
constant. Then

2

n 3 n n
: sp =1 Sp =...=1 P =
amC Teme am—c =9 (8.24.3)
Thus we have
. Inm,
g =l = (8244

<<Problem 8-25>> Huggins’ plot and Kraemer’s plot (II)
The concentration dependences of the quantities 1s,/C and Inn/C are
generally expressed as

% - nél =[n] {1 +ky[n]C+K)([n]c) e } (8.25.1)
tn % =[n] {1 +ignC+ i [njc) + } (8.25.2)

respectively. Derive the relationship among the coefficients

1
ki-ky=2 (8.25.3)
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Co 1
kz-kﬁkl:g (8.25.4)
Answer

From Eq. (8.24.2),
lnn'_h 1- 1) Ns C+ LY Ms 2C2 Ly Nsp 3C3+~--

c ¢\ 1z)ic/3)\c)“la\T (8.25.5)

Substitution of Eq. (8.25.1) for 1,,/C in Eq. (8.25.5) yields

Inn,

g R R e R (R R 8259)

Comparing the coefficients of C and C? in Egs. (8.25.2) and (8.25.6), we have

1

K -= = 8.25.7
175 TK2 ( )

K-k, + % —K, (8.24.8)

* When higher order terms in Eq. (8.25.1) is negligible, we have

ECS-B ~[n] {1+ [n[c) (8.25.9)

This equation is called the Huggins’ equation (See M. L. Huggins, J. Am. Chem. Soc. 64,
2716 (1942)). [n] and k, are determined from the intercept at C— 0 and the slope,
respectively,of the plot of ,/C vs. C. This plot is called the Huggins’ plot and the
coefficient k, is called the Huggins’ coefficient. The notation K’ is used in place of k; ,
frequently. When higher order terms in Eq. (8.25.2) is negligible, we have the

Kraemer’s equation (See E. O. Kraemer, Ind. Eng. Chem. 30, 1200 (1938))

",
= =[n] {1 +k,nic} (8.25.10)
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Table 8-25 Comparison of calculated values of Inn, and the summation
z [('1 )Iﬂ/i] Tlspl

2 3 4 5
n, Inn, N M s N N Nsp Mg

1.2 0.1823  0.200 0.180 0.1827 0.1823 0.1824 0.1824
1.3 0.2624 0300 0255 0.2640 0.2620 0.2615 0.2614
1.4 0.3365 0.400 0.320 0.3413 0.3347 0.3368 0.3361
1.6 04700 0.600 0.420 0.4840 0.4552 0.4690 0.4621
1.8 0.5878 0.800 0.480 0.6507 0.5483 0.6138 0.5801

6

~
N
1

(a)

8
\

M4/C or In,/C (cm’g™?)
P
a

60 -
56| InnJC
\‘
52 L A 1 1 -
0 2 4 6 8 10
10°C (gem™)

Fig. 8-25 Evaluation of intrinsic viscosity for solutions of poly(z-butyl
acrylate) in toluene at 25°C by Huggins plot and Kraemer plot, which yields
[M)r=[M]x=59.0cm®g", ky=0.340 and kg=0.158 (See P.A.Lovell, Dilute
solution viscometry, in Comprehensive Polymer Science , Eds. C.Booth and
C.Price eds., Pergamon, Oxford, 1989, vol.1, p185)

[n] is determined from the intercept of the plot for In 1/C vs. C (Kraemer’s plot).
Table 8-25 shows the comparison of the lefi-hand side and the right-hand side of Eq. (8.25.5).
Figure 8-25 shows the Huggins plot and Kraemer plot for poly(t-butyl acrylate) in toluene.
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<<Problem 8-26>> Empirical functional form of the concentration

dependence of solution viscosity

A number of empirical equation have been proposed for the concentration

dependence of solution viscosity. For example,

(1) Arrhenius
Inn,=[n]C
(2)Fikentscher-Mark
niC
.
1-Kn|C

(3)Staudinger-Heuer
Mg
In-=* = In[n] +aC

(4)Baker

k
C
n,= (1 + [ﬂlz)
Comparing Eqs. (8.26.1)-(8.26.4) with the Huggins’ equation
n [}
ram WAUIES
evaluate k’ for (1) to (4) (See Note in <<Problem 8-25>>).

Answer
(1): From Eq. (8.26.1),

In (l +nsp) “MNep- (%)ﬂsp2+ ~=[nJC

Eq. (8.26.5) is rewritten as

ny=[njC+ (—;—)ns,f +-=[n]c+ (%)([n]c)2 oo

(8.26.1)

(8.26.2)

(8.26.3)

(8.26.4)

(8.25.9)

(8.26.5)

(8.26.6)
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Thus we find
k'=0.5

(8.26.7)

(2): When 1>>k[n]C, the denominator of the right-hand side of Eq. (8.26.2) is

expanded in a Taylor series as
My =[njC+K([n]c)+k([n]c)+ -

Comparing Eq. (8.26.8) with Eq. (8.25.9), we find
k'=k

(3): Eq. (8.26.3) is rewritten as

N = [T‘] Ce™

When aC<<1, we have
e*“=1+aC+ (%)(aC)z + o

Substitution of Eq. (8.26.11) for € in Eq. (8.26.10) yields
2 32 3
SIS S ST

Comparing Eq. (8.26.12) with Eq. (8.25.9), we find

kK =2

[n]

(4): Eq. (8.26.4) is expanded as

k-1 2
wrerei [
Comparing Eq. (8.26.14) with Eq. (8.25.9), we find

k':'_'_li_—_1+-..
2

(8.26.8)

(8.26.9)

(8.26.10)

(8.25.11)

(8.26.12)

(8.26.13)

(8.26.14)

(8.26.15)

Coefficients of the term C? in Eqs. (8.26.1)-(8.26.4) are proportional to [1]°.
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Thus, Egs. (8.26.1)-(8.26.4) are equivalent to the Huggins equation when C is
small. (See S.F.Arrhenius; Z phys. Chem.1,285(1887), H.Staudinger and
W.Heuer, Z.phys.Chem. A171, 129 (1934); H.Fikentscher and H.Mark,
Kolloid-Z. 49, 135 (1930), F.Baker, J.Chem.Soc.(London) 103, 1653 (1913))

<<Problem 8-27>> Einstein’s viscosity equation: Rigid sphere model
Derive Einstein’s viscosity equation (A. Einstein, Ann. Phys. 19, 289
(1906); ibid. 34, 591 (1911))

n=n,(1+2.50) (8.27.1)

using the following assumptions. Here ¢ is the volume fraction of the solute.
1. The solute is in the form of rigid spherical particles

2 The solution is regarded as a continuous field, and there exists no specific
interaction between solvent molecules and solute particles.

3. The solution is so dilute that the hydrodynamic interaction between particles
is negligible.

4. The solution is incompressible.

5. Flow is sufficiently slow and the Stokes equation is valid for this fluid.

6. The velocity of the flow on the surface of these particles is zero (i.e.,
perfectly non-free draining).

Answer
We consider particles in a simple laminar shear flow (Couette flow) for
which velocity, in the absence of the particles, is expressed as

0
0

i g(;‘ (8.27.2)

The field v’ may be divided into two parts: rotational flow v, and
deformational flow v’, that is,

V=v +v (8.27.3)

where
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v,= gx (8.27.4)

and

v=| & (8.27.5)

A particle with radius a placed at the origin of Cartesian coordinate rotates
along the z axis with an angular velocity g/2. An increase in viscosity of this
solution arises from the deformational flow. However, an introduction of a
particle with finite volume brings about an additional local disturbance, and this
effect can be treated by replacing the sphere with the equivalent forces in the
fluid. To reproduce the pertubational flow due to the presence of the particle at
the origin, we introduce a doublet force at points infinitely near the origin.
According to Oseen, a positive force at (x=0, y=-¢, z=0) and a negative

force at (x=0, y=+€, z=0) gives rise to velocity such that

v 3y
3 S
r T
_ X 3xy2
ViTAl - (8.27.6)
T T
-3xyz

and
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y Xy
3 5
r r
2
_ X 3xy
VH—A 'r_3 - r5 (8277)
3xyz

5
r

respectively. Here A is an undetermined constant relating to the strength of the
doublet and r is the distance from the origin. By the requirement to represent
correctly the initial unperturbed velocity, the third velocity field vy, which is
derived from the potential ¢ through Eq. (8.27.8), is added to the two velocity
fields above.

= Vo (8.27.8)
The potential ¢ in the form

Baz(l)
¢ _ r

oxdy (8.27.9)
yields
3y 15x%y
FER
v —p| 3% _15xy?
m= 5 T 7 (8.27.10)
r r
_15xyz

r7

Superposing these three velocity fields, we choose a suitable relation between
the constants A and B at r=a, as

2Aa°
5

B=-

(8.27.11)

Then, on the surface of the sphere, the perturbed velocity v’ becomes
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52°\ o (8.27.12)

Comparing this with Eq. (8.27.5), we conclude that the choice of A should be

such that

A 8
5?2 (8.27.13)

At large distance from the origin, the effect of the sphere should vanish and the
third velocity field vy is relatively small compared to v; and v;. Thus, a
combination of the fields v; and vy, yields the pertubation

2
XYy
5

2 7.5 (8.27.14)

Energy dispersion per unit volume and unit time in this solution (=ng®) is
attributed to the frictional force in the original solvent flow (t}og”) and to that
due to the particles with number density n. Neglecting hydrodynamic
interaction between the particles, we simply superpose the energy dispersion
arising from individual particles. Then the energy equation is

5 3 2
ng2=n0g2+2nj J (—g;—)(iys—)(hog)dxdy (8.27.15)
r

Carrying the integration over all the space of the fluid, we obtain the specific
viscosity 1p as

_[5n 4na’
LY e

where 4na’n/3 is the product of concentration C (g/cm3 ) and the specific

(8.27.16)
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volume v of the solute. Finally we arrive at the Einstein’s equation.
n=ng(1+2.5¢) (8.27.1)

(See A. Ishihara, Adv. Polym. Sci. 5, 531 (1968); K. Kamide and M. Saito,
Determination of Molecular Weight, (ed. by A.R.Cooper), p103, Wiley-
Interscience, New York, 1989). (See also <<Problem 8-15>>)

* Einstein's equation is applied for spherical molecules and branched molecules.
Examples are

(1) natural rubber latex

(2) polystyrene produced by emulsion polymerization in aqueous solution

(3) aqueous solution of saccharose

(4) glucose pentaacetate, cellobiose octaacetate etc.

(5) egg albumin

(6) phenol resin

(7) glycogen and its derivatives

(8) amylopectine

(See 1. Sakurada, Polymer Chemistry (Kobunshi Kagaku Gairon), Kobunshi Kagaku Kankokai
(1948))

* The coefficients of higher order terms than ¢ in Eq. (8.27.1) were calculated by Guth and
Simha (E. Guth and R. Simha, Kolloid Z. 74, 266 (1936)) as

N=Ny(1+2.5¢+14.1¢*+...) and Vand (V. Vand, J. Phys. & Colloid Chem. 52, 277 (1949)) as
N=N(142.5¢+7.349¢+...).

<<Problem 8-28>> Molecular weight dependence of [n] (I): Unpenetrable
sphere formed by chain polymer or linear polymer forming sphere
Using Einstein’s equation

n=ng(1 +2.5¢) (8.27.1)
derive the equation
. N-Ny 0.5
= lim =K M"
[n] e e o, (8.28.1)

for chain polymer solutions where 1) and 1)y are the viscosities of solution and
solvent, respectively, M the molecular weight of the polymer and K, a constant.

Answer
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A chain polymer in a solution can be regarded as a spherical coil with
diameter d which is roughly approximated as the root mean square end-to-end
distance of the chain. That is,

d2=(R?) = nb? (8.28.2)

where n is the number of segments of the chain polymer and b the segment
length, respectively. The volume of the coil V. is estimated as

4arn\l d 3 21T 3R
ve=(?)(5) 5(3 N Q)(nbz) (8.28.3)

When C gram of polymer with the molecular weight M is dissolved in a solvent
to make 100 cc solution, the number of polymer in the solution is
_CN,

& (8.28.4)
W ™ &

and the total volume of polymers in the solution is (21/(3 - 2'/%))(nb?)**X

(NAM)C, where N, is Avogadro’s number. Then the volume fraction of
polymer is

0= (m)(gﬁ)(nb ) (T/f c (8.28.5)
Using the monomer molecular weight m=M/n, Eq. (8.28.5) is rewritten as
1 2“ NAb3 05
o= ( 100)(3'20.5)( T3 M™C (8.28.6)
Substitution of Eq. (8.28.6) for ¢ in Eq. (8.27.1) yields
- N ,b’ 0.5

[n]= 60-2%° M

m (8.28.7)

Comparing Egs. (8.28.1) and (8.28.7), we find
TN Ab3

ST s 1s 8.28.8
™ 602%5m ( )
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Thus [n] of linear polymer solutions is proportional to M* when Einstein’s
viscosity relationship is applicable. If we take account of the excluded volume

effect, the power in Eq. (8.28.1) is larger than 0.5. (See W. Kuhn, Kolloid Z.
68, 2 (1934)).

* In case of spherical molecules,

Ve=M/(p/N,) (8.28.9)
(p: density of‘solute), then,

¢=V.CN,/100M=C/100p (8.28.10)
Combination of Egs. (8.27.1) and (8.28.10) gives

N5/C=2.5/100p=0.025/p (8.28.11)

Eq. (8.28.11) indicates that if a polymer molecule is spherical, [1] is constant, irrespective of
M.

<<Problem 8-29>> Angular velocity of molecular chain in steady flow
Show that the angular velocity of molecular chains is given by

Q= (8.29.1)

N (oo

(a) A (b) A Fz

v

Fig. 8-29 Chain polymer molecule in a shear flow
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for the steady flow of chain polymer solutions.

Answer

Let’s take a pearl-necklace model and number the small spheres as 0,1,2..., n
from one end. If we denote the coordinate of i th sphere as (xi,yi,zi), the
velocity of solvent at the location of i th sphere is given by

Vi =82 V=0, Vyi™ 0 (8.29.2)

as shown in Fig. 8-29. When the molecule rotates along y axis with the angular
velocity €2, 7 th sphere likewise rotates with the same angular velocity. Then
the position of 7 th sphere is expressed as

x;=psin Qt, z;=pcos Q, y;=0 (8.29.3)
and its velocity is given by
dxi
Uyi =g = Qpcos Qt = Qz;
dz, )
U, = T -Qpsin Qt = -Qx;
dy;
uyi = —dT. =0 (8294)

The velocity difference between i th sphere and solvent is given by

Vyi - Uxi = 82; - Qz;, -uy, =Qx; (8.29.5)
Friction force is proportional to the velocity difference and is given by
Fi=C00yi-u) =4g-Qz;, F;=-Lu_=LQx; (8.29.6)

where C is the friction constant. The moment to rotate i th sphere from z axis to
X axis (i.e., in the direction of Q) is zF,; (distance x force) and the moment to
rotate it from x axis to z axis is x;F,;. Then the moment to rotate i th sphere
along y axis is given by

M;=zF;-xF, (8.29.7)

where the plus sign of the moment denotes the same direction as Q.
Substitution of Eq. (8.29.6) for F,; and F,; in Eq. (8.29.7) yields
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M, = (g - Q)z;” - {Qx;” (8.29.8)

The moment for the total chain is the sum of the moment for each sphere, so
we have

M=YM;={g- DDz’ - QY x; (8.29.9)
i=0 i=0 i=0

Since small spheres distribute randomly about the center of gravity of the chain
polymer, we have

n n n 1 n
go.xiz = gy = gﬂf: g(go,siz) (8.29.10)

where §; is the distance between i th sphere and the center of gravity of the
molecule. Substitution of Eq. (8.29.10) in Eq. (8.29.9) yields

I 2
M={(g- 29)(§§Si ) (8.29.11)
For the steady flow, M must be zero in Eq. (8.29.11). Then we find
g-2Q=0 (8.29.12)

* In this case it is assumed that the molecule is spherically symmetrical (about the center of
gravity).

<<Problem 8-30>> Molecular weight dependence of [1}] (II): Free draining
random coil molecules
Derive the relationship

[n]=Kk,M (8.30.1)

for free draining random coil molecules, using the results in <<Problem 8-
29>>,

Answer
Substitution of



Q= % (8.29.12)
in equations
in = C(g - Q)Zi
F,i=Qx; (8.29.6)
yields
Cez;
Fa="3"
Cex;
F,= —2—‘ (8.30.2)

for the force for i th sphere in the steady flow. The solvent exerts the force
given by Eq. (8.30.2) on i th sphere and flows with the velocity

vi=gz; (8.29.2)

* Eq. (8.29.2) means that there is no hydrodynamic interference between two small spheres
arbitrarily chosen (i. €. completely free draining).

Thus the work done by the solvent on i th sphere per unit time is

2 2
Z;

Fyivai= > (8.30.3)

and finally dissipates as a frictional heat. The total work done by the solvent on
the chain molecule is

n CgZ n )

go.inin = —Z*E;Zi (8.30.4)
where

n 1 n

27’ =328 (8.30.5)
i=0 i=0

If there are N, chain polymers in unit volume, the dissipation energy caused by
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the presence of solutes is given by

QN‘g 2! (8.30.6)

On the other hand, the dissipation energy of pure solvent is given by

Thus the total dissipation energy per unit volume of the solution is

?;Ng
w=w1+w2=n0g2+ : ZS (8.30.7)

Since the radius of gyration <S?> for random coil chains is given by

2,2
2 {n+l n‘b ,
Zs ( ) z— (6.9.15)
for n>>1, Eq. (8.30.7) is rewritten as
2 2,2
n’b

Comparing the definition

w="ng> (8.15.3)
with Eq. (8.30.8), we find

{Vin’b?
M=Me+—¢ (8.30.9)

If we express the concentration C in g/100cc, the number of molecules of
polymer per 1 cc is given by
V= N,C

1~ TooM (8.30.10)

The degree of polymerization is

M

n=-— (8.30.11)
m
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Substitution of Eqgs. (8.30.10) and (8.30.11) in Eq. (8.30.9) yields

LN Ab*MC
3600m?

Mo (8.30.12)

Then we have

. MMy t.:NAsz
[n] =lim =
c0MeC  3600m ,m*

(8.30.13)

Thus the coefficient K, in Eq. (8.30.1) is given by
EN b’

Kp=——
3600 ;m

(8.30.14)

If the Stokes’ law is applicable, then
= 6man, (8.13.15)
is valid for this solution, and Eq. (8.30.14) is further rewritten as
| maN,b’ |
~ 600m?

m

(8.30.15)

* It should be noted that Eq. (8.30.13) has been derived on the assumption that the flow
inside the chain molecule is the same as that outside, that is, complete free draining. (See M.L.
Huggins, J. Phys. Chem. 42, 911 (1938), ibid 43, 439 (1939), J. Appl. Phys. 10, 700 (1939); P.
Debye, J. Chem. Phys. 14, 636 (1946); H. A. Kramers, J. Chem. Phys. 14, 415 (1946); N.
Saito, Polymer Physics, Chap. 6, 40-3, Syoka-bo, 1959)) On the other hand, Eq. (8.28.1) was
derived on the assumption that the solvent molecules do not pass through the coil, that is,
complete non-free draining. For the pearl-necklace model of chain polymers,

[T]] o< MO'5 (complete non—free draining) : Rigid sphere (8.30.16)
[T]] =M (complete free draining) : Pearl necklace (8.30.17)
The exponent of M depends on the degree of free draining. Debye-Bueche and Kirkwood-

Riseman introduced the concept of partially free draining and showed that the power a in the

equation [n]=KM? is in the range between 0.5 and 1. (See P. Debye and A.M.Bueche, J.
Chem. Phys. 16, 573 (1948); J.G.Kirkwood and J.Riseman, J. Chem. Phys. 16, 565 (1948)).
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* Eq.(8.30.1) coincides with Staudinger’s viscosity equation. In 1930 Staudinger and
Heuer (H. Staudinger and W. Heuer, Ber. dtsch. chem. Ges. 63, 222 (1930)) studied the
viscosity of solutions for linear polymers (six whole polystyrene samples, prepared by
thermal polymerization method (75~240°C)(molecular weight 3500~ca. 2000)) in benzene and
found that 1,/C of linear polymer (Faden-Molekiilen) is proportional to M, that is,

n—ép— =KmM (8.30.18)
Staudinger and Nodzu (H. Staudinger and R. Nodzu, Ber. dtsch. chem. Ges. 63, 721 (1930))
also studied in the same year the viscosity of low molecular weight linear molecules (four
paraffin fractions, isolated by fractional distillation under high vacuum (at 0.1lmmHg) (M, by
melting point depression method in benzene; 336~744), dotricontane and pentatriacontane in
tetrachlorocarbon, confirming Eq. (8.30.18).  Staudinger and Heuer stated that ‘Auf Grund
dieser Gleichung kann man das vorhandene Beobachtungsmaterial darauthin priifen, ob in
gleichkonzentrierten Losungen verschidener gewicht zunimmt, dah proportional M ist’. This
equation is one of the approximate equations of Eq. (8.30.1). He and his colleagues then
studied solutions of cellulose derivatives and high molecular weight polystyrenes and
concluded that Eq. (8.30.18) also holds for these solutions. However, for most polymer
solutions, the relationship between [1] and the molecular weight is rather expressed as

[n]=K,M? 05<gx1 (8.30.19)

This relationship was theoretically derived by Kuhn in 1934 and empirically proposed by
Mark (1938), Houwink (1941) and Sakurada (1940), independently. Now, Eq. (8.30.19) is
called Mark-Houwink-Sakurada equation or Kuhn-Mark-Houwink-Sakurada equation
(See W. Kuhn, Kolloid Z. 68, 9 (1934); Angew. Chem. 49, 860 (1936); H. Mark, Der feste
Korper, p.103, Leipzig (1938); R. Houwink, J. prakt. Chem. 157, 15 (1941) and 1. Sakurada,
Nihon Kagakusenikenkyusho Koensyu (Proc. Symp. Japan Textile Res. Lab.), 5, 33 (1940)).
Sakurada derived Eq. (8.30.19) from very systematic analysis on experimental data of twelve
synthetic polymer-solvent systems. The concept established by Staudinger that the molecular
weight of solute molecules can be determined by a viscosity law is, however, still meaningful.
It’s instructive to note that Staudinger assumed polymers to be rod-like in the solution. This
is obviously unrealistic because the limiting viscosity number of solutions of rod-like
molecules with / /d>>1 is expressed as [n}=(1/16)(/d)?¢/100=KM? , since / <M and d and ¢
are independent of M. Here /, d and ¢ are the length and the diameter of the crosssection and
the volume fraction of the rod-like molecule. This misunderstanding came from his wrong idea;
(1) polymers become crystals having the same crystal lattice, independently of the molecular
weight. If low molecular weight polymers were semiflexible and the high molecular weight
polymer were a coil, the same crystal lattice should not be obtained. (2) the viscosity law
holds regardless of molecular weight. Thus linear polymers should have the same shape,
irrespective of molecular weight. It may not be possible to change their shape from rod to
flexible coil when molecular weight is increased. (See 1. Sakurada, Kobunshi Kagaku Gairon,



Table 8-30.1 The parameters Ky, and a in the Mark-Houwink-Sakurada equation for polymer
solutions (K. Kamide and M. Saito, in Determination of ‘Molecular Weight, Ed. A. R. Cooper,

John Wiley & Sons, New York, Chap. 8, p168)

Temp- Kn Molecular
erature  (cm3/g) Weight Range
Polymer Solvent O (x10%) a (x1074)
Polybutadiene Benzene 30 8.5 0.78 15-50
Cyclohexane 30 112 0.75 15-50
Polychloroprene Butanone 25 113 0.5 15-300
Toluene 30 202 073 14-580
Polyethylene Trichlorobenzene 135 71.1 0.67 0.4-90
(high density) Decalin 135 62 0.7 2-104
Dipheny! ether 161 295 0.5 6 2-104
Polypropylene Decalin 135 11.0 0.80 6 2-62
(atactic)
Polyacrylonitrile Dimethylformamide 20 466 071 36 7-170
25 52 0.69 7 5-52
(atactic) Dimethyl sulfoxide 25 153 0.60 4 11-52
85% Aqueous 25 256 0.49 7 5-52
cthylene carbonate
55% HNO, 25 342 0.50 7 5-52
67% HNO, 25 122 0.62 7 5-52
(high meso) Dimethy! sulfoxide 25 204 0.58 8 7-78
57% HNO, 25 363 0.50 7 7-78
67% HNO, 25 217 0.57 8 7-78
Acrylonitrile- Dimethylformamide 25 213 074 9 5-53
methylacrylate 51% HNO, 25 152 0.50 9 5-53
copolymer 80% HNO, 25 62 0.68 9 5-53
Poly(methyl- Butanone 20 5 081 13 6-240

acrylate)

805



Poly(methyl Acetone 25 53 0.73 7 2-78
methacrylate) Benzene 25 55 0.76 11 2-740
4-Heptanone 338 48 0.50 5 1-172
Poly(vinyl Cyclohexanone 25 138 0.78 28 1-12
chloride) Tetrahydrofuran 25 163 0.77 23 2-30
Polystyrene Benzene 25 78 0.75 12 406000
(linear atactic) Butanone 25 39 0.58 16 1-180
Cyclohexane 345 83. 0.50 16 1-6000
Toluene 25 10.5 0.73 6 16-100
Polyimino(1-oxo- Conc. H,SO, 20-35 332 078 -+ 0.1-10
hexamethylene)
(nylon 6)
Polyoxydimethyl- Bromocyclohexane 29.0 ™ 0.50 5 3.3-106
silylene
Cellulose Cadoxen 25 385 0.76 9 1-95
6 wty, Aqueous LiOH 25 27.8 0.79 6 4-19
Iron sodium tartrate 25 53.1 0.78 10 0.6-64
Cellulose Dimethylacetamide 25 264 0.75 10 6-69
triacetate Trifluoroacetic acid 25 396 071 8 6-69
(2925 Acetone 25 239 0.76 9 6-64
Trichloromethane 25 454 0.65 7 6-69
Dichloromethane 20 24.7 0.70 7 6-69
Cellulose Dimethylacetamide 25 134 0.82 5 5-27
diacetate (2.46)° Acetone 25 133 0.62 9 6-27
Carboxymethyl NaCl (limit of 25 19 06 4 14-106
cellulose (1)° infinite ion strength)
Amylose Dimethyl sulfoxide 25 125 087 9 22-310
Amylose triacetate Nitromethane 225 85 073 12 14-310
“Established using viscosity-average molecular weight.
$Obtained by analysis of literature data.
¢Degree of substitution.

60S
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Kobunshi Kagaku Kyokai, 1948, p261)

* Although Mark-Houwink-Sakurada equation is an empirical equation, this relationship is
valid for a wide range of molecular weight. The linearity in the plot of log[n] vs. logM for high
molecular weight range can be improved by measuring the viscosity at low shear rate. A
typical example is shown in Fig. 8-30.1. Empirical values of the exponent a and the
coefficient K, are summarized in Table 8-30.1.

Benzene

Cyclohexane (§)

log ([} 10%cm’g™)
Q

5 G 7 8
log Mw

w
Sty

Fig. 8-30.1 Log-log plot of limiting viscosity number for polystyrene
solutions against weight-average molecular weight. Obenzene at 25° and
30°C; @, cyclohexane at 8 temperature; (O, ® data of Einaga etal.[1]; o,
& Altares etal.[2]; @, Berry[3] ;0,@, Fukuda et al.[4]; <O, <@ Yamamoto
et al.[S]) (See Y. Einaga, Y. Miyaki and H. Fujita, J. Polym. Sci. Polym.
Phys. Ed. 17, 2103 (1979))

[1]Y. Einaga, Y. Miyaki and H. Fujita, J Polym. Sci. Polym. Phys. Ed. 17,2103 (1979),
[2] T. A. Altares, D.P.Wyman and V.R.Alten, J Polym. Sci. A2, 4533 (1964), [3]
G.C.Berry, J. Chem. Phys. 46, 1338 (1967), [4] M. Fukuda, M. Fukutomi, Y. Kato and
H. Yamakawa, J. Polym. Sci., Polym. Phys. Ed. 12, 871 (1974), [S]A. Yamamoto, M.
Fujii, G. Tanaka, and H. Yamakawa, Polym. J. 2, 799 (1971).
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* For well-fractionated polymer homologues in a series of solvents, K, is related to a as
shown in Fig. 8-30.2. Thus experimental relationships are classified into two groups. One
group is amorphous polymers and another group is crystalline polymers with poor flexibility.
Flory’s lattice theory cannot be applied for the latter group. (See T.Kawai, K.Kamide, J.
Polym. Sci. 54, 343 (1961))

* The power a in Eq. (8.30.19) for different theoretical model is summarized in Table 8-30.2.
The value of a in the viscosity equation could be evaluated from the free draining effect or the
excluded volume effect.

* For molecular weight as low as 10°-10*, the power a in Eq. (8.30.19) reduces to 0.5 even in
good solvents. In Flory-Fox equation (See <<Problem 8-32>>)

[n] = KM"203 (6.18.1)

the swelling coefficient o decreases with decreasing molecular weight (a’-law, o*-law
etc.) For M=10°-10* and a~1, we have

Fig. 8-30.2 Experimental relationships between K, and a for various
polymers in various solvents. (O polyvinylchloride at 20°C, A
polybutadiene at 25°C,(Dpolyvinylalchohol at 30°C,Vcellulose nitrate at
25°C [ polyvinylpyrrolidone at 25°C, @ polystyrene at 25°C, X
polymethylmethacrylate at 25°C, Ml Apolyacrylonitrile at 30°C. (See T.
Kawai, K. Kamide, J. Polym. Sci. 54, 343 (1961))
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Table 8-30.2 The value of the parameter a in Eq. (8.30.19) for various theoretical
model

a Theoretical Model Scientist
0 sphere Einstein
0.5 pearl-necklace model Kuhn
{non-free draining)
0.5~1 identical sphere of Gaussian coil Flory-Fox
or partially free draining Kirkwood-Riseman
1 pearl-necklace model Huggins, Debye
(free draining)
2 rod Kuhn

Table 8-30.3 Typical examples of K, and K,

polymer 10° K, 10°K,
polydimethylcyloxane 0.75 0.75-0.80

polyisobutyrene 1.3 1.1

[n] = KM (8.30.20)

approximately. To distinguish K for low molecular weight polymers in good solvents from
that for high molecular weight polymers in 0 solvents, we denote the former as K and the
latter as K.

K.=Kg (8.30.21)

Validity of Eq. (8.30.21) is confirmed by experiments (Table 8-30.3). Thus K, can be
approximately estimated by determining the viscosity law for extremely small molecular
weight polymers in good solvents even when we cannot find 6 solvent. (See C. Rossi, U.
Bianchi, E. Bianchi, Makromol. Chem. 41, 31 (1960))

* Free draining effect is remarkable for low molecular weight regime, so the power a should be
larger in this regime. But this expectation is not often true in experiments. It is also noted
that the effect of end functional groups should not be neglected.

<<Problem 8-31>> Molecular weight dependence of [n)] (III): Linear
polymer Gaussian chain with hydrodynamic interaction (Kirkwood-



513

Riseman theory)
Consider a linear polymer molecule consisting of a number of segments n in
a laminar flow for which the velocity field is expressed by the equation

0

0 —
voex (8.27.2)
0
Assume that the polymer segment is hydrodynamically regarded as a material
point, i.e., the effect of drainage on the surface of the segment is negligible, in
contrast with the case of Einstein’s theory. Derive the expression for the
relationship between solution viscosity and molecular weight for linear
polymer solutions with hydrodynamic interaction.

Answer

The origin of the coordinate is set at the center of mass of this molecule, and
the radius vector of i th segment is r;. In the low velocity field, a frictional
force F; at the location of the i th segment with the velocity u; is given, using
the solvent velocity v;, as

F;= C('era) (8.31.1)

Here { is the friction constant. On the other hand, the flow field at the i th
segment is perturbed as a result of the frictional forces exerted by other
segments. This is the hydrodynamic interation. As shown in the perturbed
velocity v’ at the i th segment, which arises from the frictional force F; due to

the jth segment, is derived by Oseen as

vi=T;F (8.31.2)
with
1 I I ryry
Ti' - =+ "1
] smolrij 0 (8.31.3)

where 1 is a unit tensor, r;j=r;-r;, r;; is the absolute value of vector r;; (See
<<Problem 8-13>> Eq. (8.13.1)). The Oseen tensor T;; is a symmetric tensor.
The sum of the initial unperturbed velocity and the perturbed velocity due to
all other segments is v;, which is given by
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04 rS 8.31.4

viEv + 0 Tij(“i'vj) (8.31.4)
=

Then the frictional force F; is
n
F,= -c(vi - ui) -0 TF, (8.31.5)
=1

When we neglect the deformation of the chain molecules in the flow field, all
the segments rotate around the origin with the same angular velocity g/2 (Refer
to Eq. (8.29.1)). The velocity difference v;’-u; is deduced as

i=5| X (8.31.6)
0

The energy dissipation per unit volume and unit time due to the presence of a
molecule in an instantaneous conformation is

n
S Fv;’
i=1

where F; works in the opposite direction to the flow. Neglecting hydrodynamic
interactions between molecules and averaging IF,v;® over all the possible
configurations of a molecule, we obtain the viscosity of the solution which
contains N molecules per unit volume in the form

ng’=ne’- M4, <Fivi°> (8.31.7)
i=0
Specific viscosity is
—_— = F.v.
C noMgg)’ < ivi > (8.31.8)

where N, is Avogadro’s number and M is the molecular weight of the polymer.
Using Egs. (8.27.2), (8.31.5) and (8.31.6), the vector inner product on the
right-hand side of Eq. (8.31.8) may be rewritten as
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(Fv%) =--Ci;ix—i> - Cé)' <(Tiij)yxi> (8.31.9)

Kirkwood and Riseman introduced an approximation on the Oseen tensor, the
so-called preaverage assumption, such that

<(Tijl?j)yxi> - <(<T">Fj)yxi> (8.31.10)

When the radial distribution function of the segments in the polymer is assumed
to be Gaussian and the number of segments is sufficiently large, <T;>
and <x;x;> are readily calculated in the form

_ I
<Tij> = (6n3)1/2[ i Ima'ﬂo (8.31.11)

and

2
(xx;)= (;—n)[3i2 - 3ni+ n:"] (8.31.12)

where a’ is the bond length (See Note). If we assume that F; is a function with
the same form as F; and the summation X’ in Eq. (8.31.9) can be converted to
a definite integral, then Eq. (8.31.9) becomes the second kind of Fredholm
integral equation. Here we define a function ¢ (x,x) as

1
o(x.x) =- (na-2§)<Fivi0> (8.31.13)
Then Eq. (8.31.9) is reduced to (See Note)
o(x.x) = f{x,x) - xj | j(_xt’;},zdt (8.31.14)
where
2i
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2
t(x,x) =X 4+ 1 (8.31.16)
and
17
- —?_11/2_— (8.31.17)
(6n ) Nnea

Using the function ¢ (x,x), the limiting viscosity number [1]] may be written in
the form

N (a*
[n]= ( 3 6n€:m)nF(x) (8.31.18)
F(A)= f | o(x:A)dx (8.31.19)

where m is the molecular weight of a segment. The integral equation (8.31.14)
is solved with the aid of the Fourier expansion. Fourier series of the
functions ¢ and f are

o(xx) =3 o™ (8.31.20)
and
flxx) = 3 fe™ (8.31.21)

Eq. (8.31.14) leads to a set of linear equations for the Fourier coefficients ¢
and f; such as

Oy + A2 0 =1y (8.31.22)
(k=0.1,22,)

where



R

o = 1 J exp{irc(st—kx)}dxdt

The matrix component 0y, is given by

8.2 1,2
aO() = 3

s(2n]k|)
(21t'kl)3/2
ol clzrk])  s(2nx])
(2nk)”  2(2n]k|)™

oo = (-1)"4n'?

Oy = 4T

()t | wsnk])  ss(ans))

7w ) Jfer k) (s{als))”

where

cfx)=| 5L 4
(X) J; (2m)1/2
and

S(x) =jo Es;;g)—tﬁdt
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(8.31.23)

(8.31.24)

(8.31.25)

(8.31.26)

Following Kirkwood and Riseman, here we employ an approximation for 0tk

which is valid for large k and s:

oy =(2]K]) "8, for k=0

Then we readily obtain ¢(x;A) in the form

(8.31.27)
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fi(x)exp(imkx)
O(xh) = X———5
( ) K1+ )\'(24 kl)1/2 (8.31.28)
with
£(x) = — |exp{-imkx) + (1) 2% 8.31.29
k 47'521(2 p 4nk ( eIk )
Finally [n] in Eq. (8.31.18) becomes
[ ] NACa
361]0m (8.31.30)
where
( )""“Z"——'—_ 8.31.31
Tk (1 +X/k“2) ( )
with
X = n/n : (8.31.32)

Eq. (8.31.31) is the Kirkwood-Riseman function. F(X)=1 at X=0 (i.e., no
hydrodynamic interaction between segments; completely free draining) and Eq.
(8.31.31) reduces to, at the limit of X=0,

2 2 2
[ ]_NAg’a n_NACa n _NACn<Sz> (atX=0)

In deriving Eq. (8.31.31)’, Eqgs. (6.5.6) and (6.9.1) are used. At X=co (non-
free draining), XF(X)=1.588 is obtained. X (or A) is called the draining
parameter (See J. G. Kirkwood and J. Riseman, J. Chem. Phys. 16, 565 (1948)).

* Eq. (8.31.11) is derived as follows.
We put r=r=(x;X;X;) and | r; | =r. Then Eq. (8.31.3) is expressed as



519

<Tij>=8nlno [<%>+<%>] (8.31.33)

The second term of [ ] in the right-hand side of Eq. (8.31.33) is rewritten as

X
<%>= % X2 (8.31.34)
: x§
Using the relationship

<xri):j >=<)r(_32>81=’%<%> (8.31.35)

Eq. (8.31.33) is reduced to

(Tu}zmlno(%} (8.31.36)

Now we assume the Gaussian distribution f(r;)[ =f(r)} for the distribution of bonds between i
th bond and ; th bond, as

= 3 3" )
f( r) (27t| i' J a/Z) exp( 2| i' j a;z) (83137)
Then
<%>=Lw (%) flr) dr (8.31.38)

Since 1/r does not depend on 6 and ¢ of the polar coordinate,

(1)= J' " (Heepn e ar

3 e 3p
=4n.—_’2‘ f rexp————_—r—.7 dr
21t| i- Jla 0 21t| i—]|a

=22

% exp(—— brz) :
6 12 ,

3
b a2 (8.31.39)

=(n|i-j|) ¥ 2[i- |

Thus we have Eq. (8.31.11).
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* Eq. (8.31.12) is derived as follows.
For isotropic systems, we have

(xx;)=%(rir;) (8.31.40)

Let’s change the origin to the first bond and denote the vector connecting the origin and the
center of gravity as rg. The position vector of i th bond ri' is related with r; as ri= ri'-r(;.
From the definition

Z r'j

I'c™n (8.31.41)
we have

g
=ri—a (8.31.42)
and

<ri'fi>=<r}2>-2 r'j(zn:r'j) + (zr'j)z

Then we denote the position vector of k th bond when the first bond is put at the origin as
a, and the absolute value of aj as a’. We have

<r'r(2 r',-)>= (2 a'k). 2,“ (m: a'm) (8.31.44)

Using the relationship

(2)a'y)=8yma” (8.31.45)

we have

<r'i'(2r'j)>= » ka2+(n-i) iayz=—i—(—i2‘{ﬁ aZ+(n-i)ia?

5 (8.31.43)
n

=%[_ i*+(2 n+1) i]a? (8.31.46)

and
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<Z (r'iZ r'j)>=2 %[— P42 1) i]a'2 (8.31.47)
j=I j= =1
The sum of the arithmetical progression is calculated as

Zl (n+1)(2 n+1)

(8.31.48)
Eqgs. (8.31.46) and (8.31.47) are reduced to

<(Z rj) >= n( n+11)(22 n+1) , n( n+l)(2 nth|, (83149)
and

(r?)=ia? (8.31.50)

respectively. Substitution of Eqs. (8.31.46), (8.31.47), (8.31.49) and (8.31.50) in Eq.
(8.31.43) yields

(ri-ri)= a?

: - 12+(2 n+1)i, 2 n(nt+1)(2 ntl)
12 n2

a2 i2-i- m+( n+1)2 n+l)
n 6n

3n

—a%|a:22:a0 .01
l31 -3i-3 m+§(2 nZ+3 n+1) (8.31.51)

When n is sufficiently large and the higher order terms of n can be neglected, Eq. (8.31.51) is
reduced to

(ri~ri>=—32%[3 i%-3 ni+ nZ] (8.31.52)

Then we have

(xixi)=%[3 i2-3 ni+ nz] (8.31.12)

* Eq. (8.31.14) is derived as follows.
Substitution of Eq. (8.31.11) in Eq. (8.31.9) yields
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(FvP)= Czg<xixi> (6n3)]€/2 a’noz Ii_} 1/2<ij' xi>

From Eq. (8.27.2),
<FiVi°>=<Fiy' gXi>
From the definition

O g Fir )

Eq. (8.31.53) is rewritten as

5 @i
/ (61:3)”2a’n02,: i 172

Substitution of Eq. (8.31.12) in Eq. (8.31.55) yields

Pi=—= <xixi

. . Qji
(pii=#(3 -3 ni+ n2 4 S L

n(6n3) ame 5 |i- il
Now we rewrite Eq. (8.31.56) by putting
' =0(X,y)
=2l (1<x<1)
t=—n;- (-1<t<1)

o Lni
(6m3 Y

(8.31.53)

(8.31.54)

(8.31.13)

(8.31.55)

(8.31.56)

(8.31.57)

(8.31.58)

(8.31.59)

(8.31.60)

If n is sufficiently large, the sum of the second term in the right-hand side of Eq. (8.31.56) is
replaced by integration. The first term in the right-hand side of Eq. (8.31.56) is calculated as

2
f( X)_3 X4+1

Substitution of Egs. (8.31.57)-(8.31.61) in Eq. (8.31.56) yields Eq. (8.31.14).

(8.31.61)

* An attempt to take into account the draining effect on the surface of the segments was made
by Edwards and Oliver in the course of the derivation of the sedimentation coefficient. The
problems involved in the preaveraging the Oseen tensor are reviewed by Yamakawa (See H.
Yamakawa, Modern Theory of Polymer Solutions, Harper & Row, 1971). An improvement on



Table 8-31.1 Comparison of the Debye-Buche (BD), Kirkwood-Riseman (KR) and Kurata-Yamakawa (KY) theories

Model Deriving Theoretical Expression for [ 7 ]
Method
Chain segment disperses in sphere of Rigorous 4y
hydrodynamic diameter R,; solvent solution bl= (5 R 0(x)/M
molecule can pass through the sphere 0.0291+ 6 /%3 )_ (3/x)cothx]
x)=
0(x) 1+ (10/x )1+ /x> }-(3/x koth x]
Pearl necklace model (link length a”) Approximate {N,a"*nF, (x)
hydrodynamic interaction between solution fnl= T enm
; X . , Mo
pearls is considered using Oseen’s 6 1
method B(X)=| = D —————rpm
TR+ Xk
Cnl/Z
T (6mT)ma’
Pearl necklace model, based on the KR Approximate F(X)=F,[1+ p(X)z - -++], where p is a function of X
theory; excluded volume effect is taken solution

into account

X; draining effect parameter ={n'/? /{(61r3 )”2 a’no}

G; friction coefficient per segment, a’; the length of a link,
Mg; viscosity coefficient of solvent and n; number of segment

(See K.Kamide and M. Saito, in Determination of molecular weight Ed. A. R. Cooper, Wiley-Interscience, New York,

1989, Chap. 8, p150)

1 X4Y
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Table 8-31.2 Comparison of the Debye-Buche (DB), Kirkwood-Riseman
(KR) and Kurata-Yamakawa (KY) theories. X is the draining effect
parameter defined by {n"%/{(6n)"?a'n,}, where { denotes the friction
coefficient per a segment and a’ the length of a link. (K. Kamide and M.
Saito, in Determination of Molecular Weight, Ed. A.R.Cooper, Wiley-
Interscience, New York, (1989), Chap. 8, p152)

Dcbye-Biiche Kirwood-Riseman Kurata—-Yamakawa

x ¢(x) a X XFqX) a X  XFoX) a
0 0.000 1.000 0 0.000 1.000 0 0.000 1.000
1 0.0947 0.973 0.1 0092 0.963 0.1 0.073 0.963
2 0.327 0910 03 0242 0.905 0.3 0.192 0.905
3 0.600 0.839 0.5 0.358 0.862 0.5 0.284 0.862
4 0.857 0.778 1.0 0.564 0.791 1.0 0.447 0.791
5 1.07 0.731 1.5 0.700 0.746 20 0.634 0.715
6 1.25 0.693 25 0875 0.691 3.0 0.742 0.674
7 1.40 0.664 35 0984 0.66 40 0.812 0.647
8 1.52 0.642 40 1.024 0.647 5.0 0.864 0.632
9 1.62 0.625 50 1090 0.632 100 0.999 0.583
10 1.72 0611 10 1.260 0.583 200 1.110 0.552
20 210 0.549 SO 1.486 0.524 500 1.178 0.524
© 2.50 0.500 @ 1.588 0.500 @ 1.259 0.500

the solution of Eq. (8.31.14) was carried out by Kirkwood , Zwanzig, and Plock (See A.
Ishihara, Adv. Polym. Sci. 5, 531 (1968); K. Kamide and M. Saito, Determination of Molecular
Weight, Ed. A .R.Cooper, Wiley-Interscience, New York, 1989, Chap. 8).

*Kurata and Yamakawa improved Kirkwood-Riseman theory, in which Gaussian chain was
assumed for polymer chain without the excluded volume effect, taking into consideration the

segment distribution of polymer chain with the excluded volume effect. They obtained the
equation

M)=r*”NA[XF(X)]X . .(nb’%/6)* 22 /M (8.31.62)

for n>>1 and X—0, Eq. (8.31.62) is compared with Eq. (8.30.18). (See H. Kurata and H.
Yamakawa, J. Chem. Phys. 29, 311 (1958))

* Table 8-31.1 and 8-31.2 are the comparison of various theoretical models.

<<Problem 8-32>> Flory constant K (I)
Consider a solution with volume V which consists of n, solutes and n;
solvents. If the solute molecules can be regarded as spheres with the volume v,
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Einstein’s viscosity equation (Refer to Eq. (8.27.1)) is expressed as

MMy n,
=——= 2.5(v

M= Ve (8.32.1)

Chain molecules are coil-like in the solution and the solvent in the coil moves
associated with the coil. In other words, the velocity of the solvent near the
center of the polymer coil is close to the velocity of the polymer itself. Thus
the polymer coil is approximated as a rigid sphere with an effective radius R..
This sphere is called the hydrodynamically equivalent sphere. The volume of
the sphere is

4n
Ve = (—3—)1{3 (8.32.2)

For flexible polymer solutions, the limiting viscosity number is semi-
empirically related to the molecular weight M as

[n]=KkM"e? (6.18.1)
with
k123

2
K=q, <R >° (6.18.2)

v 18.
At©
[n]eeM!/2

The parameter K is often called the Flory constant. Derive Eq. (6.18.1) based
on Egs. (8.32.1) and (8.32.2).

Answer

The ratio n,/V in Eq. (8.32.1) is related to the ratio of mass concentration C
(g/100cc) and molecular weight M, C/M, as
n, N,C

vV 100M

(8.32.3)

Then Eq. (8.32.1) is rewritten as



Msp _2.5N Ave (8.32.4)
C ~ 100M
or
. Mg 2.5N v,
:1 —_— e ———— . .
In] o0 C__100M (8.32.5)

Substitution of Eq. (8.32.2) in Eq. (8.32.5) yields

_ 25N, (4r|( R’ §32.6
Inl=5o \_3_)(M) (8320

The radius of the hydrodynamically equivalent sphere R, is considered to be

proportional to the radius of gyration <8>>'? as

3R 3n
RSA=k(s?)" =k(s?)," o (8.32.7)
where o is a swelling coefficient. From Egs. (8.32.6) and (8.32.7), we have

[n]= Z'SNA(ﬂ)k(ﬂ 3fzm‘%é

100 \ 3 M
3R
[62] 1
=¢p| 2| M3 (8.32.8)
M
where
. 2'5NA 4n
D = — 1k
100 ( 3 ) (8.32.9)

If the polymer chain is approximated by a Gaussian chain, the radius of
gyration is related to the mean square end-to-end distance as

(s2),- %<R2>o (6.9.1)

Then Eq. (8.32.8) is rewritten as
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372
o) e s

[n]=@ Mo (8.32.10)
where
@,
g (8.32.11)

® is a universal constant and does not depend on the kind of polymer and
solvent, and temperature. Using the definition of K in Eq. (6.18.2), (8.32.10)
is rewritten into the Flory-Fox equation (6.18.1), in which the relationship

<S 2> 112 <R2> 172

a=o,= <32> 75 OR = <R2> T (8.32.12)
0 0

is assumed. The radius of the hydrodynamically equivalent sphere depends on
the excluded volume rather than the statistical extension. Thus, o of this
problem

should be regarded as a physical quantity defined by
s ]

o, o (8.32.13)
Then Eq. (6.18.1) should be written as

[n]=kM"a,’? (8.32.14)
Eq. (8.32.14) is compared with

[n]=kM"a 2% (8.32.15)

which was derived by Kurata and Yamakawa.

(See P.J.Flory, J.Phys. Colloid Chem. 53, 197 (1949); T.G Fox, Jr., J. Polym.
Sci. 5, 745 (1950); M.Kurata and H.Yamakawa, J.Chem. Phys. 29, 311 (1958);
M.Kurata, H.Yamakawa and H.Utiyama, Makromol. Chem. 34, 139 (1959))

<<Problem 8-33>> Flory constant K (II)
The coefficient K, in Mark-Houwink-Sakurada equation (Eq. (8.30.19))
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agrees with the Flory constant K in Eq. (6.18.2) for polymers in 0 solvent.
Discuss the meaning of determining K empirically.

Answer
If @ (i.e., Py= at 0) is known, the ratio of the mean square end-to-end

distance for the ideal conformation <R?>, and the molecular weight M can be
determined from the equation

n
(=),
K=, (6.18.2)
M
This ratio is calculated statistically from Eq. (6.6.35) as
2

<R >0 =_r£ 1-cos 6 1+<cos ¢>_b_2 1-cos O 1+<cos ¢>

M M 1+cos© 1-<cos ¢> m, 14cos © 1-<COS ¢> (8.33.2)

where b is the segment length, n the number of segments, m, the molecular
weight of a segment, 6 the bond angle and ¢ the rotation angle about bonds.
<R*>, for chain molecules with freely rotating bonds (freely rotating chains)
(<cosdp>=0 (See Eq. (8.33.5)), <R%>yy, is given by

2
<R >or=b_2 1-cos O
M m, l+cos© (8.33.3)

The ratio of <R*>,!/? and <R?*>;'/? is called the characteristic ratio or steric
hindrance factor G. It depends only on the degree of rotational steric
hindrance <cos¢>. From Egs. (8.33.2) and (8.33.3), we have

(89, 1+{cosd)

o= <R2>0f”2 = 1-<cos ¢> (8.33.4)
where
<cos ¢> = J;) " cos ¢e'v(¢)/de¢ /1:1t e-v(¢)/de¢ (8.33.5)

Thus we can estimate the potential for the internal rotation V(¢) from o or
from K.
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<<Problem 8-34>> Viscosity parameter @

From Egs. (8.32.8) and (8.32.11), [n] is written as

312
[n]=6""® v (8.34.1)

Coefficient @ is defined as ® in the unperturbed state and experimentally
evaluated by using the relationship

<S2>0 32

[1]g=6""®, (8.34.2)
Derive the relationship between ® and ®:
o, 3
@ =, @ (8.34.3)
Answer
From Egs. (8.32.13) and (8.34.2),
32
3_ 32 <Sz>0 3
[n]=[n]so’= 67", o % (8.34.4)
o is defined by
372 3R
()" = a(s?) 0 (6.14.27)
Substitution of Eq. (6.14.27) in Eq. (8.34.1) yields
372
g2
[n]= 63/2<D<—M>—0 o’ (8.34.5)

Then from Egs. (8.34.4) and (8.34.5), we have Eq. (8.34.3).

* Comparing Eq. (8.32.15) with Eq. (8.32.16), we find



Table 8-34.1 Typical experimental values of ® at or near T=0 for polystyrene in cyclohexane.

authors 8 solvent M, X 10"/g mol ® X 102 /mol!
Krigbaum-Carpenter [1] cyclohexane 3.2 1.85
Mclntyre et al. [2] cyclohexane, 35C 4.0 1.76
Berry[3] cyclohexane, 34.8°C 0.62-1.6 2.6-2.9
Cowie-Cussler[4] cyclohexane, 35C 0.21-1.0 1.7-2.1
Yamamoto et al. [5] cyclohexane, 34.6C 0.34-2.9 2.4-2.6
Mclntyre et al.[6] cyclohexane, 35.4C 27-44 1.5-2.0
Einaga et al. [7] cyclohexane, 34.5C 8.8-57 2.2-2.4
Miyaki et al. (8] cyclohexane, 34.5C 6.5 2.55

[1] W.R Krigbaum and D.K.Carpenter, J. Phys. Chem. 59, 1166 (1955).

[2] D.MclIntyre, A Wilms, L.CWilliams and L.Mandelkem, J. Phys. Chem. 66, 1932 (1962).

[3] G.C.Berry, J. Chem. Phys. 44, 4550 (1966); 46, 1338 (1967).
4] J.M.G.Cowie and E.L.Cussler, J. Chem. Phys. 46, 4886 (1967).

[5] A. Yamamoto, M. Fujii, G.Tanaka and H.Yamakawa, Polym. J. 2, 799 (1971).

6] D.McIntyre, L.J Fetters and E.Slagowski, Science 176, 1041 (1972).

[7} Y. Miyaki, Y.Einaga and H Fujita, Macromolecules 11, 1180 (1978); Y.Einaga, Y Miyaki and H Fujita, J. Polym. Sci.,

Polym. Phys. Ed. 17,2103 (1979).

[8] Y. Miyaki, Y. Einaga, H. Fujita and M. Fukuda, Macromolecules 13, 588 (1980).

0es
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Table 8-34.2 The parameters K, and a in the Mark-Houwink-Sakurada
equation and the exponent a,, for solutions of cellulose and its derivatives.
(See K. Kamide and M. Saito, Adv. Polym. Sci. 83, 1 (1987))

Polymer Solvent K. x10? a ae

(€F») emigT!

Cellulose Cadoxen 0.0338 0.77 0.304
FeT Na* 0.0531 0.775 0.429

Cellulose TFA® 3.96 0.704 -

acetate(2.92) DMAc* 2.64 0.75 0.106
Acetone 2.89 0.75¢ -
TCM! 4.54 0.64, -
DCM« 2.47 0.70, —

Cellulose DMAc 1.34 0.82 0.23

acetate(2.46) Acetone 0.13 0.616 0.716
THF! 0.51, 0.685 0.105

Cellulose DMAc 9.58 0.65 0.12

acetate(1.75)

Cellulose Formamide 20.9 0.60 -

acetate(0.49) Water 20.9 0.60 —
DMSO® 17.1 0.61 -
DMAc 19.1 0.60 0.103

Cellulose Acetone 0.76 0.903 0.379

nitrate(2.91)

Cellulose Acetone 0.48 0916 0.274

nitrate(2.55)

Cellulose DMF* 0.245 0.5 0.377

tricaproate {-Cl—Ni 0.17 0.51 0.377

Cellulose Acetone 143x10°3 0.91 0.21

tricarbanilate Dioxane 8.13x107* 0.97 0.462

Methylcellulose(2.3)  Water 0.316 0.55 0.464

Hydroxyethyl Water 8.62x10°3 0.87 0.608

cellulose(0.88)

Ethyl hydroxy- Water 0.037 0.8 0.688

cthyl eellulose

(-OC:H‘; 0.84;

—OC,H;; 0.56)

Sodium cellulose 1 M NaOH 2.47 0.679 0.568

xantate(0.78)

Sodium carboxy NaCi(I - ») 0.19 0.60 0.192

methyl cellulose(l)

* lron sodium tartrate; ® trifluoroacetic acid; ¢ N,N-dimethylacetamide; ¢ trichloromethane;
< dichloromethane; * tetrahydrofuran; * dimethylsulphoxide; * N,N-dimethylformamide; ' I-chlo-
ronaphthalene
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4
o) =al® (8.34.6)
and
&= 0,7 (8.34.7)

Eq. (8.34.5) indicates that @ decreases with increasing ot.

* Eq. (8.34.3) was derived by Ptitsyn-Eisner (O. B. Ptitsyn and Yu. E. Eizner, Zh. Fiz. Khim.
32,2464 (1958); O. B. Ptitsyn and Yu. E. Eizner,Zh. Tekhn. Fiz. 29, 1117 (1959)) and
Kurata-Yamakawa (M. Kurata and H. Yamakawa, J. Chem. Phys. 29, 311 (1958))
independently. The theoretical value of @, is much different from the experimental values
@=2.1~2.2 x 10?!. The latter values of ® could be obtained only when we assumed a:=1.5 and
®y=2.87 x 10?'. The disagreement of & and &, may come from (1) polydispersity of polymer,
(2) solvent property (good solvent is used frequently in experiment) and (3) free draining
effect DH(X)/Dy(co y=(m* N ,/6*2 100)/2.87x10%' [XD(X)}=XD(X)/1.588 (Kirkwood-
Riseman) (See Table 8-31.1, Eq. (8.31.31) and M. Kurata and H. Yamakawa, /. Chem. Phys.
29, 311 (1958)). Typical experimental values of & are summarized in Table 8-34.1. The
molecular weight dependence of @ is approximated by the following empirical equation:

®=K,M* (8.34.8)

where K, and a, are parameters characteristic of the system. a, is given by a,=[v(X)-£(3-
n(X))lay- It is clear that for X~0, q, is essentially zero and a,~A. (See <<Problem 8-40>>-

<<8-44>>). Values for Kp, a and a, for cellulose and cellulose-derivative solutions are
summarized in Table 8-34.2.

<<Problem 8-35>> Upper limit of the exponent in Mark-Houwink-
Sakurada equation

Estimate the upper limit of the exponent a in Mark-Houwink-Sakurada
equation

[n]=K.M* (8.30.19)
from the Flory-Fox viscosity equation

[n]=KM o] (8.32.15)
Answer

For convenience, we approximate
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Oy = Ol (8.35.1)

The molecular weight dependence of ¢ was derived theoretically by many
scientists. For example, Flory derived the equation

0
a’- as3=2CM\|;l(l - T)M"z (6.13.30)
Kurata and Yamakawa proposed the equation
a’-1=191Z (6.15.10)
with
nf 3 " n

Z=pn"—| «M' 5.20.3

P (2nb2) ( )
using Fixman’s equation (Eq. (6.15.1)). If
o, >>1
we have

5 12

o’ <M (Flory) (8.35.2)
and
o M"? (Fixman) (8.35.3)

respectively. If we define € as
o’ o M® (8.35.4)

the exponent a in Eq. (8.30.19) is related to € as
a=0.5+€ (8.35.5)

Thus the upper limit of a is 0.8 and 1.0 for Eqgs. (8.35.2) and (8.35.3),
respectively. If we use a more strict relationship

3 243

Oy™ =0 (8.34.7)

in place of Eq. (8.35.1), we have
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a'ﬂ3 o M%24?
€£=0.243 (8.35.6)
from Eq. (8.35.2) and
3 0.243/6
Oy~ o M
€=0.405 (8.35.7)

from Eq. (8.35.3). Thus we find
a=10.743 (Flory)

or

a=0.905 (Fixman)

We note that the empirical value of a is often larger than 0.8 (See Table 8-
34.2).

<<Problem 8-36>> Theoretical relations between two parameters in Mark-
Houwink-Sakurada equation (I)
Derive the relationship between K, and a in the equation

[n]=KnM* (8.30.19)
using the Flory-Fox viscosity equation
[n]=kM"?e’ (6.18.1)
and the excluded volume equation proposed by Flory

0
a’-al= 2CMw,(1 - T)M"z (6.13.30)
Answer

From Egs. (8.30.19) and (6.18.1), we have

K
o= (—E)M"“’2 = AMP

K (8.36.1)

Substitution of Eq. (8.36.1) for a in Eq. (6.13.30) yields
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0\ 1
2CM\|1,(1 --T—)M”“3 .
1+ - ( AMB) (8.36.2)
A

Taking logarithm of Eq. (8.36.2) and differentiating it with respect to logM,
we have

1

p= (8.36.3)
{10/3+(4/3)(A/x)}
where
_ 0\ 128
x=2C\yy| 1-% M (8.36.4)
Then Eq. (8.36.2) is rewritten as
1+ % =AM (8.36.5)

M?*3 is only slightly dependent on M for 0<B<0.3 (the upper limit in the Flory
theory) and can be expanded in a series of AM=M-M, as

M™ =M {HT(’M" *o(=Mo (8.36.6)

Here M, is a parameter determined by the mean values of M (such as M, and
M,....) and can be approximated by (M;M,)"’? where M, and M, are the upper
and lower limits of the molecular weight of polymers used for determining Eq.
(8.30.19). From Egs. (8.36.3), (8.36.5) and (8.36.6), we have

-1
4\[1 10
oo [f)” -5
AT =2 = (8.36.7)
K M(Z)BB

or
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-1
2 4\(1 10
-InK, + §ln{(§)(ﬁ - ?) +1} = BinM, - InK (8.36.8)
Comparing Egs. (8.36.1) and (6.18.1), we have
1
B=a-5 (8.36.9)
Thus we find
-1 2
Km 3 a-0.5 3
- = =03 (8.36.10)
K M,

(See T. Kawai and R. Naito, J. 4ppl. Polym. Sci. 3, 232 (1960); T. Kawai and
K. Kamide, J. Polym. Sci. 54, 343 (1961))

<<Problem 8-37>> Theoretical relations between two parameters in Mark-
Houwink-Sakurada equation (II)

Derive the relationship between K, and a for
(1) Kurata-Yamakawa viscosity equation

M) = KM2¢243 (8.32.15)
and Kurata-Yamakawa-Roig excluded volume equation

2\32
a3-a=(1+%—) Cz (6.17.11)

(2)Flory-Fox viscosity equation
[n] =M "0’ (6.18.1)
and Kurata-Yamakawa-Roig excluded volume equation [Eq. (6.17.11)]

(3) Flory-Fox viscosity equation (Eq. (6.18.1)) and Fixman excluded volume
equation

a’-1=22 (6.15.1)
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Answer
(1) Eq. (6.17.11) is rewritten as
o}-a=C'M" (8.37.1)

where C” is a parameter which is roughly independent of molecular weight;
for a>1.5, the error is less than 20%. From Mark-Houwink-Sakurada equation

[n) = KM

(8.30.19)
and Eq. (8.32.15), we have
o2 = AmMP (8.37.2)
and then
o3 = A 3243) 3243 (8.37.3)
From Egs. (8.37.1) and (8.37.3), we have
AZ2B\[2B243 _ | | A 12437 (1727243 (8.37.4)

Differentiating the logarithm of Eq. (8.37.4) with respect to logM yields

-1
1243
6 , 4[a

= 8.37.5
P\ 223 243\ x ( )
with
x=C'M{12-B243) (8.37.6)
From Eqgs. (8.37.4) and (8.37.6), we have

X _ ,23, 2B243
1+ -—A”2‘43 A°M (8.37.7)
If we use the approximation
M2 = g, 224 (8.37.8)

we find
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1+ i_ 1 _1_0 !
2243 2430\a-05 3

Kn
(?) = Moz(a- 05)2.43 (8.37.9)

where M, is defined by (M;M,)'?>, M, and M, are the upper and lower limit of
the molecular weights used in the experiment (See K. Kamide and M. Saito,

Determination of Molecular Weight, Ed. A.R.Cooper, John Wiley-Interscience,
New York, 1989, Chap. 8).

(2): Similarly we find

(EE)”: H(%)(“-l“ '2)

8.37.10
% Ve (8.37.10)

(3):Similarly we find

-1
1
nK,_ +In 1+2(a_0.5-2) =-nK+(a-05)lnM, (8.37.11)

(See K.Kamide and T.Kawai, Kobunshi Kagaku (Chem. High Polymers) 20,
512 (1963); K.Kamide and W.R.Moore, Kobunshi Kagaku (Chem. High
Polymers) 21, 682 (1964))

<<Problem 8-38>> Flory-Fox-Schaefgen equation
Flory-Fox-Schaefgen proposed the equation

u

1/
M3

0 M
=K** +2Ccy (1 -—)K”— (8.38.1)
MY 1 T [T\]

for estimating the Flory constant K from [n] of polymers in a good solvent:
K> can be determined from the intercept in the plot of [n]**M"? vs. M/[n].

(See P.J.Flory and T.G.Fox, J. Am. Chem. Soc. 73, 190 (1951)) Derive Eq.
(8.38.1).

Answer
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According to the Flory-Fox theory, molecular weight dependence of [1] is
expressed as

[n] =KMo’ (6.18.1)
where
1
(&),
K= — (6.18.2)

Here o is the expansion factor which is related to M as
0
a5-a3=2cMw,(1 -T)MW (6.13.30)

where

CM=

2 (32 )<R2>0

5 5’2n3’2\NAV0 v (6.13.26)

Here v is the partial specific volume of the polymer and V), is the molar
volume of the solvent. Eq. (6.18.1) is rewritten as

ol = [n]/KMm
ol = [n]SB/KS/BMS/tS (8.38.2)

Substitution of Eq. (8.38.2) in Eq. (6.13.30) yields
53
IS )
- KM kM2

From Eq. (8.38.3), we finally obtain
]5/3

= 2CMW,(1 - %)M 12 (8.38.3)

(8.38.4)

] 2 0\ 53,11

Eq. (8.38.4) is readily converted to Eq. (8.38.1).
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<<Problem 8-39>> Flory constant K (III)

Summarize the equations for various models for determining Flory constant
K.

Answer
Table 8-39 collects the methods for determining K.

<<Problem 8-40>> Evaluation of parameters in Mark-Houwink-Sakurada
equation by Kurata-Yamakawa theory

According to Kurata-Yamakawa theory (See M. Kurata and H. Yamakawa, J.
Chem. Phys. 29, 311 (1958)), limiting viscosity number [1] is given by

- -3-n(X) 0 172
[n] (Do(xo)o‘s XoFolee]| M Mo, (8.40.1)
with
@y X) = 2.283-10%'XF(X) (8.40.2)
161" b

X=(5)(;) (:)nm=kme (8.40.3)
L <Sz>l/2

s (Sz>0,,2 (6.12.52)

Here, n(X) and F(X) are functions of draining parameter X. a’ and b are the
length and the diameter of the crosssection of a segment, respectively. Eq.
(8.40.3) is obtained by rewriting Eq. (8.31.32). X is defined as X

which satisfies the equation

v(Xo) = 8{3-n(X0)} (8.40.4)
with
e=dlno/d InM=o (8.40.5)

Derive the expression for the exponent a in Mark-Houwink-Sakurada equation



Table 8-39 Methods for determining Flory constant K using experimental data of [ 7 ] and M

Scientist (year) Equation

Flory-Fox-Schaefgen" [ 7 M=K +K>PCyM[ 7 ]!

Kawai-Kamide? Kn/K={4/3[1/(2-0.5)-10/3]""+1}3'2 /M,

Kurata-Stockmayer”) [ 71°M'7?=K?*+0.363 @ oB[g(a ,)M*’[ 5]

s8(a =g a ’(3 a ,2+1)*?

Burchand®,Stockmayer-Fixman® [7-KM'24+0.5 ® BM; « ,<1.5

Bodanecky® [ 71/ M"2=0.80K+0.65KKk*7 M®3% ; Z=kM'"

Inagaki-Suzuki-Kurata” ([ 7V M'"®*3=0.786K*3+0.950K**k**M'? ; «>1.4

Cowie® [7) M72=(®(e )/ D )K+0.9166(D (e )/ D o)Kk'1OM20
P(e)=D o(1-2.63 € +3.86 ¢ 2),a=(1+3 & )/2
a=1.2~2.5

Kamide-Moore® -logKn+log[1+2{(a-1/3)'-2} ]=logK+(a-1/2)logM,

Kamide-Miyazaki'® [ 7} MY22382=632K  K3240.66K o, BM( 22

Kamide-Saito'" logKntog(1-3 ay/2(1-a+a ,)+(3/2)log6+K

=-(3/2)logKo+(a-1/2-a 4-3a,/2)logMp

1)PJFlory, T.G Fox, Jr., J. Am. Chem. Soc. 73, 1904 (1951). 2) T.Kawai and K. Kamide, J Polym. Sci. 54, 343 (1961). 3) M. Kurata and
W.H.Stockmayer, Adv. Polym. Sci. 3, 196 (1963). 4) W.Burchard, Makromol. Chem. 50, 20 (1961). 5) W.H.Stockmayer and M Fixman, J,
Polym. Sci. C 1, 137 (1963). 6) M.Bodanecky, J. Polym. Sci. B 3, 201 (1965). 7) H. Inagaki, H. Suzuki and M. Kurata, J. Polym. Sci. C 15,
409 (1966). 8) J.M.G.Cowie, Polymer 7, 487 (1966), 9) K. Kamide and W.R.Moore, J.Polym.Sci. B 2, 809 (1964). 10) K Kamide and
Y Miyazaki, Polym. J. 10,409 (1978). 11) K. Kamide and M. Saito, Eur. Polym. J. 17, 1049 (1981).

1849
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[n]=KnM*
using Eq. (8.40.1).

Answer
From Eq. (8.30.19),

dIn[n]
4= dInM

Using Eq. (8.40.1), the differentiation is performed as

LN {-3 - n(Xo)}d In% | 4 ln(ﬁ:—(ﬁ)/d InM

d InM d InM XoFo(>)
<R2>0 + +3 d lna’s
+1.5d1In| —=— /dInM +0.5 +3——

If we define

R R
dln((ah?o)

2= dmM

Eq. (8.40.7) is rewritten as

a= s<-3 - n(XO)} +V(Xo) + v(X) - v[Xo) + 1.52,+ 0.5 + 3¢
=05+A+a,+15a,
=0.5 + v(X) + n(X)e + 1.52,

with
A=V(X) - v(Xo)

al =3£

(8.30.19)

(8.40.6)

(8.40.7)

(8.40.8)

(8.40.9)

(8.40.10)

(8.40.11)
(8.40.12)
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Thus A and a ; express the contribution of the free draining and the excluded
volume to a , respectively.

<<Problem 8-41>> Molecular weight dependence of sedimentation
coefficient (I)

Sedimentation coefficient of polymer solutions s, is related to the
molecular weight of the polymer M as

sg= KM% (8.41.1)
Relate the exponent a 5 in Eq. (8.41.1) to a in the equation

[n]=K.M* (8.30.19)
and the degree of free draining.

Answer
s is expressed as

_ ) 172
s= Mﬁé_"ﬂz M(l " ;p)6'l’2p'1(gsv>°-) M7, ! (8.41.2)

with

=Py(X)a,{ 1m0} (8.41.3)

s

_(1 6)1( )
o\ - (8.40.3)

N

(s 2> = <R2>0,,2 (8.41.4)

where v is the partial specific volume and p the density. From the above
equations, we have

dins_ dinP 1. <32>o 1M+ 0.5 d Inotg
= —3 - - — + R -
“TdmM - dimM 20\ M dInM (8.41.5)
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_dlnas
€= dmM
and ( )
dinP dInPy(X
a4Edl:M= dlnoM '{l'm(x)}€=u(x)-<l-m(X)}e

Putting

d 1n(<s;l>°)

d InM

a
and substituting Egs. (8.41.6)-(8.41.8) in Eq. (8.41.5), we have
ag=a-a,-05a,-¢

From <<Problem 8-40>>

a=0.5 +v(X) + 1.5a, + n(X)e

From Egs. (8.41.9) and (8.40.11),
3a,+42-20=4-3a=V(X)-3a,- {3-n(X)}e
and then from Eq. (8.41.7),
3a,+a-20=v(X)- 30(X) + {n(X) - 3m(X)}e

(See K.Kamide, Makromol. Chem. 128, 197 (1969))

(8.41.6)

(8.41.7)

(8.41.8)

(8.41.9)

(8.40.11)

(8.41.10)

(8.41.11)

<<Problem 8-42>> Molecular weight dependence of sedimentation

coefficient (II)

The coefficients a s and a were experimentally determined as 0.29 and 1.01,
respectively, for the system cellulose trinitrate in ethylacetate and 0.285 and
1.00, respectively, for the system cellulose trinitrate in acetone. Calculate X,

V(X) and € from these data.

Answer
Xy and € are determined from the equation
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v(Xo) = 8{3 - n(X0)> (8.40.5)

Then v(X) can be calculated by substituting X, and € thus obtained in Eq.
(8.41.11). For the system cellulose trinitrate in ethylacetate X=0.725,
v(X)=0.326, X,=18 and £=0.271 and for the system cellulose trinitrate in
acetone X=0.66, v(X)=0.335, X(,=22 and €=0.286.

<<Problem 8-43>> Molecular weight dependence of diffusion coefficient
)
Diffusion coefficient D, depends experimentally on molecular
weight M as
Dy=KgM™® (8.43.1)

According to Kurata-Yamakawa theory, the exponent § in Eq. (8.43.1) is given
by

B =u(X)+m(X)e +0.5a,+0.5 (8.43.2)
Relate the exponent f§ in Eq. (8.43.2) toa in
[n] =K M’ (8.30.19)

and the free draining effect.

Answer
From <<Problem 8-40>>,

a=052+Vv(X)+1.5a,+n(X)e (8.40.11)
Combining Eqgs. (8.43.2) and (8.40.11), we have
a-3B+1=v(X) - 3u(X) + {n(X)-3m(X) Je (8.43.3)

Then we can calculate X from B and a.

<<Problem 8-44>> Molecular weight dependence of diffusion coefficient
an

Mayerhoff determined B and a for cellulose trinitrate (N=13.8%) in acetone
as 0.675 and 1.00, respectively. Calculate X, v(X) and ¢ for this system.
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Answer

On the assumption of Gaussian distribution of the molecular chain, a,=0.
Using Eq. (8.40.11), we have

X =113, v(X)=0.278, £€=0.113
Substitution of these values in the equation
v(Xo) = 3{3 ; n(XO)} (8.40.5)

yields Xo=12.

<<Problem 8-45>> Two-dimensional steady shear flow of solution of
dumbbell-like molecule (V)

The diffusion equation for dumbbell-like molecules of Eqs. (8.16.7)-
(8.16.9) in <<Problem 8-16>> is rewritten in the steady state ( @ f/ 9 t=0) as

1 _df
smG 20 (Slneg—) sin’ 99’
206 2
g{ wg_u cos ¢a£ 3sm Osin 2¢f} (8.45.1)

Let’s express the probability density f(6,) as a series of g as
f(6,0) =f,(6,0) + ( )f (6,0) + ( ) (6.9) ( ) £,(6,0) + - (8.45.2)
Derive the expression for the coefficients f,(0,9), £>(6,¢) and f3(0,6).

Answer
Substituting Eq. (8.45.2) for f(0,0) in Eq. (8.45.1) and comparing the

coefficients of (g/D), (g/D)?, (g/D)’ ... in both sides, we obtain a set of
differential equations as

1 ( af) 1 afo_o

sind 96 \S"930 ) * 5% B9 (8.45.3)
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10 [goedfi)y 19
sind 90 (S‘“G ae) sin’0 90’
_ sin 294sm 20 % + cos? ¢%% _ %Si,fesin 20 f, (8.45.4)

1 9| adf 1 9,
Sin® 96 (S‘“eﬁ) WTOETS

sin 20 sin 2¢ 9f of, . 3 s
_ __Z_Ji G *eos 05 3sin’esin 20 , (8.45.5)

1.9 af, 1 df,
sing 96 (sm@—ag) sin’® 9¢’

_sin 20 sin 2¢ af2 &
=+ ¢_6 — 35in’8sin 20 f, (8.45.6)

1 9 [ug0fi), 1 91
sin® 00 (smG 00 ) sin’ 90
- S0 205020 3L + cos’ 930 - Jsin'sin 20 £ (845.7)

The solution of the first equation is used to solve the second equation and the
solution of the second equation is used to solve the third equation and so on,
successively. This method is called the successive approximation method.
When g=0, we have £(0,0)=f,(6,0). In this case, the direction of the principal
axis of the dumbbell-like molecules is completely random. As usual, we put fp
as a constant (for normalization, f; is the reciprocal of the integral of sin8d8d¢
all over the direction).

1

0= T (8.45.8)
Then Eq. (8.45.4) is rewritten as

. .0f of,
Eih—e 3% (smﬂ—ag‘) + ;rllz—(-) a¢ =_ -—sm ’9 sin 20 -~ 4 (8.45.9)

The first step to solve Eq. (8.45.9) is to solve the following homogeneous
equation.
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1 9 [« qgdfs 19 _
m 'ag (Smﬁé—e—) + ;‘ln—ze' W =0 (8.4510)

Eq. (8.45.10) is the Laplace equation for r=const. expressed in the polar
coordinate. Putting f; as

f,=0,(6) ®(0) (8.45.11)

and using the separation of variables, we have

sin@ 0 ( 391)+ 1 9P, _

) 36 | Sin 6 3 o 3 =0 (8.45.12)

Putting
2

19e L.
D, 50 m’ (= const) (8.45.13)
we have a set of equations

2
%:' - —m, (8.45.14.2)

. 29 0. .00, @ =
sin 676- (sm 0—36-)—m 0,=0 (8.45.14.b)
From Eq. (8.45.14a),
P, =et ind (8.45.15)
or
P, =cosm¢ or sinm (8.45.16)

Here the equation @ (¢+27)=®(¢) must be satisfied. Thus, m=0 or integers.
Putting x=cosO in Eq. (8.45.14b), we have

30,(6) d o)
alé ) @dli") %=_Sine‘_j_dl£_") (8.45.17)

Eq. (8.45.17) is further rewritten as

d’e, . d0, ;2
e =

0,=0 (8.45.18)
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Eq. (8.45.18) is associated Legendre function

i(1+1)- 1’.’312

d? d
(1 _XZ)EX_); —2xa% +

y=0 (8.45.19)

in case of 1=0. Eq. (8.45.18) is rewritten as
0, 9y 40, g2
dx? 1-x% dx 1-x2

0,=0 (8.45.20)

The second and the third terms in the left-hand side have a singular point of the
first order and the second order, respectively, at x=%+ 1. To avoid the singular
point, we put

0,(x) =(1-x2)2Y,(x) (8.45.21)

Then Eq. (8.45.18) is rewritten as

m d*y dY
(1-x2)2 (1- x2) dle ~2(m +1)x—&l ~m(m+1)Y,[=0 (8.45.22)
or

d’y dy
(1-x2)5 3t = 2(m + gt - m{m +1)y,=0 (8.45.23)
Introducing a new variable
z=1-x (8.45.24)
Eq. (8.45.23) is rewritten as

2

z(2 _z)‘_i_jz'_z("_) +2(m +1) (1—7.)‘1—‘;‘2El -m{m +1)Y,(z)=0 (8.45.25)

Y (z) is expanded as a series of z as
Y‘(z)=);l a,zkr=agzk +a zk* 1 +a 2kt 2+, . . (8.45.26)
Substitution of Eq. (8.45.26) in Eq. (8.45.25) yields

z¢ : 2agk(k+m)=0
zk 2(k+1)(k+m+l)al—(k+m)(k+m+l)a0=0



550

&t : ok +2)(k+m+2)ay,{k+m+1)(k+m+2)a, =0
zk*2 . 2(k+3)(k+m+3)a3—(k+m+2)(k+m+3)a2=0
zkt3 (8.45.27)

Since the lowest order of z is k, a;# 0 and then
k(k+m)=0 (8.45.28)

Therefore, k=0 or k=-m. For k=0, Y, is not finite and physically meaningless.
For k=-m,

a,#0
a0=al=a2=a3= ........ =0
Then we have a finite solution as

Y(z)=a{1-x)™" (8.45.29)

* If we introduce a variable z=1+x instead of z=1-x in Eq. (8.45.24), we have Y,(z)=
a9(1+x)™. However, both the second and the third terms in Eq.(8.45.14b) have singular points
of the first order of (1-x) or (1+x). Thus, either (1-X)™ or (1+x)™ is satisfactory as the
solution. The final solution is independent of the choice of the variable z.

Then we proceed to finding a particular solution of Eq. (8.45.9). If we put

f, =0,(6)sin 2¢ m=2 (8.45.30)
Eq. (8.45.30) satisfies Eq. (8.45.9). Then the differential equation is reduced to
00, .

sme ge (smﬂT) 5131 ©,=- §31E sin’@ (8.45.31)
Putting

X =cos 6 (8.45.32)
Eq. (8.45.31) is rewritten as

e, , do, 32 s
(-}t o 1) b5

Eq. (8.45.18) is the homogeneous equation of Eq. (8.45.33). Substitution of
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0, (x)=(1-x3) Y, (x) (8.45.34)

in Eq. (8.45.33) yields

(l—xz) (l—xz)%—6x(;—\;'—6Y, =—§’—n(1—x2)

d%y dY
(1 X ) 5 — 6x 6Y, 3 (8.45.35)

The homogeneous equation for Eq. (8.45.35) is

d?y, dy, B
(1-x2) 53 —6x 2 -6Y,=0 (8.45.36)

and the solution of Eq. (8.45.36) is

Y, =a,(1-x)"? (8.45.37)

Using the solution of the homogeneous equation (8.45.36)

y =(1-x%)? (8.45.38)
Y, is expressed as

Y, =C(x)y, (8.45.39)

Eq. (8.45.35) is rewritten as
dx? 1-x2dx 1-x2

=3 1
3% 1-x2 (8.45.40)

Substitution of Eq. (8.45.39) in Eq. (8.45.40) yields

d’c dy, | dC
Yilgzz Y~ 6)(2+21 e
dx 1-x y;dx

dx 8n 1 —x?

d’c ex . diny?)dcC
aC ] _ex ,dimyildC_ 3 1 1
dx? { 1-x2  dx }dx 8m 1-x2y, (8.45.41)

The integration of the coefficient of dC/dx in the left-hand side of Eq.
(8.45.41) is calculated as



dl
V4 =J {— 1 6Xx2 d“y‘ }dx =In(1-x2)’y} (8.45.42)

Therefore, Eq. (8.45.41) is rewritten as
deC e dz dC 3 1 1, 3 45 43
dx? ~dx dx  8m1-x2y, (8.45.43)

Eq. (8.45.43) is reduced to
_x2)
i{e dC }_-_1_ _1 __eln(l x2) vi=_ 3 1 (_I_L)__y%

dx|~ dx 8m 1 -x2y, 8 1-x2 y,

- 3 2)2 -2__3
—ﬁ(l—x ) (1-x2) 8n(l+x) (8.45.44)
The integration of Eq. (8.45.44) yields

dC 1 3
—_— |- o= + +
dx ln(l —x2)3y? [ J‘ ’T (1 x)dx CO

(1-x*] 5 (%)
(1 _x2)3[ st 3

where C, is chosen as 0, since dC/dx=0 when x=1 (8=0). Further integration
yields

c=_§%f (1 —x)dx+ Cog=1 (1 -x)’ (8.45.46)

a=(1-%) (8.45.45)

where Cy is chosen as 0, since C=0 when x=1 (6=0).
Substitution of Eq. (8.45.46) in Eq. (8.45.38) yields

1

Y\ = ten (8.45.47)
Substitution of Eq. (8.45.47) in Eq. (8.45.34) yields

1 (1_y2)=_1 2 8.45.48
0,= 167t(1 ) Tensin 6 ( )



553

Substitution of Eq. (8.45. 48) in Eq. (8.45.30) yields
(9 ¢) ————sm29 sin2¢ = =L —smze sin2¢ (8.45.49)

Substitution of Eq. (8.45.49) in Eq. (8.45.5) yields

1 a . f2 1 azfz 1 sin20 sin2¢ . .
036 (sm 9—3—) +Sinze a¢2 Tom 7 2 sin® cos0 sin2¢

1 2 20 3 1 i 2q 20 s
+1 ro= sin“0 (2c052¢)cos (0] ST sin“0 sin2¢ sin“0 sin2¢

2 5 1 4 2 S 1 .4
161t°m 0 176m sin 9+—1—6——sm 0 cos2¢ +7 Ter S0 Bcosdd (8.45.50)

Now we express f; as
and Eq. (8.45.50) is rewritten as

19 | g9 1 0% _ 1 (v 20 5.4
sn6 06 (058 T sinZ0 a2 Tom\ ™ B-7sin’® (8.45.52.a)
9 [« a2 1 fn_ 1 2
sm 5 56 s GW +Sinze 302 1 enSin 0 cos2¢ (8.45.52.b)
19 | a9 1 a2f23 ~ 1 5. 4
s 50 |Sin 9—59— +Sin2e a0 Tow 4sm 0 cos4¢ (8.45.52.c)
Then we put
X = cosf (8.45.53)
1 = ©)(x)cos 09 =0,,(x) (8.45.54.2)
2= 0,;(x)cos 2¢ (8.45.54.b)
3= O(x)cos 4¢ (8.45.54.c)

Eqgs. (8.45.52.a)-(8.45.52.¢c) are reduced to

ﬁ{(l—x 02—t (11 -32) 507 4555
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d dO,, 22 o _ 1 )
—&{(l—x2) ax }— 292~ el =X ) (8.45.55.b)
d _2\d@22_42____1(§)_22
dx{ (1-x2) e R T b (1-x2) (8.45.55.¢)
Eqs. (8.45.55.b) and (8.45.55.¢) have the same functional form as

do 2
d%{ (1 ‘xz)a} 1-x2 sz@ =A(1-x?)" (8.45.56)
Referring to the calculation procedure for Eq. (8.45.30), we put

m
©=(1-x2)2Y(x) (8.45.57)

Eq. (8.45.56) is reduced to
d2y 2x(m+ 1) dy m(m+ 1)

n-T-1
dx2 ~ 1-x2 dx  1-x? Y=A{1-x%)""2 (8.45.58)
Then we put
Y=C(x)y=C{x)(1-x)"" (8.45.59)
Eq. (8.45.58) is reduced to
d2c .| x(m+1)  _,dyldc o1
dx2+{ T P2va e Al-¥) T Ty (8.45.60)

The integration for the coefficient of dC/dx is calculated as

2x(m+1) 1 dy ym+1 2
Z= {— 12 +233x dx=ln{(1—x ) y } (8.45.61)
The integrant is rewritten as

{_2x(m+l)+2 ldy}_dz

1 -x2 Ydx| dx (8.45.62)

Eq. (8.45.60) is reduced to



Z
dx dx
dC 1 nom_
= Aer| (1-%2)"727 rdx+ Coz

Then we obtain

C=AJ le_lz.j(l_xz)"-%‘"‘%

i dx+C OJ‘ % +C 00
From Egs. (8.45.59) and (8.45.61),

_(1 —x2)m+l _(1 +x)m+l
(BT

Thus we have

eZ

m-1

c-al |l X))mﬂj(ux) B(1-x)" Bax|dx
\

(1+x

J —x)" d +C
0 meioX 00
(1+x)

From Egs. (8.45.57), (8.45.59) and (8.45.66), we have

LS L

(1-%)"

The first equation of Eq. (8.45.55) is integrated as

i

Then we have

f @21——'—1_% (I—XZ)XdX+C f +C00
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(8.45.63)

(8.45.64)

(8.45.65)

(8.45.66)

(8.45.67)

(8.45.68)

(8.45.69)
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Here, C, is 0, since f;, must be finite when x=1 (6=0). Then

£, =#(%)3(1 —x2)%4Cyp (8.45.70)
From the normalization condition

f £(6,0)sin 6 d6 do = 1 (8.45.71)
or

fo =4_1n (8.45.8)
J' f,in B dO do = 1 (8.45.72)
and

f £(6,0)sin 6 d6 do = 0 (8.45.73)
f>, and f,; are 0 due to the terms cos2¢ or cos40.

j f,,sin 0 d0 dp =0 . (8.45.74.a)
f f,55in 0 d6 do = 0 (8.45.74.b)

The coefficient Cy in Eq. (8.45.70) is determined by the normalization
condition (total integration of f,; affords zero):

2
J f lesln9d9d¢“1(4 jnd¢f (1- x)dx+C0041t 0 (8.45.75)
Then we obtain

2 s Aok 1 (1)%2
Co=-2 (3 2f 22+ axthax =k ()% (8.45.76)

Substitution of Eq. (8.45.76) for Cyo in Eq. (8.45.70) yields

_1 (1Y /1 2_2\_1 (11 4q_2
f =k (Z) {Z(l‘xz) ‘TE}‘E (Z) {Zsm 6—15} (8.45.77)
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Eq. (8.45.55b) shows that f,, is calculated from Eq. (8.45.56) by replacing the
parameters as

=__—1_ = ==
A T6m , m=2 ,n=1

From Eq. (8.45.66),

__1(1\2 2 X
Clx)=- Ty (Z) §(1 ~x)"+ Co(—I:)z +Coo (8.45.78)
Substitution of Eq. (8.45.78) for C,, in Eq. (8.45.67) yields
-1 (1Y2 X 1+x
0= (Z) 3(1-x2) +Co7 25 +Cory % (8.45.79)

The integration constants Cy and Cy, are determined so that ©,; is finite when
x=x1 as

Co=0 Coo=0

Then we have
1 (1y2(,_ 2=_1_(;)2_;.2
02 41:(4) 3(1 x?) an \a 2sin’0 (8.45.80)

Substitution of Eq. (8.45.80) for ©,, in Eq. (8.45.55b) yields

2
fy =74-IE (%) [— %sinze cos 2¢] (8.45.81)

Similarly, f>3 is calculated from Eq. (8.45.55b) by replacing the parameters as
A T6r 2° m=4 , n=2

The integration constants Cy and Cy are determined so that ©,, is finite in Eq.
(8.45.67) when x==*1 as

C0=0 C00=0
Then we have
_1 5 1 4
C(x)‘m'?(‘?fz)(l‘x) (8.45.82)

Substitution of Eq. (8.45.82) in Eq. (8.45.68) yields
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= L (11 _ 202 =L(L)2 _Lgin*
Oy =4~ (4) [ 1= | =2 (%) |-4sin (8.45.83)
f=-L (l)z ~Lsin%g cos 4¢
237 4 \a 4 (8.45.84)
Substitution of Egs. (8.45.77), (8.45.81) and (8.45.84) in Eq. (8.45.51) yields
f= ( 1 )2 2 +lsinte —sm29005 2¢~ Lsin0 cos 46
T4 \a) | " 15 4 4 (8.45.85)
Substitution of Eq. (8.45.85) in Eq. (8.45.6) yields
o3|, 1 9%
sm sin6 90 (sm GT) sm29 002
o o .
= 311_5 (—3{) ﬂz—%m {sin36 c0s6- %sin 0 cosB cos 2¢
—sin’0 cosOBcosdd }+cosz¢ { 25in%0 sin2¢+sin Bsm4¢}
- —2-s1n2031n2q){— —+zsm46—3smzecos2¢—‘1tsin4ecos4¢}
= # (%) { {gsmze sin2¢ +sin*@sin 2¢ —=- sm66 sm2¢}
+2sin‘e sin4¢ +—sm69 sin 6¢
3 (8.45.86)
Eq. (8.45.86) is rewritten as
fy=1f3) +f35+ a3+ f34 + f55
(8.45.87)
f3, =03, sin2¢ (8.45.88.a)
f3, =03, sin2¢ (8.45.88.b)
f3; =033 sin2¢ (8.45.88.c)

f34 =0, sind¢ (8.45.88.d)



f35 =035 sin6¢

. 200 22 2013\
sin @ 8631 +— 631‘1 (% (-§)sm26

o
00
9 sineae32 + © (l 2sin“@
Sinege— 89 Sinze 32 47t 4
9
00

sinea?e” S rer

005, 0., =l (
a6 sin’g ! 4m

sin @

. 1093 62 =1
snd 96 \5" 59 +sin29®35 T4n

Eq. (8.45.90) is rewritten as

d (1 _219Oul_ 22 o _ 1 1)2(_1;) 2
dx{(l & [T Toe0s 3w (7 \15 (1-x?)
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(8.45.88.¢)

(8.45.89)

(8.45.90.2)

(8.45.90.b)

(8.45.90.c)

(8.45.90.d)

(8.45.90.¢)

(8.45.91.2)

(8.45.91.b)
(8.45.91.c)
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©5=(1-x2)* (1-x)7*Cy, (x) (8.45.91.d)
05,=(1-x2)* (1-x)"%C35(x) (8.45.91.¢)

The functions C3;, C32, C33, C34 and C; are obtained using Eq. (8.45.67).
From Eq. (8.45.90a),

1 (113 - _
4n(4)(15)’ m=2, n=l

Then we have

From Egs. (8.45.88a) and (8.45.91a), we have

— 1 [1Y(_26) 2
f5,= an (Z) ( 45) sin“0 sin 2¢ (8.45.92.a)
From Eq. (8.45.900b),

2
A=L(%), m=2, n=2

Then we have
1 (1Y [_3,1 2
C32—E(z) {—-5—+—5-X2}(1—X)
From Eqgs. (8.45.88b) and (8.45.91b), we have
f,=-L (—1—)3 — 35in%@ sin 2¢ + Lsin26cos20sin 2¢ (8.45.92.b)
2 4n\4 5 5 i

Similarly, for Cs;

&) a0

=-1_ _1_ _3; 2 . __9__ . 2 2 .
f33 an ( 4) { 4Osm 0 sin 2¢ 5pSin Ocos?0sin 2¢



+ L5in%0 cos*@sin 2(1)}

8

FOI‘C34,

-1 (1)(4 - -
=2 (z)3), m=4. n=2
_ 1 (1V_a4 4

Csu=a (3] () 1=

3
fi5= ?lﬁ (:1‘—) (— :2—111)81“69 sin 6¢
Substituting Eq. (8.45.92) in Eq. (8.45.87), we finally obtain
3
f;= ZIE (%) [— %—gsmze sin 2¢ + 71% sin@ sin 2¢

- —}isinze c0s20 sin 2¢+ %sinze cos*0 sin 2¢

- 14—Ssin49 sin 4¢— —21—4sin69 sin 6¢
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(8.45.92.c)

(8.45.92.d)

(8.45.92.¢)

(8.45.93)
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Chapter 9 Molecular weight and molecular weight
distribution

<<Problem 9-1>> Definition of average molecular weight

Synthetic polymers are mixtures of polymers with different degrees of
polymerization (or molecular weights) even if the chemical compositions are
the same, since the growth and termination reaction of polymerization as
well as the polymer degradation are stochastic processes. The degree of
polymerization n (or molecular weight M) is expressed with the average
degree of polymerization (or molecular weight) and the degree of
polymerization distribution (or molecular weight distribution). Let’s
denote the number fraction and the weight fraction of the polymer with the
degree of polymerization being in the range n and n+dn as f;(n)dn and
fu(n)dn, respectively. From the normalization condition,

f f,(n)dn = 1 (9.1.1)
0
and
f fu(n)dn =1 (9.1.2)
0

fu(n) is related to f,(n) as
fw(n) = nfy(n) (9.1.3)

Express the terms (1) m th moment }i,, (2) mean Y, (3) variance o, (4)
average of the distribution n,, (5) number-average (6) weight-average

and (7) z-average degree of polymerization and molecular weight, using
f.(n) and fy(n).

Answer
(1) m th moment
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Hm =f n™fy(n) dn = Z n™f(n) (9.1.4)
0 n

(2) mean

wy = j nfy(n)dn = Y’ nfy(n) (9.1.5)
0 n

(3) variance

ol= fw (n - ul)zfn(n) dn

0
= f: n’fy(n) dn- "-Hlf nf,(n) dn + ] f fo(n) dn = p,-pi (9.1.6)
(4) average
f: n'f,(n)dn i En: nifn(n) i f: n“fw(n)dn g ni'lfw(n)
J‘m ni_'fn(n)dn z nl-lf“(n)
1) n

ni=

w - 2 Mi
fon"sz(n)dn %n fw(n) :

9.1.7)
(5) number-average degree of polymerization
“nffndn [ fu(n)a
[oti(n)en [ tufa)an
n,=—— = =}, (9.1.8)

(6) weight-average degree of polymerization
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© -
) _Jo n fn(n)dn —J:) nfw(n)dn_&

[ ot (e j‘”fw(n)dn_“‘

0 0

(7) z-average degree of polymerization

J: n3fn(n)dn f: nsz(n)dn "
n,= = =—

J anfn(n)dn fm nfw(n)dn M2

0 0

(5’) number-average molecular weight

- " LM)
Mn=f0 Mf,,(M)dM:l/J; i M

(6’) weight-average molecular weight

fo CME(M)dM
M, = Fgon = | Mt (M) am

(7’) z-average molecular weight

0
M, =

[Tmnyam [T mn(m) am

J; " M, (M) dM ) fo " Mf, (M) dM

(9.1.9)

(9.1.10)

(9.1.11)

(9.1.12)

(9.1.13)

* Staudinger proposed ‘Makromolekiil’ as a nomenclature for extremely large molecules
which are formed by covalent bonds (See H. Staudinger and J. Fritschi, Helv. Chim. Acta 5,
785 (1922)). He described as early as 1926 that macromolecular compounds are mixtures
of molecules with similar chemical structure, but different size (See H. Staudinger, Ber.

disch. chem. Ges. 59, 3019 (1926))



* The variance of f,(n), 0, is related to the average as
02 = nyn, - Ny2

and the variance of f,(n), 6,,%, is related to the average as

Schulz proposed a parameter defined by

u:gﬂ_l
Ny

as a measure of the inhomogeneity of the degree of polymerization (Schulz

polymolecularity index). u agrees with the square of the parameter C
defined by

C=0
13
as
2 2
C2__(z__nwnn'nn =u
= 2_———n2 =
K1 n

u depends on the average degree of polymerization as well as the width of
the distribution as

u=l_1_W__1=Q£
n, n,?
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(9.1.14)

(9.1.15)

(9.1.16)

9.1.17)

(9.1.18)

(9.1.19)

* Polymolecularity index as a measure of the width of the molecular weight distribution
was first proposed by Schulz in 1939. (See G.V.Schulz, Z. Phys. Chem. B43, 25 (1939))

u is the head character of Uneinheitlichkeit. In general, a ratio of the moments of

different degrees gives a measure of the width of the distribution.

<<Problem 9-2>> Schulz polymolecularity index

Show that Schulz polymolecularity index u (Eq.(9.1.16)) depends on
the average degree of polymerization as well as the width of the distribution.

Answer

Let’s consider two distributions with the same width of the distribution and

the different average degree of polymerization n,, say,
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If 6,=0,,thenu>u,

distribution 1

distribution 2
(o4, 1)

(02, Uy)

n
Fig. 9-2 Schulz polymolecularity index and the variance of molecular weight
distribution

n,; <n,, 9.2.1)
Then from Eq.(9.1.19)
2 2
g o
= " | = 2.2
u, (nm) >(nm2) u, (9.2.2)

Even if the widths of the distributions are the same, u, increases with
decreasing n,,, as shown in Fig. 9-2. Thus when u is used as a measure of
the width of the distribution, the same n, is the prerequisite condition.

<<Problem 9-3>> Average degree of polymerization (I)

Show the relationship between the average degrees of polymerization
n,<n,<n,<n, (9.3.1)

and derive the required condition for the equality
n,=n,=n,=n, 9.3.2)

in Eq. (9.3.1), where n, is the viscosity-average degree of polymerization.

Answer
From Eq. (9.1.6),
M2 > )2 (9.3.3)
then
n, <n, (9.3.4)

From Egs. (9.1.9) and (9.1.10), n/ny=jL,i, /|,
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In general,

TRTIS-2T i (9.3.5)
then
n,<n, (9.3.6)
n, is defined by
[ ] la
f n*'f,(n) dn
0
n=j——" (9.3.7)
fo nfn(n) dn

Here, a is the exponent in Mark-Houwink-Sakurada equation Eq. (8.30.19).
If a=1, Eq. (9.3.7) agrees with Eq. (9.1.9), that is,

nv(a=1) =n,, (9.3.8)
If a=-1,
N -1
.[o fn(n) dn L nfn(n) dn
n,=|— == (9.3.9)
Jo nfn(n) dn J;) fn(n) dn
@
@
'\
:© i 9 9 |}
0 EEAAN | P

Fig. 9-3 Relationship among various average degrees of polymerization . @,
@, ® and @ corresponds to n,, ny, n, and n,, respectively.
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that is,
n(a=-1)=n, (9.3.10)

Experiments show 0.5<a<1.0. Thus, from Egs. (9.3.8) and (9.3.10), we
have

n,<n<n, (9.3.11)

as illustrated in Fig. 9-3. It should be noted that Egs. (9.3.8) and (9.3.10)
are valid irrespective of the width of the distribution of the degree of
polymerization. If the polymer is monodisperse (consisting of polymers
with a single molecular weight),

a=n" (9.3.12)
Then we have

2
nw_u"l_ n

A — =1

nn l'112 (n)2 (9313)
and

n, WM, nn

_z_ - =1 ' (9.3.14)

LT (n2)2
Eq. (9.3.2) holds in this special case.

* The scientists who first noticed that the molecular weight of polymer depends on the
method for determining it are Lansing and Kraemer (See W.D.Lansing and E.O.Kraemer,
J.Am.Chem.Soc. 57, 1369 (1935)). The experimental fact that the molecular weights
determined by viscometry was always larger than those determined from the freezing
point and the osmotic pressure attracted their attention.  Afterwards, Schulz named the
average degree of polymerization determined by viscometry the weight-average one and
that determined from osmometry the mean. (See G.V.Schulz, Z. phys. Chem. B32, 27
(1936))) In 1930s, the molecular weight determined by viscometry was regarded as the
weight-average one, though that is not generally true as shown in this problem (See

W .H.Carothers, Trans. Farad.Soc. 32,39 (1936)). Referring to the experimental fact
0.5<a<1.0, n, is close to n,,.

* Physical meaning of n, (Eq. (9.3.9)) varies, depending on the kind of average degree of
polymerization (n, or n, ) employed for establishing Eq. (8.30.19) (See A. Kotera, Science
27, 38 (1957)).
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<<Problem 9-4>> Average degree of polymerization (II)
Consider a mixture of ten molecules with n=100 and five molecules with
n=1000. Calculate n,, n,, and n,.

Answer
From Eq. (9.1.8),

5 5
= = 2 = 9.4.1
n,= Y, nf,(n) 100 x 3575 + 1000 X 75— =400 (9.4.1)

From Eq. (9.1.9),

2 10 2 5
znzf( ) (100) x10+5+(1000) T 5o

znf( ) ; = (9.4.2)

100 x 0+ 5+100()>< 10+5

From Eq. (9.1.10),
10 3 5
3% (n) (100)° x ——= +(1000)> x —=—

2“ (n) 10+5 10+5 _gey (9.4.3)

f 2 5 2 5
" Xn’n) (100) x 15z +(1000) x =~

* This sample calculation was used in a paper of Carothers (See W.H.Carothers,
Trans.Farad.Soc. 32, 39 (1936)). He pointed out that the relationship between [1] and
M for monodisperse polymer samples is not correct for polydisperse ones so that the
determinaition of M by the viscosity method is not reliable. However, the effect of
polydispersity on the viscosity equation can be precisely corrected, as shown later.

<<Problem 9-5-a>> Condensation polymerization (I)

Suppose the probability of condensation reaction p be independent of the
degree of polymerization in condensation polymerization. The
probability that n-1 condensation reactions occur successively to make a
polymer where the degree of polymerization n is p™! and the probability that
the condensation reaction terminates after the final step is 1-p.  Since the
probability of independent events is the product of the probability of each
event, the expected value for the number of n-mer N, after the
polymerization reaction process is Np"~'(1-p), where N is the total number of
molecules after the polymerization. Thus the number fraction of
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n-mer is
N,
fo(n) =7 =p"'(1-p) (9.5.1)

If the total number of monomers before the polymerization is Ny,
N=Ny(1-p) (9.5.2)

The weight of the polymer is proportional to the degree of polymerization.
Thus the weight fraction of n-mer is

fw(n)=Tvo—=np""(1 —p)2 (9.5.3)

Determine number- and weight-average molecular weights M, and M,, as
functions of p.

Answer
M, and M,, are given by

i m
M, =m,Y, np"'(1-p)= 1—_"5 (9.5.4)
n=1
and
5
L Q)
o
D NI“, ©
P\ -
g 2 kN :C:
&) 3
1t \
0

Fig. 9-5 Schulz-Flory distribution function for n,=100 (solid line), 200
(broken line), 500 (chain line) and 1000 (dot line)
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—mOannl( p)’= mo{(1+p)/(l—p)} (9.5.5)

respectively, where my is the molecular weight of a monomer. Here we
use the relationships

© o 1

2. np"'= (9.5.6)
= (1)

and

Yo% = 1TE (9.5.7)
o=l (1-p)

Eq. (9.5.3) also holds for polymers obtained in the steady state of initiation
reaction, growth reaction and termination reaction in the addition
polymerization and the termination reaction by disproportionation and for
polymers produced by a random degradation reaction. The molecular
weight distribution of the latter polymers is the most probable distribution.
Figure 9-5 shows f,(n) in Eq. (9.5.1) and f(n) in Eq. (9.5.3) for various n,.

<<Problem 9-5-b>> Condensation polymerization (II)
Derive the expression for z-average and viscosity-average degree of
polymerization for the probability of condensation reaction p.

Answer
z-average degree of polymerization defined by (See i=3 in Eq. (9.1.7))

anf( i (9.5.8)
" 2n’fn)

is expressed as

2113 nl( )
an nl( )

Here, we use the relationship

(9.5.9)
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[pan n-l

From Eq. (9.5.7), we have

2 n-]_p(1+p)
pY,n’p )

Differentiation of Eq. (9.5.11) with respect to p yields

2o AR +pi(1-p)-3(1-p)(-1)p(1+p)
DR ]={ i p(l-p)Gp
=1+4p+p2
(t-p)°

Substitution of Egs. (9.5.7) and (9.5.12) in Eq. (9.5.9) yields

- (1+4P+P2) / (1+p) 1+4p+p?

(1-p)" " (1-9)" (1+p)(1-p)
Viscosity-average degree of polymerization is defined by
Z n'*f,(n) b
S)

From Eqs (9.3.7) and (9.5.1), we have

n= l+a nl ] |an+a nl]

Using the relationship

1 1
2.op S

Eq. (9.5.14) is rewritten as

(9.5.10)

(9.5.11)

(9.5.12)

(9.5.13)

(9.5.14)

(9.5.15)
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The right-hand side of Eq. (9.5.16) is calculated as follows.

convenience, sum is replaced by integral as
had ~ 00 . 1 oo

Y nl*epr =J' nl*ipn ldnz—f nM3p"dn
n=1 0 pJo

Putting p"=X (p<1),

n:l_nX’ dnz_l_dl(_
Inp Inp X

Substitution of Eq. (9.5.18) in Eq. (9.5.17) yields
pJo pan=3 \np Xln p

1 (‘1) 0 l+a
EWL (- In X) ™dx

Putting
X =exp(-z), dX=-Xdz
Eq. (9.5.19) is further reduced to

10 o 1 (1) =

EJ;) n'*%p dn=5—————(- 1511);2”[0 z"%exp(-z) dz
_1_ (1)
2 Cing) ™ I(2+a)

where I'(h) is the Gamma function

Ih) = f zlexp(-z) dz
0

Substitution of Eq. (9.5.21) in Eq. (9.5.16) yields

For
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(9.5.16)

(9.5.17)

(9.5.18)

(9.5.19)

(9.5.20)

(9.5.21)

(9.5.22)
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1/a

1 1
n,=|- ————T(2+a) (1-p)’ (9.5.23)

P (— In p)
For p~1,
-lInp=1-p (9.5.24)
Then Eq. (9.5.23) is rewritten as

Va
1 T(2+a)
Ml e 9.5.25

P (_ In p)a ( )

From Egs. (9.5.4) and (9.5.24), we have
1
"= Tnp (9.5.26)
If we approximate 1/p~1, Eq. (9.5.25) is reduced to
Va
n,= [nn” 1"(2+a)] =n, T{2+a)"” (9.5.27)
* Gamma function defined by
I(s)= f e*xsldx (s>0) (9:5.28)
0
converges. Putting x=t*, we have
I'(s)= 2f exx21 dx  (s>0) (9.5.29)
0

Then we can deduce a recursion equation as

oo 1 b
F(s+1] =f e*x’dx =lim | e™x°dx + lim f e*x°dx
0 €0 Je boo J1

1 1 b .
=tim| [+ of e lax |+ fim ([-e*xs]wsf d)
i

-0 € b—ee
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1
=-e'+ SI e*xldx+e! + sf e*x%ldx = sf e™x%dx = sI(s) (9.5.30)
0 1 0

For s=1 and 1/2, we have

1) = j e*dx = 1 (9.5.31)
0
and
r‘(%) =2 f eXdx = Vit (9.5.32)
0

The important properties of Gamma function are summarized as follows.

)

m)=1, r(%) =% 9.533)
(2) when n is a natural number,

'(n+1) =n! (9.5.34)
3)

[{s+1) =sIs) (9.5.35)
I'(s) becomes very large when s—eo.  Stirling’s law of

lim Ts+1) _ V2r (9.5.36)

s—>00 Ss+IIZe-s

is well known.

<<Problem 9-6>> Condensation polymerization (III)
Show that the weight distribution function for condensation reaction

fu{n) = np™(1 - pf (9.5.3)

is approximated by the exponential distribution function

f,(n)= wF neXP(n/n) 9.6.1)
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when p'~1
Answer
From Egs. (9.5.24) and (9.5.26),
n,=- 1:1 = T{"ﬁ (9.6.2)
Eq. (9.6.2) is rewritten as
p=exp(-1/n,) (9.6.3)
and then
p'= CXP('U /nn) (9.6.4)
From Eq. (9.6.2),
(1-p)*= ! 3 (9.6.5)
()
Substitution of Egs. (9.6.4) and (9.6.5) in Eq. (9.5.3) yields
f,(n)=p'n (n1)2 exp(-n/n,,) =p’ (n1)2 n exp(-n/n,,) (9.6.6)

Thus, if we approximate p'~1 in Eq. (9.6.6), Eq. (9.5.3) agrees with Eq.
(9.6.1).

<<Problem 9-7>> Condensation polymerization (IV)

Show the value of n at the maximum, np,y, of the most probable weight
distribution function

fo(n) = n(1 - pfp™! (9.5.3)
agrees with the number-average degree of polymerization, that is,

Npax =0, 9.7.1)
Answer

Differentiation of Eq. (9.5.3) with respect to n yields
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dfun) _
dn
At the maximum of fy(n), df,(n)/dn=0. Then,

1 + Dmax — (9.7.3)
In p

Compared with the relationship

L
Inp "~

(1 - pfp™! +n(1 -pfp™!/Inp (9.7.2)

n, (9.6.2)

Eq. (9.7.1) is derived.

<<Problem 9-8>> Molecular weight distribution function (I)
Schulz showed that the weight distribution function is given by

fu{n) = (- In pfnp" (9.8.1)

in some cases (Refer to Eq. (9.16.4)). Compare this equation with the Kuhn-
Schulz-Flory distribution function

fw(n) = np™(1 - p)? (9.5.3)

Answer
In(1+x) is expanded in a Taylor series as

In(1+x)= Zl—n—, (9.8.2)
n=

When x<<1,

In (1 + x) oc x (9.8.3)

Putting x=p-1 (p~1) in Eq. (9.8.3), we have

Inp=p-1 (9.8.4)

Substitution of Eq. (9.8.4) in Eq. (9.8.1) yields

fw(n)=(1 - p) *np" (9.8.5)

When n>>1, Eq. (9.8.1) agrees with Eq. (9.5.3).

*Schulz distribution function defined by
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fu(n) = (- In pop’

or

fin)= (- In )

is generalized as
fo(n) = (- In p)**'nkpn /T{k+1)
or

fo(n) = (-In pjn*-'pn /T(k)

10
a)
8_
6-
[.-
o A1 1

£4m x 10°

(9.8.1)

(9.8.6)

9.8.7)

(9.8.8)

Fig. 9-8.1 Distribution of the degree

of polymerization for various distribution
functions for n,=200. a) solid line,
Poisson (n,/n,=1.005); chain line Schulz-
Flory (1.995), b) Schulz-Zimm: solid
line (1.05), dashed line (1.1), chain line
(2.0), dot line (5.0), c) Wesslau: solid
line (1.05), dashed line (1.1), chain line
(2.0), dot line (5.0)

1 = N szosrmemss
0 200 400 600 800 1000

n
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where I'(k+1) in Eq. (9.8.7) and ['(k) in Eq. (9.8.8) are the normalization constants. This

distribution function is called the Schulz-Zimm distribution function, which is also
expressed as

f,(M) = AM’exp(-BM) (9.8.9)

and

h+l

wWM) = M1 )CXP( aM)M" (9.8.10)

with
z=h=k (9.8.11)
and
B=a={1/-In p){Mo (9.8.12)

* Schulz derived Egs. (9.8.7) and (9.8.8) for radical polymerization. Twelve years later,
Zimm used these equations for taking account of polydispersity in the analysis of light

105-m

Fig. 9-8.2 Molecular weight distribution curve g(M), measured by gel
permeation chromatography (full line) of the original polymer produced by
radical polymerization, as compared with that of the model polymer having
a Schulz-Zimm distribution with M,=24.0x10* and M,/M,=2.80 (broken
line). (See K. Kamide, Y. Miyazaki and T. Abe, Makromol. Chem. 177, 485
(1976))
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scattering (See G.V.Schulz, Z phys.Chem. B43, 25 (1939); B.H.Zimm, J.Chem.Phys. 16,
1093 (1948)).

* Figure 9-8.1 shows the comparison of typical molecular weight distributions, and Fig. 9-8.2
shows an example of the comparison of an observed distribution with a model calculation.

* (1) Poisson distribution (See for example, S. M. Ross, Introduction to Probability Models,
Academic Press, San Diego, 1972)

£(X) = (X.)*exp(- X,) / (X-1)! 9.8.13)
where X is the degree of polymerization

(2) Schulz-Zimm distribution (Refer to Eq. (9.8.19))

fw(X) = l'%]l:]l) )& exp(- yX) (9.8.14)
where
y=h/X, (9.8.15)
and

X -1
h=(X: -1) (9.8.16)
(3) Wesslau distribution (See H. Wesslau, Makromol. Chem. 20, 111 (1956))
gX)= XBLW exp{— -é; (% 2} (9.8.17)
where
BZ=2m X /X, (9.8.18)
and
Xo=X,/ exp(%z-) (9.8.19)

(See <<Problem 9-12>>)
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<<Problem 9-9>> Molecular weight distribution function (II)
Calculate the degree of polymerization at the maximum of Schulz-Zimm
distribution f,,(n) and f,(n).

Answer
From Eq. (9.8.8),

ofun) _(-Inpf .,
= n“?pik-1+nln (9.9.1)
a0 = T P p)
The value of n which satisfies the condition df,(n)/ on=0 is
—_ k-1
n =-K-1
™ (9.9.2)

For k=1 (i.e., the most probable distribution), we have
Nmax = 0 (9.9.3)
Similarly, from Eq. (9.8.7),

dfw(n) - (-In P)kH nk-1

"ik +nln
a0 - Thet] P ( p) (9.9.4)
The value of n which satisfies the condition df,(n)/ dn=0 is
—__k
n =-_K
max = o p (9.9.5)
For k=1, we have
1
nmax='m=nn (9.9.6)

(Eq. (9.9.6) agrees with Eq. (9.7.1))

* Using the relationship Eq. (9.10.5) in <<Problem 9-10>>, npa, of f(n) (Eq. (9.9.2)) is
expressed as

(k- 1)n,
Dmax = ¢ 9.9.7)

and np,, of £,(n) (Eq. (9.9.5)) is reduced to

Dpax =0, (9.9.8)
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<<Problem 9-10>> Average degree of polymerization for Schulz-Zimm

distribution
For the Schulz-Zimm distribution function

f(n) = (- In p)n*-'pn /TK)
and

fuw(n) =(- In p)*'nkp" /T'(k+1)
derive n,, n,, n, and n,.
Answer

(1) n,
From Eq. (9.1.8),

n, =JO nfn(n) dn

Substitution of Eq. (9.8.8) for f,(n) in Eq. (9.10.1) yields
(-np)"

_ * k.n
n"——_—r‘(k) fo np dn

Putting p"=X (n=In X/In p and dn=1/In p dX/X), we have

0 Kk
= v | X)) X ax 1 o K
J;) np dn—l[ (ln p)k lnp Y— (ln p)kﬂJ—] (ln X) dX

Putting In X=-z (X=exp(-z) and dX/X=-dz), we have

(Il‘;jm‘ Lo (In X)kdx =(1;';1)_m fo = (2)¥exp(-2) dz

1
= 7 Tk+1)

(- In p)

Substitution of Egs. (9.10.3) and Eq. (9.10.4) in Eq. (9.10.2) yields

(9.8.8)

(9.8.7)

(9.10.1)

(9.10.2)

(9.10.3)

(9.10.4)
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(-Inp)* Tk+1)

" T T e 0109
(2) ny,
From Eq. (9.1.9),
n,= jo " nf,(n) dn (9.10.6)
Substitution of Eq. (9.8.7) for f,(n) in Eq. (9.10.6) yields
n, =J°° n(a In p)k+]nkp" /F(k+1) dn
0
Kk
- (-Iizlki)l;l Jy e an G100

The integral in Eq. (9.10.7) is calculated in reference to Eqgs. (9.10.3) and
(9.10.4) as

fo nk+lpn dn = (___11_11;)“_2 F(k+2) (9.10.8)

Substitution of Eq. (9.10.8) in Eq. (9.10.7) yields

() Mk+2) ka1

n,= (— in p)k+2 F(k+1) - _lnp (9109)

(3) n,
From Eq. (9.1.10),

nz=J;) n3fn(n)dn/L nzfn(n)dn (9.10.10)

Substitution of Eq. (9.8.8) for f(n) in Eq. (9.10.10) yields
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] =J°" n3(- In p)knk-lpn " /J’°° nz(_ In p)knk-]pn i

1 k) k)

0 0

The numerator of Eq. (9.10.11) is calculated as

LT[k "N

_ (ke2)(1+1)
- (- In p)3
and the denominator of Eq. (9.10.11) is calculated as

J (10 pf rign gn = kot 1
0

k) (- In py?

Substitution of Egs. (9.10.12) and (9.10.13) in Eq. (9.10.11) yields

(k+2)(k+1) (-Inp)* k+2

"7 (-mp)® (k+1) -Inp

z

(4) n,
From Eq. (9.3.7),

n,= lJ: n 1+“fn(n) dn /J;m nf,(n) dn]

Substitution of Eq. (9.8.8) for f,(n) in Eq. (9.10.15) yields
la

n,= Jw n'* (np) n*'p"dn /J“ n ——( inp)’ n*'p"dn

o, T

T (-mp)'a*p"  (-np)* e s, _ (-np)* (k+3)
J d f dn= F(k) (_1np)k+3

(9.10.11)

(9.10.12)

(9.10.13)

(9.10.14)

(9.10.15)

(9.10.16)
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The numerator and the denominator in the bracket of Eq. (9.10.16) are
calculated as

- (- In p)k a+k n (- In p)k F(a+k+1)
A dn=
J F(k) nopdn F(k) (_ In p)a+k+1 (9.10.17)

0

and

f “enpk o gy InpF D)

k) TK) (- In pf*! (9.10.18)

respectively. Substitution of Egs. (9.10.17) and (9.10.18) in Eq. (9.10.16)
yields

(-Inp)* TMa+k+1) 1K) (-Inp)* -

) (-In p)a+k+l (FIn p)k T{k+1)

l/a
1 | T{a+k+1)
" -Inp (k+1) (9.10.19)
Using Eq. (9.10.5), Eq. (9.10.19) is further rewritten as

. =5{M}W

"k | r(k+1)

n =

v

(9.10.20)

We summarize the expressions for n,, n,,n, and n, for the Schulz-Zimm
distribution as

0= k
"~ Inp (9.10.5)
o _k+1
*=TInp (9.10.9)
k+2

m= T (9.10.14)
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1/a
n, | T{a+k+1)
n=1 _I"(TH)_ (9.10.20)
For Schulz-Zimm distribution function f,(n) (Eq. (9.8.11)), we have
z
nn=B‘ (9.10.21)
z+1
n, = B (9.10.22)
z+2
n,= B (9.10.23)

1 I{a+z+1) v
n, = B —l_—_(-m (91024)

Using Egs. (9.10.5), (9.10.9), (9.10.14), we have
n,:n,n, =kk+1:k+2 (9.10.25)

For k=1 (the most probable distribution), we have
n;:n,n,=1:2:3 (9.10.26)

The parameter k reflects the width of the distribution and p depends on the size
of the molecules. The polymolecularity index u is related to k as

Mgkl T

n kK Tk (9.10.27)

for the Schulz-Zimm distribution function. When k=1, the Schulz-Zimm
distribution is called the most probable distribution (Refer to Eq. (9.5.3)).

<<Problem 9-11>> Average degree of polymerization for the most
probable distribution

Calculate the ratio n,:n,:n,, for the most probable distribution for a=0.5 and
0.8.

Answer
Putting k=1 in Egs. (9.10.5), (9.10.20), and (9.10.9), we have
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n,=-1/lnp (9.11.1)
l/a
r(2+a) Va
eS| ™ T(2+a) (9.11.2)
n,=-2/lnp=2n, (9.11.3)

For a=0.5, using the numerical value T(2+0.5)!%*=1.766 we have

n,:ny:n,=1:1.766:2.0. For ¢=0.8, using the numerical value
I'(2+0.8)"%8=1.974, we have n,:n,:n,=1:1.974:2.0.

<<Problem 9-12>> Average degree of polymerization for Wesslau
distribution

Normal distribution function is expressed as

] exp{ - n-n.J?/ 20}

£,(n) = (9.12.1)
() (2n) "6

where

0>=[ " (n-na)tu(n) dn (9.12.2)

and n,, is the median of the distribution. If we replace n by In n, we have
another distribution function

exp{— (nn-1n nm)2/20’2>
(2n) s

which is called the log-normal distribution (or Wesslau distribution). Eq.
(9.12.3) satisfies the normalization condition

fy(lnn)= (9.12.3)

j fo{ln n) d(In n}= 1 (9.12.4)
0

If the normalization condition
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f fw(n)dn =1
0

is used in place of Eq. (9.12.4), we have

wln)=

exp<- (1nn-1n nm)Z/ 252}

n(21t) g

Derive the expression for n,,n,,n,, and n, for Eq. (9.12.6).

Answer

For convenience, we put

. Inn-lnn,

9

and then

n=n

eO‘l

m

dn=n_cedt

Eq. (9.12.6) is rewritten as

fo(n) dn=£,[t) dt= M dt

(1) m,

(21t) lﬂem

From Egs. (9.1.8) and (9.12.6), we have

_ J' " f,(n)dn_ ) e"P{-(lnn-ln nm)z/ 202>

0 n n2(21c) ”20

dn

(9.12.5)

(9.12.6)

(9.12.7)

(9.12.8)

(9.12.9)
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) 1 exp(- t%/ 2) n,ce” i 1 5
= ( )”2 ( )2 - dt= ( )”2 - exp(- t/2 - O‘t) dt
2n) o n,j e . |2n m

-00

(9.12.10)
The exponential term in the integrant is rewritten as

oo

2
oo o
f exp(- t%/2 - O‘t) dt= exp(0'2/2) expy - (-\/%— + ﬁ) dt (9.12.11)

Putting X =t/~/2 + 6/~/2(dt = +/2dX), we perform integration as
°° 2 o
exp| - 5 ot | dt= exp(62/2)J [exp( - Xz)] ﬁ dXx

=42 exp(GZ/Z)J: exp( - Xz) dX=4/2n exp(02/2) (9.12.12)

where we use the relationship

f expl - Bx?} dx = \/% (9.12.13)

Then Eq. (9.12.10) is further rewritten as

n,=n, exp(- 02/2) (9.12.14)

(2) ny,
From Egs. (9.1.9) and (9.12.6), we have



590

(2m) 2, exp(ot)

_ B n, exp{ -2+ Gt} _ exp(0‘2/2) n, ) t N o 2
_‘L (21t)”2 dt= (Zn) 7 Jm exp{— (_«/—_2 ~/5) }dt

« 2
nw = J;:Q nfw(n) dn ZJ n'“ exp(m) exp{ -t /2 i Gt}nm dt

_n, exp(02/2) - 5 _n, exp(ozlz)(Zn) 7

= Le J/2 dX = L

=n, exp(c?/2) (9.12.15)
G)n,

From Egs. (9.1.10), (9.12.9) and (9.12.15), we have

f: nsz(n) dn J: n,,,2 exp(ct) exp{ - t2/2+0‘t} dt
n= =
L = nfw(n) dn (21t) l’znm exp(62/2)
n, exp(20'2)

) (2n) 12 exp(o2/2) f: e"P( B} Xz) V2 dX=n,, exp(%oz) (9.12.16)

(4) ny
From Egs. (9.10.15) and (9.12.9), we have

1Va

2
t
4 ctlexpl-—+0t
n, exp(a ) xp( 5 )d

t

(27!:) l/?'nm exp(o t)
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n“ - t2
= (2n)l/2 exp ——2-+a(5t dt

w l/a

I
—
[\
—— N
™)
o
]
so]
—_—
N
N
e
(4]
e
o
]
o
-
+
N E!
~————
[
o
(=3

00.2
=n, eXp(—?_—) (9.12.17)

N, is defined as the value of n when the cumulative distribution I,(n) takes the
value 0.5. Wesslau proposed Eq. (9.12.2) for describing the molecular weight
distribution of polyethylene (See H.Wesslau, Makromol. Chem. 20, 111
(1956)).

<<Problem 9-13>> Average degree of polymerization for Lansing-
Kraemer distribution
For the distribution function

2
fw(n)=—B—‘\/—lE-n—nexp -(% In Bn;) (9.13.1)

derive the expression for n,,n, and n,. This distribution function is called the
Lansing-Kraemer distribution function (See W.D.Lansing and E.O.Kraemer,
J.Am.Chem.Soc. 57, 1369 (1935)).

Answer

(Dn,
From Eqgs. (9.1.8) and (9.13.1), we have
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= = (9.13.2)
o f,(n)dn ” 2
fo w I n
exps - B In P dn
0
Putting
Linn-x
B Mo
n = ng exp(Bx) l

(9.13.3)
dn = Bn dx = Bneexp(Px) dx

then Eq. (9.13.2) is rewritten as

L Bf” exp —x2 dx 'E exp( -xz) dx

noBJ~ exp( exp Bx HOJ exp{ } (x - _;.[3)2} exp(hl-Bz) dx
1 J‘m exp( - xz)dx

- Ly
n, exp(l [32) = 1\ n, exp(4[32) vr
4 J exp{ - (x - EB) }dx
_ 1
noexp( % Bz) (9.13.4)

We finally find
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n,=ng exp(%ﬂz) (9.13.5)

(2) ny,
Similarly from Egs. (9.1.9) and (9.13.1), we have

Jy il J{(ﬁ ]}
J: f,(n) dn ) J weXp{-(% In %)2} dn
ofp) Lo}

el [[cof -t

~00

n,=

=n, =n, exp(% [32) (9.13.6)

(3)n,
From Egs. (9.10.15) and (9.13.1),
[

1Va

1Va

f B n”fw(n) dn no"HB f: exp(de) exp( - x2) exp(Bx) dx

r
| tln) an no exp(ist)

1Vea

2
=n0__(l_gz)_ exp{-(x- 5 ) dx| =n, exp{—z—(1+§)[52}
exp| o o
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=n, exp{(z%a)[iz} (9.13.7)

The ratio of the weight- and the number average molecular weight is a function
of only B as

) ng exp(%ﬁz)

From Egs. (9.12.14) and (9.12.15), we have

xp| ~62
n,, XPi 7

- W (9.13.9)
exp| - 50'

From Egs. (9.12.15), (9.12.17) and (9.13.9), we have

xol
nw_ep2

=1 (9.13.10)
n, a 02
N

2

n Ny eXP(%Bz) 1
n—“*————=exp( Bz) (9.13.8)

* According to Lansing-Kraemer, B is called the homogeneity coefficient,, The maximum of
fu(n) decreases with increasing .

<<Problem 9-14>> Average degree of polymerization for general log-
normal distribution
For the distribution function

2
f,(n) = An™ exp{ - % (m “io) (9.14.1)

derive the expression for n,,n,, and n,.



Answer
(1) ny
From Eqs. (9.1.8) and (9.14.1), we have

dn= Bnoexp( Bx) dx

o =neeofp) }

we have

1 f ~ ng"exp(mpBx) exp{ - x?) dx

J: n0m+1exp{(m + 1) Bx} exp( ) xz) dx

595

(9.14.2)

(9.14.3)
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- Lex _ 2m+ 1 ﬁz
ng P\" T 4 (9.14.4)
We finally find
2m+1
n, = noexp( m4 Bz) (9.14.5)
(2) ny,

From Egs. (9.1.9) and (9.14.1), we have

) 1 n 2
- An™! -~|ln—] }d
at (o) J ”p{ B()}

dn
0
n, = = (9.14.6)
dn

0o

fW(n) B 1 n 2
0 m -={ln—
J; An exp{ B(ln no) }dn

Similarly to Eq. (9.14.3), we have
r\oo

(m+2)2) | exp -(x-im—’;z—)[i)z dx

n0m+26xp(__21’___

n, = -
1 re
nom”exp{(_n_l_:'_)_ Bz} ( (m+ I)B)z
expy -|X-—— dx
- noexp( 2m 4+ 3 '[32) (9.14.7)
(3) ny

From Eqgs. (9.10.15) and (9.14.1), we have
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Q=

J n™¢ exp{ - B(In En;) }dn
0
n= r = (9.14.8)

f,(n)d = 2
| 0 (r)dn | J nmexp{-é—(ln nio) }dn
0

| J
Using Eq. (9.14.3), Egq. (9.14.8) can be rearranged into

8
=
s
/L
=
Q.
=

8| —

0| -

4

v n m+1 1 2 o
° exp{(m; ) Bz} ( (m+1)B)2 q
expy - { X - ——— X

2
m+1+a
(m+1+a)2[32 exp '(X'—z*“ﬁ) dx
namea Xy ]
0

(2m+2+a)

— B (9.14.9)

=Ny exXp
From Egs. (9.14.5) and (9.14.7),
2m+3 2
el )
. - =exp —
n, (2m+1 2)
expl =P

2
Similarly, from Eqgs. (9.14.7) and (9.14.9), we have

(9.14.10)
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l-a
M| Lo@g2| o f[1-a)[B* || _[n.| 2
" exp( 2 B) exp ( 5 )(2) (n) (9.14.11)

* The distribution function Eq. (9.14.1) agrees with Lansing-Kraemer distribution function Eq.
(9.13.1) for n=0 and Wesslau distribution function Eq. (9.12.6) for n=-1. Eq. (9.14.1) is the
most general log-normal distribution function (See C.Mussa 1V, J Appl. Polym. Sci. 1, 300
(1959); W.F Espenscheid, M.Kerker and E.Matijevic, J. Phys.Chem. 68, 3093 (1964)).

<<Problem 9-15>> Average degree of polymerization for Poisson
distribution

Calculate n,,n, and n, for the polymer with Poisson molecular weight
distribution function defined by (Refer to Eq. (9.8.13))

fa(n) = {exp( - V)v*!/ (n - 1)! (9.15.1)

Answer
(1) From Eqgs. (9.1.8) and (9.15.1),

oo

n,= g; nf (n)= exp( - v) E; nv™!/ (n - 1)1
=exp( - v) (1+v)exp(v)=1+v (9.15.2)
where
an( )—Z exp( - ) vl ( - 1)! =exp( -v) Zv""/ (n- 1)!
=exp( - v) exp(v)=1 (9.15.3)
and
davtY(n-1)t = (1+v)exp(v) . (9.15.4)

(2) From Egs. (9.1.9) and (9.15.1),

g whln) exp(-v) é n2v““/(n ) 1)! (1 +3v +v2) exp(V)
w i nfn(n) exp(_v) i s /(n i 1)! (1 + v)exp(v)

n=1 n=1




_143vv? (1 +V)2 v

=1+v
1+v 1+v 1+v

From Egs. (9.15.2) and (9.15.5), we have
\Y
n,=n,+-——=n,+1
l+v
for v>>1.
(3) From Egs. (9.1.10) and (9.15.1),

i n’f,(n) i n*v™'/ (n-1)!
n=1 n=1

n=
oo

- g; n’fy(n) > n™"/(n-1)!

n=1

Using the relationship

in3v“"/ (n-1)! - i n*"!/ (n-1)!
n=1 n=1

dv
we have
E n’v™/ (n-1)!= 3% -v(l +3v+ v2) exp(V)

= (1 +7V+6Vi+ v3) exp(V)
Substitution of Eq. (9.15.9) in Eq. (9.15.7) yields

(1 +7V+6V2+V3) eXPV 14+ Tv+6vi+V

n=
(1 +3V+V2) expV 1+3v+v?

z

From Eq. (9.15.6),

<
<

n_..=1+(1+v)2=1+;1?

=6+
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(9.15.5)

(9.15.6)

(9.15.7)

(9.15.8)

(9.15.9)

(9.15.10)

(9.15.11)
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<<Problem 9-16>> Molecular weight distribution for equilibrium
condensation polymerization

Consider an equilibrium state of a solution which contains monomers, dimers,
trimers and solvent in condensation polymerization. In this case, both
polymerization and degradation occur simultaneously (equilibrium
polymerization). Let’s denote the concentration of r-mer and solvent as C; and
C.,, respectively. Then from the law of mass action,

Glw -k, (9.16.1)
(ol

and

GG _k 9.16.2)

) 3 (

If we assume the equilibrium constants K, Kj3... be independent of the degree
of polymerization, then

K=K;=Ksz=... (9.16.3)
Show that the weight distribution function is given by

fw(n) = n (Inafor (9.16.4)
Answer

The number of moles of i-mer N; is related to C; as
N, =CV (9.16.5)
where V is the total volume of the system. From Egs. (9.16.1) and (9.16.3),

®+®-——@+@

Fig. 9-16 Equilibrium condensation polymerization reaction



K= CCyw - NNy,
C? N2
From Egs. (9.16.2) and (9.16.3),

K= GiCy = N3Ny
CCi N3N,

In general,

K = NoNw
NNy

From Eq. (9.16.6),
2
N2 = KN]
Nw
From Egq. (9.16.7),

KN,N, [KN,\
N3= Nw = N N]

From Eq. (9.16.8), the number of moles of n-mer is

NN KN, \™!
an 1 n-1=( 1) N]

Ny N,

If we put
KN,
N, ~

o

Eq. (9.16.11) is rewritten as
N, = N;o!

fu(n) is proportional to N, as
fa(n) = (const.), on!
Similarly,

f,(n)= (const_)W no™!

From the normalization condition
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(9.16.6)

(9.16.7)

(9.16.8)

(9.16.9)

(9.16.10)

(9.16.11)

(9.16.12)

(9.16.13)

(9.16.14)

(9.16.15)
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Y fm=1= (const.)wz no™’! (9.16.16)
n=1 n=1
(const), = ——— = L (9.16.17)
2 ™! I +200+30° + -
n=l
When o<1,
(const.)y =(1 - o) (9.16.18)
Substitution of Eq. (9.16.18) in Eq. (9.16.15) yields
fu(n) = (1 - af nan! (9.16.19)
Approximating
l-ao=lna (9.16.20)
and n~n-1>>1, we have Eq. (9.16.4).
(See G.V.Schulz, Z. phys. Chem. A182, 127 (1938).)
* From the normalization condition
Z fn)=1= (consL)n i o (9.16.21)
n=1 n=1
(const) =— L . I (9.16.22)

w l+o+a®+ -
Y

n=1

Since the right hand side of Eq. (9.16.22) is equal to the series expansion of (1-at),
(const)y=1-a (9.16.23)
From Egs. (9.16.23) and (9.16.14),

f(n)=( - (9.16.24)

<<Problem 9-17>> Molecular weight distribution for radical
polymerization
Derive the Schulz-Zimm molecular weight distribution function;
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nk-! gn (9.8.8)
and
fw(n) = % nk o (9.8.7)
based on the mechanism of radical polymerization.

Answer
Let’s denote the growth reaction rate as vg and the termination reaction rate
as vc and the ratio of these two rates as x:

%=x (9.17.1)

If the probability that the growth reaction occurs on an arbitrary radical be wg
and the probability that the termination reaction occurs on the same radical be
wc, we have

Ye _Wc _ (9.17.2)
VB Wp

From the definition,

wp + we =1 (9.17.3)

or

wp=1-wec=_1 (9.17.4)
1+x

If x<<1, then
wp=l-x=q (9.17.5)

Thus the probability of finding n-mer is proportional to o". Let’s denote the
degree of connectivity, i.e., the number of the primary molecular chain in the
reaction as k.

(a) Case of k=2

In general, the molecule with the degree of polymerization n is produced by the
reaction of x-mer and (n-x)-mer, where x takes the value between 1 (monomer)
and n-1. If we denote the distribution function of the primary molecular
chain as f,(x),
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£,7(x) = const. ox (9.17.6)
fo¥(n -x) = const. o™ (9.17.7)
Thus the distribution function of n-mer is
fn(n ) oc fnp(x)fnp(n -x) = const'. a*a"™* (9.17.8)
If n>>1,
n n
fn(n) = const'. Z f“(n,x) = const'. z a* o™ =const.na" (9.17.9)
x=1 x=1
From the normalization condition
f fa(n) dn = const'. f no*dn = 1 (9.17.10)
0 0
then we have
const'. = ,.,—1_” = (In o (9.17.11)
no™ dn
0
* Using the relationship
o ol
J‘ o dn = (9.17.12)
0 = Ina
0
we have
F no dn = MO o 9.17.13)
Ina |ng?
and then
not dn = —1 (9.17.14)
o (In o)




Substitution of Eq. (9.17.11) in Eq. (9.17.9) yields
fyn)=(Inaf - n-an

Similarly from Eq. (9.17.9),

"

fw(n) = const". n fy(n) = const™. n?a"

From the normalization condition

f fw{n)dn = const"'.f n?o”dn=1
0 0

we have

const™. = (ln a)3

From Eqgs. (9.17.16) and (9.17.17),
fuln) = (ln OL)3

(b) Case of k=3
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(9.17.15)

(9.17.16)

(9.17.17)

(9.17.18)

(9.17.19)

Suppose the primary molecular chains x,-mer, X;-mer and n-x,-X;-mer react to

produce an r-mer. In reference to Egs. (9.17.6) and (9.17.7),

£ (1) = const. ox:

fnP(xz) = const. X2

fnp(n X, -xz) =const. o" 172
Thus,

fa(n,x;,X2) = const'. oX1 - 0¥z - LMXIX2

n n

n n
f,(n)= Y Z (n x,,xz) const. >, Y, a"=const.n>a"
Xl= =

x;=1 xp=1
From the normalization condition,

const'. = - M

(9.17.20)
(9.17.21)

(9.17.22)

(9.17.23)

(9.17.24)

(9.17.25)
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Then we have

fn(n)_—__ - M .

02 o (9.17.26)

£ofn) = (In a2)4 o

From Egs. (9.17.15), (9.17.19), (9.17.26) and (9.17.27), Egs. (9.8.8) and
(9.8.7) are easily derived. In Table 9-18 polymerization methods and
corresponding model distribution functions are summarized.

(9.17.27)

<<Problem 9-18>> Viscosity-average molecular weight
The coefficients K, and a in the Mark-Houwink-Sakurada viscosity equation

[n]=KM* (8.30.19)

are the constants in a certain temperature range for given polymer/solvent
systems. a is usually in the range between 0.5-1. The molecular weight
determined from Eq. (8.30.19) is called the viscosity-average molecular
weight M,. Discuss what kind of average molecular weight M, stands for.

Answer
The intrinsic viscosity [1)] is defined by

-hm

[n] lim - (8.22.3)
where

Nep =T - 1 =%- (8.22.1)

M, M and T are the relative viscosity and the viscosities of the solution and
solvent, respectively and C is the concentration. If concentration dependence
of 1, is negligible,

Mo
M, _Cil_rflo o =Cn] (9.18.1)

For i th component, Egs. (8.30.19) and (9.18.1) read
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Ngpi = K C; M;° (9.18.2)

where C; and M; are the concentration and the molecular weight, respectively,
of i th component. ~ Since the total 1, is the sum of T, of each component,
nsp,i)

T]sp":ztnsp,i (9.18.3)

Substitution of Eq. (9.18.2) for ns,i in Eq. (9.18.3) yields
nsp=ZKmMiaCi =sz Miaci (9.18.4)

From Eqgs. (8.30.19) and (9.18.1),

Ny=Kn(M,)*C (9.18.5)
where
C=2.C (9.18.6)

is the total polymer concentration. By comparing Egs. (9.18.4) and (9.18.5),
we have

Kn(M,)'C=K,(M,)" 2 C; =KX M{C; (9.18.7)

Then Eq. (9.18.7) is rewritten as
1

YoMl
M= |+ (9.18.8)
2.C
C; is related to the weight fraction of i-mer, f.(M;), as
C = 2 Ci) f.(M;) (9.18.9)

Substitution of Eq. (9.18.9) for C; in Eq. (9.18.8) yields (Refer also to Eq.
(9.3.7))
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Table 9-18 Polymerization method and model distribution function

Most probable distribution radical polymerization
condensation polymerization

Schulz-Zimm distribution radical polymerization
step polymerization

Logarithmic-normal distribution Ziegler polymerization
(Wesslau distribution)

Poisson distribution living polymerization
(ex. Base-catalyzed polymerization of
ethylene-oxide)

1 i

;(Eci)fW(Mi)Mi“a zf( M e 1
M 3 (Zeu) | e [Zf ]

a

3| Mo g (M) am

= ‘ j “M® w(M) dM] = OJ“M o (9.18.10)

(o

Similarly, the viscosity-average degree of polymerization is expressed as

1
la

. - J:n"“ f,(n) dn
fn“fw(n)dn =|— (9.18.11)

fo n fn(n) dn

Eq. (9.18.11) is rewritten as
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Q-

(9.18.12)

ua+l
n, =
Ky

where 1, is a th moment of the degree of polymerization.

<<Problem 9-19>> Effect of molecular weight distribution on Mark-
Houwink-Sakurada equation (I): Schulz-Zimm type

The limiting viscosity number [n] of polydisperse polymer solutions is
related to the molecular weight distribution function f.(M) as

[n]= Lm [y fuD aM / f: fu(M) dM (9.19.1)

where [N]y is the limiting viscosity number of the component with the
molecular weight M.  Evaluate the effect of molecular weight distribution on
the Mark-Houwink-Sakurada equation

[n]=Kn.M* (8.30.19)

which was obtained for monodisperse polymer solutions. Assume Schulz-
Zimm molecular weight distribution function

h+1
f,(M)= m exp( - ocM) m" (9.8.14)

Answer
Substitution of [n] for Eq. (8.30.19) in [n]m , Eq. (9.19.1) is rewritten as

[]= L " [1], fulM) dM= : K, M“£,(M) dM (9.19.2)

where

f £,(M) dM = 1 (9.19.3)
0

(See Eq. (9.1.2)) Substitution of Eq. (9.8.14) for f,(M) in Eq. (9.19.2) yields
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it (Xh+1 b
[n]=Kn o) exp( - aM) M™* dM
0

ah+l oo
m .I:(ll—-'-l—jj(-) CXp( - (X,M) Mh+a dM

Putting aM=X, we have

it h+a
j exp( - X) (%) % ——mf exp( )Xh+a dX
0

(h+a+1)
Substitution of Eq. (9.19.5) in Eq. (9.19.4) yields
_K alt! F(h+a+l)_ K, F(h+a+1)

[} =Kn nb+) o™ o T(h+)

Using the relationships for Schulz-Zimm distribution function

Eq. (9.19.6) is rewritten as
I h+a+1
1 . ( +a+ )-(Mw)a
(h+1)? I(h+1)

[n]=Kn-

or

Using the relationship
T{h+a+1) = (h+a) I{h+a)

(9.19.4)

(9.19.5)

(9.19.6)

(9.10.22y

(9.10.21y

(9.19.7)

(9.19.8)

(9.19.9)
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Egs. (9.19.7) and (9.19.8) are further rewritten as

[n]=Kan- ((:1:3)1;((}:)) (M) (9.19.10)
["]=K'"'@;“—(IF)(I*E%_)'(MJ" 9.19.11)

(See S. Matsumoto and K. Ohyanagi, Kobunshi Kagaku (Chem. High
Polymers) 17, 1 (1960)).

<<Problem 9-20>> Effect of molecular weight distribution on Mark-
Houwink-Sakurada equation (II): Logarithmic-normal type

Estimate the effect of molecular weight distribution for logarithmic-
normal type (Refer to Egs. (9.13.1) and (9.14.1))

£u(M) = AMexp{ . é In MMO)Z} (9.20.1)

on the Mark-Houwink-Sakurada equation.

Answer
Substitution of Eq. (9.20.1) for fy(M) in Eq. (9.19.1) yields

(* oo

M \2
K,| AM*'exp -pz(ln—) dM
M,
Jo

[n]=

{* oo

M,

2 (9.20.2)
AMexp{ - p* (m M—) dM

JO

The integration is performed to give
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°° 2
a+l 2{ M
J M exp{ -p (ln—M—O) }dM
0
°° 2
of M
J' exp{ -p (lnM—o) }dM
0

Substitution of Eq. (9.20.3) in Eq. (9.20.2) yields

[n] = Km{Moexp(4Za) Bz}a

Using the relationship for logarithmic-normal distribution function

M, =M, exp(i— Bz)

Mn = MO exp(% BZ)

we have the ratio of M, and M, as

M 2
M. =7

Then Eq. (9.20.4) is rewritten as

[n]= Km{Mo exp(% B2 } {Mo exp(-:lt— + g)ﬁz}
ﬂ(a-l) ﬂ(anl)

a 2 —_ —_
= Km{Mo exP(% B2 } {exp %—} i = Km(Mw)”(ll\:l:) :
[n] =Kn {MO exP(% BZ)} {exp (L;__‘_’_ Bz)}

(9.20.3)

(9.20.4)

(9.20.5)

(9.20.6)

(9.20.7)

(9.20.8)
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= Km(Mn)a{exp(%z)}_—z_= Km(M")a( 1\]&)»2— (9.20.9)

Thus we finally obtain

4=1)
[n]=Km-(l\$—:) M) (9.20.10)
and
M a(12+a)
[n]= Km(-—M—‘") -(M,)* (9.20.11)

(See R. Koningsveld and A.F.Tuijnman, Makromol. Chem. 38, 39 (1966))

<<Problem 9-21>> Effect of molecular weight distribution on Mark-
Houwink-Sakurada equation (IIT)
Demonstrate that the Mark-Houwink-Sakurada equation

[n]=K,.M,’ (8.30.17y

is not affected by the molecular weight distribution if we use M,, as the
molecular weight in case of @=1. Assume Schulz-Zimm and logarithmic-
normal distribution functions.

Answer
For Schulz-Zimm distribution, we have
(a + h) F(a+h)

[n]=Xa- (h+1)T(n+1)

(M)° (9.19.10)

For logarithmic-normal distribution, we have
a(a-l)
M 2 a
= - . .20.10
=5 T 00 o201
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When a=1, both equations (9.19.10) and (9.20.10) are reduced to
[n]=Kn (M.) (9.21.1)
Thus the equation

Km,w =Km (9.21.2)
holds irrespective of the value of M,/M,(=h).

<<Problem 9-22>> Effect of molecular weight distribution on Mark-
Houwink-Sakurada equation (IV)

Draw log-log plot of [n] vs. M for M,y/M,=1,2,5,10 and 20 and for a=0.5
and 0.8 using Schulz-Zimm distribution function.

Answer
For Schulz-Zimm distribution function, we have

Kpn T(h+a+l)

_ M. (9.19.7)
[n] (h+ 1)° I(h+1)
_ 1 T(h+ast)
[n] =K, he () M, (9.19.8)
1;44“"=E;_1=1+% (9.8.16)
* For Wesslau distr(ibu;ion function, we have
ala-1
[n]= Km(%d,l—w) i (M)° (9.20.10)
a(a+l
MY T, .,
[n]= Km(v‘:) (M, (9.:20.11)

Figure 9-22 shows the relationship between [1] and M,, or M, for various
M,/M,. For convenience of calculation, we put K,=1x10 for =0.5 and
Kn=1x10"* for 4=0.8. aand K,, have a negative correlation (See T, Kawai
and K. Kamide, J. Polym. Sci. 54, 343 (1961)). At constant M,,, [n] decreases
with increasing the width of the distribution. On the other hand, at a constant
M,, [n] increases with increasing the width of the distribution. The effect of
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the width of the molecular weight distribution on the viscosity equation is
larger when M, is used than when M,, is used. The effect of the width of the
distribution increases with increasing a. Thus we should use M,, in order not
to be affected by the width of the molecular weight distribution. Empirically,
polymer samples can be regarded as homogeneous if MyW/M,<1.1. In this
discussion we assumed the width of the molecular weight distribution was
constant for all over the molecular weight range. If the width of the
distribution increases with increasing the average molecular weight, we cannot

regard a as a constant.

@ (b)
ol 5.0 11
' 51020 2
MJ/M,=1 2 5
_03r 1.op 10
£ e |20
0.1 1
0.03 ) 0.1
10° 10° 10° 10° . .
M 10° 10° 10° 10°
M,

(c) @

10

1.1
102
20
1t

G E
- 1

0.1p

3 4 " 6 3 li)‘ 10° 10°
10 100\ 10 10 10 M,

Fig. 9-22 Log-log plots for intrinsic viscosity vs. weight- or number-
average molecular weight for the polymer with Schulz-Zimm molecular

weight distribution.
Houwink-Sakurada equation.

(a) and (b); a=0.5, (c) and (d); a=0.8 in Mark-
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<<Problem 9-23>> Effect of molecular weight distribution on viscosity
parameter ®

According to Flory’s theory , [1] is related to the mean square end-to-end
distance <R”> and the molecular weight M as

R
[n]=@ <—1\Z— (6.18.2)

where @ is called the universal parameter. Discuss the effect of the molecular
weight distribution on ®.

Answer

From the definition,

= lim Dsp
] = lim C (8.22.5)
If we denote [1)], R? and M of i th component as [n];, R;? and M;, we have

3R 31
®(R})"-C, R})-C;
e s oy
1

i 1 i i

The number average of <R?>*'? is defined by

<<R2>m>n= z {<Riz> </ Mi} (9.23.2)

vS
P M;
Using Eq. (9.23.2), Eq. (9.23.1) is rewritten as

Ngp= <(R’)3’2>n Z 1%‘ (9.23.3)

Using the relationship

P
M=—r (9.23.4)

> (ci/m)
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Eq. (9.23.3) is further rewritten as

>.Ci

Nyp=2 <<R2> 3I2>n : iMn =0 <<R2> 3/2> . &n (9.23.5)
Thus,
lim Pg =[n]=o <<R2>3/2>n /M. (9.23.6)

If we use the number-average for <R?>*'? and M in Eq. (6.18.2)’, then @ is not
affected by the molecular weight distribution.

* <R%>32 and M can be empirically determined by the light scattering method (dissymmetry
method and Zimm plot). <R?*>*? determined from the dissymmetry method is
expressed as

2
<R2>d =Y RGN:M? / Z NyM,;’= Z (<li,[>° o’M, (9.23.7)

where <R,>> and ( are the unperturbed mean square end-to-end distance and the swelling
coefficient, respectively. M determined from the Zimm plot is the weight-
average one. Now we can define a correction parameter q by

[n]=(@7q) (&), /M, (9.23.8)
By comparing Eqs. (9.23.6) and (9.23.8), we have the parameter q as

a={r%,"M,/ <(R2) 3/2>n-Mw 9.23.9)
Using the relationship |
R'<M (9.23.10)

Eq. (9.23.11) is further rewritten as

=M, M,/M¥* .M, (9.23.11)

(See S. Newman, W. R. Krigbaum, C.Laugier, P.J.Flory, J.Polym.Sci. 14, 459 (1954))
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<<Problem 9-24>> Effect of molecular weight distribution on Flory-Fox

equation
Derive the equation

[n] =60 <(SZ)3’2/ M>w

(8.32.8)”

for polydisperse polymer solutions based on the Flory-Fox equation and show

Eq. (8.32.8)"" agrees with Eq. (9.23.6).

Answer
From Eq. (9.23.1)’’ for i th component,

Ngpi= (R C /M,
Using the relationship
1
(s7)= ¢ (R)
Eq. (9.24.1) is rewritten as
2
Nep,i = 6> @ <Szi>3 C; / M;

Thus we have

63/24); {(si)m/Mi}ci

32
[n]=lim 2 = =63/26D<<Sz> >
cs0 C ° Y, M/,
i

Eq. (8.32.8)"’ is further rewritten as

Z (Sﬂ) m-ni Z <Szi> 3/2~ni 2 n;
[n]=63/2q) 1 =63/2(I) i i

_m—._ Zi,ni . Eilna M;
=62 q><(s’)m>n /M,

(9.24.1)

(6.9.1)

(9.24.2)

(8.32.8)"

(9.24.3)

which agrees with Eq. (9.23.6) (See L.D. Moore, J. Polym. Sci. 36, 155
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(1959)).

<<Problem 9-25>> Correction parameter q for viscosity parameter ®

If weight- and z-average values are used for <R?> and M, respectively, the
correction parameter q for the Flory viscosity parameter @ is defined by
(Refer to

(9.23.8))

L nm,

R ) R 2 (9.25.1)
(®), "

and

o [nlm,

%G =T (9.25.2)
(R), o

Evaluate q,, and q, for
(1) Schulz-Zimm distribution

fo(M) = 0L exp( - aM) M" (9.8.10)

+1
T(h+1)
and
(2) Lansing-Kraemer distribution

2
1 1. M

fulM)=—=——— exp{ -| g In 9.13.1

(M) Bym M, P (f’ Mo) ( )
on the assumption of an approximate equation
RZ=kM (9.25.3)
Answer

Comparing Eq. (9.25.1) or (9.25.2) with the equation

3n

[n]=@ <<Rz> >,, /M, (9.23.6)

we have
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om0, 1))

:“i (m./ Mz){((R’L)}/Z /{(®) m>n}

(1) For Schulz-Zimm distribution,

M, h+1
M, h

n

and

M, h+2
M,  h

n

Number average of 3/2 power of R? is expressed as

((R)™) =2 (M),
r Lo (M)

v M f " MV, (M) dM
0 =k3/2 0

erM erM

M
0

- k3/2

For the distribution function of Eq. (9.8.10), we have

*° h+1

172 o h+1/2
— - - M dM
j;) M fw(M) dM J’ [ 1) exp( (X.M)

s [t o)

(9.25.4)

(9.25.5)

(9.25.6a)

(9.25.6b)

(9.25.7)



=
=
+
bt

<<R’>”>,,=k”i+—%)— i:km:(hj)__M

i)t @ o r(n+)

Taking weight average of Eq. (9.25.3), we have
(R, =1 (M
Eq. (9.25.4) is rewritten as

o, SRR "0l e

Qw =75
Lo e 3 n M 3

P2 with k=1"/m!

w

n
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(9.25.8)

(9.25.9)

(9.25.10)

(9.25.11)
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(r+1) (1)

&

Similarly, taking z-average of Eq. (9.25.3), we have
2\ 32 _ 3 n
(R, =k**(Mm,)

Eq. (9.25.5) is rewritten as
M, kK%(M) " r(e1) 0 (M) P () g
qz:iZ 3n 3 w M, b 3 h
K| b7 | (M) 2
_(b+2)"1(b+1)

)

(2) For Lansing-Kraemer distribution,

" M2, (M) dM = L e (L Mg gy
o ™ 1 B/aMm, P TUB T M

0

Putting 1/f InM/My=x,
M =M, exp (Bx)

dM =B M, exp(x) dx

(9.25.12)

(9.25.13)

(9.25.14)

(9.13.8)
(9.25.15)

(9.25.16)

(9.25.17)

(9.25.18)
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and substituting Eq. (9.25.18) in Eq. (9.25.17), we have

f M ¢ WM)dM = ——— Bx/—M Jwexp( _xz) M, "2 exp(g x) BMoexp(Bx)dx

N wnl 2.3
=B/ M, BM, Jmexp(—x +2Bx)dx

3 [ 2
= _B[i/l\;OM J’ exP(% [32) exp{ - (x - % ) }dx

n 32

\/hiM eXP(3 B”') NEE MI:I CXP(% Bz) (9.25.19)

n

Thus, the number- and weight-average in Eq. (9.25.4) are expressed as

Meyo| 3 B2
<<R2>m> =k3'2M0 ) p(413)

=k (M) exp(% Bz) (9.25.20)

and
<R2>w3/2 =k (M,) " = k2 M,*? exp(% B2 %) (9.25.21)

respectively. Thus we find

Mn K 32 (Mw) n

N
M. 3n (M..)3/2 exp(E Bz) M, °

8

_ exp(%z) . exp(-% Bz) - exp(

Bz) (9.25.22)

0| ==



172
M, 3 2
(2] el 39
M, 3 (M) exp( % Bz) M,

= exp(B?) eXp(% Bz) =exp (5 (9.25.23)

o]
=
[\8)
e

<<Problem 9-26>> Effect of molecular weight distribution on parameter
Qwz

Evaluate the effect of molecular weight distribution on the parameter
defined by

(R), o

= ‘£ (9.26.1)
qW,Z [T]]Mw
for Schulz-Zimm distribution.

Answer
Comparing Eq. (9.26.1) with Eq. (9.23.6),

N\ 32

(M) [_®D,

qw,z Mw <( 2>3f2> (9262)
R n

Substitution of Eq. (9.25.13) for <R?>,*? and Eq. (9.25.10) for <<R*>*?>in

Eq. (9.26.2) yields

M, \kmMzml'(hﬂ)hm ) ( M, )(Mz)ml"(hﬂ)hm

qw,z=(Mw) k3’21'(h+3/2)M,,3/2 - M, M, r(h+3/2)

h (m42)” Tb) B2 (r+2)"r{n+1)

C(bh+1) w2 rbsr)  (h)nese) (9.26.3)
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<<Problem 9-27>> q, and q,,, for Schulz-Zimm distribution (I)
In <<Problem 9-25>> we assumed <R*> <M. This assumption is only
applicable at O-state. On the assumption of more general relationship

R’=kM"® (9.27.1)

evaluate qy, and q,,, for Schulz-Zimm molecular weight distribution.

Answer
From the definition

J; M1'5+1'5‘°'———fw$4 )dM JO * M°'5“'58fw(M)dM

3n

<<R2> ,,=k3'2 =% VRE (9.27.2)
”fw(M)dM (M.)
, M

For Schulz-Zimm distribution function,

o < hel
J; MO-S+-5e £,(M) dM = J o exp( ) aM)Mh+°‘5+"5€dM

, e

o F(h+1.5+1.5£) r(h+1.5+1.5s)

= r(h+1) o1 5+1.5e - F(h+1) o015

M,)"? T{h+1.5+1.5€)
= 151/2(1)1.56 l"(h+1) (9-27.3)

Then we have

3 T(ht15+15¢) 3 o T(4L5+LSE) o
<<R2> >n =k" m (Mn) =k h°'5+l'551‘(h+1) M“)
(9.27.4)
Similarly,
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(R?), = fo (RO f(M) aM =k [ Mg, (M) am

I'th+e+2
.o
or
3n I(h+e+2) "
1
(). =k3/2h1.5(1+e){ F(h+l)} M, 9276)

Substitution of Egs. (9.27.4) and (9.27.6) in Eq. (9.25.4) yields
312
(M, m, e [posnse) [T{h+2+e) I{h+1)
M)\ [\ 09 [\ ) [ T{hesen5e)

1 | T(h+24€) I{h+1)
=(h+1){ I{h+1) } 'r(h+1,5+1_5€) (9.27.7)

Similarly,

L “(RYME,(M)dM  k J; " M £,(M) dM

(R?),==— _ -
L Mf,(M)dM
T(h+3+€) e
) h”"'(h+1)1"(h+1)( ! (9:27.8)
or "
A 3 k3/2 h+3+¢ Sf1+e
.t | g | o) 0215

Here we use the relationship

(h + 1) T(h +1) = I'(h +2) (9.27.10)
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Substitution of Egs. (9.27.4) and (9.27.9) in Eq. (9.26.2) yields

_ 1 3+ T(h+1)
vz { Nh+2) } D(h+1.5+1.5¢) (6-27.1D

Egs. (9.27.7) and (9.27.11) agree with Egs. (9.25.12) and (9.26.3),
respectively, when € —0. The power a in the Mark-Houwink-Sakurada
equation

[n]=Kn,M" (8.30.19)
is related to ¢ as

_a-05
=5 (9.27.12)

The upper limit of € is around 1/3.

<<Problem 9-28>> q,, and g, for Schulz-Zimm distribution (II)
Plot the correction parameters qu, q, and qu as a function of M,/M, for
Schulz-Zimm distribution function.

Answer
For Schulz-Zimm distribution function,

Fig. 9-28 The parameters q, q, and gy, as a function of molecular weight
distribution index
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_ 1 [Th+2+e)**  T(h+1) i
* e { Nh+1) } I'(h+1.5+1.5¢) (9.27.7)
1 [Te3+e)?_ The1)
v h+2{ T{h+2) } D(h+1.5+1.5¢) (9.28.1)
_ 1 [Mh+3+e)\*?  Tih+1) }
P { Nh+2) } T(h+1.5+1.5¢) (9.27.11)

Here the expression of q, is derived in reference to <<Problem 9-27>>. The
parameter h is related to M,/M,, as

n, M

M 1
n, M, h

(9.25.6a)

Fig.9-28 is a plot for €=0.2(a=0.8).

<<Problem 9-29>> Sedimentation coefficient and diffusion coefficient for
polydisperse polymer solution (I)

Molecular weight Mgp can be determined from the sedimentation
coefficient sy and the diffusion coefficient D, using the Svedberg equation

RTs,
sD =

__RIs% (9.29.1)
Dy(1-vp)

where p is the specific gravity of solvent and v is the partial specific volume.

(1) When the polymer has a molecular weight distribution, n th power of
diffusion coefficient ,Dp;x calculated from 2» th moment of diffusion curve is
equal to the n th moment of the weight distribution curve of diffusion
coefficient as

Z wD!

RO (9.29.2)
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where w; is the weight of the monodisperse polymer with the diffusion

coefficient D;. The corresponding sedimentation coefficient is expressed as
2 Ws]

s" = (9.29.3)

mix zwi
i

(2) The molecular weight dependences of the sedimentation coefficient and the
diffusion coefficient are given by

s =KM;" (9.29.4)
and
D; = KpM; ! (9.29.5)

respectively. Here, Kg, Kp and 7y are the constants which depend on the
combination of polymer/solvent and temperature. Evaluate the effect of
molecular weight distribution on Mgp.

Answer
Substitution of Egs. (9 29.2) and (9 29.3) in sy and Dy of Eq. (9.29.1) yields

nMsoz( BT ) 2 ZWD (9.29.6)

Zw,- zw

The subscript n in ;Mgp denotes that n th moments of s and D are used in the
calculation of molecular weight Mgp.  Substitution of Egs. (9.29.4) and
(9.29.5) in Eq. (9.29.6) yields

Zan(l—v)
\K 2%
M = RT $ AR
i

I/n
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so and Dy are related to the friction coefficient f;, as

M(l-vp
5o = (f ) (9.29.8)
0
Do=RT (9.29.9)
fo

Here the subscript 0 denotes the extrapolated value at the infinitely diluted
solution. Then

RT Ei—l
(1 v p) Kp (9.29.10)

Substitution of Eq. (9.29.10) in Eq. (9.29.7) yields

1/n

Tw M (R (MM

nMp={————— = (9.29.11)
2w M sz(Mi)Mi—"Y
* The sedimentation coefficient is defined by
dx/dt
s=— (9.29.12)
(V¢

where x is the distance from the rotational axis, t the time and o the angular velocity. From
the equation of motion of a single solute molecule, Eq.(9.29.8) is derived. (See N. Yamada and

H. Matsuda, Kobunshi Kagaku 18, 110 (1961); T. Svedberg, Kolloid-Z. Eng. -Bd. 36, 53
(1925)).

<<Problem 9-30>> Sedimentation coefficient and diffusion coefficient for
polydisperse polymer solution (II)

The sedimentation coefficient s, determined by the usual sedimentation
experiment and the diffusion coefficient Dy determined by the moment
method are the weight-average ones. Show

Mgp=M,, when v=0 (9.30.1)
and

MSD= Mn when Y= 1 (9.302)
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Answer
From the result of <<Problem 9-29>>,

ZW.M_"O'Y) /n
nMgp = { - (9.30.3)
ZwiMi Y

From Egs. (9.29.2) and (9.29.3), n=1 corresponds to the weight average as
Z w, M7
iMgp =Mgp = _E—:—W—,—I\TI,__Y- (9.30.4)
Then we have
Z wM, 2 (M) M;

=1 = =M,, when y=0 (9.30.5)
Zwi wa(Mi)

MSD

and

Ze T
MSD:Z(ﬁ)zz M)

=M, when y=1 (9.30.6)

<<Problem 9-31>> Radius of gyration for polymer solution with Schulz-
Zimm molecular weight distribution (I)

Derive the relationship between weight- and z-average radius of gyration,
<8%>, and <S>, for polymers with Schulz-Zimm molecular weight
distribution.

Answer
<S%> of monodisperse polymers is expressed as

(s =ksM™ (931.1)
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Substituting Eq. (9.31.1) in the Flory-Fox viscosity equation

[n]=6"(s) ™ /m (8.34.1)
and comparing with the Mark-Houwink-Sakurada equation

[n] =K, M* (8.30.19)
we have

(M*)* /M =M (9.31.2)
Then

1+3B=2a (9.31.3)

Here P is a correction for the excluded volume effect. <8%>, is defined by

“ /o2
) [ )M (M) am
S =
‘ = 9.31.4
JO Mf, (M) dM ¢ )
For Schulz-Zimm molecular weight distribution function
fo (M) = -2 exp (-aM) M" (9.8.10)

I(h+1)

we have

°° h+1
J; k, M2+Bl"€\h+l) exp( - aM) M" dM
(s7).=

- ahﬂ h+1
i F(h+1) exp( - aM) M™ dM

g™ J;) M2+ﬁ+hexp(-aM) dM
S

{h+1) (h+1)/a



_ kg a™ F(3+B+h) a _ksr‘(3+B+h)
Trhet) P 1 aPn(hag)

<82>, is defined by
fo " (s7)t, (M) dM

J:fw (M) dM

(8=
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(9.31.5)

(9.31.6)

Substitution of Eqs. (9.31.1) and (9.8.10) in Eq. (9.31.6) yields

= h+1
J; ksM“B—F(ih—:l—) exp (-aM) M" dM
(5=

bt ah+1 el
J;I"(h+1) exp(-aM)M dM

_ kga™! T(24B+h) Kk T(2+B+h)
CT(h+1) 2P T aPn(n4)

The ratio of Egs. (9.31.5) and (9.31.7) is obtained as
(s?), _T(3+p+h)T{h+1) 24p+h
<sz>w " {h+2) T{2+B+h) " h+l1
or
I+h
(87, = 2+B+h (s,
Using Eq. (9.31.3), Eq. (9.31.9) is further rewritten as

1+h
(Sz>w=<sz>z_§-*_—i;_:—;

<82>, can be determined from the light scattering method.

(9.31.7)

(9.31.8)

(9.31.9)

(9.31.10)

If the exponent a
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is known, we can evaluate < §2>, from < S%>,. For 6-state (¢=0.5), we have

(s7),=(sY), ot 9.31.11)

<<Problem 9-32>> Radius of gyration for polymer solution with Schulz-
Zimm molecular weight distribution (II)

Derive the relationship between <Sy>>,, and <8o2>, for Schulz-Zimm
distribution function. Here <S> is the mean square radius of gyration for
the ideal conformation.

Answer
Substitution of $=0 for the ideal conformation in Eq. (9.31.10) yields
2\ _ 2\ 1+h
(8.7),=(502), 7+ (9.32.1)

For the most probable distribution (M,/M;=2 or h=1), the coefficient
(1+h)/(2+h) is 2/3.

<<Problem 9-33>> Chemical potential of mixing for polydisperse polymer
solution

Entropies of mixing and chemical potentials for monodisperse polymer
solutions are given by

ASO=-R{ ln(l - ¢,) + (1 - %)cp,} (3.8.3)

AS, =-R{(l -n) ¢0+1n(1 -¢0)} (3.8.4)
My =RT 1n(1-¢1)+(1-%)¢1+x¢12 (3.11.3)
Au, =RT{ln(l -¢0)-(n- 1)¢0+xn¢02> (3.12.2)

where the subscripts 0 and 1 denote solvent and polymer, respectively. Derive
the corresponding expressions for polydisperse polymer solutions.
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Answer
Consider a process to make a polymer solution by melting crystallized

polymer molecules and mixing the polymer in a solvent (See Fig. 9-33).

Let’s denote the number of moles of polymer molecules with the degree of
polymerization n

and the volume fraction as N, and f;, , respectively.

Nl = Z Nn
n

2.nN, (9.33.1)

BT,

where N, and ¢, denote the number of moles of molecules and the volume
fraction of the overall polymer. Similarly to <<Problem 3-6>>,

S=-k N01n¢0+2ann(¢")

n

+kZ[annz+Nn(n-2) In{z-1)-Ngno
n

(9.33.2)

which corresponds to Eq. (3.6.4). The entropy of mixing is calculated as
AS=S-S(Np=0)-S(N;=Ny=-..=0) (9.33.3)

The increase in entropy for dissolving amorphous polydisperse polymers in a

M] M3 - - [M] ocrystaline state
LK.A!; {-N:; - II;;‘ amorphous state
NN\ e _ S |45’
e il g+ R
N S 45

Fig. 9-33 Entropy of mixing for monodisperse polymer solution
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solvent is given by
AS = -KNoln ¢o + NyIn ¢,] (3.7.6)
The partial molar entropy is given by

ASy=—=-R|In¢,+N, . 5
aNO NO (N0+ann)

n

Np+ 2, nN_ (’ZnNn)

n

D T .
) (N an)J

n

2N, XN, XnN,
=-R|In ¢+ — -= -
° N0+ZnNn ann N0+ZnNn

n n n

- 1

=-R 1n(1 -¢,)+(1 ;1—) o,| (933.4)

n

where
ZnNn
n
n,= (9.33.5)
" XN,
n

Thus AS, for polydisperse polymer solutions is obtained by replacing n by n,
in AS, for monodisperse polymer solutions. The heat of mixing for
monodisperse polymer solutions is given by
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BN N
e (9.33.6)
No+nN,
For polydisperse polymer solutions, Eq. (9.33.6) is replaced by
BNy, nN,
AH=——F (9.33.7)
Ng+ Y nN,
n
The partial molar enthalpy is given by
> nN,[Ng+ Y, 0N, |-No> nN,
AH, = oAH _B n n n
oN, 2
(NO +y nNn)
n
2
2 nN_
=B| —>~——— | =B¢,? 9.33.8
No+ ¥ nN, ® (933.8)
n

Using the expressions for AS, in Eq. (9.33.4) and AH, in Eq. (9.33.8), the
chemical potential of mixing is given by

1 B
Auy=AH, - TASy=RT 1n(1-¢])+(1-;:)¢1+ﬁ¢]2

=RT ln(l '¢‘)+(1'Hl-)¢‘+x¢‘2 (9.33.9)

To derive the expression for Ap,, we need to derive the expression for

AS'=S-Y S(N0=O, N, =0 (n';tn)) (9.33.10)

instead of AS. Here, N_. =0 means that the number of moles of polymer
except for n’ th polymer is zero. Substitution of Eq. (9.33.2) in Eq. (9.33.10)
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yields

AS =- R(Noln 0o+ 2, N, In ¢n)

From Eq. (9.33.11),

. OAS” 1
AS, =N =-R{ln ¢y~ (n-1) +¢]n(1 B_n)}

From Eq. (9.33.7),

AH
AH,=%3H _ By(1 -
3N, n(1 - ¢,f

Then we have
1 B 2
Ay, =RT ln¢n—(n-1)+¢]n(l-i—)+ﬁn(l-¢])
=RT{In¢, - (n- 1)+¢1n(1 -ni)+xn(1 _¢l)2

Eq. (9.33.14) is reduced to Eq. (3.12.2) for n,=n.

(9.33.11)

(9.33.12)

(9.33.13)

(9.33.14)
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Activity, <2-7>, <2-8>, <2-10>

Addition polymerization, <9-5-a>

Apparent molecular weight

—of copolymer, <7-15-b>

Athermal solution, <1-6>, <2-2>, <2-13>

Average concentration approximation,

<3-14>

Bernoulli distribution, (6.1.10)

Boiling point elevation, <2-5>, (2.5.1),

<2-6>

—of ideal solution, <2-10>

Boltzmann constant, (3.3.5)

Bolzmann’s principle (law), (3.6.1) <6-

4>, (7.14.4)

Boyle temperature, <5-6>

Bragg-Williams approximation,

<3-14>

Bresler-Frenkel’s equation, (6.8.2)

Cabaness factor, (7.17.2)

Canonical ensemble, <5-7>

Capillary flow, <8-14>

Characteristic ratio, (8.33.4)

Chemical potential, <1-1>

— for Flory-Huggins solution, <3-11>

—for mixing for (r+1)-component Flory-
Huggins solution, (4.30.2)

—for polymer blend, <4-27>

—for polymer in non-athermal random
mixing polymer solution, (3.12.2)

—for polydisperse polymer in solvent
with concentration dependent x, <4-
21-b>, (4.21.6), (4.21.7)

—of polymer in multicomponent

<3.2>,

polymer solution, <3-17>
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—of solvent in non-athermal random
mixing polymer solution, (3.11.5)
Clausius-Clapeyron equation, (2.15.3)

Cloud point curve, <3-16-c>

Cluster integral, (5.9.8)

Coexistence curve

—for polymer solution, <4-31>

Cofactor expansion, <4-29>

Composition triangle, <4-8>

Condensation polymerization, <9-5-a>

Coordination number, <3-1>

Couette flow, <8-9>

Cramer’s rule, (4.10.15)

Critical condition

— for ideal solution, <4-11>

— for regular solution, <4-11>

—for Flory-Huggins solution, <4-12>

— for monodisperse polymer/binary
solvent system, (4.9.1), (4.9.2)

—for polydisperse polymer/single
solvent system, <4-21-a>, <4-21-c>

—for quasi-ternary system (P./S,/So),
(Po/Py/Sy), (P2/P/Pg),<4-28>,<4-30-b>,
(4.30.19), (4.30.20)

—for polymer blends (P,/P,), <4-28-¢>,
<4-28-f>

—for (r+1)-component system, <4-10>

— for ternary mixture, <4-9>

— for terms of g, <4-20>
Symmetry of —,<4-30-c>

Critical point, <4-6>, <4-23-a>

Critical concentration, <4-6>,
<4-11>

— of Flory-Huggins solution, (4.12.11)



640

Effect of molecular weight distribution
on —,<4-22>
Critical
(4.12.19)
—of Flory-Huggins solution, <4-12>,
(4.12.19)
Debye’s equation, (7.10.3)
Degree of depolarization, (7.16.1)
Degree of polymerization, <9-1>
number-average —, (9.1.8), (9.5.26)
viscosity-average — , (9.3.7), (9.5.14),
(9.5.16), (9.5.23), (9.5.24), (9.5.27)
weight-average —, (9.1.9)
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Stress-strain relationship, <8-2>

Stress tensor, (8.3.8), (8.3.23)

Strictly regular solution, <2-3>

Svedberg equation, (9.29.1)

Swelling coefficient

—based on end-to-end distance (6.12.46),
(8.32.13)

—based on radius of gyration, (6.12.52),
(8.32.13)

—based on limiting viscosity number,
(6.18.13)

Taylor series expansion, (4.2.1), (6.12.32),

645

(6.15.26), (6.15.31),
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