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Preface

This book is aimed at students, researchers and professors in the broad

area of electrochemistry who wish to simulate electrochemical processes in

general, and voltammetry in particular. It has been written as a result of

numerous requests over recent years for assistance in getting started on such

activity and aims to lead the novice reader who has some prior experience

of experimental electrochemistry at least, from a state of zero knowledge

to being realistically able to embark on using simulation to explore non-

standard experiments using cyclic voltammetry, microdisc electrodes and

hydrodynamic electrodes such as rotating discs.

The book complements the texts Understanding Voltammetry (2nd

edition, Imperial College Press, 2011, written with C. E. Banks) and

Understanding Voltammetry: Problems and Solutions (Imperial College

Press, 2012, with C. Batchelor-McAuley and E. J. F. Dickinson).

We wish the reader many happy hours of simulation and hope that this

is fully repaid by the impact on their experimental research.

RGC, EL, KRW, July 2013

v
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Chapter 1

Introduction

In any scientific field obtaining information about an experimental system

requires the appropriate model of its response. Modelling also enables us

to understand and predict the experimental behaviour in order to ensure

optimum experimental conditions in terms of sensitivity and minimisation

of undesirable effects.

Generally speaking the mathematical problems tackled in voltamme-

try involve the resolution of partial differential equation systems by means

of analytical, semi-analytical or numerical methods. The solutions of the

problem are the concentration profiles of the different species, and from

them the current-potential-time response of the system to a given electrical

perturbation can be calculated.

Analytical methods provide exact solutions that allow for direct analysis

of the influence of experimental variables and the determination of the con-

ditions for particular behaviours such as the achievement of a steady-state

signal. Nevertheless the use of analytical methods is not always feasible due

to the complexity of the problems. In such cases numerical methods offer

a very accurate approximation to the true solution once the conditions of

the simulation are optimised.

Unfortunately, simulation is usually obscure for non-theoreticians who

often have to rely on “black-box” software packages. This book aims to in-

troduce the simulation of electrochemical experiments by numerical meth-

ods in a way that allows any researcher or student to develop their own

research and teaching tools for the study of voltammetry. Rather than

an exhaustive compilation of the existing modelling techniques, this is an

introductory guide to electrochemical simulation where not difficult but ac-

curate numerical methods are described for the most common situations in

electrochemical studies and alternatives are mentioned where appropriate.

Moreover, the reader can find specific advice on the computational imple-

mentation of the numerical techniques, including some coding examples

with C++ used as the programming language. C++ is a highly flexible

1
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general-purpose computer programming language that has been used by

a very large community in numerous disciplines over many years. Conse-

quently, it is mature and well understood, and there is an abundance of

resources such as tutorials and source code available to assist the novice.

The code examples are intended to be easy to understand and so a lack of

knowledge of the specifics of C++ should not deter the reader; the code

should be simple to translate into any other suitable programming language.

A brief review of some of the key features of the language is included in

Appendix A.

While C++ may have a slightly steeper learning curve than some other

languages traditionally used for numerical simulations, its flexibility allows

for the development of not just single-purpose simulations but more power-

ful general-purpose simulation packages through the use of object-oriented

programming; however, such methods are beyond the scope of this text.

The modelling of voltammetric experiments requires the definition of the

system under study (in terms of mass transport, boundary conditions and

heterogeneous/homogeneous chemical reactions) as well as of the electrical

perturbation applied. These factors will obviously define the electrochem-

ical response but also the optimum numerical method to employ. In the

following chapters, general procedures for the easy implementation of nu-

merical methods to solve different electrochemical problems will be given

along with indications for their optimisation in some particular situations.

1.1. Electrochemical Systems

Electrochemists study chemical reactions which involve electron exchange

processes for a variety of purposes, including chemical and biochemical sens-

ing (e.g., glucose sensors, gas detectors, pH meters), technological applica-

tions (e.g., electroplating, electrochromic displays), energy storage (e.g.,

solar cells, batteries), imaging, synthesis, which underpin much of modern

biology and nanotechnology.

These reactions can involve species in the same phase (homogeneous

electron transfer reactions) or the electron can transfer through an inter-

face (heterogeneous electron transfer reactions). In the second case, the

transfer can occur between molecules (e.g., electron transfers at liquid-

liquid interfaces or mediated by redox active monolayers) or between an

electronic conductor (the electrode) and a molecule.

The last case is of great scientific interest given that we can act directly

and readily on the energy of the electronic levels of the electrode through an
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external power supply (potentiostat/galvanostat). In this way, we can mon-

itor the kinetics and thermodynamics of the process. Let us consider the

generic case of a one-electron electrode reaction according to the following

scheme:

AzA + e−
kf

�
kb

BzA−1 E0
f (1.1)

where zA is the charge on species A, kf and kb the reduction and oxidation

rate constants, respectively, and E0
f the formal potential of the redox couple

A/B (see Eq. (1.8)).

We can “visualise” the electron transfer process (1.1) through the

Gerischer-inspired diagrams [1] shown in Figure 1.1. The available elec-

tronic levels at the metal electrode are described according to its band

structure with the Fermi level (EF) defining the limit between the occupied

(shaded area) and empty levels.1 The distribution curves on the right-hand

side of the diagrams correspond to the distribution of electronic states avail-

able on the electroactive species at the electron transfer site (i.e., near the

electrode surface), where the curve of the oxidised species A relates to empty

states and that of the reduced species B to occupied levels. In Figure 1.1

equal concentrations for both species are assumed such that according to

the Nernst equation (Eq. (1.9)) the equilibrium potential corresponds to

the formal potential of the redox couple and the amplitudes of the density

of occupied and empty states in solution are the same.

Electron transfer can take place from an occupied level of one of the

phases (metal or solution) to an empty level of the other phase with the

same energy. So, the reduction of species A into B corresponds to the

electron transfer from an occupied state on the electrode to an empty state

of species A in solution. The transfer from an occupied level of species B

to empty states on the electrode represents the oxidation of species B.

The rate of the reduction and oxidation processes is related to the mag-

nitude of the overlap of the appropriate electronic states for the correspond-

ing reaction. As can be seen in Figure 1.1(a), when the potential applied

at the working electrode corresponds to the equilibrium potential, the over-

lap of occupied states on the electrode with (empty) states of species A is

the same as that of empty states on the electrode with occupied states of

species B. This reflects the fact that the rates of oxidation and reduction

are the same and so a dynamic equilibrium is established.

1 For the sake of simplicity we will consider absolute zero temperature such that the
highest filled state corresponds to the Fermi level.
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Fig. 1.1. Electronic states at the interface between a metal electrode and a redox cou-
ple A/B in solution at equal concentrations of the electroactive species. The applied
potential corresponds to (a) equilibrium, (b) cathodic (electroreduction) and (c) anodic

(electrooxidation) conditions.
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When the applied potential is changed to more negative values (Fig-

ure 1.1(b)), the electronic states at the electrode move towards higher en-

ergy, enhancing the overlap between occupied electrode states and states

on species A. Consequently, the reduction of species A is promoted ver-

sus the oxidation of B. The opposite situation is obtained when applying

a potential more positive than the equilibrium one (Figure 1.1(c)), which

enhances the electron transfer from species B to electrode states.

As a result of the electrode reaction, changes in the composition of the

electrolytic solution containing A and B will take place, and this will result

in gradients of the electrochemical potential of the electroactive species

j ≡ A, B:

μ̄j = μ0
j +RT ln

(
γj [j]

[ ]
0

)
+ zjFφ (1.2)

where μ0
j is the standard chemical potential of the species j, R the uni-

versal gas constant (8.314 J K−1 mol−1 in SI), T the absolute temperature

(K), γj the activity coefficient of species j, [j] its concentration (mol m−3),

[ ]
0
a standard concentration taken to be one molar, zj the charge on the

molecule, F the Faraday constant (96485 C mol−1) and φ the electric po-

tential in solution (V).

The electrochemical gradient is the driving force2 for the response of the

system to re-establish the electrochemical equilibrium that will involve an

interplay of mass transport, (electro)chemical reactions and external forces.

The value of the equilibrium potential (Eeq) shown in Figure 1.1 can

be derived from Eq. (1.2). Thus, electrochemical equilibrium conditions for

the process (1.1) at constant temperature and pressure imply that

μ̄A + μ̄e− = μ̄B (1.3)

which, according to the definition of the electrochemical potential

(Eq. (1.2)), turns into(
μ0
A +RT ln

(
γA [A]

[ ]0

)
+ zAFφS

)
+

(
μ0
e− − FφM

)
=

μ0
B +RT ln

(
γB [B]

[ ]
0

)
+ (zA − 1) FφS (1.4)

2 For long duration experiments, t > 10−20 s, natural convection due to gradients of
density can also take place.
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where φS and φM refer to the electric potential at the solution and the

electrode, respectively. From Eq. (1.4) it can be deduced that the interfacial

potential difference, Δφ = φM − φS, is given by the Nernst equation for a

single electrode/solution interface:

Δφ = φM − φS =
Δμ0

F
+
RT
F

ln

(
γA [A]

γB [B]

)
(1.5)

where

Δμ0 = μ0
A + μ0

e− − μ0
B (1.6)

The absolute value of Δφ is not accessible experimentally since for its

measurement other interfaces are necessarily introduced. Instead its value

can be measured relative to another electrode/solution interface with a

constant potential difference (Δφref) that is provided by the reference elec-

trode:

Δφ−Δφref =
Δμ0

F
−Δφref +

RT
F

ln

(
γA [A]

γB [B]

)
(1.7)

The term on the left-hand side in Eq. (1.7) is the potential of the elec-

trochemical equilibrium A/B at the working electrodes with respect to the

reference electrode. The first two terms on the right-hand side correspond

to the equilibrium potential (versus the reference electrode potential) when

the activities of the electroactive species are unity: γj [j] = 1. When mea-

sured relative to a standard hydrogen electrode (SHE) this is the so-called

standard electrode potential, E0, the value of which is characteristic of the

redox couple A/B for given temperature and pressure.

Typically the activity coefficients of the electroactive species are un-

known and therefore it is more practical to work with concentrations. With

this aim, the concept of the formal potential, E0
f , is introduced

E0
f = E0 +

RT
F

ln

(
γA
γB

)
(1.8)

such that finally the well-known form of the Nernst equation is obtained:

E = E0
f +
RT
F

ln

(
[A]

[B]

)
(1.9)

Note that the value of the formal potential depends not only on the

nature of the redox couple but also on the ionic strength of the solution

and any complexation reaction that A and/or B might undergo. Therefore,

the E0
f value will be different in different media.
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1.1.1. Mass transport

The active mechanisms of mass transport depend on the characteristics of

the electrochemical experiments. In typical conditions, the cell consists of

a static working electrode immersed in a stagnant solution containing the

electroactive species as well as an excess of supporting electrolyte (an inert

salt). The electrochemical reaction under study takes place at the surface

of the working electrode, the potential of which is monitored with respect

to the reference electrode. Finally, the counter (or auxiliary) electrode

completes an electrical circuit with the working electrode over which the

current flows. The use of this third electrode seeks to prevent large currents

from passing through the reference electrode and causing variations of its

potential. The electrochemical signal recorded reflects the process taking

place at the working electrode such that our interest is focused on the

interface of this electrode with the electrolytic solution.

The large quantity of supporting electrolyte added restrains the poten-

tial gradient to a region of a few ångström thickness from the electrode

surface. Accordingly, the third term of Eq. (1.2), which is associated with

the electric energy of the species, will be the same at any point of the elec-

trolytic solution. On the other hand, there will exist a chemical gradient as

a consequence of the different concentrations of the electroactive species de-

pending on the distance to the electrode surface. The system will respond

in order to balance the concentration gradient with the corresponding flux

of material by diffusion.

For typical electrochemical experiments, where a very large number of

molecules are involved, the diffusion process can be described by the statis-

tical Fick’s laws [2–4] which account for the changes in concentration with

time and location.3 Depending on the geometry of the electroactive surface

(i.e., the electrode or array of electrodes acting as working electrode), the

symmetry of the diffusion field may enable us to simplify the tridimensional

problem to one or two dimensions.

The first and simplest case corresponds to linear, spherical and cylindri-

cal diffusion associated with the use of planar, (hemi)spherical and cylindri-

cal electrodes. As can be inferred from Figure 1.2, in these diffusion fields

all the points at a given distance from the electrode surface in the perpen-

dicular coordinate (x or r) are equivalent such that net flux of molecules

3 Within recent years more attention has been addressed to single-molecule electrochem-
istry. The simulation of these systems with a very low number of electroactive molecules
requires stochastic modelling [5].
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Fig. 1.2. Symmetry of the diffusion field at planar, (hemi)spherical and cylindrical
electrodes.

only occurs in this direction. According to Fick’s first law, the flux, j

(molm−2 s−1), at a given point x1, is proportional to the concentration

gradient:

jj,x1 = −Dj

(
∂cj
∂x

)
x1

(1.10)

where Dj (m2 s−1) is the diffusion coefficient of species j. Therefore, the

problem simplifies and the solutions (i.e., the concentration profiles of the

participating species) are functions of only two independent variables: time

(t) and the distance to the electrode surface in the x- or r-coordinate.

From Eq. (1.10), Fick’s second law can be derived which describes the

change in concentration of species j with time. For the three cases consid-

ered in Figure 1.2 this law is given by

planar electrodes,

∂cj
∂t

= Dj

(
∂2cj
∂x2

)
(1.11)

(hemi)spherical electrodes,

∂cj
∂t

= Dj

(
∂2cj
∂r2

+
2

r

∂cj
∂r

)
(1.12)

cylindrical electrodes,

∂cj
∂t

= Dj

(
∂2cj
∂r2

+
1

r

∂cj
∂r

)
(1.13)
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Let us consider an electrochemical experiment where after a time t ≥ 0,

the electroactive species A is reduced to B so fast that cA(x = 0, t) = 0.

If cA is initially uniform and equal to its bulk value, this is the well-known

Cottrell experiment [6]. Figure 1.3 shows the evolution with time of the

concentration profiles of species A and B in this experiment under semi-

infinite linear diffusion. Due to the decrease in concentration of species A

near the electrode surface, molecules of A will flow from the bulk solution

towards the electrode. On the other hand the species B electrogenerated at

the electrode surface will diffuse towards the bulk solution. The region of

solution where concentration changes happen (the so-called diffusion layer)

will grow as time progresses. The growth rate depends on the diffusivity

of the species in the medium, which is parameterised by its diffusion coef-

ficient, Dj . The greater the diffusion coefficient is, the faster the spreading

of the disturbed region.

The flux of species A at the electrode-solution interface (x = 0) is

particularly important in electrochemical measurements given that it is

directly related to the rate of transformation of species A and therefore to

the current that flows through the working electrode, I:4

I

FA
= −DA

(
∂cA
∂x

)
x=0

(1.14)

where A is the area of the working electrode. As can be seen in Figure 1.3,

the concentration gradient and therefore the surface flux of each species

decrease with time as the profiles are less steep.

An estimation of the thickness of the diffusion layer can be obtained

through the Nernst diffusion layer, δ (m), defined as shown in Figure 1.3.

For the Cottrell experiment under linear diffusion conditions the δ value

for a species j is given by

δj =
√
πDjt (1.15)

where t (s) is the time of the experiment. This expression is very important

since it gives us an idea of the extent of the region of solution where the

concentration changes take place. Thus, typically the region of space that

is considered when modelling an electrochemical experiment extends up to

a distance 6
√
Dmaxtmax (where Dmax is the greatest diffusion coefficient of

4 Following the IUPAC recommendations for sign conventions of electrochemical data,
positive values will be assigned to anodic currents (electrooxidation) and negative ones
to cathodic currents (electroreduction).
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Fig. 1.3. Variation with time of the concentration profiles of species A and B in the
Cottrell experiment (see text) at a planar macroelectrode. The Nernst diffusion layer for
t1 (δ1) is indicated on the graph. c∗A is the bulk concentration of species A. DA = DB.

the species involved in the problem and tmax is the total duration of the

experiment) from the electrode surface to guarantee that all the region with

concentration gradients is covered.

Unfortunately the use of planar and (hemi)spherical electrodes is not

always appropriate or possible in electrochemical studies. Electrodes with

large areas lead to problems derived from large ohmic drop and capacitive

effects, and the fabrication of (hemi)spherical microelectrodes is difficult.

Consequently microdisc electrodes are ubiquitous in electrochemical exper-

iments since they allow for the reduction of the above undesirable effects

and are easy to manufacture and clean. This is also true in the case of

band electrodes and electrodes with heterogeneous surfaces due to the non-
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uniform nature of the electrode material (e.g., basal plane pyrolytic graphite

electrodes) and in the case of modification of the surface with nanoparticles,

porous films, etc.

The modelling of electrochemical experiments with these electrodes

obliges us to deal with two-dimensional problems (Figure 1.4) and non-

uniform surface fluxes which complicate the numerical resolution of the

problem. Procedures for the simulation of two-dimensional electrochemical

problems will be given in Chapters 9 and 10.

Fig. 1.4. Coordinate system for a microdisc electrode.

Advances in electrochemistry have led to deviations from the classi-

cal setup of electrochemical experiments [5]. The absence of an excess

of supporting electrolyte, that is, electrochemical experiments in weakly

supported media, is one of them. An excess of supporting electrolyte is

usually added to the electrolytic solution to contain the extent of the elec-

trical double layer and to compensate for the charge generated upon the

electrode reaction. However, this is not always possible or desirable. The

addition of an inert salt can introduce impurities and affect the behaviour of

the electroactive species through the ionic strength (e.g., biomolecules) or

chemical reactions (e.g., complexation, ion-pairing). Moreover the support-

ing electrolyte may not be soluble in the amount required, which is common

in non-polar solvents. In stripping experiments, fully supported conditions

may not be achieved due to the high local concentrations near the electrode

of the ionic species generated during the release step.5 Finally and most

importantly, extra kinetic and mechanistic information is often available if

5 Stripping voltammetries are very sensitive electroanalytical methods where the an-
alyte is preconcentrated in the electrode (mercury electrodes) or on its surface (solid
electrodes) and subsequently released by applying a potential-time program as those
described in Section 1.2.



October 23, 2013 11:24 World Scientific Review Volume - 9in x 6in Sandhya Devi BOOK

12 Understanding Voltammetry: Simulation of Electrode Processes

voltammetry is conducted with variable levels of supporting electrolyte [7].

For all the above reasons it is necessary to consider the situation where a

local potential gradient (electric field) occurs in the vicinity of the electrode

surface. Consequently, the potential in solution at the site of the electron

transfer is different from its value in bulk solution. This affects the mass

transport of the electroactive species and the real driving force experienced

by the reactant (resistive or ohmic drop effects).

Regarding the mass transport, electrically charged species will migrate

towards the electrode surface or the bulk solution in order to disperse the

charge created by the electrode process. In a system with a large concen-

tration of supporting electrolyte,6 the migration of the added ionic species

cancels the potential gradient around the electrode surface such that the

transport by migration of the electroactive species can be considered negli-

gible. On the other hand, in a low concentration of supporting electrolyte,

the added species are less able to distort the charge distribution and so the

migration of the electroactive species to mitigate the potential drop will be

significant.

(a) (b)

Fig. 1.5. Contributions of diffusion (jdif) and migration (jmig) to the mass transport
of electroactive species for the one-electron reduction of the dication A2+ (a) and the
monoanion A− (b). The applied potential is supposed to be more negative than the
potential of zero charge: E − EPZC < 0.

The migrational contribution to the flux of species may be in the same

or opposite direction as the diffusional flux, depending on the sign of the

6 The concentration of the supporting electrolyte must be more than 100 times that of
the electroactive species to ensure purely diffusional conditions in cyclic voltammetry at
macroelectrodes [8].
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charge of the electrode surface, the excess of charge generated around the

electrode surface, and the charge of the electroactive species. In Figure 1.5,

the reduction of species A is considered when applying a potential more

negative than the potential of zero charge (EPZC) such that the electrode

surface is negatively charged. As can be seen in Figure 1.5(a), in the re-

duction of cations, migration contributes to the flux towards the electrode

surface of reactant A, which is attracted by the negatively charged elec-

trode surface and the defect of positive charge generated upon the electron

transfer reaction. The opposite situation is observed for the reduction of

anions (Figure 1.5(b)). Consequently, the reductive current (proportional

to the surface flux of species A) with respect to purely diffusional conditions

will be higher in the reduction of cations and smaller in the reduction of

anions. This will be discussed in detail in Chapter 7.

Apart from diffusion and migration, transport by convection can also

take place due to different internal and external forces. Thus, natural con-

vection due to gradients of density can occur when the electrode reaction

provokes a significant local change in the solution composition or due to

thermal variations. The modelling of this case is difficult 7 and so elec-

trochemical experiments are usually restricted to short time scales, low

concentration of analyte, and thermostated cells such that the influence of

natural convection is minimised.

Forced convection as a result of the application of external forces to

the system is more useful and simpler to model. The aim is the enhance-

ment of mass transport of electroactive species towards the electrode sur-

face in order to have better sensitivity and determine faster rate constants.

Moreover, steady-state conditions are achieved quickly such that more re-

producible results are obtained and charging current effects are minimised.

Examples of controlled convective systems include the use of non-static

electrodes (e.g., rotating disc and dropping mercury electrodes) and non-

static electrolytic solutions (e.g., channel, tubular, wall-jet and wall-tube

electrodes for analysis of flowing solutions). Given that the relative move-

ment of the solution with respect to the electrode is well controlled and

known, it can be modelled by modifying the differential equations with the

corresponding convective terms. The cases of the rotating disc and channel

electrodes (Figure 1.6) will be studied in Chapter 8.

7 However, in the last decade significant progress has been made for the appropriate
description of natural convection [9].
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Fig. 1.6. Schemes of the flow of solution in the (a) rotating disc and (b) channel elec-
trodes.

1.1.2. Boundary conditions

For the resolution of the partial differential equations defining mass trans-

port there are a number of conditions that the solutions must meet. These

will be examined in detail for each particular problem throughout the book

but some general guidelines are given in this section (Figure 1.7).

The number of these conditions for each dependent variable (the con-

centration profile of each species) depends on the number of independent

variables and the order of the differential equation (i.e., the highest deriva-

tive of the dependent variable with respect to the independent one).

The partial differential equation corresponding to Fick’s second law is

first-order in time such that one temporal boundary condition is required

for each species. This is the initial condition of the system, that is, the

concentration profiles at the beginning of the electrochemical experiment,

t = 0. For example, if the system is at equilibrium then the concentration

of any species is uniform across the solution such that the initial condition

is

cj(x, t = 0) = c∗j (1.16)

where c∗j is the initial uniform bulk concentration of species j in solution.

With respect to the spatial derivatives, taking for example the case of

a planar electrode (Eq. (1.11)), two boundary conditions are needed, one

at each end of the concentration profiles. Thus, a limiting condition is
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Fig. 1.7. Scheme of the boundary conditions in an electrochemical system where the
electroactive species A is reduced to B which is involved in a chemical reaction in solution
that yields the electroinactive species Y.

associated with the point of the simulation space farthest away from the

electrode surface. If the volume of the electrochemical cell is much larger

than the region perturbed by the electrode reaction, it can be supposed that

there exists an inexhaustible reservoir of species at large distances from the

electrode (the bulk solution) such that

cj(x→∞, t) = c∗j (1.17)

However, there are some electrochemical experiments where the volume

of the electrolytic solution is comparable to that of the depletion layer

such as the case of porous electrode surfaces, microvolumetric cells and

amalgamation processes. In these cases, the domain of the solution phase

is confined to a distance d from the electrode surface at which no flux of

species takes place so that the limit condition is given by

Dj

(
∂cj
∂x

)
x=d

= 0 (1.18)

The second spatial boundary condition relates to the transformation

of the species at the electrode surface and it will involve the surface con-

centration and/or gradient of the corresponding species. In the case of
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an electroinactive species obviously there will be no flux through the elec-

trode area. Therefore, similarly to the case of an electroinactive surface

(Eq. (1.18)) the following condition applies:

Dj

(
∂cj
∂x

)
x=0

= 0 (1.19)

For the electroactive species, the form of the surface conditions de-

pends on the electrochemical technique employed (see Section 1.2). Thus,

in current-controlled techniques, the surface condition establishes the sur-

face flux of the species according to the value of the current imposed

(Eq. (1.14)). In potential-controlled methods the applied potential deter-

mines the surface concentration and flux of the electroactive species through

the kinetics of the electrode reaction. In general, for the one-step process

(1.1), this can be expressed according to the following first-order rate law

for an interfacial process:

DA

(
∂ cA
∂x

)
x=0

= kfcA(x = 0)− kbcB(x = 0) (1.20)

where kf and kb (m s−1) are the rate constants of reduction and oxidation,

respectively. As discussed in Section 1.1, the value of the rate constants

depends on the applied potential such that kf increases and kb decreases

as the potential takes more negative values. Different kinetic formalisms

are available to describe the form of the potential dependence of the rate

constants, the Butler–Volmer [10, 11] and Marcus–Hush [12–14] models

being the most widely employed. In the limit of fast electrode reactions

(so-called reversible processes) both models yield the Nernstian relationship

which establishes the equilibrium surface concentrations of the electroactive

species:

cA(x = 0)

cB(x = 0)
= e(

F
RT (E−E0

f )) (1.21)

Regardless of the technique employed, the conservation of mass principle

establishes that the surface flux of the reactive species A must be the same

as the surface flux of the product B:

DB

(
∂cB
∂x

)
x=0

= ∓DA

(
∂cA
∂x

)
x=0

(1.22)

The upper sign refers to the situation where both species diffuse in the

same phase (the most common situation in electrochemical studies) and

the lower one in different phases (e.g., amalgamation processes and liquid-

liquid interfaces).
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1.1.3. Reaction mechanisms

Another aspect that must be defined in order for the system to be simulated

is the reaction mechanism, that is, the number and nature of the heteroge-

neous electron transfer reactions (referred to as E steps) and homogeneous

processes (C steps) taking place.

The simplest case corresponds to the one-electron transfer between the

electrode and species that are chemically stable on the time scale of the

experiments (Eq. (1.1)). However, electrochemical systems are frequently

more complicated and the electroactive species take part in successive elec-

tron transfer reactions at the electrode (multistep processes) and/or in

parallel chemical reactions in solution such as protonation, dimerisation,

rearrangement, electron exchange, nucleophilic/electrophilic addition, dis-

proportionation, etc., the product(s) of which may or may not be electroac-

tive in the potential region under study. The simulation of these cases is

described in Chapters 5 and 6.

Multistep processes can be found in the electroreduction/oxidation of

important species such as oxygen, organometallic compounds, biomolecules

(e.g., nucleic acids, metalloproteins, enzymes, oligonucleotides), aromatic

hydrocarbons and nanoparticles.

AzA + e−
kf,1

�
kb,1

BzA−1 E0
f,1

BzA−1 + e−
kf,2

�
kb,2

CzA−2 E0
f,2 (1.23)

CzA−2 + e−
kf,3

�
kb,3

DzA−3 E0
f,3

. . .

A major interest in this field is the study of the stability of the differ-

ent oxidation states which can give information about the structure and

bonding of the electroactive species as well as the medium effects of solvent

and dissolved species. Electrochemical techniques are very valuable for the

extraction of the E0
f values.

When the electroactive species are involved in chemical reactions in

solution, the electrochemical response is affected by the characteristics of

these reactions. Figures 1.8 and 1.9 summarise the most common reaction

schemes that can be found.
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Note that the homogeneous chemical reactions (C steps) coupled to

the electrode process alter the concentration profiles of the electroactive

species and therefore the electrochemical response of the system. Thus,

electrochemical methods enable the characterisation of the chemical reac-

tion in solution, that is, the determination of the mechanism as well as the

rate and equilibrium constants.

Fig. 1.8. Common electrode reaction mechanisms found in voltammetric studies (I).
Species A and B are electroactive whereas species Y is assumed to be electroinactive in
the potential region of study.
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Fig. 1.9. Common electrode reaction mechanisms found in voltammetric studies (II).
Species A, B, C and D are electroactive whereas species Y and Z are assumed to be
electroinactive in the potential region of study.

1.2. Voltammetric Techniques

Once the system to simulate is properly described, we have to consider the

electrical perturbation applied, that is, the electrochemical technique em-

ployed. This book will focus on the simulation of voltammetric techniques,

and particularly of cyclic voltammetry, where the potential of the work-

ing electrode is varied according to different potential-time programs and

the current response of the system is registered. Figure 1.10 outlines the

potential-time programs and signals obtained for the main voltammetric

methods.

In single- and double-step chronoamperometries, one or two constant po-

tential pulses are applied and the signal corresponds to the variation of the
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resultant current with time. When a time-varying potential is applied, this

can be done linearly (linear sweep and cyclic voltammetries) or by pulses.

In any case, the current measured is plotted versus the corresponding

potential.

Linear sweep and cyclic voltammetries are probably the most widely

used techniques given that they enable simple and direct qualitative analysis

of the electrochemical system. However, caution must be taken since the

program applied with modern digital equipment does not correspond to a

linear ramp but rather to a staircase.

Regarding pulse voltammetries [15–17], a notable variety of methods

have been developed where the current is usually sampled at the end of

each potential pulse in order to minimise the non-faradaic current from

the charging of the electrical double layer at the electrode/solution inter-

face. This group of techniques includes staircase voltammetry, reverse pulse

voltammetry and differential pulse voltammetries. Differential methods

such as square wave and differential pulse voltammetries are extensively

employed in electroanalysis since they offer a greater sensitivity and signals

more appropriate for quantitative studies. In these techniques, the current

of two consecutive pulses is subtracted which gives rise to the reduction of

background currents and well-defined, peaked voltammograms.

1.3. Finite Difference Methods

Once the electrochemical system and the perturbation applied are properly

defined, there exist different numerical methods to solve the corresponding

differential equation problem. Finite difference methods will be employed

in this book given that in all the situations considered here they provide

simple, accurate and effective procedures.8

As will be detailed in the following chapters, in these methods the dif-

ferential equations describing the mass transport are approximated as finite

difference equations. This requires the discretisation of the domains of the

independent variables (time and distance) by equally or unequally spaced

grids. The distribution of nodes in the grids must ensure the accuracy of the

finite difference approximation. Thus, the number of points must be high

enough in the time and space regions where the changes in concentration

are more significant (typically near the electrode surface).

8 For details about other numerical methods, see Britz’s book [18].



October 23, 2013 11:24 World Scientific Review Volume - 9in x 6in Sandhya Devi BOOK

Introduction 21

Fig. 1.10. Perturbation (potential-time program) and signal in voltammetric tech-
niques. The sampling time in pulse techniques is marked with a circle and the time
where the circuit is open with the symbol �.

Several procedures for the resolution of the resulting difference equation

systems will be discussed together with criteria to check the accuracy of the

numerical results.

In the next chapter the simulation of cyclic voltammetry at macro-

electrodes will be introduced. The main aspects of the most widely used
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voltammetric technique will be described as well as the mathematical treat-

ment of the differential equation system and boundary conditions prior to

the resolution of the problem.

1.4. Voltammetry: A Selected Bibliography

In this first chapter some fundamental aspects of electrochemical processes

and experiments have been summarised to assist the comprehension of the

following chapters. For a deeper analysis of the principles of electrochem-

istry the following books are recommended:

• Bard, A. J. and Faulkner, L. R. (2001). Electrochemical Methods:

Fundamentals and Applications, 2nd ed., John Wiley and Sons,

New York.

• Bond, A. M. (2002). Broadening Electrochemical Horizons, Oxford

University Press, Oxford.

• Compton, R. G. and Banks, C. E. (2011). Understanding Voltam-

metry, 2nd ed., Imperial College Press, London.

• Compton, R. G., Batchelor-McAuley, C. and Dickinson, E. J. F.

(2012). Understanding Voltammetry: Problems and Solutions, Im-

perial College Press, London.

• Girault, H. H. (2004). Analytical and Physical Electrochemistry,

EPFL-Press, Lausanne.

• Lund, H. and Hammerich, O. (2001). Organic Electrochemistry,

Marcel Dekker, New York.

• Oldham, K. B., Myland, J. C. and Bond, A. M. (2012). Electro-

chemical Science and Technology, Wiley, Chichester.

• Pletcher, D. (2009). A First Course in Electrode Processes, 2nd

ed., The Royal Society of Chemistry, Cambridge.

• Savéant, J.-M. (2006). Elements of Molecular and Biomolecular

Electrochemistry: An Electrochemical Approach to Electron Trans-

fer Chemistry, Wiley-Interscience, Hoboken.
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• Wang, J. (2000). Analytical Electrochemistry, 2nd ed., John Wiley

and Sons, New York.
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Chapter 2

Mathematical Model of an
Electrochemical System

2.1. Cyclic Voltammetry

The popularity of the cyclic voltammetry (CV) technique has led to its ex-

tensive study and numerous simple criteria are available for immediate anal-

ysis of electrochemical systems from the shape, position and time-behaviour

of the experimental voltammograms [1, 2]. For example, a quick inspec-

tion of the cyclic voltammograms offers information about the diffusive or

adsorptive nature of the electrode process, its kinetic and thermodynamic

parameters, as well as the existence and characteristics of coupled homo-

geneous chemical reactions [2]. This electrochemical method is also very

useful for the evaluation of the magnitude of undesirable effects such as

those derived from ohmic drop or double-layer capacitance. Accordingly,

cyclic voltammetry is frequently used for the analysis of electroactive species

and surfaces, and for the determination of reaction mechanisms and rate

constants.

We can represent a general reduction process at the electrode as

A + e− � B (2.1)

In a typical cyclic voltammetry experiment, the potential is swept linearly

with time from some starting potential, Ei, where species A is stable (i.e.,

not electroreduced), to some other, more negative potential, Ev, at which

electron transfer between species A and the electrode is rapid, and species

B is formed. The potential is then swept back to Ei, causing electron

transfer in the opposite direction and the reformation of A. This potential

waveform is shown in Figure 2.1. Throughout this process the current,

I (proportional to the rate of electron transfer), is recorded; plotting the

current against the potential gives a characteristic peaked cyclic voltam-

mogram of a macroelectrode as shown in Figure 2.2.

25
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Fig. 2.1. The waveform of the potential applied during a typical cyclic voltammetry
experiment. In this case the initial potential, Ei, is 0.5 V, the vertex potential, Ev, is
−0.5 V, and the scan rate, ν, is 0.1 V s−1.

This technique is extremely useful experimentally as the resulting peak-

shaped signal provides a direct fingerprint of the features of the reduction

and oxidation processes. Analysis of the position and shape of the peaks

can give important information about the nature of the electrochemical

process taking place and about the chemical species themselves.

The scan rate, ν, in V s−1, is the constant rate at which the voltage

sweeps from the initial potential, Ei, to the vertex potential, Ev, and back

again. Figure 2.1 demonstrates that the scan rate is the rate of change of

potential (the slope) defined as

ν =

(
∂E

∂t

)
(2.2)

At any time t on the forward sweep, the potential, E, is given by

E = Ei − νt (2.3)

At time t = tswitch, the potential reaches Ev and the potential sweep
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Fig. 2.2. A typical cyclic voltammogram produced by the application of the potential
waveform in Figure 2.1.

reverses direction. For t > tswitch,

E = Ev + ν(t− tswitch) (2.4)

or equivalently

E = 2Ev − Ei + νt (2.5)

since

tswitch =

∣∣∣∣Ei − Ev

ν

∣∣∣∣ (2.6)

2.1.1. Electrode kinetics

Assuming the kinetics of the electron transfer are fast relative to the rate of

mass transport, Nernstian equilibrium is attained at the electrode surface

throughout the potential scan, and the Nernst equation therefore relates
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the surface concentrations of species A and B to the applied potential at

the electrode, E:

E = E0
f +
RT
F

ln

(
cA,0

cB,0

)
(2.7)

where E0
f is the formal potential of the reaction, R is the gas constant,

T is the temperature (often 298 K), F is the Faraday constant, and cA,0

and cB,0 are the concentrations at (next to) the electrode surface of A and

B respectively. The Butler–Volmer and Marcus–Hush models which take

electron transfer kinetics into account will be examined in Chapter 4.

2.2. Diffusion: Fick’s Second Law

Let us suppose an electrochemical experiment in which at the beginning,

the concentration of the chemical species, A, is uniform throughout the

entire solution and there is no B present at all. When a positive enough

potential is applied, A is converted into B at the electrode, thus in the

vicinity of the electrode, the concentration of A decreases and that of B

increases. Consequently, fresh A diffuses toward the electrode from the

bulk solution, and B diffuses away from the electrode. This process is

illustrated schematically in Figure 2.3.

A basic understanding of the principles of diffusion and electrode ki-

netics allows us to explain the shape of the cyclic voltammogram (Figure

2.2). At the start of the scan, when we are at a potential that is positive

relative to the formal potential of the redox couple, no current flows be-

cause the potential is not negative enough to reduce A to B. As the scan

progresses and the potential is made more negative, the reduction reaction

becomes progressively more thermodynamically favourable and so the cur-

rent increases with increasing potential (this explains the rising section of

the forward sweep). We say that the reaction is under kinetic control as the

rate of electron transfer at the electrode is limited by the rate of reaction.

Eventually the concentration of the reactant species A in the immediate

vicinity of the electrode drops to zero and the current reaches a maxi-

mum. Beyond this point, the current decays as the reaction is now under

diffusional control ; the rate of electron transfer is limited by the rate at

which fresh material can be brought to the electrode by diffusion even

though the reaction continues to become progressively more favourable

thermodynamically.
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Fig. 2.3. Schematic showing the distribution of particles (a) 0, (b) 1, (c) 5 and (d) 50
arbitrary time units after a potential pulse is applied to the electrode. White dots are
the starting species, A, and black dots are the reduced species, B. Concentration profiles
over the same space are also shown.
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Fick’s second law [3–5] predicts how the diffusion causes the concentra-

tion field to change with time:

∂c

∂t
= D

(
∂2c

∂x2
+

∂2c

∂y2
+

∂2c

∂z2

)
(2.8)

where the diffusion coefficient, D, is assumed to be direction-independent

and c is the concentration of the species which is a function of the time,

t, and spatial coordinates, x, y and z. The diffusion coefficient, D, is

particular to each chemical species and is a measure of the rate at which

the species moves through solution; a typical value is 10−5 cm2 s−1. Note

that each chemical species is modelled by its own version of this equation,

with its own concentration values, e.g., cA and cB, and diffusion coefficients

DA and DB. Simple electrochemical simulation consists of solving this

partial differential equation (PDE) numerically subject to certain boundary

conditions, thereby determining the full time evolution of the system.

x

ε

(b)(a)
x

Macro Electrode

Fig. 2.4. (a) The diffusion field at a planar macroelectrode; (b) a one-dimensional
macrodisc electrode with radius ε and normal coordinate x.

Modelling a three-dimensional PDE is extremely time consuming, even

for a fast computer, so we use a simplification. If we use an electrode

that is large relative to the distance over which the species diffuse on the

time scale of the experiment, that is, a macroelectrode, then we only need

to consider diffusion that is perpendicular to the plane of the electrode

surface as there will be negligible diffusion parallel to the surface as shown

in Figure 2.4(a). The problem is thus reduced to one spatial dimension,

x, which is the distance normal to the surface of the electrode. For our

purposes, we will assume that the electrode is a disc shape with radius ε as

shown in Figure 2.4(b). In general, however, the shape is not important,
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as long as the electrode is flat and large in comparison to the thickness of

the diffusion layer, δ, where

δ ∼
√
Dt (2.9)

For a typical experimental setup with D = 10−5 cm2 s−1 and a running

time, t, of 10 s, this gives an order of magnitude estimate of δ = 0.1 mm.

Therefore an electrode is typically considered to be of macroscale if it is on

the order of 1 mm in size or greater.

As the problem has been reduced to one spatial dimension, Eq. (2.8) is

simplified considerably and diffusion in this new coordinate system may be

modelled with the equation

∂c

∂t
= D

(
∂2c

∂x2

)
(2.10)

2.2.1. Equal diffusion coefficients

Fick’s first law states that the diffusive flux, jx1 , through a plane normal to

the x-axis at the point in space x1 is equal to the product of the diffusion

coefficient and the concentration gradient at that point:

jx1 = −D
(
∂c

∂x

)
x1

(2.11)

where the minus sign implies that the flux is down the local concentration

gradient.

At the start of an experiment, the solution contains just species A at

a uniform concentration, and A is transformed into B at the electrode

surface. By conservation of mass, the amount of A lost at the electrode

surface exactly equals the amount of B gained there, i.e., −ΔcA = ΔcB,

and therefore the diffusive fluxes of the two species at the electrode surface

are equal and opposite:

−DA

(
∂cA
∂x

)
electrode

= DB

(
∂cB
∂x

)
electrode

(2.12)

If we assume that the diffusion coefficients of both species are equal, i.e.,

D = DA = DB, then a useful simplification may be made. It follows that

−
(
∂cA
∂x

)
electrode

=

(
∂cB
∂x

)
electrode

(2.13)



October 23, 2013 11:24 World Scientific Review Volume - 9in x 6in Sandhya Devi BOOK

32 Understanding Voltammetry: Simulation of Electrode Processes

therefore a decrease in concentration of species A at some point in space is

necessarily commensurate with an increase in the concentration of species

B of the same magnitude so that

∂(cA + cB)

∂x
= 0 (2.14)

Therefore it is necessarily true that in every region of space

cA = (c∗A + c∗B)− cB (2.15)

where c∗A and c∗B are the initial concentrations of species A and B respec-

tively (see below). Consequently, when modelling our electrochemical sys-

tem, we only need to consider the diffusional behaviour of species A, since

we can infer the behaviour of B directly from that of A.

2.3. Boundary Conditions

Equation (2.10) is an example of a parabolic second-order partial differential

equation. The equation describes a single property, concentration, which

evolves in space and time. In order to solve an equation of this type, we

need to know the condition of the system at some starting time, t = 0. We

have already stated that at the start of the experiment, the concentration

of species A is a fixed value (1 mM for example) and is uniform everywhere.

We call this the bulk concentration of species A and represent it with the

symbol c∗A. Therefore we have the initial condition:

cA(x, t = 0) = c∗A (2.16)

A similar condition applies to species B, except that initially we are going

to assume that there is no B present, so c∗B = 0. At times t > 0, the

evolution of the system is given by Fick’s second law (Eq. (2.10)).

As it stands, our system is not very interesting; it is infinite in extent

and as the concentration of both species is initially uniform, there are no

concentration gradients and hence no diffusion, so the system will be un-

changing in time. In order to solve a particular electrochemical problem, we

must impose some spatial boundary conditions on the concentration. Our

one-dimensional space has two spatial boundaries; we therefore constrain

the system to some finite region:

x0 ≤ x ≤ xmax (2.17)
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where x0 and xmax are the lower and upper spatial bounds respectively. We

then impose a boundary condition on the concentration at each of these

boundaries. These may alter the concentrations of the chemical species in

some way such that a concentration gradient is established and diffusion

occurs.

The first boundary is the surface of the macrodisc electrode, which we

define to be at x = 0. When a potential difference is applied across the

electrode, electron transfer occurs, transforming species A at the surface

into species B. Therefore, the concentrations at the electrode surface vary

as a function, f , of the potential, E, applied to the electrode. In general,

we can write

c(x = 0, t > 0) = f(E) (2.18)

For a simple cyclic voltammetry experiment with Nernstian equilibrium at

the electrode surface, this function is given by Eq. (2.7). For other experi-

mental techniques, different potential-dependent boundary conditions may

be used.

The upper spatial boundary may be defined in a number of ways. Ideally

we would define it as being infinitely far away from the electrode, i.e.,

xmax = +∞, such that changes in concentration at the electrode cannot

have any effect on the concentration at the upper boundary on the time scale

of the experiment. In practice, it transpires that it is not necessary to place

the boundary infinitely far away from the electrode in order to meet this

condition. Einstein’s work on Brownian motion in 1905 [6] demonstrated

that in one dimension, the root mean squared displacement of a particle

from its starting position,
√

x2 (alternatively, x), is equal to

x =
√
2Dt (2.19)

To be sure that no significant changes in concentration can propagate as

far as the boundary, we must set it to be at some distance greater than x.

A typical value is

xmax = 6
√
Dtmax (2.20)

where tmax is the maximum time the experiment will run for. For a typical

diffusion coefficient of 10−5 cm2 s−1 and experimental time of 10 s, this

distance is only 0.6 mm, likely smaller than the radius of a macroelectrode.

For our purposes, a distance of xmax given by Eq. (2.20) may reasonably be

defined as being infinitely far away from the electrode. Since the effects of
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diffusion will not extend this far from the electrode during the experiment,

the concentration of each species at this distance does not change with time,

and so is always equal to its bulk value:

c(x = xmax, t > 0) = c∗ (2.21)

Figure 2.5 summarises this mathematical model of the system. Note

that typically, an electrochemical experiment will take place inside some

enclosure, e.g., test tube, beaker, so the size of the experimental space may

be constrained in this way; however, the distance from the electrode surface

to the wall of the container is likely to be on the order of a centimetre,

greatly exceeding the value of xmax.

E
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Fig. 2.5. The one-dimensional space described by our model with boundary conditions.

Boundary conditions in which the values of the boundary points are

specified either as a constant or as a function of time are known as Dirichlet

boundary conditions. Later we will also utilise Neumann boundary condi-

tions where the value of the first derivative of concentration (the concen-

tration gradient) across the boundary is specified.

2.4. Current

The primary output of a voltammetry experiment or simulation is the

voltammogram which is a plot of recorded current, I, against applied po-

tential, E. At any point in time, the current for the reduction of species A
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is given by

I = FAj0,A (2.22)

where A is the area of the electrode (A = πε2 for a macrodisc) and j0,A
is the net flux of electroactive material (species A) at the electrode surface

which is proportional to the concentration gradient at that point by Fick’s

first law, Eq. (2.11). So in order to calculate the current, we need to find j

at the electrode surface (x = 0) as it evolves in time.

2.5. Dimensionless Coordinates

The particular solution of Fick’s second law (Eq. (2.10)) subject to the

above boundary conditions changes for all values of bulk concentration,

c∗, electrode radius, ε, and diffusion coefficient, D, and hence must be

solved again when any one of these values change. We can transform our

system variables (c, x, t, etc.) into a dimensionless form by expressing

each of them as multiples of some characteristic reference value with the

same dimensionality. This removes the dependence of the solution of Fick’s

second law on c∗, ε and D, making it much more general such that the

equation needs only to be solved once; the resulting voltammogram can

then simply be scaled to apply to any set of values of c∗, ε and D.

Here we present a set of suitable coordinate transformations. This is

by no means the only sensible set of transformations; the characteristic

reference value for each variable should be chosen appropriately according

to the particulars of the system under investigation. First we define the

dimensionless concentration of chemical species j, Cj , to be

Cj =
cj
c∗A

(2.23)

where j = A or B. The dimensionless concentration is the real concentration

divided by the real bulk concentration of species A. Therefore, whether the

bulk concentration of A is 1 mM or 100 mM, the dimensionless concentra-

tion of A is always initially unity, i.e., CA = 1. Remember also that since

the diffusion coefficients are equal, from Eq. (2.15) it is necessarily true that

CA+CB = 1 at every point in space (since it is assumed that c∗B = 0). The

dimensionless diffusion coefficient, d, of each species is likewise defined:

dj =
Dj

DA
(2.24)
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If the diffusion coefficients are equal then dA = dB = 1. Later we will

examine the case where species diffuse at different rates, which is why we

define d as a ratio of real diffusion coefficients rather than simply as 1.

We define the dimensionless distance X in terms of the radius of the

macrodisc electrode, ε:

X =
x

ε
(2.25)

such that the dimensionless radius of the electrode is 1. If the electrode

is not a disc shape then some other characteristic length, such as the side

length for a square electrode, may be used for ε. Finally we define the di-

mensionless time, T , in terms of both the radius and the diffusion coefficient

of species A:

T =
DAt

ε2
(2.26)

Notice that the quantities C, d, X and T all have no units.

It is now necessary to transform Eq. (2.10) and the boundary conditions

into this new dimensionless coordinate system. We begin by considering the

left-hand side of Eq. (2.10), ∂c/∂t. We may make the substitution, c = c∗AC

(Eq. (2.23)), using the chain rule

∂y

∂x
=

∂u

∂x

∂y

∂u
(2.27)

or specifically in this case with j = A or B

∂cj
∂t

=
∂Cj

∂t

∂cj
∂Cj

(2.28)

Now since

∂cj
∂Cj

= c∗A (2.29)

we are left with

∂cj
∂t

= c∗A
∂Cj

∂t
(2.30)

We can similarly make the substitution t = T ε2/DA (Eq. (2.26)) in our

new partial derivative ∂Cj/∂t:

∂Cj

∂t
=

∂Cj

∂T

∂T

∂t
(2.31)



October 23, 2013 11:24 World Scientific Review Volume - 9in x 6in Sandhya Devi BOOK

Mathematical Model of an Electrochemical System 37

And since

∂T

∂t
=

DA

ε2
(2.32)

we have

∂Cj

∂t
=

DA

ε2
∂Cj

∂T
(2.33)

Consequently

∂cj
∂t

=
c∗ADA

ε2
∂Cj

∂T
(2.34)

This might not seem particularly useful, but let us consider the right-hand

side of Eq. (2.10) using the chain rule for the second derivative:

∂2y

∂x2
=

∂

∂x

[
∂u

∂x

∂y

∂u

]
=

[
∂u

∂x

]2
∂2y

∂u2
+

[
∂2u

∂x2

]
∂y

∂u
(2.35)

First we make the substitution c = c∗AC:

∂2cj
∂x2

=

[
∂Cj

∂x

]2
∂2cj
∂C2

j

+

[
∂2Cj

∂x2

]
∂cj
∂Cj

(2.36)

= c∗A
∂2Cj

∂x2
(2.37)

since

∂2cj
∂C2

j

= 0 (2.38)

Next we make the substitution, x = εX (Eq. (2.25)):

∂2Cj

∂x2
=

[
∂X

∂x

]2
∂2Cj

∂X2
+

[
∂2X

∂x2

]
∂Cj

∂X
(2.39)

=
1

ε2
∂2Cj

∂X2
(2.40)

since

∂2X

∂x2
= 0 (2.41)
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Consequently

Dj
∂2cj
∂x2

= djDA
c∗A
ε2

∂2Cj

∂X2
(2.42)

Therefore we may write Eq. (2.10) in terms of our dimensionless coordi-

nates, C, X and T :

c∗ADA

ε2
∂Cj

∂T
= dj

c∗ADA

ε2
∂2Cj

∂X2
(2.43)

which simplifies to

∂Cj

∂T
= dj

∂2Cj

∂X2
(2.44)

Note that every quantity in Eq. (2.44) is dimensionless. We must now also

transform the boundary conditions into a dimensionless form:

cj (x, t = 0) = c∗j →
{
CA (X,T = 0) = 1

CB (X,T = 0) = 0

cj (x = xmax, t) = c∗j →
{
CA (X = Xmax, T ) = 1

CB (X = Xmax, T ) = 0

(2.45)

where

Xmax = 6
√
Tmax (2.46)

2.5.1. Electrode surface boundary

By rearranging the Nernst equation (Eq. (2.7)), we get

(E − E0
f )

F

RT = ln

(
cA,0

cB,0

)
(2.47)

We define the dimensionless potential, θ, to be

θ =
F

RT (E − E0
f ) (2.48)

so that

eθ =
cA,0

cB,0
(2.49)
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and since cA,0/cB,0 = CA,0/CB,0

eθ =
CA,0

CB,0
(2.50)

Now if CA + CB = 1 (from Eq. (2.15))

eθ =
CA,0

1− CA,0
(2.51)

and so we have the boundary condition for concentration at the electrode

surface:

CA (X = 0, T ) =
1

1 + e−θ

CB (X = 0, T ) =
1

1 + eθ

(2.52)

where θ is typically a function of time. Figure 2.6 shows how the concentra-

tions of species A and B at the surface of the electrode vary with θ. Note

that when T = 298 K, one unit of θ is approximately 25.7 mV.

Fig. 2.6. Equilibrium surface concentrations of species A and B as a function of θ.
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2.5.2. Scan rate

As shown in Eq. (2.2), the scan rate is the rate of change of potential with

respect to time. We can therefore define the dimensionless scan rate, σ, to

be the rate of change of dimensionless potential with respect to dimension-

less time:

σ =
∂θ

∂T
(2.53)

We therefore need to determine how σ relates to ν. We again use the chain

rule:

∂E

∂t
=

∂E

∂θ

∂θ

∂t
=
RT
F

∂θ

∂T
(2.54)

since (from Eq. (2.48)):

∂E

∂θ
=
RT
F

(2.55)

Then

∂θ

∂t
=

∂θ

∂T

∂T

∂t
=

DA

ε2
∂θ

∂T
(2.56)

which leads to

∂E

∂t
=

DA

ε2
RT
F

∂θ

∂T
(2.57)

Therefore

σ =
ε2

DA

F

RT ν (2.58)

From this we can see that at dimensionless time T in the forward scan, the

dimensionless potential is given by

θ = θi − σT (2.59)

and for the reverse scan by

θ = 2θv − θi + σT (2.60)

where θi is the initial dimensionless potential defined as:

θi =
F

RT (Ei − E0
f ) (2.61)

and θv is likewise defined.
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2.5.3. Current

Since our model system is in dimensionless units, we cannot find the flux,

j, directly, but we can find the dimensionless flux at point X1, JX1 , defined

as

JX1,j = −dj
(
∂Cj

∂X

)
X1

(2.62)

Using the chain rule again we can determine how J relates to j:

∂cj
∂x

=
∂cj
∂X

∂X

∂x
=

1

ε

∂cj
∂X

(2.63)

∂cj
∂X

=
∂cj
∂Cj

∂Cj

∂X
= c∗A

∂Cj

∂X
(2.64)

Therefore

∂cj
∂x

=
c∗A
ε

∂Cj

∂X
(2.65)

jj = −dj
c∗ADA

ε

∂C

∂X
(2.66)

jj =
c∗ADA

ε
Jj (2.67)

So since A = πε2, substituting for j in Eq. (2.22), we get

I = πεFDAc
∗
AJ0,A (2.68)

where

J0,A = −
(
∂CA

∂X

)
X=0

(2.69)

When we run a simulation, we record the dimensionless flux, J , as a function

of the dimensionless potential, θ. To obtain a real voltammogram, the

results of this simulation are simply scaled by the real values of c∗A, DA

and ε. As a consequence, the results of a single simulation will apply to

any set of these three values, so we don’t need to run another simulation

each time we change, for example, the concentration. This is exactly why

we introduced dimensionless variables in the first place.
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2.6. Summary

In this chapter we have established a mathematical model that fully de-

scribes a cyclic voltammetry experiment of a one-electron reversible pro-

cess at a planar macrodisc electrode where the diffusion coefficients of both

chemical species are equal. The model consists of a one-dimensional par-

tial differential equation that describes the evolution of the concentration

of some chemical species in both time and space starting from some ini-

tial conditions at time t = 0, and bounded by some finite spatial region

0 ≤ x ≤ xmax. At x = 0 is the electrode boundary which alters the con-

centration in a manner that depends on the potential applied to it. At

x = xmax the concentration is unaffected by the processes occurring at the

electrode and so is equal to that of the bulk solution. The potential at the

electrode is varied and the resultant current is recorded and plotted as a

voltammogram.

Table 2.1. Dimensionless parameters.

Parameter Normalisation

concentration Cj = cj/c
∗
A

diffusion coefficient dj = Dj/DA

spatial coordinate X = x/ε

time T = DAt/ε2

potential θ = (F/RT )(E − E0
f )

scan rate σ = (ε2/DA)(F/RT )ν

current J = I/(πεFDAc∗A)

For convenience, we normalised this model, reducing it to a set of di-

mensionless parameters as summarised in Table 2.1. Our model is therefore

fully described by the equation

∂Cj

∂T
= dj

(
∂2Cj

∂X2

)
(2.70)

subject to the boundary conditions

CA(X,T = 0) = 1 , CB(X,T = 0) = 0 (2.71)

CA(X = Xmax, T ) = 1 , CB(X = Xmax, T ) = 0 (2.72)

CA(X = 0, T > 0) =
1

1 + e−θ
, CB(X = 0, T > 0) =

1

1 + eθ
(2.73)
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where

Xmax = 6
√
Tmax (2.74)

θ = θi − σT for T ≤ Tswitch (2.75)

θ = θv + σ(T − Tswitch) for T > Tswitch (2.76)

To obtain a dimensionless voltammogram, we then record the dimension-

less flux of species A, JA, at the electrode surface as it varies with the

dimensionless potential, θ:

J0,A = −
(
∂CA

∂X

)
0

(2.77)

From this, a real voltammogram in terms of real current I and real potential

E is produced simply by scaling J0,A and θ according to

I = πεFDAc
∗
AJ0,A (2.78)

θ =
F

RT (E − E0
f ) (2.79)

In the next chapter we will develop more mathematical theory that will

allow us to solve this model using a computer.
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Chapter 3

Numerical Solution of the Model
System

The goal of the electrochemical modelling in this chapter is to solve the

mathematical model developed in the previous chapter in order to obtain

the form of the algebraic (containing no derivatives) function C(X,T ), i.e.,

to determine how the concentration of the chemical species varies in space

and in time. From this, other information, such as the current passed at

the electrode, can be inferred. A number of analytical techniques exist

that may be used for solving partial differential equations (PDEs) of the

type encountered in electrochemical problems, including integral transform

methods such as the Laplace transform, and the method of separation of

variables. Unfortunately these techniques are not applicable in all cases

and so it is often necessary to resort to the use of numerical methods to

find a solution.

Numerical methods are a family of mathematical techniques for solving

complicated problems approximately by the repetition of the elementary

mathematical operations (+, −, ×, ÷). In the past, numerical solution

of a PDE was extremely time consuming, requiring many man-hours of

tedious calculation. However the utility of numerical methods has greatly

increased since the advent of programmable computers. In the field of

electrochemistry, two main techniques are used for simulation purposes:

the finite difference method and the finite element method, though the

former is by far the more popular and will be used exclusively throughout

this book.

3.1. Finite Differences

Under a finite difference scheme, a continuous function is represented as a

series of finite steps. In our case, the function we are interested in is the

concentration as it varies in space, C(X), and its first and second deriva-

tives; we shall ignore for the moment the fact that C also varies in time and

45
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will treat the derivatives of C as ordinary rather than partial. To approxi-

mate the function C(X), the one-dimensional space under consideration is

divided into a set n of discrete points, X0, X1, . . . , Xn−1, each separated by

a constant distance, ΔX , such that for any point, i

Xi+1 −Xi = Xi −Xi−1 = ΔX (3.1)

and where

n =
Xmax −X0

ΔX
(3.2)

Under this scheme, the point X0 corresponds to the electrode surface, and

the point Xn−1 corresponds to the outer spatial boundary. We call this

set of points the spatial grid . One important consequence of this process

of discretisation is that the function C(X) may be easily represented in a

computer’s memory as a simple array (or similar container) of floating point

values of size n. The points are labelled as X0, . . . , Xn−1 rather than as

X1, . . . , Xn since arrays are zero-indexed (begin with element 0 rather than

1) in C++ and related languages. Figure 3.1 illustrates the discretisation

of a function. It is implicit in this scheme that the value of C(X) varies

linearly between adjacent points.

X

C

X

C
C

i
C

i+1
C

i-1

ΔX

X
i

X
i+1

X
i-1

(a) (b)

Fig. 3.1. (a) Continuously varying concentration as a function of space, C(X);
(b) discrete values of concentration in a discretised space with constant spacing ΔX.
Note that in the discrete case, the concentration is assumed to vary linearly between
adjacent points.

Let us now consider the first derivative; the mathematical definition of

the derivative is the ratio of the change in concentration to the change of
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distance, i.e., (
dC

dX

)
Xi

= lim
ΔX→0

C(Xi+1)− C(Xi)

ΔX
(3.3)

From this definition, we can approximate the first derivative as(
dC

dX

)
Xi

≈ Ci+1 − Ci

ΔX
(3.4)

where for simplicity of notation, we express the concentration at point i,

C(Xi), as Ci. This is called the forward difference approximation of the

first derivative. Alternatively we could approximate the derivative as(
dC

dX

)
Xi

≈ Ci − Ci−1

ΔX
(3.5)

which is called the backward difference approximation and is equally valid.

We can define the truncation error, Γ, implicit in making these approx-

imations (considering the forward difference scheme as an example) as

Γ =

(
dC

dX

)
Xi

− Ci+1 − Ci

ΔX
(3.6)

We can examine the nature of this error by considering the Taylor series

expansion of the concentration:

Ci+1 = Ci +ΔX

(
dC

dX

)
Xi

+
(ΔX)2

2

(
d2C

dX2

)
Xi

+
(ΔX)3

6

(
d3C

dX3

)
Xi

+ · · ·

(3.7)

Rearranging it, we get(
dC

dX

)
Xi

−Ci+1 − Ci

ΔX
= −ΔX

2

(
d2C

dX2

)
Xi

− (ΔX)2

6

(
d3C

dX3

)
Xi

−· · · (3.8)

From Eq. (3.6), the error is therefore equal to

Γforward = −ΔX

2

(
d2C

dX2

)
Xi

− (ΔX)2

6

(
d3C

dX3

)
Xi

− · · · (3.9)

Using the same procedure for the backward difference scheme yields

Ci−1 = Ci −ΔX

(
dC

dX

)
Xi

+
(ΔX)2

2

(
d2C

dX2

)
Xi

− (ΔX)3

6

(
d3C

dX3

)
Xi

+ · · ·

(3.10)
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Γbackward =
ΔX

2

(
d2C

dX2

)
Xi

− (ΔX)2

6

(
d3C

dX3

)
Xi

+ · · · (3.11)

Now since in general, ΔX � 1, it is necessarily true that ΔX > (ΔX)2 >

(ΔX)3, so in each of these series the first term (the term in ΔX) is by far

the largest source of error. Therefore for both the forward and backward

difference schemes we may write

Γ ∝ ΔX (3.12)

Consequently, the smaller the spatial increment, ΔX , the smaller the error,

and therefore the more closely the approximation will agree with the true

value of
(
dC
dX

)
Xi

. This analysis agrees with the definition of the derivative

given in Eq. (3.3).

3.1.1. Central differencing

An alternative differencing scheme may be arrived at by considering the

average derivative given by the forward and backward schemes; this is called

the central difference approximation:(
dC

dX

)
central

=
1

2

[(
dC

dX

)
forward

+

(
dC

dX

)
backward

]
(3.13)

So (
dC

dX

)
central

=
Ci+1 − Ci−1

2ΔX
+ Γcentral (3.14)

The error is then the average of the errors of both schemes:

Γcentral =
Γforward + Γbackward

2
(3.15)

It can be seen that the first (ΔX) terms in Eqs. (3.9) and (3.11) exactly

cancel (as do all the terms in odd powers of ΔX), leaving a total error:

Γcentral = −
(ΔX)2

6

(
d3C

dX3

)
Xi

− (ΔX)4

120

(
d5C

dX5

)
Xi

+ · · · (3.16)

Again the leading term is the most significant, so for the central difference

scheme,

Γ ∝ (ΔX)2 (3.17)
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This is a second-order error, which is better than the first-order error given

by either the forward or backward schemes, and so the central scheme pro-

vides a more accurate approximation of the true value of the first derivative.

Throughout this book we shall therefore use the approximation

(
dC

dX

)
Xi

≈ Ci+1 − Ci−1

2ΔX
(3.18)

3.1.2. Second derivative

The second derivative of the concentration can be approximated by sum-

ming the Taylor series of the forward and backward schemes [1] (Eqs. (3.7)

and (3.10)):

Ci+1 + Ci−1 = 2Ci + (ΔX)2
(
d2C

dX2

)
Xi

+
(ΔX)4

12

(
d4C

dX4

)
Xi

+ · · · (3.19)

So by rearranging it, we get

(
d2C

dX2

)
Xi

=
Ci−1 − 2Ci + Ci+1

(ΔX)2
+ Γ (3.20)

where here

Γ = − (ΔX)2

12

(
d4C

dX4

)
Xi

+ · · · (3.21)

so the second derivative of concentration may be approximated as

(
d2C

dX2

)
Xi

≈ Ci−1 − 2Ci + Ci+1

(ΔX)2
(3.22)

again with error Γ ∝ (ΔX)2.

The approximations that we have developed here for the first and sec-

ond derivatives at point i consider only three points: i itself, and the two

adjacent points. It is of course possible to formulate finite difference equa-

tions over a greater number of points than this using the same general

technique, and doing so usually results in a higher-order error (a more ac-

curate approximation). However, assuming that ΔX is sufficiently small,

the increase in accuracy is minimal and typically not worth the increase in

complexity.
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3.2. Time Evolution: Discretising Fick’s Second Law

So far in this chapter we have treated the concentration as if it varied with

only one independent variable — position, X . As we saw in Chapter 2,

modelling of an electrochemical system requires the solution of Fick’s second

law, a partial differential equation in which C varies as a function of both

space, X , and time, T . We must now therefore consider how the system

evolves in time. Thus, we are going to study the simulation of the reversible,

one-electron reduction of species A at a macroelectrode:

A + e− � B (3.23)

where the diffusion coefficient of both species has the same value and only

species A is initially present. As discussed in the previous chapter, un-

der these conditions only the problem corresponding to species A needs

to be solved since the concentration profile of species B can be obtained

immediately as cB = c∗A − cA.

For the one-dimensional system under consideration, the state of the

system (which is represented in a discretised form by the set of concen-

trations C0, . . . , Cn−1) at any moment in time depends on two things: the

spatial boundary conditions (the electrode surface and bulk solution bound-

aries), and the state of the system at the previous moment in time. We

may discretise time in the same manner as space, with a constant interval

between adjacent timesteps, ΔT . When modelling, we are interested in

the state of the system from the starting time of the experiment, T0, to its

finishing time, Tmax, so the total number of timesteps, m, is given by

m =
Tmax − T0

ΔT
(3.24)

As previously discussed, at the beginning of the experiment, the system

is homogeneous, i.e., the concentration of the starting species A is uniform

across the whole space as given by the initial conditions in the previous

chapter, C(X,T = 0) = 1. Therefore for the first timestep, the values of

the set of concentrations are all equal to 1. The concentrations at timestep

T1 are then a function of those at T0, as given by Fick’s second law:

∂C

∂T
=

∂2C

∂X2
(3.25)

and subject to the boundary conditions. For the derivative of concentration

with respect to time, it is obvious that we must use a backward difference
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scheme as we have no information about the state of the system at any

timesteps beyond the current one. If we let the previous timestep (at which

the concentrations are known) be T k−1 and the current step at which they

are unknown be T k, then

∂Ci

∂T
≈ Ck

i − Ck−1
i

ΔT
(3.26)

The discretised version of Fick’s second law is then

Ck
i − Ck−1

i

ΔT
=

Ci−1 − 2Ci + Ci+1

(ΔX)2
(3.27)

where the right-hand side comes from Eq. (3.22). There is now a choice as

to whether the concentrations on the right-hand side are chosen to be at

T k−1 or T k. We will briefly consider the former case, generally known as

the explicit method , illustrated in Figure 3.2(a), before moving on to the

c
i-1

k-1

c
i

k-1

c
i+1

k-1

c
i

k

c
i

k

c
i

k-1

c
i-1

k

c
i+1

k

(b) Implicit Method

(a) Explicit Method

XΔX

T

ΔT

Fig. 3.2. Discrete simulation space-time grid showing concentration terms involved in
the equation for Ck

i using the (a) explicit and (b) implicit methods. Grey squares show
the term to be solved for and white circles show the terms that appear in the equation.
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latter, the implicit method, illustrated in Figure 3.2(b), which we will be

using throughout the rest of this work.

3.2.1. The explicit method

The explicit method consists of solving the equation

Ck
i − Ck−1

i

ΔT
=

Ck−1
i−1 − 2Ck−1

i + Ck−1
i+1

(ΔX)2
(3.28)

which for convenience may be rearranged to

Ck
i = Ck−1

i + λ(Ck−1
i−1 − 2Ck−1

i + Ck−1
i+1 ) (3.29)

where

λ =
ΔT

(ΔX)2
(3.30)

This is a simple equation to solve, and each value of Ck
i can be solved for

independently at every timestep because all of the terms appearing on the

right-hand side of the equation are fully known (this is in contrast with

the implicit method which we shall come to shortly). Simulation using the

explicit method simply consists of iterating from timestep 0, where for all

i,

Ck=0
i = 1 (3.31)

to timestep m− 1, where for k > 0

Ck
i =

⎧⎪⎪⎨
⎪⎪⎩

1/(1 + e−θ) for i = 0

Ck−1
i + λ(Ck−1

i−1 − 2Ck−1
i + Ck−1

i+1 ) for i = 1 to n− 2

1 for i = n− 1

(3.32)

While this method is very simple and was more popular before the

advent of fast computers, it is only conditionally stable. Numerical stability

is guaranteed [2, 3] if

λ < 0.5 (3.33)

but if this condition is not met, the solution will be unstable, diverging

from the true solution, and the concentrations will oscillate wildly in both

time and space, possibly resulting in negative concentrations, which are
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obviously physically unrealistic. Consequently, to maintain accuracy, ΔT

must decrease with decreasing ΔX , making it inefficient when one considers

the small size of ΔX necessary to accurately represent a continuous function

[4]. For this reason, the explicit method is of only limited general utility in

electrochemistry though it does find use in some specific areas, particularly

in the modelling of rotating disc electrodes (see Chapter 8) [5].

3.2.2. The implicit method

The backward implicit method consists of solving the equation

Ck
i − Ck−1

i

ΔT
=

Ck
i−1 − 2Ck

i + Ck
i+1

(ΔX)2
(3.34)

The only difference from Eq. (3.28) is the timestep at which the concentra-

tions on the right-hand side are taken. Rearranged to a more useful form,

it becomes

Ck−1
i = Ck

i − λ(Ck
i−1 − 2Ck

i + Ck
i+1) (3.35)

This equation contains a single known value, Ck−1
i , and three unknowns,

Ck
i−1, C

k
i and Ck

i−1, and so unlike the explicit method cannot be solved in

isolation for any given point, i. At each timestep, k, the complete set of

equations for the concentration at every point must be solved simultane-

ously. The set of equations is

...
...

...
...

−λCk
43+ (1 + 2λ)Ck

44 −λCk
45 = Ck−1

44

−λCk
44+ (1 + 2λ)Ck

45 −λCk
46 = Ck−1

45 (3.36)

−λCk
45+ (1 + 2λ)Ck

46 −λCk
47 = Ck−1

46

...
...

...
...

with boundary conditions

Ck
0 = 1/(1 + e−θ)

Ck
n−1 = 1

We therefore have n unknowns and n non-degenerate equations and are

thus able to solve simultaneously for the whole set of concentrations. While

more complicated than the explicit scheme, the implicit scheme is not sub-

ject to the constraint imposed by Eq. (3.33) and is therefore unconditionally

stable, which makes it much more computationally efficient.
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3.3. The Thomas Algorithm

The standard method of solving a set of simultaneous equations with a

computer is to cast the set as a matrix equation. For example, the set

6x1 + 3x2 + 4x3 = 67

9x1 + 4x2 + 1x3 = 25

7x1 + 8x2 + 7x3 = 78

will be cast as the equation⎛
⎝ 6 3 4

9 4 1

7 8 7

⎞
⎠

⎛
⎝x1

x2

x3

⎞
⎠ =

⎛
⎝67

25

78

⎞
⎠ (3.37)

which is an equation of the form

Ax = b (3.38)

To find the set of solutions, x, we pre-multiply both sides of the equation

by A−1, the inverse of A:

x = A−1b (3.39)

For this simple example with only three unknowns, we could calculate the

product A−1b by hand; however, for systems with a large number of un-

knowns, this is not practical. For a dense matrix A, one with mostly

non-zero values, the normal way to calculate A−1b is the general Gaussian

elimination algorithm [4]. This algorithm takes a number of mathematical

operations that is proportional to n3 where n is the number of unknowns.

The equation set we consider here (3.36) has n equations so A will be

an n×n matrix. As n may be arbitrarily large, the cost of calculating A−1

by Gaussian elimination may be very high — it will take a long time to

compute. Fortunately, the equation set has a very useful property of which

we can take advantage. For each spatial point i, the equation is of the form

αiC
k
i−1 + βiC

k
i + γiC

k
i+1 = δi (3.40)

where for i = 1 to n− 2,

αi = −λ, βi = 1+ 2λ, γi = −λ, δi = Ck−1
i (3.41)

So α, β and γ do not vary with i, except at the electrode surface boundary,

α0 = 0, β0 = 1, γ0 = 0, δ0 =
1

1 + e−θ
(3.42)
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and outer spatial boundary

αn−1 = 0, βn−1 = 1, γn−1 = 0, δn−1 = 1 (3.43)

Note that in the following chapter, we will utilise spatial grids with unequal

intervals such that ΔX varies with i; in that case, α, β and γ will also vary

with i. In the equation for Ck
i , the coefficients for the terms Ck

0 to Ck
i−2

and Ck
i+2 to Ck

n−1 are all 0; this makes A a sparse matrix where only the

three central diagonals contain non-zero elements. The equation set may

be written as⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0 0 0 . . .

α β γ 0 0 0 0 0 0 0 . . .

0 α β γ 0 0 0 0 0 0 . . .
. . .

. . .
. . .

. . . 0 0 α β γ 0 0 0 0 . . .

. . . 0 0 0 α β γ 0 0 0 . . .

. . . 0 0 0 0 α β γ 0 0 . . .
. . .

. . .
. . .

. . . 0 0 0 0 0 0 α β γ 0

. . . 0 0 0 0 0 0 0 α β γ

. . . 0 0 0 0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Ck
0

Ck
1

Ck
2
...

Ck
44

Ck
45

Ck
46
...

Ck
n−3

Ck
n−2

Ck
n−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1/(1 + e−θ)

Ck−1
1

Ck−1
2
...

Ck−1
44

Ck−1
45

Ck−1
46
...

Ck−1
n−3

Ck−1
n−2

1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(3.44)

Equations of this type are called tridiagonal matrix equations and may be

solved in a more efficient manner using the Thomas algorithm [4] which is

a simplified version of Gaussian elimination.

Rather than directly calculating the product A−1b, we use a process

called LU factorisation, to factor A as the product of two other matrices:

a lower and an upper triangular matrix, so that A = LU:⎛
⎜⎜⎜⎜⎜⎝

β0 γ0
α1 β1 γ1

. . .
. . .

. . .

αn−2 βn−2 γn−2

αn−1 βn−1

⎞
⎟⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎝

β′
0

α1 β′
1

. . .
. . .

αn−2 β′
n−2

αn−1 β′
n−1

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝

1 γ′
0

1 γ′
1

. . .
. . .

1 γ′
n−2

1

⎞
⎟⎟⎟⎟⎟⎠

(3.45)
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where β′
i and γ′

i are modified coefficients that have different values to the

βi and γi coefficients respectively. This process leaves us with the equation

LUx = b. The algorithm then consists of two steps. First, we pre-multiply

both sides of the equation by L−1:

Ux = L−1b (3.46)

Then we calculate the product d = L−1b. The equation Ux = d may be

written as ⎛
⎜⎜⎜⎜⎜⎝

1 γ′
0

1 γ′
1

. . .
. . .

1 γ′
n−2

1

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝

Ck
0

Ck
1
...

Ck
n−2

Ck
n−1

⎞
⎟⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎝

δ′0
δ′1
...

δ′n−2

δ′n−1

⎞
⎟⎟⎟⎟⎟⎠ (3.47)

where the vector d consists of the set of values δ′i, which are different to the

set of values δi. To complete this first step then, we must calculate these

modified γ′
i and δ′i values. The γ

′
i values in the U matrix may be calculated

simply from

γ′
i =

{
γi/βi for i = 0

γi/(βi − γ′
i−1αi) for i = 1, 2, . . . , n− 2

(3.48)

The vector d (the set of δ′i values) could be calculated by first evaluating

the lower diagonal matrix, L, inversing it, then post-multiplying the result

by b. This would be computationally expensive by normal means, but

fortunately, the δ′i values may be calculated directly from

δ′i =

{
δi/βi for i = 0

(δi − δ′i−1αi)/(βi − γ′
i−1αi) for i = 1, 2, . . . , n− 1

(3.49)

This first step is called the forward sweep. Note that for the specific model

studied in this chapter, the surface boundary condition (β0 = 1, γ0 = 0)

means that for i = 0, the modified coefficients will have the values γ′
0 = 0,

δ′0 = δ0. Likewise, as a consequence of the outer spatial boundary condition,

δ′n−1 = δn−1. In the second step of the algorithm, we pre-multiply both

sides of Eq. (3.46) by U−1:

x = U−1d (3.50)
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And so we calculate the product U−1d to find the vector x of unknown Ck
i

values. These are calculated simply as

Ck
i =

{
δ′n−1 for i = n− 1

δ′i − γ′
iC

k
i+1 for i = n− 2, n− 3, . . . , 0

(3.51)

This second step is called back substitution.

In general, when implementing this algorithm, rather than storing sev-

eral n × n matrices in the computer’s memory, we simply store the αi, βi

and γi in three 1× n containers. At each successive timestep, the values of

these coefficients are calculated, and then the γi coefficients are modified

in place according to Eq. (3.48) (i.e., the γ′
i values overwrite the γi values

— this removes the need for an additional container to store the γ′
i values

separately). A further 1×n container is needed to store the δi and δ′i values.

At the start of each timestep, this container holds the set of unmodified

δi values [1/(1 + e−θ), Ck−1
1 , . . . , ck−1

n−2, 1]. These are then modified in place

according to Eq. (3.49). There is no need for an additional container to

store the vector x, the Ck
i values, as it can be calculated in place in the

same container according to Eq. (3.51) such that the desired solution (the

concentration profile at the current timestep) ends up in the container that

originally held the concentration profile from the previous timestep. These

are in turn used as the set of δi values in the next timestep (except for the

changes at i = 0 and i = n− 1 to account for the boundary conditions).

For the particular example simulation that we study in this chapter, αi,

βi and γi do not vary with i. We need only a 1 × n container which will

store the modified γ′
i coefficients. Further, these coefficients are invariant

with time so the set of γ′
i coefficients need only to be calculated once at the

start of a simulation and not at every timestep.

3.4. Simulation Procedure

To perform a simulation, we solve Eq. (3.44) repeatedly, updating the value

of the potential, θ, at each subsequent timestep. In order to do this, five

parameters must be specified: the initial potential, θi, vertex potential,

θv, scan rate, σ, and the space and time increments, ΔX and ΔT respec-

tively. We may describe the first three as being experimental parameters, as

changing them corresponds to a change in the corresponding experimental

system. The last two parameters may be described as accuracy parameters,



October 23, 2013 11:24 World Scientific Review Volume - 9in x 6in Sandhya Devi BOOK

58 Understanding Voltammetry: Simulation of Electrode Processes

as they control how accurate the simulation is. From the experimental pa-

rameters we can determine the total dimensionless time that the simulated

cyclic voltammetry experiment lasts for:

Tmax =
2(θv − θi)

σ
(3.52)

The factor of 2 comes from the fact that the potential sweeps from θi to

θv and back again at a constant rate σ. The total number of timesteps is

therefore

m =
Tmax

ΔT
=

2(θv − θi)

σΔT
(3.53)

We could explicitly specify ΔT ; however, if the scan rate is increased, then

there would be a decrease in the total number of timesteps, which would

decrease the accuracy of the simulation. A superior alternative is to specify

the change in potential per timestep, Δθ, which results in a fixed number

of timesteps for the simulation and therefore a fixed accuracy, independent

of the value of σ. The value of ΔT is then

ΔT =
Δθ

σ
(3.54)

In Section 3.5 we will investigate how to choose reasonable values of both

Δθ and ΔX . Suitable values for the initial and vertex potential are θi = 20

and θv = −20, which roughly correspond to real values of Ei = 0.5 V and

Ev = −0.5 V at 298 K.

At each timestep k, the potential, θk, is given by

θk =

⎧⎪⎪⎨
⎪⎪⎩

θi for k = 0

θk−1 −Δθ for 0 < k ≤ m/2

θk−1 +Δθ for m/2 < k ≤ m

(3.55)

The primary output of the simulation is the dimensionless current, J ; plot-

ting J against θ produces a cyclic voltammogram. J is proportional to the

concentration gradient at the surface:

J = −
(
Ck

1 − Ck
0

ΔX

)
(3.56)

This is a low-order (two-point) approximation with error proportional to

ΔX , but it is quite accurate as long as ΔX is sufficiently small. As an
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alternative, an asymmetrical three-point discretisation may be used [1]:

J = −
(
−Ck

2 + 4Ck
1 − 3Ck

0

2ΔX

)
(3.57)

which has error proportional to (ΔX)2. It has been established [6] that the

use of higher-order expressions to calculate the flux does not necessarily

lead to greater accuracy, since the limiting factor is the order of the finite

difference approximations of the spatial derivatives used to represent Fick’s

second law. As we have used second-order finite difference approximations

throughout, a second-order current approximation is the most reasonable

choice. In any case, since the determination of the current is a simple

calculation performed after, and independently of, the more complicated

numerical procedures used at each timestep, any order of approximation

for the current may be used without introducing additional complexity to

the simulation.

3.4.1. Example program

The following is a simple C++ program to simulate the cyclic voltammetry

of a one-electron reduction at a macroelectrode. The program starts by

specifying the values of the five input parameters (θi, θv, σ, ΔX and Δθ)

and calculating the values of ΔT (the size of the timestep), and of n and m

(the number of space- and timesteps respectively). Next, the γ′
i coefficients

are calculated and stored in a container and a further container is created

to store the concentrations (and δ′i coefficients); additionally, a text file is

created to store the flux that is calculated at the end of each timestep.

With all this taken care of, the simulation proper begins. The simulation

consists of a loop that runs once for each timestep. Each loop iteration

consists of four steps: incrementing the potential; calculating the δ′i values

in the forward sweep; calculating the concentration profile for this timestep

in the back substitution; and finally calculating the flux and outputting it

to a text file.

Once the program has run, which could take several seconds depending

on the inputs, the result will be a text file consisting of a series of potential-

flux data points. These data can be plotted in any spreadsheet or graphing

program to yield a cyclic voltammogram. A brief introduction to C++ may

be found in Appendix A.
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#include <fstream> // Header for file output

#include <vector> // Header for vectors

#include <cmath> // Header for sqrt(), fabs()

int main()

{

// Specify simulation parameters

double theta_i = 20.0;

double theta_v = -20.0;

double sigma = 100.0;

double deltaX = 2e-4;

double deltaTheta = 0.02;

//Calculate other parameters

double deltaT = deltaTheta / sigma;

double maxT = 2 * fabs(theta_v - theta_i) / sigma;

double maxX = 6*sqrt(maxT);

int n = (int)( maxX / deltaX ); // number of spacesteps

int m = (int)( maxT / deltaT ); // number of timesteps

// Calculate Thomas coefficients

double lambda = deltaT / (deltaX*deltaX);

double alpha = -lambda;

double beta = 2.0*lambda + 1.0;

double gamma = -lambda;

// Create containers

std::vector<double> g_mod(n, 0);

std::vector<double> C(n, 1.0); // concentration profile

// Modify gamma coefficients

g_mod[0] = 0; // boundary condition

for(int i=1; i<n-1; i++) {

g_mod[i] = gamma / (beta - g_mod[i-1] * alpha);

}

// Open file to output CV

std::ofstream CV("CV_Output.txt");
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// BEGIN SIMULATION

double Theta = theta_i;

for(int k=0; k<m; k++)

{

if( k < m / 2 ) { Theta -= deltaTheta; }

else { Theta += deltaTheta; }

// Forward sweep - create modified deltas

C[0] = 1.0 / (1.0 + exp(-Theta));

for(int i=1; i<n-1; i++) {

C[i] = ( C[i] - C[i-1]*alpha )

/ ( beta - g_mod[i-1] * alpha );

}

// Back Substitution

C[n-1] = 1.0;

for(int i=n-2; i>=0; i--) {

C[i] = C[i] - g_mod[i] * C[i+1];

}

//Output current

double flux = -(-C[2] + 4*C[1] -3*C[0]) / (2*deltaX);

CV << Theta << "\t" << flux << "\n";

}

// END SIMULATION

}

3.5. Checking Results

In many cases, some property of the output of the simulation is described

by a known analytical or empirically derived expression which can be used

to test if the simulation output is correct. The peak current of a cyclic

voltammogram is the largest current recorded on the forward sweep. For an

electrode process with fully reversible electrode kinetics, the peak current of

a voltammogram in amps (A) is given by the Randles–Ševč́ık equation [7–9]

for a one-electron reversible reduction process:

Ip = −0.446 FAc∗A

√
FDAν

RT (3.58)
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where A = πε2 is the area of the macrodisc electrode surface. Now since

J =
I

FπεDAc∗A
and σ =

ε2

DA

F

RT ν (3.59)

the dimensionless peak current, Jp, is:

Jp = −0.446
√
σ (3.60)

A second metric that can be tested is the forward peak potential relative

to the formal potential of the couple, (Ep − E0
f ). This is the potential

at which the peak current is observed to occur. For a reversible process,

this is 28.5 mV which in dimensionless units is θp = 1.11 at 298 K. By

comparing the simulation’s output with this peak position and with the

Randles–Ševč́ık equation for a range of values of σ, we can test to see if

it is correct. Figure 3.3 demonstrates how cyclic voltammetry varies with

scan rate and Figure 3.4 demonstrates the agreement between simulated

results and the Randles–Ševč́ık equation.
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Fig. 3.3. Simulated cyclic voltammetry for a variety of scan rates and ΔX = 10−4,
Δθ = 0.01. σ = (a) 103, (b) 8× 102, (c) 6× 102, (d) 4× 102 and (e) 2× 102.



October 23, 2013 11:24 World Scientific Review Volume - 9in x 6in Sandhya Devi BOOK

Numerical Solution of the Model System 63

�� �� �� � � � �

��

��

��

�

�

�

�
��
�
�
��

�
�

����

Fig. 3.4. Simulated Jp (circles) for a range of values of σ and that predicted by Eq. (3.60)
(dashed line). ΔX = 10−4, Δθ = 0.01.

3.5.1. Convergence

A numerical method is said to be convergent if the numerical solution ap-

proaches the exact solution as the space and time intervals, ΔX and ΔT ,

approach zero. If the simulation is convergent, the accuracy will increase as

these intervals shrink, but so too will the runtime and memory requirements

(as we shall see in Section 3.6). Conversely, if the size of the intervals is too

large, the simulation may produce wildly inaccurate results. It is therefore

the job of the programmer to determine values of ΔX and ΔT that give

an acceptable compromise between accuracy and runtime. To do this, we

perform a convergence study; we hold all other parameters fixed and vary

the values of ΔX and ΔT (by varying Δθ in the latter case), and examine

how closely the results agree with known expressions. Figure 3.5 shows

the results of such a study for the cases where σ = 1 and σ = 1000 using

a simulation program very similar to that given in Section 3.4.1. In this

case, the simulated peak heights were compared to the current predicted

by Eq. (3.60).

In this figure we have arbitrarily specified an accuracy tolerance of

0.1% (well below the typical threshold of experimental accuracy), though

ultimately it is up to the simulation user to judge what constitutes an ac-

ceptable level of accuracy. Any pair of values (ΔX , Δθ) inside the shaded
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Fig. 3.5. Contour plots of percentage error of peak current from the Randles–Ševč́ık
equation for (a) σ = 1000; (b) σ = 1.

regions in the figure correspond to simulations with error < 0.1%. As

demonstrated, the lower the scan rate is, the greater ΔX may be while still

achieving accurate results, though the dependence on Δθ does not seem
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to vary significantly. Consequently, any pair of values (ΔX , Δθ) that give

accurate results for one scan rate will also give equally or more accurate re-

sults for lower scan rates. From Figure 3.5(a), a reasonable choice of values

would be ΔX = 2×10−4 [log(ΔX) ≈ −3.7] and Δθ = 0.2 [log(Δθ) ≈ −0.7]
which would ensure error < 0.1% for σ < 1000 in a relatively short runtime.

It may often be the case that there is no known analytical solution

that describes a property (such as peak height) of the simulated voltam-

metry. Nevertheless, it is still possible, and indeed sensible, to perform a

convergence study. Note that without a known analytical solution, the cor-

rectness of a simulation cannot be tested through a convergence study; the

programmer may have made a mistake and the simulation may be mod-

elling something other than what was intended. The study simply verifies

that the numerical model tends towards some exact solution as the size of

the spatial and temporal increments tends to zero. It is usually more simple

to test the effect of each variable in isolation. Figure 3.6(a) demonstrates

how the peak current, Jp, varies with the size of ΔX . As can be seen, the

peak current tends to a constant value as the size of the spatial increment

decreases. Without a known solution for comparison, we can still comment

on whether or not the simulation is converged by examining the rate of

change of Jp with respect to ΔX as shown in Figure 3.6(b). We can there-

fore define the solution to be converged once the value of dJp/d log(ΔX)

falls below some specified threshold.

Fig. 3.6. (a) Variation of simulated peak current with size of spatial increment; (b) first
derivative of the same. σ = 1, Δθ = 0.1.
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3.6. Performance and Runtime Analysis

A program’s runtime may be analysed in terms of the size of its inputs. For

the example program above, the preamble section (prior to the main simu-

lation loop) contains a number of variable definitions, simple calculations,

the initialisation of a stream for output, and a loop that calculates the val-

ues of the modified γ′
i coefficients. The time taken to perform the variable

definitions, calculations and stream initialisation is effectively constant for

a given machine; it is dependent only on the specifics of the computer hard-

ware and the compiler, and is independent of the program’s inputs. The

loop will take a time proportional to the size of the spatial grid, n (which is

the number of loop iterations), plus some small constant time to initialise

the loop variable. We may write that the runtime of the preamble section,

τpre, is

τpre = B1 +B2n (3.61)

where B1 is the constant time taken to initialise the variables (including the

stream and the loop increment variable, i) and perform the calculations,

and B2 is the time taken per iteration of the γ′
i loop.

The main body of the simulation is a loop that iterates m times. It

contains a number of constant-time operations and two separate loops which

each iterate approximately n times. The runtime for the main body of the

simulation is therefore

τloop = m(B3 +B4n) (3.62)

and so the total runtime of the simulation is

τ = B4mn+B3m+B2n+B1 (3.63)

It is difficult to determine a priori the value of the B constants and thus

the absolute runtime for a given machine. Therefore, we will first examine

how the runtime grows as a function of the input sizes, n and m. In our

example above, as the sizes n and m increase, the first term in Eq. (3.63)

dominates, and the other terms become less and less significant. Therefore

in the limit of large n and m

τ ≈ B4mn (3.64)
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which in terms of the program’s inputs is

τ ≈ B4
12
√
2(θv − θi)

3/2

ΔXΔθ
√
σ

(3.65)

where the lower-order terms1 are unimportant. B4 can therefore be inter-

preted as the time taken by the computer to calculate the concentration at

one space-time grid point. Its value depends on the exact structure of the

program (how many operations are performed, what kind of operations,

and in what order), the quality of the compiler (how efficiently the C++

instructions are translated into machine code) and the architecture of the

machine on which the program is running (CPU clock speed, memory la-

tency, etc.). For a particular program running on a particular machine, the

value may be easily determined; we explicitly record how long the program

takes to run for given values of m and n and calculate B4 from

B4 =
τ

mn
(3.66)

where the runtime is recorded in seconds. In Windows, the time (in

milliseconds) since the system started can be determined using the function

GetTickCount(), and similar functions are available under other operating

systems. Therefore to calculate the program’s total runtime (in ms), we

use this function once before the start of the program,

int startTime = GetTickCount();

and calculate the difference in time at the end, using the result to determine

the value of B4:

int timeElapsed = GetTickCount() - startTime;

double B4 = timeElapsed / (1000 * iterX * iterT);

Note that the <windows.h> header must be included in order to use this

function. The simulation program does not run in isolation on a computer;

the operating system must handle many tasks simultaneously and so the

simulation may not be able to use the full resources of the computer for the

whole time that it runs. Consequently, the runtime and thus the value of

1 In the analysis of algorithms [10], O notation (pronounced “big oh”) is used to describe
this relationship as the input sizes tend to large values. The notation, τ = O(mn), means
that the time as a function of m and n, τ(m,n), is bounded above by some constant
multiple of mn for all sufficiently large values of m and n.
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B4 will vary slightly each time the program is run, even if the inputs are the

same. Further, as discussed, the approximation in Eq. (3.66) will be less

accurate for smaller values of m and n. Therefore in order to establish an

accurate value for B4, we vary the size of the inputs and then calculate the

gradient dτ
d(mn) as demonstrated in Figure 3.7. On the particular machine

used to run these simulations shown in this figure, B4 ≈ 2.15× 10−8 s.
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Fig. 3.7. Runtime, τ , against the size of the space-time grid, m × n, for a series of
simulations with varying scan rate, σ, and fixed values of ΔX = 10−4, Δθ = 0.01 and
|θv − θi| = 40.

As discussed in Section 3.3, the general-purpose Gaussian elimination

algorithm for inversing dense matrices takes on the order of n3 operations,

therefore a program that used that algorithm in place of the Thomas algo-

rithm would take τ = O(mn3). Even for a small spatial grid with only 100

points, a program using the Gaussian algorithm would take 10,000 times

longer than one using the Thomas algorithm! This highlights the impor-

tance of careful algorithm selection when performing numerical simulations.

3.6.1. Memory requirements

The variables used in the program must be stored in the computer’s main

memory (RAM). While a number of variables are assigned during the course

of the program, the overwhelming majority of the memory used is consumed
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by the two vectors that are used to store Ck
i and γ′

i, each of which are of

size n. From Eq. (3.63), if θv = −20 and θi = 20

n =
53.67

ΔX
√
σ

(3.67)

Each value in each of the three arrays is of type double; these occupy 8

bytes (64 bits) of memory each. If we assume a value of ΔX = 10−4, then

the memory required in megabytes (where 1 MB = 10242 bytes) is

Size ≈ 2× 8× 537000√
σ
× 1

10242
≈ 8.2√

σ
MB (3.68)

If we assume a maximum available memory size of 4 GB, then the smallest

value of σ that we could possibly use with our current simulation would be

≈ 4× 10−6, though the runtime would be prohibitive.
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Chapter 4

Diffusion-Only Electrochemical
Problems in One-Dimensional

Systems

In the previous chapter finite difference methods were introduced for one

of the simplest situations from a theoretical point of view: cyclic voltam-

metry of a reversible E mechanism (i.e., charge transfer without chemical

complications) at planar electrodes and with equal diffusion coefficients for

the electroactive species. However, electrochemical systems are typically

more complex and some refinements must be introduced in the numerical

methods for adequate modelling.

In this chapter, some simple extensions will be considered that will en-

able the simulation of E mechanisms when the electrode reaction is sluggish

(non-reversible processes) and when the diffusivities of the electroactive

species are different. Moreover, more advanced discretisations for the spa-

tial and temporal grids will be introduced in order to increase the efficiency

of the simulation.

Finally, the cases of spherical, hemispherical and cylindrical electrodes

will be tackled, which cover the use of wire electrodes, mercury drops and

microhemispheres, and liquid-liquid interfaces. These geometries enable us

to introduce the effects due to convergent diffusion on the mass transport

and voltammetric response. Moreover, as in the case of planar electrodes,

because of the symmetry of the mass transfer field the problems can each

be reduced to only one dimension: the distance to the electrode surface in

the normal direction.

4.1. Unequally Spaced Grids

Figure 4.1 shows the variation of the reactant concentration with the dis-

tance to the electrode, x, (that is, the concentration profile) in a Cottrell

experiment under semi-infinite linear diffusion. A large overpotential is ap-

plied to the working electrode such that the reactant species is consumed

71
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very rapidly on the electrode surface (CA(x = 0) = 0). This creates a

concentration gradient in the vicinity of the electrode and consequently

the diffusion of species towards the electrode surface such that the deple-

tion layer extends towards the bulk solution as time proceeds. As a result,

the concentration profile shown in Figure 4.1 develops. This is represen-

tative of the concentration profiles of the reactant in typical voltammetric

experiments where the steepest concentration gradient occurs next to the

electrode surface. Therefore, the interval between grid points in this region

must be small enough to minimise the error of the finite difference approx-

imation. On the other hand, the concentration profiles of the electroactive

species are only slightly affected in the regions of the solution farther away

from the electrode surface.

Considering the above aspects, it is beneficial to establish a grid that

mimics the concentration profile 1 and provides a high number of points

near the electrode surface but minimises the total number, which makes

the simulation process more efficient. With this aim, unequally spaced

grids or transformation of the spatial coordinates can be employed, the

former being preferred in the simulation of electrochemical experiments [3].

In the same way, the time grid can be designed to increase the compu-

tational efficiency of the numerical simulation. Following the idea discussed

for the spatial grid, the number of timesteps must be higher at those times

when the changes in concentration with time are more significant, whereas

the time interval can be longer under conditions where the time depen-

dence of concentration is smaller. This strategy is interesting in the case

of chronoamperometry and pulse techniques where abrupt changes in con-

centration take place typically at the beginning of the application of the

potential pulses.

4.1.1. Expanding spatial grid

The distribution of nodes of the spatial grid is adjusted to concentrate a

higher number of points in the regions of the concentration profile where

changes are more significant, as can be seen in the upper scheme shown

in Figure 4.1. This region can be defined by the mass transport of the

electroactive species or by the so-called reaction layer (see Chapter 5)

1 In the case of multi-E mechanisms, kinetic fronts associated with comproportionation
reactions can take place in solution instead of next to the electrode surface. In this par-
ticular case, very dense grids or automatically adaptive grids are employed for accurate
description of the concentration profiles (see Chapter 6) [1, 2].
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Fig. 4.1. Concentration profile of species A in the Cottrell experiment at T = Tmax.
The solid line corresponds to the profile obtained with a uniform grid with h = 0.0001;
the circle points indicate the position of the spatial nodes when an expanding grid is
used with h = 0.0001 and ωX = 1.1. ΔT = 0.01. The value X/

√
Tmax is chosen as

x-axis since this gives an estimation of the distance relative to the linear diffusion layer
thickness: X/

√
Tmax = x/

√
DAtmax.

when the electron transfer is complicated by coupled chemical reactions in

solution.

Exponentially expanding grids are widely employed in the simulation

of electrochemical experiments such that the distance between consecu-

tive points of the grid expands exponentially according to the following

definition:

hi = Xi+1 −Xi = hωi
X (4.1)
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where 0 ≤ i ≤ (n − 1), hi is the distance between the points i and i + 1,

h the distance between the first two points of the spatial grid and ωX the

expansion factor (see Figure 4.1). In order to ensure that the last point of

the grid is situated at a distance ≥ 6
√
Tmax from the electrode surface, the

total number of points is adjusted.

Programmatically, it is necessary to calculate the position of every grid

point Xi at the start of a simulation. The following code fragment can be

used for such a calculation:

//Expanding grid

double omega = 1.1;

double h = 1e-4;

std::vector<double> X;

X.push_back(0.0);

while(X.back() < maxX) // where maxX = 6*sqrt(maxT)

{

X.push_back(X.back() + h);

h *= omega;

}

int n = X.size();

The position of every point in the spatial grid is stored in a vector, and the

number of spacesteps, n, is now equal to the number of elements in this

vector (rather than being calculated ahead of time).

After introducing unequal spatial intervals, the finite differences must be

reformulated. Following the central three-point approximation introduced

in Chapter 3, the second derivative can be approximated as

∂2C

∂X2
≈

Ci+1−Ci

ΔX+
− Ci−Ci−1

ΔX−
1
2 [ΔX+ +ΔX−]

(4.2)

where ΔX+ = Xi+1 −Xi(= hi), ΔX− = Xi −Xi−1(= hi−1) so that Fick’s

second law, employing the fully implicit method (backward implicit, BI)

introduced in Chapter 3, is given by

Ck
i − Ck−1

i

ΔT
=

Ck
i+1−Ck

i

ΔX+
− Ck

i −Ck
i−1

ΔX−
1
2 [ΔX+ +ΔX−]

(4.3)
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which can be rearranged as

Ck−1
i =−

[
2ΔT

ΔX2
− +ΔX+ΔX−

]
Ck

i−1

+

[
2ΔT

ΔX2
+ +ΔX+ΔX−

+
2ΔT

ΔX2
− +ΔX+ΔX−

+ 1

]
Ck

i

−
[

2ΔT

ΔX2
+ +ΔX+ΔX−

]
Ck

i+1

(4.4)

From the above equation, the coefficients αi, βi and γi for the Thomas

algorithm (see Chapter 3) can be identified:

αi = −
2ΔT

ΔX2
− +ΔX+ΔX−

(4.5)

βi =
2ΔT

ΔX2
+ +ΔX+ΔX−

+
2ΔT

ΔX2
− +ΔX+ΔX−

+ 1 (4.6)

γi = −
2ΔT

ΔX2
+ +ΔX+ΔX−

(4.7)

Note that the above coefficients reproduce those given in Chapter 3 for

equally spaced grids by making ωX → 1 so that ΔX+ = ΔX− = ΔX .

When ωX �= 1, the ΔX− and ΔX+ values are different for each point

of the grid such that the coefficients αi, βi and γi are no longer common

and their values depend on the absolute position in the grid (i.e., on the i

value). Consequently, the Thomas algorithm coefficients must be calculated

for each spatial point before starting the simulation:

// Calculate Thomas coefficients

std::vector<double> alpha(n, 0);

std::vector<double> beta(n, 0);

std::vector<double> gamma(n, 0);

for(int i=1; i<n-1; i++)

{

double delX_m = X[i] - X[i-1];

double delX_p = X[i+1] - X[i];

alpha[i] = -(2* deltaT) / ( delX_m * (delX_m + delX_p) );

gamma[i] = -(2* deltaT) / ( delX_p * (delX_m + delX_p) );

beta[i] = 1 - alpha[i] - gamma[i];

}
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The only other change required (compared to the program listed in Section

3.4.1) is to subscript all further occurrences of alpha, beta and gamma with

[i]. Note also that a two-point approximation should be sufficient for the

current calculations due to the small size of the first spacestep when using an

expanding grid. This implementation is simple and, in return, the number

of points is greatly reduced (see below) such that the use of exponentially

expanding grids significantly improves the simulation efficiency.

The distribution of the points in the grid can be adjusted by means of

the parameters h(= h0) and ωX . For example, the distribution of nodes

corresponding to ωX = 1.1 and h = 0.0001 in the Cottrell experiment are

shown in Figure 4.1. The expanding grid enables us to have a very dense

grid (X1 − X0 = 0.0001) next to the electrode surface and, at the same

time, to cover all the simulation space from X = 0 to 6
√
Tmax with only 92

points.

The optimal h and ωX values must be determined by convergence study

to ensure a compromise between accuracy and computation runtime. Thus,

small h and ωX values diminish the error of the finite difference approxi-

mation of the concentration derivatives but also involve a large number of

points and thus high consumption of computing resources. On the other

hand, the use of large h and ωX values reduces the number of points in the

grid (and so the CPU time) but can give rise to unacceptable errors.2

Other alternatives arise from the use of patching schemes that combine

uniform, expanding and compressing grids. For example, assuming that

the main changes in concentration take place next to the electrode surface,

a dense, uniform grid in that region (X ≤ Xs) can be employed followed

by an expanding grid towards the bulk solution:

for 0 ≤ X ≤ Xs : hi = h

for Xs < X : hi = hω
i−(Xs/h)+1
X

(4.8)

where Xs can be defined, for example, as a multiple of the diffusion or

reaction layer thickness.

Patching schemes are helpful in situations where there are singularities

in the concentration profiles in certain regions, such as the edge of disc

microelectrodes (see Chapter 9) or the boundary of the diffusion domain in

thin-film voltammetry, amalgamation processes and electrode arrays (see

Chapter 10). In the latter case, the domain is confined to a distance d

2 Larger expansion factors can be used with accurate results by employing more points
in the approximation of the derivatives (higher-order approximations) [4].
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from the electrode surface at which a zero-flux condition applies and a

well-defined grid may be necessary around this point such that the discreti-

sation of the spatial derivative is accurate. A simple solution is to stop the

expansion when the points are approaching the end of the diffusion domain

and use a dense, uniform grid. Another alternative arises from the use of

expanding-compressing schemes such that

for 0 ≤ X ≤ Xs : hi = hωi
X

for Xs < X : hi = hω
(n−1−i)
X

(4.9)

with 0 ≤ i ≤ (n − 1) where n is the total number of points of the spatial

grid. This will be discussed in more detail when tackling the simulation of

disc electrodes in Chapter 9.

4.1.2. Expanding time grid: Chronoamperometry and pulse

techniques

Applying the philosophy of expanding grids to time discretisation, one can

reason that the interval between timesteps can also be adjusted by placing

more points at time values where changes in concentration are more rapid.

This approach is particularly useful for the simulation of chronoamperom-

etry and potential pulse techniques.

Figure 4.2 shows how when applying a constant potential pulse, rapid

changes in concentration take place at the beginning of the pulse while

changes are much less significant at long times. This behaviour can be

followed through the time variation of the surface concentration gradient

(proportional to the current passing through the cell), the value of which

changes rapidly with time after the potential jump. Therefore, small time

intervals (ΔT ) are necessary at short times in order to ensure good accuracy

of the finite difference approximation. On the other hand, larger ΔT values

can be used at long times where the variation with time of the concentration

profiles and current response is slower.

Following the patching scheme described above for the spatial discreti-

sation, the beginning of each potential pulse can be simulated through a

uniform, dense time grid with the interval ΔT :

ΔTk = ΔT , 0 ≤ T ≤ Ts (k = 1, 2, . . . , Ts/ΔT ) (4.10)
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Fig. 4.2. Variation of the current response with time in the Cottrell experiment. The
circle points indicate the position of the timesteps when an expanding grid is used with
ΔT = 0.01 and ωT = 1.05.

then followed by an exponentially expanding time grid [5]:

ΔTk = ΔTω
k−(Ts/ΔT )
T , T > Ts (k > Ts/ΔT ) (4.11)

where ΔTk = T k−T k−1. The ωT value enables us to minimise the number

of time points (m) in the region Ts < T ≤ Tmax. Again, the ΔT and ωT

values are selected such that a suitable compromise between accuracy and

runtime is made. Note that in pulse techniques we are mainly interested in

the value of the current at the end of each pulse; therefore, when unevenly

spaced time grids are employed, the duration of the last interval is adjusted

(rather than following the expansion given by (4.11)) so that the last point

corresponds to T = Tmax.

It is worth highlighting that, analogously to the case of non-uniform

space grids, the use of unequal time intervals introduces a new dependence

in the coefficients for the Thomas algorithm (α, β and γ given by Eqs. (4.5)–

(4.7) with ΔT = ΔTk) which are now different for each timestep since the

time interval ΔTk is different for each k value. Consequently, the Thomas
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coefficients must be calculated for every timestep and so there can be situa-

tions where the use of non-uniform time grids is not advantageous in terms

of efficiency.3

The simulation of a chronoamperometric experiment for a reversible

process at a planar electrode when the diffusion coefficients of species A

and B are equal (DA = DB = D) can be tested by comparison with the

corresponding analytical equation:

I = −FADc∗A

(
1− eθc∗B/c

∗
A

1 + eθ

)
1√
πDt

(4.12)

where A is the electrode area, θ the dimensionless potential and t the time

elapsed since the beginning of the application of the potential pulse. For

error studies in chronoamperometry, limiting current conditions (i.e., for

θ → −∞ and eθ → 0) are very appropriate since these correspond to the

most demanding situation for the finite difference approximation given that

the concentration profile changes dramatically just after the application of

the potential step. Indeed, the surface concentration of the reactant species

A varies from the bulk value c∗A to 0.

A simple analytical expression is also available for the complete concen-

tration profile of species A in chronoamperometry:

cA (x, t) = c∗A −
(
c∗A − c∗Be

θ

1 + eθ

)
erfc

(
x

2
√
Dt

)
(4.13)

where erfc(x) is the complementary error function, erfc (x) = 1− erf (x) =

1 − 2√
π

x∫
0

e−t2dt. Thus, the surface concentration (x = 0, erfc(0) = 1) is

given by

cA (0) = (c∗A + c∗B)

(
1

1 + e−θ

)
(4.14)

Note that the concentration of species B at any point can be easily obtained,

since when DA = DB then necessarily cB(x, t) = c∗A + c∗B − cA(x, t).

Regarding pulse techniques, simple analytical expressions are also avail-

able [7–9] for the case of planar electrodes and equal diffusion coefficients.

3 Time integration methods more advanced than the one considered in this book (back-
ward implicit, BI) can also be employed. Indeed, the Crank–Nicholson and high-order
extrapolation methods [6] have proven to enable the reduction of the number of timesteps
(and even improve the accuracy of the simulation) with respect to BI [4].
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Thus, the current corresponding to the pth pulse in staircase cyclic voltam-

metry (SCV) is given by

ISCV = −FADc∗A (1 + c∗B/c
∗
A)√

πD

p∑
n=1

Zn√
tnp

(4.15)

in reverse pulse voltammetry (RPV) by

IRPV = − FAc∗AD√
πD (t1 + t2)

[
1− eθ2 (1 + c∗B/c

∗
A)

1 + eθ2

√
t1 + t2

t2

]
(4.16)

in differential multipulse voltammetry (DMPV) for the pth cycle by

ΔIDMPV = −FADc∗A (1 + c∗B/c
∗
A)

Zp√
πDtp

(4.17)

and in square wave voltammetry (SWV) by

ΔISWV = −FADc∗A (1 + c∗B/c
∗
A)

×
[

Zp√
πDtp

+
1√
πD

p−1∑
n=1

Zn

(
1√
tnp
− 1√

tnp−1

)]
(4.18)

where

Zn =
1

1 + eθn
− 1

1 + eθn−1
(n ≥ 1) (4.19)

where eθ0 = c∗A/c
∗
B and tnp =

p∑
j=n

tj . The potential-time programs of the

above techniques and the meaning of the different parameters are given in

Figure 4.3.

The simulation of the SCV technique is important in the analysis of

experimental cyclic voltammograms obtained with modern digital instru-

ments given that, instead of a linear ramp, these apply a sequence of pulses

with a given Es value. When a very small Es value is applied (< 0.2

mV [10]), then the response is effectively the same as in CV. However, the

minimum potential step can be restricted by equipment limitations such

that larger Es must be employed and then significant differences between

the SCV and CV responses can be expected [10]. Under these conditions,

a simple solution for the adequate analysis of the electrochemical response
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Fig. 4.3. Potential-time programs of the most frequently employed potential pulse
techniques.

would be to adapt our simulation to the actual SCV perturbation applied

by the potentiostat.4

4.2. Finite Electrode Kinetics

So far we have considered that the electrode reaction is very fast (reversible)

such that equilibrium conditions apply for the surface concentrations of

the electroactive species A and B: CA,0 = eθ CB,0. Nevertheless, electron

4 So far, the most popular solution for this problem has been to sample the current in
SCV not at the end of the pulse but at an appropriate time (sampling time, ts) so that
the SCV voltammogram is equivalent to the CV one. The optimal value for the sampling
time depends on the experimental system (electrode kinetics, reaction mechanism, step
potential, etc.) and it has been established for some frequent situations. For example, for
a reversible E mechanism at a macroelectrode there is an acceptable agreement between
SCV and CV for Es < 8 mV and ts/tp = 0.25.



October 23, 2013 11:24 World Scientific Review Volume - 9in x 6in Sandhya Devi BOOK

82 Understanding Voltammetry: Simulation of Electrode Processes

exchange reactions can involve significant changes of molecular configura-

tion such that the reaction is slow and equilibrium is not achieved in the

time scale of the experiment. Therefore it is important to investigate the

general case of finite-kinetic electron transfer processes, considering the re-

versible case as a particular situation where the electrode kinetics are very

fast with respect to the mass transport and the time scale of the experiment.

Thus, the net reaction rate is given by

I

FA
= −D

(
∂ cA(x, t)

∂x

)
x=0

= − [ kredcA(0, t)− koxcB(0, t) ] (4.20)

where kred and kox are the reduction and oxidation rate constants, the value

of which depend on the applied potential and can be related through the

Nernst equation:

kox = krede
θ (4.21)

4.2.1. The Butler–Volmer model

There are different formalisms for the modelling of the potential depen-

dence of the rate constants. The empirical Butler–Volmer (BV) model has

been the most widely used over a number of years in electrochemistry due

to its simplicity and successful quantitative description of a vast number of

electrochemical systems (in the absence of bonds being broken or formed).

According to the BV model, the rate constants show a simple exponential

dependence with the applied potential according to the following expres-

sions:

kBV
red = k0e

−αθ

kBV
ox = k0e

(1−α)θ

(4.22)

so that the electrode kinetics are parameterised as a function of the formal

potential E0
f (included in the dimensionless parameter θ), the standard

heterogeneous rate constant k0 (m s−1) and the charge transfer coefficient

α. The k0 value corresponds to the value of the rate constants at the

formal potential (kred(E = E0
f ) = kox(E = E0

f ) = k0) and it is considered

for the classification of electrode processes as reversible, quasi-reversible or

irreversible. The dimensionless parameter α can take values in the range

0 ≤ α ≤ 1 (although typical values are in the range 0.3 < α < 0.7) and can

be interpreted qualitatively as an indicator of the position of the transition

state in the reaction coordinate. Thus, the configuration of the transition
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state in a reduction process is reactant-like when α > 0.5 and product-like

when α < 0.5.

Next, we are going to deal with the implementation of the new surface

boundary condition (Eq. (4.20)) in our simulation. As mentioned before,

when the diffusion coefficients of both electroactive species are the same

the total concentration of the species at any point of the solution and at

any time is constant: cA(x, t) + cB(x, t) = c∗A + c∗B. Along with Eq. (4.21),

this enables us to rewrite Eq. (4.20) as a function of only the concentration

of species A:

D

(
∂ cA(x, t)

∂x

)
x=0

= kred
{
cA(0, t)− [c∗A + c∗B − cA(0, t)] e

θ
}

(4.23)

Attending to the dimensionless variables, X = x/ε and T = Dt/ε2, defined

in Chapter 2, we can express it as

(
∂ CA(X,T )

∂X

)
X=0

= f (θ)
k0ε

D

{
CA(0, T )− [1 + C∗

B − CA(0, T )] e
θ
}

(4.24)

where C∗
B = c∗B/c

∗
A and the form of f(θ) depends on the kinetic model

employed:

fBV (θ) = e−αθ (4.25)

fMH (θ) =
I (θ,Λ, γ)

I (0,Λ, γ)
(4.26)

where fBV corresponds to the Butler–Volmer model and fMH to the

Marcus–Hush model (see below).

Note that a new dimensionless variable appears that accounts for the

kinetics of the electrode reaction:

K0 =
k0ε

D
(4.27)

such that the smaller the K0 value, the slower the electrode process (i.e.,

the more irreversible the system).

After discretisation of the problem using a two-point approximation for

the surface gradient we obtain

CA,1 − CA,0

h
= f (θ)K0

[
CA,0 −

(
1 + C∗

B − CA,0

)
eθ

]
(4.28)
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that can be rearranged as

CA,0

[
1 + hf (θ)K0

(
1 + eθ

)]
− CA,1 = hf (θ)K0(1 + C∗

B)e
θ (4.29)

where h is the first spatial interval: h = X1−X0. Therefore, the coefficients

for the Thomas algorithm corresponding to the first point of the spatial grid

(i = 0) are now given by

α0 = 0 (4.30)

β0 = 1 + hf (θ)K0

(
1 + eθ

)
(4.31)

γ0 = −1 (4.32)

δ0 = hf (θ)K0e
θ (4.33)

For simulation purposes, altering a program that uses Nernstian equilibrium

to use instead Butler–Volmer kinetics is a simple matter of changing the

values of these coefficients (noting that f(θ) = e−αθ for BV). Once the

concentration profile of species A is calculated, that of species B can be

obtained immediately from CB,i = 1 + C∗
B − CA,i.

The effects of the dimensionless kinetic parameter K0 on the cyclic

voltammetry of an E mechanism at a macroelectrode are shown in

Figure 4.4 based on the BV model. As the K0 value decreases and the

process is less reversible, the peak current decreases and the peak poten-

tials move away from the formal potential, giving rise to an increase in the

peak-to-peak separation (which is larger than the value of 2.218RT /F mV

for reversible processes).

For slow enough kinetics (that is, fully irreversible processes), the BV

model predicts that the peak current of the forward scan is independent of

the K0 value and it scales with the square root of the scan rate according

to the following expression:

Ip,irre = −0.496FAc∗A
√
α

√
DFν

RT (4.34)

On the other hand, the position of the forward peak continues to move

away from E0
f as K0 decreases according to

θp,irre =
1

α

[
ln

(
K0√
ασ

)
− 0.78

]
(4.35)

The above equations enable us to check the accuracy of our cyclic voltam-

metry simulations in the case of slow electron transfer processes simulated

with the BV model.
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Fig. 4.4. Effect of the electrode kinetics on the cyclic voltammetry of an E mechanism
at a macroelectrode. α = 0.5, C∗

B = 0.

A simple expression is also available to test the simulated current in

chronoamperometry for non-reversible processes:

I = −FADc∗A√
Dt

(
1− eθc∗B/c

∗
A

1 + eθ

)
χ

2
exp (χ/2)

2
erfc (χ/2) (4.36)

where

χ = 2kred

√
t

D

(
1 + eθ

)
(4.37)

4.2.2. The Marcus–Hush model

The BV model has been very successful in the parameterisation and classi-

fication of the kinetics of systems where the electroactive species diffuse in

the electrolytic solution instead of being attached to the electrode surface.

On the other hand, for the case of electroactive monolayers, significant de-

viations have been reported with respect to BV predictions [11]. Moreover,

the BV model is very limited with respect to understanding the connection
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between the physico-chemical properties of the system and its kinetics and

making predictions.

To fill the above gaps, microscopic kinetic models must be employed,

the Marcus–Hush model (MH) being the preferred choice. The MH model

introduces the concept of reorganisation energy, λ (eV), which corresponds

to the energy required to distort the atomic configurations of the reactant

molecule and its solvation shell to those of the product in its equilibrium

configuration. Therefore, the λ value has a clear connection with the prop-

erties of the system and it enables us a priori estimation of the reaction

rate.

According to the asymmetric version of the MH model5 the expressions

for the oxidation and reduction rate constants are given by

kMH
red = k0

I (θ,Λ, γ)

I (0,Λ, γ)

kMH
ox = k0

I (θ,Λ, γ)

I (0,Λ, γ)

(4.38)

where Λ is the dimensionless reorganisation energy,

Λ = λ
F

RT (4.39)

and I (θ,Λ) is an integral over the energy levels of the metallic electrode of

the form6

I (θ,Λ, γ) =

∞∫
−∞

exp

[
−ΔG‡

red/ox
(ε)

RT

]
1 + exp (∓ε) dε (4.40)

where ε is a dimensionless integral variable. The integral only needs to be

calculated in the ε range where the integrand value is significant, typically

±50, leading to very good accuracy. With this aim, the most straightfor-

ward numerical integration technique is the well-known trapezium rule (see

Chapter 9).

5 The symmetric version has been demonstrated to perform poorly for redox couples
dissolved in solution [12].
6 When a double sign appears, the upper sign refers to reduction and the lower one to
oxidation.
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The activation energy of the reduction/oxidation processes

(ΔG‡
red/ox(ε)) in the asymmetric version of the MH model is calculated

from

ΔG‡
red/ox(ε)

RT =
Λ

4

(
1± θ + ε

Λ

)2

+ γ

(
θ + ε

4

){
1−

(
θ + ε

Λ

)2
}

+
Λ

16
γ2

(4.41)

where γ is the dimensionless asymmetric parameter7 that can take values

in the range −1 ≤ γ ≤ +1 (although the model is not accurate for |γ| > 1
3 ).

Thus, a positive γ value is associated with the case where the vibrational

force constants of the oxidised species are larger (in average) than the re-

duced one, and the opposite is true when a negative γ value is determined.

The |γ| value is directly related to the magnitude of these differences be-

tween vibrational force constants of oxidised and reduced species [13, 14].

Note that the well-known symmetric form of the Marcus–Hush model is a

particular case of the asymmetric model for equal average force constants

such that γ = 0.

According to all the above, in the aMH model the electrode kinetics are

parameterised in function of four parameters: E0
f , k0, λ and γ. In spite

of it having a more complex formulation than BV, only one additional

parameter has been introduced and analytical expressions are available for

the rate constants that enable simple implementation in simulations. Above

all, the aMH model provides physical insight into the factors affecting the

electrode kinetics, it enables predictions and offers suitable description of

the voltammetry of surface-bound systems.

4.3. Unequal Diffusion Coefficients

For the more general case where the electroactive species A and B have

different diffusion coefficients, we face the mathematical problem of two

species according to the diffusion equations

∂cA
∂t

= DA
∂2cA
∂x2

∂cB
∂t

= DB
∂2cB
∂x2

(4.42)

7 Not to be confused with the γi coefficients for the Thomas algorithm.
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and the corresponding boundary conditions

t = 0, x ≥ 0

t > 0, x→∞

}
cA = c∗A , cB = c∗B (4.43)

t > 0, x = 0 : DA

(
∂ cA(x, t)

∂x

)
x=0

= kredcA(0, t)− koxcB(0, t) (4.44)

t > 0, x = 0 : DB

(
∂cB(x, t)

∂x

)
x=0

= −DA

(
∂cA(x, t)

∂x

)
x=0

(4.45)

where Eq. (4.45) establishes that the flux of A reacting at the electrode is

equal to the flux of B generated by conservation of mass.

Introducing the dimensionless variables X = x/ε, T = DAt/ε
2, dB =

DB/DA and K0 = k0ε/DA the differential equation problems become

∂CA

∂T
=

∂2CA

∂X2

∂CB

∂T
= dB

∂2CB

∂X2

(4.46)

T = 0, X ≥ 0

T > 0, X ≥ Xmax

}
CA = 1 , CB = C∗

B (4.47)

T > 0, X = 0 :

(
∂ CA(X,T )

∂X

)
X=0

= f (θ)K0

[
CA(0, T )− CB(0, T )e

θ
]

(4.48)

T > 0, X = 0 : dB

(
∂CB(X,T )

∂X

)
X=0

= −
(
∂CA(X,T )

∂X

)
X=0

(4.49)

where C∗
B = c∗B/c

∗
A and Xmax = 6

√
dmaxTmax, with dmax being the largest

dimensionless diffusion coefficient.

Following the procedure detailed in Chapter 3 for the case of unequal

diffusion coefficients, with a non-uniform spatial grid, central difference

scheme for the spatial derivative and the backward implicit time integration,

the coefficients for the Thomas algorithm for species j = A, B are given by

αi,j = −dj
(

2ΔT

ΔX2
− +ΔX+ΔX−

)
(4.50)

βi,j = dj

(
2ΔT

ΔX2
+ +ΔX+ΔX−

+
2ΔT

ΔX2
− +ΔX+ΔX−

)
+ 1 (4.51)
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γi,j = −dj
(

2ΔT

ΔX2
+ +ΔX+ΔX−

)
(4.52)

Using the two-point approximation for the surface gradients, the surface

boundary conditions can be expressed as

T > 0, X = 0 :
CA,1 − CA,0

h
= f (θ)K0

[
CA,0 − CB,0e

θ
]

(4.53)

T > 0, X = 0 : dj
(
CB,1 − CB,0

)
= −

(
CA,1 − CA,0

)
(4.54)

that after discretisation take the form

Ck
0,A [1 + hf (θ)K0]− Ck

0,Bhf (θ)K0e
θ − Ck

1,A = 0

−Ck
0,A

1

dB
hf (θ)K0 + Ck

0,B

[
1 +

1

dB
hf (θ)K0e

θ

]
− Ck

1,B = 0

(4.55)

Thus, the problem is formulated in terms of both species A and B. By

ordering appropriately the equations and unknowns (concentrations of A

and B), the system becomes tridiagonal and it can be solved with the

Thomas algorithm. The left-hand side of the equation system expressed in

matrix form is given by

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

βn−1,A αn−1,A 0 . . .
γn−2,A βn−2,A βn−2,A 0 . . .

. . .
. . .

. . .

. . . 0 γ1,A β1,A α1,A 0 . . .

. . . 0 0 γ0,A β0,A α0,A 0 . . .

. . . 0 0 0 α0,B β0,B γ0,B 0 . . .

. . . 0 0 0 0 α1,B β1,B γ1,B 0 . . .

. . .
. . .

. . .

αn−2,B βn−2,B γn−2,B

αn−1,B βn−1,B

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Ck
n−1,A

Ck
n−2,A

...
Ck

1,A

Ck
0,A

Ck
0,B

Ck
1,B

...
Ck

n−2,B

Ck
n−1,B

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(4.56)

where

α0,A = −hf (θ)K0e
θ, β0,A = 1 + hf (θ)K0, γ0,A = −1, δ0,A = 0

α0,B = − 1

dB
hf (θ)K0, β0,B = 1 +

1

dB
hf (θ)K0e

θ, γ0,B = −1, δ0,B = 0

(4.57)
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4.4. Other One-Dimensional Electrode Geometries

Thus far we have considered only the case of planar macroelectrodes. Al-

though these are widely used for electrochemical experiments, they have

some drawbacks mainly due to the distorting effects arising from their large

capacitance and ohmic drop. In addition, mass transport in linear diffusion

is quite inefficient such that in the case of fast homogeneous and heteroge-

neous reactions, the response is diffusion-limited and therefore it does not

provide kinetic information.

In order to solve the above problems, miniaturisation of the working

electrode has been common practice since the 1980s [15]. Moreover, minia-

turised electrodes provide steady-state responses and enable experimen-

tal studies in very reduced volumes. From a theoretical point of view,

the simplest case corresponds to the use of spherical or hemispherical

microelectrodes given that the system can be modelled simply in a one-

dimensional coordinate system: r, the distance from the electrode centre

(see Figure 4.5). We will additionally consider the case of cylindrical elec-

trodes as these can also be modelled in one spatial dimension provided that

the length is sufficiently long such that the effect of the ends can be ignored.

rcyl rsph

z

Cylindrical Electrode Spherical Electrode

Fig. 4.5. One-dimensional coordinate systems corresponding to cylindrical and spherical
electrodes.

Fick’s second law for spherical electrodes in the one-dimensional space

defined in Figure 4.5 is given by

∂c

∂t
= D

(
∂2c

∂r2
+

2

r

∂c

∂r

)
(4.58)



October 23, 2013 11:24 World Scientific Review Volume - 9in x 6in Sandhya Devi BOOK

Diffusion-Only Electrochemical Problems in One-Dimensional Systems 91

and for cylindrical electrodes by

∂c

∂t
= D

(
∂2c

∂r2
+

1

r

∂c

∂r

)
(4.59)

In both cases, we normalise the spatial coordinate against the radius of

the electrode, re, such that the dimensionless distance, R, is given by

R =
r

re
(4.60)

Note that the simulation space is now constrained to the region 1 ≤ R ≤
1 + 6

√
Tmax; R = 0 is the point at the centre of the electrode (its interior)

so naturally the simulation space begins at R = 1 (r = re), the electrode

surface. The time is likewise normalised against the radius:

T =
Dt

r2e
(4.61)

The diffusion equations can thus be generalised as

∂C

∂T
=

∂2C

∂R2
+

ξ

R

∂C

∂R
(4.62)

where ξ = 1 for a cylindrical geometry and 2 for a spherical geometry.

If we turn now to the discretisation of Fick’s second law, the use of the

second-order central difference approximation for the first derivative leads

to

∂C

∂R
=

Ci+1 − Ci−1

ΔR+ +ΔR−
(4.63)

where

ΔR+ +ΔR− = (Ri+1 −Ri) + (Ri −Ri−1) = Ri+1 −Ri−1 (4.64)

Taking into account the above definitions and following the procedure de-

tailed in Chapter 3, we obtain the following expressions for the α, β and γ

coefficients for the Thomas algorithm of species j:

αi = dj

[
− 2ΔT

ΔR2
− +ΔR+ΔR−

+
ξ

Ri

(
ΔT

ΔR+ +ΔR−

)]
(4.65)

βi = dj

[
2ΔT

ΔR2
+ +ΔR+ΔR−

+
2ΔT

ΔR2
− +ΔR+ΔR−

]
+ 1 (4.66)

γi = dj

[
− 2ΔT

ΔR2
+ +ΔR+ΔR−

− ξ

Ri

(
ΔT

ΔR+ +ΔR−

)]
(4.67)
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Once the concentration profiles are known, the current response is calcu-

lated from

I

FA
= −DA

(
∂cA
∂r

)
r=re

(4.68)

4.4.1. Microelectrodes: Steady-state voltammetry

The study of (hemi)spherical electrodes is very interesting as the simplest

approach to analyse the effect of convergent diffusion on the voltammetric

response and introduce the concept of steady state.

When the sphere is large and/or the time scale of the experiment is

very short, the solution region affected by the electrochemical perturbation

is very small in comparison with the electrode size such that the surface of

the sphere would appear to be flat (as does the surface of the earth to the

people living on it). Under these conditions, the diffusion is approximately

linear (see Figure 4.6) and then the response is analogous to that described

for planar macroelectrodes. Thus, in cyclic voltammetry a peaked voltam-

mogram is obtained with the peak current being proportional to the surface

area. Regarding chronoamperometry, the current decays with the inverse

of the square root of time according to Cottrell’s equation.

For smaller electrodes and/or longer times, the diffusion layer thick-

ness relative to the electrode size is greater and the mass transport is more

efficient given that the ratio between the volume of solution providing elec-

troactive species and the electrode area is larger. Therefore, mass transport

by diffusion is more effective and the decay of the surface gradient with time

is reduced. Under these conditions, the chronoamperogram for an E mech-

anism of any degree of reversibility is described by the following analytical

equation provided that both diffusion coefficients are equal:

I = −FADc∗A
re

Kred

(
1− eθc∗B/c

∗
A

)
1 + (1 + eθ)Kred

×
[
1 +

(
1 + eθ

)
Kred exp (χsph/2)

2
erfc (χsph/2)

]
(4.69)

where Kred = f (θ) k0re/D and

χsph =
2
√
Dt

re

[
1 +

(
1 + eθ

)
Kred

]
(4.70)

Under diffusion-limited conditions (θ → −∞ and eθ → 0) the limiting

current is not dependent on either the behaviour of the product species
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or the electrode kinetics but only on the characteristics of the diffusion of

species A towards the electrode surface:

I = −FADc∗A
re

(
1 +

√
r2e
πDt

)
(4.71)

This equation expresses very clearly that the transition through lin-

ear and convergent diffusion mainly depends on the value of the sphericity

parameter T , that is, on the electrode size, the time scale of the experi-

ment and the diffusivity of the electroactive species. Indeed, in the limit of

very fast scan rates, σ, independently of the geometry of the electrode the

voltammetry will show peaked response with a peak current given by the

Randles–Ševč́ık equation (see Figure 4.7):

Jp = −0.446
√
σ (4.72)
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Fig. 4.7. The voltammetry peak height, Jp, as it varies with scan rate, σ, for planar,
cylindrical and spherical electrodes for K0 = 1010.

For spherical microelectrodes in the limit of low scan rates (T � 1), the

diffusive mass transport is able to keep the surface gradient constant with

time8 and the steady state is attained. Under these conditions, a sigmoidal

response is obtained in cyclic voltammetry with the current reaching a

8 We assume that the bulk solution is infinite in extent.
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plateau rather than a peak as the voltage is increased (Figure 4.6). The

cylinder will not show the same behaviour however; even though the radius

of the cylinder may be of microscale, the length is of macroscale so diffusion

to the cylinder is not totally convergent (though it does have a convergent

component).

The stationary current response at spherical microelectrodes is not de-

pendent on the scan rate, but on the applied potential according to the

following expression:

Iss = −
FADc∗A

re

Kred

1 +Kred (1 + eθ)
(4.73)

Consequently, for a given system, the reverse sweep of the voltammogram

exactly overlaps the forward one so that the voltammogram appears to only

sweep in one direction as shown in Figure 4.6.

The kinetics of a steady-state voltammogram can be extracted by ex-

amining the position of the half-wave potential, θ1/2, which is the potential

at which the current reaches half of its maximum value. The variation of

the half-wave potential with K0 is shown in Figure 4.8. In the irreversible

limit, the half-wave potential varies according to

θ1/2 =
lnK0

α
(4.74)

Fig. 4.8. The half-wave potential, θ1/2, of the steady-state voltammetry of a spherical
microelectrode as it varies with K0 for σ = 10−5.
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Chapter 5

First-Order Chemical Kinetic
Mechanisms

So far we have considered the so-called E mechanism where a simple one-

electron transfer is the only process that takes place within the time scale

of the experiments. However, in many situations the electrochemical sys-

tem is more complex and includes more than one electron transfer and/or

coupled chemical reactions, as has been discussed in Chapter 1 [1–3]. These

processes affect the concentration of the electroactive species and thus the

electrochemical response, which is the basis of the use of such techniques

for the characterisation of reaction mechanisms and kinetics.

From a theoretical point of view, the existence of coupled processes

complicates the numerical resolution of the problem. Depending on the

reaction mechanism, these complications may affect simply the form of the

coefficients of the Thomas algorithm (as in the first-order ECirre mechanism,

see Section 5.1) or, more profoundly, the resolution method due to coupled

(e.g., first-order catalytic and ECrev mechanisms, see Sections 5.2 and 5.4)

and non-linear (see Chapter 6) equation systems.

In this chapter, the case of first-order mechanisms will be considered,

analysing the changes in the corresponding differential equations, boundary

conditions and problem-solving methodology. Strategies for the resolution

of the linear equation systems resulting from discretisation will be detailed

for some representative mechanisms. The case of multiple-electron trans-

fers will also be considered. This will enable us to simulate other common

situations where the electroactive molecule transfers more than one elec-

tron.

5.1. First-Order ECirre Mechanism: Basic Concepts

The first reaction mechanism we are going to consider is the ECirre mecha-

nism, where E refers to a heterogeneous electron transfer reaction and Cirre

to an irreversible chemical reaction in solution. The ECirre case enables

99
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us to introduce some basic concepts in the resolution of diffusive-kinetic

electrochemical problems without including significant additional compli-

cations in the numerical procedure. The first-order ECirre scheme is defined

by

A + e−→← B

B
k1−→ Y

(5.1)

where k1(s
−1) is the first-order homogeneous rate constant and species Y

is assumed to be electroinactive in the potential region of study. Experi-

mentally this situation can correspond to the decomposition of species B or

to its reaction with a species that is present in a large excess such that its

concentration can be considered as constant (pseudo-first-order conditions),

such as in reactions with the solvent.

Considering the scheme (5.1), the problem includes three unknowns: the

concentrations of species A, B and Y that each depend on both time and

distance to the electrode surface. The concentration of species A in solution

is only subject to transport by diffusion such that its variation with time

and distance is described by Fick’s second law; thus, for linear diffusion,

∂cA
∂t

= DA
∂2cA
∂x2

(5.2)

Note that this does not mean that the concentration profile of species A

is equivalent to that of the E mechanism since it will be influenced by the

chemical reaction through the surface boundary conditions.1 Thus, the

chemical reaction affects the surface concentration of species B, which is

related to that of species A through the Nernst equation (for reversible

systems), or more generally, through the Butler–Volmer or Marcus–Hush

relationships. Therefore, the surface concentration of species A, and as a

consequence the whole concentration profile, will reflect the presence of the

chemical process.

Regarding species B and Y, their concentrations will undertake diffu-

sional and chemical changes simultaneously. Accordingly, an additional

term associated with the conversion of species B into Y appears in the

continuity equations

∂cB
∂t

= DB
∂2cB
∂x2

− k1cB (5.3)

1 Under diffusion-limited conditions the concentration profile of species A is unaffected
by the chemical reaction involving species B, given that in this situation the surface con-
dition establishes that cA(0, t) = 0, which is independent of species B and its reactivity.
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∂cY
∂t

= DY
∂2cY
∂x2

+ k1cB (5.4)

where for the sake of simplicity we have considered the case of a macro-

electrode, although the treatment is analogous for any other geometry

(e.g., spherical, cylindrical) by modifying the term corresponding to the

diffusion mass transport in Eqs. (5.2)–(5.4).

The corresponding boundary value problem includes zero flux at the

electrode surface for species Y given that it is supposed to be electroinactive

in the potential range of the experiments. We assume that species A is the

only one initially present in solution:

t = 0, x ≥ 0

t > 0, x→∞

}
cA = c∗A , cB = 0 , cY = 0 (5.5)

t > 0, x = 0

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

DA

(
∂ cA
∂x

)
x=0

= kredcA(0, t)− koxcB(0, t)

DB

(
∂cB
∂x

)
x=0

= −DA

(
∂cA
∂x

)
x=0(

∂cY
∂x

)
x=0

= 0

(5.6)

Considering the dimensionless parameters we have introduced in previ-

ous chapters (X = x/ε, T = DAt/ε
2, θ = F(E − E0

f )/RT , K0 = k0ε/DA,

dj = Dj/DA and Cj = cj/c
∗
A), the differential equation system and bound-

ary value problem can be rewritten as

∂CA

∂T
=

∂2CA

∂X2

∂CB

∂T
= dB

∂2CB

∂X2
−K1CB

∂CY

∂T
= dY

∂2CY

∂X2
+K1CB

(5.7)

T = 0, X ≥ 0

T > 0, X →∞

}
CA = 1 , CB = 0 , CY = 0 (5.8)
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T > 0, X = 0

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
∂ CA

∂X

)
X=0

= f (θ)K0

[
CA(0, T )− CB(0, T )e

θ
]

dB

(
∂CB

∂X

)
X=0

= −
(
∂CA

∂X

)
X=0(

∂CY

∂X

)
X=0

= 0

(5.9)

where the dimensionless chemical rate constant, K1, is defined as

K1 =
k1ε

2

DA
(5.10)

By approximating the spatial derivatives according to the central three-

point difference formula and using the backward implicit scheme, the form

of the resulting equations for species A and B are analogous to those dis-

cussed in previous chapters:

αiC
k
i−1 + βiC

k
i + γiC

k
i+1 = δi (5.11)

The only difference with respect to the E mechanism is that the coefficient

β of the Thomas algorithm for species B has an additional term associated

with the kinetics of the chemical reaction:

βi,B = dB

(
2ΔT

ΔX2
+ +ΔX+ΔX−

+
2ΔT

ΔX2
− +ΔX+ΔX−

)
+ 1−ΔTK1

(5.12)

Thus, the concentration profiles of species A and B can be obtained by

applying the Thomas algorithm as discussed in Chapters 3 and 4. Finally,

the current response corresponds to the interconversion of species A and B

at the electrode surface and is given by

I

FA
= −DA

(
∂cA
∂x

)
x=0

= −[ kredcA(0, t)− koxcB(0, t) ] (5.13)

Equation (5.12) illustrates how the concentration of species B changes

with time not only due to mass transport by diffusion but also due to the

homogeneous chemical reaction. Accordingly, in the case of fast chemical

processes (that is, large K1 value) the timesteps of the time grid required

for accurate results will be determined by the chemical process. Thus, the

value ΔTK1 is fundamental since it provides an estimation of the variation

of concentration in each timestep (ΔT ) due to the conversion of species B
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into Y. When the reaction kinetics are slow, the variation with time of the

concentrations is similar to that of diffusion-only systems and the time grid

of a simple E mechanism can be employed.

However, for fast reactions the ΔT value must be small enough such

that the chemical change in the timestep is also small and the finite dif-

ference approximation is accurate. Note that this means a serious limita-

tion if explicit methods are used for simulations given the restrictions in

the ΔT/ΔX2 value discussed in Chapter 3. When unconditionally sta-

ble methods are employed, like the backward implicit approach followed in

this book, this problem is overcome such that one can alter the temporal

and spatial grids independently, which makes the simulation much more

efficient.

In the reaction scheme (5.1) we have considered that the chemical pro-

cess is irreversible such that the concentration profiles of the electroactive

species and the electrochemical response are independent of the behaviour

of species Y. Nevertheless, if we are interested in this, the concentration

profile of Y can be calculated from that of species B:

αi,YC
k
i−1,Y + βi,YC

k
i,Y + γi,YC

k
i+1,Y = δi,Y (5.14)

where the coefficients α, β and γ are equivalent to those presented in previ-

ous chapters and the coefficient δ now contains the term K1ΔTCk
i,B. This

term is known since the profile of species B has been already obtained:

δi,Y = Ck−1
i,Y +K1ΔTCk

i,B (5.15)

Note that the zero-flux surface condition for this species, after discreti-

sation with the two-point approximation, establishes that

Ck
1,Y − Ck

0,Y

h
= 0 (5.16)

such that the coefficients for the Thomas algorithm corresponding to the

point at the electrode surface are given by

α0,Y = 0 , β0,Y = −1 , γ0,Y = 1 , δ0,Y = 0 (5.17)

where h is the first spatial interval: h = X1 −X0.

The effect of the chemical reaction on the cyclic voltammograms of the

ErevCirre mechanism at a macroelectrode is shown in Figure 5.1. For slow

chemical reactions, the forward peak is only slightly affected by the presence

of the coupled reaction whereas there is a very significant influence on the
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Fig. 5.1. Effect of the chemical kinetics on the cyclic voltammetry of the first-order
ErevCirre mechanism at a macroelectrode.

peak of the reverse scan corresponding to the electrooxidation of species

B. As expected, because of the conversion of B into the electroinactive

species Y, species B is consumed in the chemical process and the anodic

peak decreases. For fast reactions, the backward peak fully disappears and

there is a slight increase in the forward peak current (ca. 10%) with respect

to that corresponding to a reversible E mechanism and a shift to more

positive potentials. Based on the above effects, the analysis of the cyclic

voltammograms for the EC mechanism is usually performed by looking at

the ratio between the forward and reverse peak currents, which decreases

as the chemical reaction is faster. In Section 5.4 analytical solutions for the

assessment of the simulation of this mechanism are given.

5.1.1. Reaction layer

As mentioned above, the inference of chemical reactions in solution involv-

ing the electroactive species can require the refinement of the timesteps

when the chemical process is fast. Analogously, it may be necessary to

adapt the spatial grid to reflect the effect of the chemical process on the
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concentration profiles. For the case of the first-order ECirre this effect is

shown in Figure 5.2 where the concentration profiles 2 of species A, B and

Y corresponding to the peak of the cyclic voltammogram are plotted for

different rate constants of the chemical reaction, K1.

When the chemical reaction is slow, the changes in concentration take

place in a region the thickness of which is similar to the diffusion-only prob-

lem analysed in the previous chapters of this book. Therefore, the spatial

grid is also equivalent. The linear diffusion layer thickness, δd,lin, gives an

idea of the spatial region next to the electrode surface where changes of

concentration are more important such that the effect of the spatial dis-

cretisation can be analysed in terms of the number of points included in

the region 0 ≤ X ≤ δd,lin. The maximum δd,lin value is attained under

diffusion-limited conditions [4] and for (hemi)spherical electrodes of radius

re it is given by

δd,lin =

(
1

re
+

1√
πDt

)−1

(5.18)

The above expression reproduces the results for planar electrodes by making

re →∞.

As the chemical conversion of species B into Y is more rapid, the con-

centration profile of species B is compressed towards the electrode surface

so that the most significant changes of species B concentration happen in a

smaller region. Therefore, more points of the spatial grid must be placed in

this region with respect to the grid for diffusion-only systems. Within this

context, the concept of a reaction layer is introduced [5] in order to provide

an estimation of the solution region where the spatial grid must be refined.

This is defined as the zone where the chemical equilibrium breaks down,

that is, where the concentrations of the species are not in equilibrium. The

thickness of the linear reaction layer, δr,lin, for first-order reactions with k1
(s−1) and k−1 (s

−1) being the forward and backward rate constants, respec-

tively, can be estimated from the following expression for (hemi)spherical

electrodes [6]:

δreac =

(
1

re
+

√
k1 + k−1

D

)−1

(5.19)

2 The value X/
√
Tmax is chosen as x-axis since this gives an estimation of the distance

relative to the linear diffusion layer thickness of the species: X/
√
Tmax = x/

√
DAtmax.
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Fig. 5.2. Concentration profiles of species A, B and Y corresponding to a first-order
ErevCirre mechanism at a macroelectrode as the chemical kinetics are faster, that is, as
K1 increases.

The value for planar electrodes can again be deduced easily by making

re →∞: δpreac =
√

D
k1+k−1

.
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5.2. First-Order Catalytic Mechanism: Coupled Equation

Systems

As discussed in the previous section, the ECirre problem can be solved in a

similar way to a simple charge transfer by making use of the Thomas algo-

rithm. Nevertheless, there is an exception when coupled chemical processes

occur since these generally lead to the coupling of the chemical-diffusion

equation system, which prevents the use of the classical Thomas algorithm.

In this section we consider one of these situations corresponding to the

catalytic mechanism where the reactant A is regenerated by a chemical

reaction of species B in solution:

A + e− � B

B+Y
k1

�
k−1

A+ Z
(5.20)

If we assume that species Y and Z are in large excess (c∗Y, c
∗
Z � c∗A, c

∗
B), the

chemical reactions are pseudo-first-order with the rate constants k′1(s
−1) =

k1c
∗
Y and k′−1(s

−1) = k−1c
∗
Z. Thus, the differential equation system that

describes the variation of the concentrations of species A and B is given by

∂cA
∂t

= DA
∂2cA
∂x2

− k′−1cA + k′1cB

∂cB
∂t

= DB
∂2cB
∂x2

+ k′−1cA − k′1cB

(5.21)

and the boundary value problem by

t = 0, x ≥ 0

t > 0, x→∞

}
cA = c∗A, cB = c∗B (5.22)

t > 0, x = 0

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

DA

(
∂ cA
∂x

)
x=0

= kredcA(0, t)− koxcB(0, t)

DB

(
∂cB
∂x

)
x=0

= −DA

(
∂cA
∂x

)
x=0

(5.23)

Note that in this case both A and B are present in solution at the begin-

ning of the experiment in the concentrations established by the chemical

equilibrium:

Keq =
k′1
k′−1

=
c∗A
c∗B

(5.24)
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In practice it is necessary to calculate the equilibrium concentrations of

the different species from those initially added to the working solution,

ctot. In the present case, assuming that a long enough equilibration time

elapses before the measurement, the initial (equilibrium) concentrations of

the reactant species A and the product B can be calculated from the value

of the equilibrium constant (5.24) and considering that ctot = c∗A + c∗B such

that

c∗A = ctot

(
Keq

1 +Keq

)
(5.25)

c∗B = ctot

(
1

1 +Keq

)
(5.26)

After normalisation and discretisation of the problem with the central

three-point approximation for the spatial derivative and the backward im-

plicit scheme the differential equations of a point i in solution can be written

in the form

αi,AC
k
i−1,A +

(
βdif
i,A +K−1ΔT

)
Ck

i,A + γi,AC
k
i+1,A −K1ΔTCk

i,B = δi,A

αi,BC
k
i−1,B +

(
βdif
i,B +K1ΔT

)
Ck

i,B + γi,BC
k
i+1,B −K−1ΔTCk

i,A = δi,B

(5.27)

where the form of the coefficients α, βdif and γ is that given in previous

chapters for diffusion-only systems and the values of δi = Ck−1
i are known.

As can be seen in (5.27), the equations to solve have terms of more than

one species, leading to a coupled, linear equation system. This complicates

the resolution of the problem given that the Thomas algorithm cannot be

applied in its classical form (see below). Approximate methods have been

proposed in the literature to tackle this situation by forcing the uncoupling

of the diffusional and chemical changes of concentrations [7–9]. A more

general and rigorous procedure will be considered next.

By appropriate ordering of the unknowns,

[
Ck

0,A Ck
0,B Ck

1,A Ck
1,B · · · Ck

43,A Ck
43,B · · ·Ck

n−2,A Ck
n−2,B Ck

n−1,A Ck
n−1,B

]T
(5.28)

a pentadiagonal system of linear equations is obtained:

Ax = b (5.29)

where the left-hand-side term is given by
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and the right-hand-side term by[
δ0,A δ0,B δ1,A δ1,B · · · δ43,A δ43,B · · · δn−2,A δn−2,B δn−1,A δn−1,B

]T
(5.31)

with K∗
1/−1 = K1/−1ΔT and n being the number of points of the spatial

grid.

According to Eq. (5.27) the β coefficients in the coefficient matrix A

include a new term associated with the chemical process

βi,A = βdif
i,A +K−1ΔT

βi,B = βdif
i,B +K1ΔT

(5.32)

and the first equations of the system correspond to the surface conditions

as discussed in Chapter 4,

Ck
0,A [1 + hf (θ)K0]− Ck

0,Bhf (θ)K0e
θ − Ck

1,A = 0

−Ck
0,A

1

dB
hf (θ)K0 + Ck

0,B

[
1 +

1

dB
hf (θ)K0e

θ

]
− Ck

1,B = 0

(5.33)

such that the coefficients of the first two rows in Eq. (5.30) are

β0,A = 1 + hKred, γ0,A = −1, δ0,A = 0

β0,B = 1 +
1

dB
hKox, γ0,B = −1, δ0,B = 0

(5.34)

with Kred = f (θ)K0 and Kox = f (θ)K0e
θ.

As discussed in Chapter 3, the bulk condition for species j establishes

the following coefficients for the point n− 1:

αn−1,j = 0, βn−1,j = 1, δn−1,j =
c∗j
c∗A

(5.35)

For the resolution of the above problem a general algorithm for banded

linear equation systems is detailed in Section 5.3. This enables us to design

programs that cover a great variety of electrochemical processes (involving

first-order kinetics) in a very general way, including the cases that we have

studied previously, that is, the E and ECirre mechanisms. Although for the

latter more efficient simulations can be performed, noting their particular

characteristics, with modern computers the difference in terms of simulation

time is usually negligible for typical electrochemical experiments.
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Once the concentration profiles have been calculated, the current is ob-

tained from Eq. (5.13). Figure 5.3 shows the variation of the cyclic voltam-

mograms corresponding to a first-order catalytic mechanism where k−1 = 0

and the electrode reaction is fully reversible. As the chemical reaction is

faster and so the regeneration of species A, the reduction current increases

and the oxidation peak in the reverse scan disappears. Eventually, for fast

reactions (i.e., large K1 values) a sigmoidal, steady-state response is ob-

tained that in the case of (hemi)spherical electrodes when DA = DB = D

is described by the following expression [10]:

Isscat = −FADc∗A

(
1− eθc∗B/c

∗
A

1 + eθ

)(
1

re
+

√
k1 + k−1

D

)
(5.36)

Fig. 5.3. Effect of the chemical kinetics on the cyclic voltammetry of the first-order

catalytic mechanism at a macroelectrode.

A simple analytical solution is also available for transient conditions [10]:

Icat = −FADc∗A

(
1− eθc∗B/c

∗
A

1 + eθ

)[
1

re
+

√
k1 + k−1

D

(
e−χ

√
π χ

+ erf(
√
χ)

)]

(5.37)
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where

χ = (k1 + k−1) t (5.38)

Note that in both cases the response at macroelectrodes can be calculated

from Eqs. (5.36) and (5.37) by making re →∞.

5.3. LU Decomposition and Extended Thomas Algorithm

When the coefficient matrix, A, of the linear algebraic system Ax = b is

more than tridiagonal (such as in the problem of the first-order catalytic

mechanism) then the Thomas algorithm in its classical form cannot be

applied. With this aim, linear equation solvers (as well as other useful

tools for our simulations) are available, for example, for C++ in the section

“Linear Algebra” of the GNU Scientific Library (GSL).3 Among the direct

methods for solving systems of linear equations, next we consider the basics

for the resolution through the LU decomposition of A and its application to

diagonal systems that are frequently found in electrochemical simulation.

Let us consider the linear system Ax = LUx = b where the N × N

matrix A can be factorised into a lower triangular matrix L and an upper

triangular matrix U as

A =

⎛
⎜⎜⎜⎜⎜⎝

a00 a01 a02 . . . a0(N−1)

a10 a11 a12 . . . a1(N−1)

a20 a21 a22 . . . a2(N−1)

...
...

. . .

a(N−1)0 a(N−1)1 a(N−1)2 · · · a(N−1)(N−1)

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

1 0 0 . . . 0

l10 1 0 . . . 0

l20 l21 1 . . . 0
...

...
. . .

l(N−1)0 l(N−1)1 l(N−1)2 · · · 1

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝

u00 u01 u02 . . . u0(N−1)

0 u11 u12 . . . u1(N−1)

0 0 u22 . . . u2(N−1)

...
...

. . .
...

0 0 0 · · · u(N−1)(N−1)

⎞
⎟⎟⎟⎟⎟⎠

(5.39)

3 http://www.gnu.org/software/gsl.
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where the coefficients lij and uij are given by

for j = 0, 1, . . ., N − 1

uij = aij −
i−1∑
k=0

likukj , i = 0, 1, . . . , j

lij =
1

ujj

(
aij −

j−1∑
k=0

likukj

)
, i = j + 1, j + 2, . . . , N − 1

(5.40)

Note that lii = 1 (for i = 0, 1, . . . , N − 1) and the summations in all the

expressions of this section are zero when the lower limit is larger than the

upper one. Therefore we can write

Ax = (LU)x = L (Ux) = b (5.41)

and

Ly = b (5.42)

The solution of the above triangular set of equations can be performed

easily by forward substitution:

yi = bi −
i−1∑
k=0

likyk, i = 0, 1, . . . , N − 1 (5.43)

Finally, the vector x can be determined by solving Ux = y through back-

ward substitution:

xi =
1

uii

(
yi −

N−1∑
k=i+1

uikxk

)
, i = N − 1, N − 2, . . . , 0 (5.44)

The equation systems commonly found in the simulation of electrochem-

ical problems have a diagonal structure with a bandwidth 2n+1 such that

aij = 0 for j > i + n and for i > j + n. By particularising the LU de-

composition for diagonal systems (extended Thomas algorithm) the above

expressions turn into
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j = 0, 1, . . . , N − 1 :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

uij = aij −
i−1∑

k=max(0,j−n)

likukj , i = max (0, j − n) , . . . , j

lij =
1

ujj

⎛
⎝aij −

j−1∑
k=max(0,i−n)

likukj

⎞
⎠ , i = j + 1, . . . , j + n

lii = 1

yi = bi −
i−1∑

k=max(0,i−n)

likyk, i = 0, 1, . . . , N − 1

xi =
1

uii

⎛
⎝yi −

min(N−1,i+n)∑
k=i+1

uikxk

⎞
⎠ , i = N − 1, N − 2, . . . , 0

(5.45)

where max (a, b) is equal to the value of the largest argument, a or b, and

min (a, b) to the smallest one.

5.4. First-Order ECrev Mechanism: Including a Third Species

Next, the first-order ECrev mechanism will be discussed as an example of

electrochemical problems with a coupled equation system and more than

two species.4 The reaction scheme corresponding to the ECrev mechanism

can be written as

A + e− � B

B
k1

�
k−1

Y
(5.46)

where species Y is electroinactive in the potential region considered. The

differential equation system describing the mass transport under linear

diffusion and concentration changes due to the chemical reaction is given

4 The simulation of the electrochemical response of the ECirre problem does not require
consideration of species Y.
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by

∂cA
∂t

= DA
∂2cA
∂x2

∂cB
∂t

= DB
∂2cB
∂x2

− k1cB + k−1cY

∂cY
∂t

= DY
∂2cY
∂x2

+ k1cB − k−1cY

(5.47)

and the boundary conditions are equivalent to those already discussed for

the ECirre case.

After the normalisation and discretisation of the problem, the equations

corresponding to a point i in solution of the linear system to solve are given

by

αi,AC
k
i−1,A + βdif

i,AC
k
i,A + γi,AC

k
i+1,A = δi,A

αi,BC
k
i−1,B +

(
βdif
i,B +K1ΔT

)
Ck

i,B + γi,BC
k
i+1,B −K−1ΔTCk

i,Y = δi,B

αi,YC
k
i−1,Y +

(
βdif
i,Y +K−1ΔT

)
Ck

i,Y + γi,YC
k
i+1,Y −K1ΔTCk

i,B = δi,Y

(5.48)

By arranging the unknowns in the way

[
Ck

0,A Ck
0,B Ck

0,Y Ck
1,A Ck

1,B Ck
1,Y . . . Ck

n−1,A Ck
n−1,B Ck

n−1,Y

]T
(5.49)

we find that the corresponding coefficient matrix A is heptadiagonal with

the following general structure for a point i in solution:

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

. . .
. . .

. . .
. . .

. . .
. . .

. . .

. . . 0 αi,A 0 0 βi,A 0 0 γi,A 0 0 . . .

. . . 0 0 αi,B 0 0 βi,B −K−1ΔT 0 γi,B 0 . . .

. . . 0 0 0 αi,Y 0 −K1ΔT βi,Y 0 0 γi,Y . . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(5.50)

For the points situated at the electrode surface (i = 0) and bulk solution

(i = n − 1), the boundary conditions discussed in the previous sections of

this chapter apply. The resulting problem can be solved with the algorithm

for banded linear equation systems given in Section 5.3.
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5.5. Multiple-Electron Transfer Processes

It is frequent that electroactive molecules exchange more than one electron

in successive transfer steps, giving rise to multi-E mechanisms. This situa-

tion is commonly found in the electrochemistry of organic and organometal-

lic compounds [3] and biological molecules [11]. In order to show how to

tackle this problem, we consider a three-electron process involving four

electroactive species, although the same treatment is applicable to any nr

number of consecutive electrochemical processes:

A + e−→← B, E0
f,1

B+ e−→← C, E0
f,2

C+ e−→← D, E0
f,3

(5.51)

where E0
f,n is the formal potential of the nth electron transfer reaction.

Note that, depending on the E0
f,n values, homogeneous disproportiona-

tion/comproportionation reactions are thermodynamically favoured. For

example, for the first two steps the following reaction can be envisaged:

A + C
kcomp

�
kdisp

2B, Keq = exp

[(
E0
f,1 − E0

f,2

)
F

RT

]
(5.52)

Therefore, if E0
f,1 � E0

f,2, the equilibrium constant is very small and so

the disproportionation of B into A and C is thermodynamically favourable

whereas the opposite applies when E0
f,1 � E0

f,2. The effect of these reactions

on the voltammetric response is null in the case of diffusion-only problems

when the diffusion coefficients of all the species are the same, the electron

transfer processes are fast and there are no other coupled chemical processes

[12].5 Assuming that our experimental system fulfils these conditions, the

disproportionation/comproportionation reactions can be ignored such that

the differential equation system for each species j is analogous to that of

an E mechanism, which for linear diffusion takes the form

∂cj
∂t

= D
∂2cj
∂x2

(j ≡ A,B,C,D) (5.53)

5 When the experimental system differs significantly from one of these conditions, the
effect of disproportionation/comproportionation can be important and it must be in-
cluded in the simulation. This case will be discussed in Chapter 6 where second-order
chemical kinetic processes are studied.



October 23, 2013 11:24 World Scientific Review Volume - 9in x 6in Sandhya Devi BOOK

First-Order Chemical Kinetic Mechanisms 117

The surface conditions associated with the kinetics of the different electron

transfers can be expressed as

D

(
∂ cA
∂x

)
x=0

= k
(1)
redcA(0, t)− k

(1)
ox cB(0, t)

D

(
∂ cB
∂x

)
x=0

= −k(1)redcA(0, t) + k
(1)
ox cB(0, t) + k

(2)
redcB(0, t)− k

(2)
ox cC(0, t)

D

(
∂ cC
∂x

)
x=0

= −k(2)redcB(0, t) + k
(2)
ox cC(0, t) + k

(3)
redcC(0, t)− k

(3)
ox cD(0, t)

D

(
∂ cD
∂x

)
x=0

= −k(3)redcC(0, t) + k
(3)
ox cD(0, t)

(5.54)

such that the conservation of mass principle is fulfilled

D

(
∂ cA
∂x

)
x=0

+D

(
∂ cB
∂x

)
x=0

+D

(
∂ cC
∂x

)
x=0

+D

(
∂ cD
∂x

)
x=0

= 0 (5.55)

with k
(n)
red/ox being the oxidation/reduction rate constants of the nth electron

transfer reaction. Considering a two-point approximation for the surface

flux, Eqs. (5.54) turn into

Ck
1,A − Ck

0,A

h
= K

(1)
redC

k
0,A −K

(1)
ox Ck

0,B

Ck
1,B − Ck

0,B

h
= −K(1)

redC
k
0,A +K

(1)
ox Ck

0,B +K
(2)
redC

k
0,B −K

(2)
ox Ck

0,C

Ck
1,C − Ck

0,C

h
= −K(2)

redC
k
0,B +K

(2)
ox Ck

0,C +K
(3)
redC

k
0,C −K

(3)
ox Ck

0,D

Ck
1,D − Ck

0,D

h
= −K(3)

redC
k
0,C +K

(3)
ox Ck

0,D

(5.56)

where h = X1 −X0.

By arranging the unknowns in the form

[
Ck

0,A Ck
0,B Ck

0,C Ck
0,D Ck

1,A Ck
1,B Ck

1,C Ck
1,D . . .

]T
(5.57)

and assuming that only reactions (5.51) occur in the system, the first

four rows of the banded coefficient matrix corresponding to the surface
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conditions are given by

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

β0,A −hK(1)
ox 0 0 γ0,A 0 0 0 0 . . .

−hK(1)
red β0,B −hK(2)

ox 0 0 γ0,B 0 0 0 . . .

0 −hK(2)
red β0,C −hK(3)

ox 0 0 γ0,C 0 0 . . .

0 0 −hK(3)
red β0,D 0 0 0 γ0,D 0 . . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(5.58)

where

β0,A = 1+ hK
(1)
red,

β0,B = 1 + hK
(1)
ox + hK

(2)
red,

β0,C = 1 + hK
(2)
ox + hK

(3)
red,

β0,D = 1+ hK
(3)
ox ,

γ0,A = −1
γ0,B = −1
γ0,C = −1
γ0,D = −1

(5.59)

and K
(n)
red = k

(n)
0 f (n) (θ) ε/DA and K

(n)
ox = k

(n)
0 f (n) (θ) eθε/DA are the di-

mensionless reduction and oxidation rate constants of the nth electrode

process, respectively (see Chapter 4). Moreover, δ0 = 0 for all the species.

The following rows of the matrix correspond to the discretised Fickian dif-

ferential equations with the α, βdif and γ coefficients introduced previously.

The above problem can be solved with the algorithm given in Section 5.3

and once the concentration profiles are known, the total current is calcu-

lated by adding up the contributions of all the n faradaic processes. For the

example considered here corresponding to three successive electron transfer

steps, and remembering that a negative sign is assigned to the reduction

current in this book, this leads to

I

FA
= −

(
k
(1)
redcA (0, t)− k(1)ox cB (0, t)

)
−

(
k
(2)
redcB (0, t)− k(2)ox cC (0, t)

)
−

(
k
(3)
redcC (0, t)− k(3)ox cD (0, t)

)
(5.60)

Traditionally, for the sake of accuracy, the calculation of the current is car-

ried out from the surface fluxes of the electroactive species such that the

product of large and small numbers is avoided and higher-order approxi-

mations for the first derivative at the electrode surface can be employed
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to increase the accuracy. Thus, attending to Eqs. (5.54), Eq. (5.60) can be

rewritten as

I

FA
= −

{
3D

(
∂ cA
∂x

)
x=0

+ 2D

(
∂ cB
∂x

)
x=0

+D

(
∂ cC
∂x

)
x=0

}
(5.61)

In general, for a series of nr consecutive electron transfers in the form given

by (5.51), the current response can be calculated from

I

FA
= nrDA

(
∂ cA
∂x

)
x=0

+ (nr − 1)DB

(
∂ cB
∂x

)
x=0

+ (nr − 2)DC

(
∂ cC
∂x

)
x=0

· · ·+DN

(
∂ cN
∂x

)
x=0

(5.62)

5.6. Heterogeneous Chemical Processes

In this section we are going to consider the implementation of first-order

heterogeneous chemical reactions coupled to the electron transfer. In these

processes the electroactive species are transformed in a surface-catalysed

chemical process that can be characterised through a first-order rate con-

stant khet (m s−1) that is independent of the applied potential. Although a

more detailed description of these systems may need to consider the possible

adsorption/desorption of the species involved in the heterogeneous chemi-

cal transformation,6 the formalism presented in this section enables a first,

simpler description with only one additional unknown variable: khet [13].

As an example let us consider the ECirre,hetE case that corresponds to

the following scheme:

A + e− � B

B
khet−→ C

C + e−� D

(5.63)

where the coupled chemical process only takes place at the electrode surface

and so the variation in the concentrations of the species in solution is given

by Fick’s second law without additional kinetic terms. On the other hand

in the boundary value problem the surface conditions of species B and C

must include the kinetics of the chemical process:

t = 0, x � 0

t > 0, x→∞

}
cA = c∗A , cB = 0 , cC = 0 , cD = 0 (5.64)

6 The simulation of adsorption processes will be discussed in Chapter 6.
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t > 0, x = 0 :

DA

(
∂ cA
∂x

)
x=0

= k
(1)
redcA(0, t)− k

(1)
ox cB(0, t)

DB

(
∂ cB
∂x

)
x=0

= −k(1)redcA(0, t) + k
(1)
ox cB(0, t) + khetcB(0, t)

DC

(
∂ cC
∂x

)
x=0

= k
(2)
redcC(0, t)− k

(2)
ox cD(0, t)− khetcB(0, t)

DD

(
∂ cD
∂x

)
x=0

= −k(2)redcC(0, t) + k
(2)
ox cD(0, t)

(5.65)

The normalisation of Eq. (5.65) gives rise to

T > 0, X = 0 :(
∂ CA

∂X

)
X=0

= K
(1)
redCA(0, T )−K(1)

ox CB(0, T )

(
∂ CB

∂X

)
X=0

=
1

dB

{
−K(1)

redCA(0, T ) +
(
K(1)

ox +Khet

)
CB(0, T )

}
(
∂ CC

∂X

)
X=0

=
1

dC

{
K

(2)
redCC(0, T )−K(2)

ox CD(0, T )−KhetCB(0, T )
}

(
∂ CD

∂X

)
X=0

=
1

dD

{
−K(2)

redCC(0, T ) +K(2)
ox CD(0, T )

}
(5.66)

where the dimensionless rate constant of the heterogeneous chemical reac-

tion is given by

Khet =
khetε

DA
(5.67)

According to Eq. (5.66), the first rows of the coefficient matrix of the four-

species problem, with the unknowns in the order indicated by (5.57), are

given by⎛
⎜⎜⎜⎜⎜⎜⎝

β0,A −hK
(1)
ox 0 0 γ0,A 0 0 0 0 . . .

− 1
dB

hK
(1)
red β0,B 0 0 0 γ0,B 0 0 0 . . .

0 − 1
dC

hKhet β0,C − 1
dC

hK
(2)
ox 0 0 γ0,C 0 0 . . .

0 0 − 1
dD

hK
(2)
red β0,D 0 0 0 γ0,D 0 . . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .

⎞
⎟⎟⎟⎟⎟⎟⎠

(5.68)
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where

β0,A = 1+ hK
(1)
red, γ0,A = −1

β0,B = 1 +
1

dB
h
(
K(1)

ox +Khet

)
, γ0,B = −1

β0,C = 1 +
1

dC
hK

(2)
red, γ0,C = −1

β0,D = 1 +
1

dD
hK(2)

ox , γ0,D = −1

(5.69)

Regarding the current response, as discussed in Section 5.5, the total

current will be given by the sum of the contribution of the different hetero-

geneous electrochemical reactions:

I

FA
= −

{
DA

(
∂ cA
∂x

)
x=0

+DC

(
∂ cC
∂x

)
x=0

+ khetcB(0, t)

}

= −
(
k
(1)
redcA(0, t)− k(1)ox cB(0, t) + k

(2)
redcC(0, t)− k(2)ox cD(0, t)

)
(5.70)
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Chapter 6

Second-Order Chemical Kinetic
Mechanisms

In the previous chapter coupled chemical reactions that follow first-order

chemical kinetics under the experimental conditions were considered. Al-

though the resolution of the problem is more complex since (in general) we

deal with coupled equation systems and the spatial and temporal grids may

need to be refined when fast chemical processes occur, the mathematical

problem nevertheless still consists of linear equations.

In this chapter we consider cases where the chemical processes coupled

to the electron transfer follow second-order chemical kinetics such that the

linearity of the equation system is lost and new mathematical procedures

must be employed for the resolution of the corresponding kinetic-diffusion

problem. A simple alternative is the linearisation of non-linear terms such

that the product of two unknowns (typically concentrations) is expressed

as a combination of linear terms. A more general and rigorous approach is

based on the use of the Newton–Raphson method (or Newton method) for

multidimensional root finding [1]. Given that in the electrochemical prob-

lems we usually have a rough idea of the range of values of the unknowns

(i.e., the concentrations), the efficiency and accuracy of this method is usu-

ally very good within the context of electrochemical simulation.

6.1. Second-Order Catalytic Mechanism:

The Newton–Raphson Method

To introduce the problematic nature of non-linear equation systems we

study the second-order catalytic mechanism where species Y and Z are

electroinactive in the range of potentials of the experiments and their con-

centrations are not in large excess compared to the electroactive ones:

A + e− � B

B+Y
k1
�
k−1

A+ Z
(6.1)

123
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where k1 and k−1 are second-order rate constants with units M−1s−1. The

corresponding kinetic-diffusion differential equation system under linear dif-

fusion conditions is given by

∂cA
∂t

= DA
∂2cA
∂x2

+ k1cBcY − k−1cAcZ

∂cB
∂t

= DB
∂2cB
∂x2

− k1cBcY + k−1cAcZ

∂cY
∂t

= DY
∂2cY
∂x2

− k1cBcY + k−1cAcZ

∂cZ
∂t

= DZ
∂2cZ
∂x2

+ k1cBcY − k−1cAcZ

(6.2)

In the initial and bulk conditions we assume that only species A

and Y are initially present in solution at the concentrations c∗A and c∗Y,

respectively:

t = 0, x ≥ 0

t > 0, x→∞

}
cA = c∗A, cB = 0, cY = c∗Y, cZ = 0 (6.3)

Otherwise, and assuming that equilibrium conditions apply at the begin-

ning of the experiment, the initial concentrations of the species at the be-

ginning of the simulation are calculated from the corresponding chemical

speciation problem.

Regarding the surface conditions, these reflect the electroactivity of the

species in the potential range of the study:

t > 0, x = 0

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

DA

(
∂ cA
∂x

)
x=0

= kredcA(0, t)− koxcB(0, t)

DB

(
∂cB
∂x

)
x=0

= −DA

(
∂cA
∂x

)
x=0(

∂cY
∂x

)
x=0

= 0

(
∂cZ
∂x

)
x=0

= 0

(6.4)

The dimensionless form of the problem, by using the parameters and

variables introduced in previous chapters (X = x/ε, T = DAt/ε
2, θ =
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F(E − E0
f )/RT , K0 = k0ε/DA, dj = Dj/DA and Cj = cj/c

∗
A), is given by

∂CA

∂T
=

∂2CA

∂X2
+K2nd

1 CBCY −K2nd
−1 CACZ

∂CB

∂T
= dB

∂2CB

∂X2
−K2nd

1 CBCY +K2nd
−1 CACZ

∂CY

∂T
= dY

∂2CY

∂X2
−K2nd

1 CBCY +K2nd
−1 CACZ

∂CZ

∂T
= dZ

∂2CZ

∂X2
+K2nd

1 CBCY −K2nd
−1 CACZ

(6.5)

where the dimensionless form of the second-order rate constants, K2nd, is

given by

K2nd = k
c*Aε

2

DA
(6.6)

With the central three-point approximation for the spatial derivatives and

the backward implicit scheme followed in this book, the differential equa-

tions for a point i in solution are

αi,ACk
i−1,A + βi,ACk

i,A + γi,ACk
i+1,A −K2nd

1 ΔTCk
i,BC

k
i,Y +K2nd

−1 ΔTCk
i,ACk

i,Z = δi,A

αi,BC
k
i−1,B + βi,BC

k
i,B + γi,BC

k
i+1,B +K2nd

1 ΔTCk
i,BC

k
i,Y −K2nd

−1 ΔTCk
i,ACk

i,Z = δi,B

αi,YCk
i−1,Y + βi,YCk

i,Y + γi,YCk
i+1,Y +K2nd

1 ΔTCk
i,BC

k
i,Y −K2nd

−1 ΔTCk
i,ACk

i,Z = δi,Y

αi,ZC
k
i−1,Z + βi,ZC

k
i,Z + γi,ZC

k
i+1,Z −K2nd

1 ΔTCk
i,BC

k
i,Y +K2nd

−1 ΔTCk
i,ACk

i,Z = δi,Z

(6.7)

where the coefficients α, β, γ and δ are those defined in Chapters 3 and 4

for diffusion-only problems.

As anticipated, the equations of the system (6.7) are non-linear since

they contain the product of two independent variables. An approximate

way of solving the system is the linearisation of the non-linear terms. For

example, in the case of (6.7) these correspond to the product of two un-

known concentrations at the timestep k that, within the backward implicit

method, can be approximated as [2]

Ck
i,BC

k
i,Y ≈ Ck

i,BC
k−1
i,Y + Ck−1

i,B Ck
i,Y − Ck−1

i,B Ck−1
i,Y

Ck
i,AC

k
i,Z ≈ Ck

i,AC
k−1
i,Z + Ck−1

i,A Ck
i,Z − Ck−1

i,A Ck−1
i,Z

(6.8)

where the values of the concentrations of the previous timestep Ck−1 are

known.
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A more general and rigorous approach is the determination of the con-

centrations by employing a multidimensional root-finding algorithm. In-

deed, the unknown concentrations can be viewed as the roots of a set of

non-linear simultaneous equations to be zeroed, which are given by the

discretised differential equations and boundary conditions:

f0 = Ck
0,A (1 + hKred)− Ck

0,BhKox − Ck
1,A

f1 = −Ck
0,A

1

dB
hKred + Ck

0,B

(
1 +

1

dB
hKox

)
− Ck

1,B

f2 = Ck
1,Y − Ck

0,Y

f3 = Ck
1,Z − Ck

0,Z

. . .

f4i = αi,AC
k
i−1,A + βi,AC

k
i,A + γi,AC

k
i+1,A −K2nd

1 ΔTCk
i,BC

k
i,Y

+K2nd
−1 ΔTCk

i,AC
k
i,Z − δi,A

f4i+1 = αi,BC
k
i−1,B + βi,BC

k
i,B + γi,BC

k
i+1,B +K2nd

1 ΔTCk
i,BC

k
i,Y

−K2nd
−1 ΔTCk

i,AC
k
i,Z − δi,B

f4i+2 = αi,YC
k
i−1,Y + βi,YC

k
i,Y + γi,YC

k
i+1,Y +K2nd

1 ΔTCk
i,BC

k
i,Y

−K2nd
−1 ΔTCk

i,AC
k
i,Z − δi,Y

f4i+3 = αi,ZC
k
i−1,Z + βi,ZC

k
i,Z + γi,ZC

k
i+1,Z −K2nd

1 ΔTCk
i,BC

k
i,Y

+K2nd
−1 ΔTCk

i,AC
k
i,Z − δi,Z

. . .

fN−4 = Ck
n−1,A − 1

fN−3 = Ck
n−1,B

fN−2 = Ck
n−1,Y − C∗

Y

fN−1 = Ck
n−1,Z

(6.9)

where h is the distance between the first two points of the spatial grid

X1 −X0.

One of the simplest alternatives for multidimensional root finding is the

Newton–Raphson method. 1 For the sake of simplicity we introduce it by

1 The Newton–Raphson method and other algorithms for multidimensional root-finding
can be found in C++ in the section “Multidimensional Root-Finding” of the GNU
Scientific Library (GSL): http://www.gnu.org/software/gsl.
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considering the determination of the root, r, of a single function f(x) such

that

f(r) = 0 (6.10)

The Newton–Raphson method acts iteratively from an initial guess x0 that,

ideally, is successively improved in the subsequent iterations by correcting

the estimate of the previous iteration, xs, by δx until an imposed accuracy

condition is fulfilled; that is, until the new estimate xs+1 is close enough to

the real root value, r, and then f(xs+1)→ 0. From Taylor’s expansion the

value f(xs + δx) can be approximated as

f (xs + δx) ≈ f (xs) + f ′ (xs) δx+
f ′′ (xs)

2
δx2 + · · · (6.11)

and assuming that the magnitude of the correction term, δx, is small, then

the terms of the order δx2 and higher can be neglected:

f (xs + δx) ≈ f (xs) + f ′ (xs) δx (6.12)

so that

f (xs + δx) = 0 = f (xs) + f ′ (xs) δx (6.13)

and therefore the new guess is given by

xs+1 = xs + δx = xs −
f (xs)

f ′ (xs)
(6.14)

The above process is repeated to improve the last guess until the difference

between two consecutive estimates, |δx|, is smaller than a certain tolerance

level, ε, that is established at the beginning of the process. Another possible

criterion is that the value of the function |f(xs+1)| is smaller than ε.

This root-finding method is not restricted to one dimension but it can

be extended to the resolution of N simultaneous equations of N indepen-

dent variables. In our case, the N(= Np × Ns) variables correspond to

the unknown concentrations of Ns species at Np points of the spatial grid

(including the electrode surface and bulk solution boundaries):

fi (x0, x1, x2, . . . , xN−1) = 0, 0 ≤ i ≤ (N − 1) (6.15)
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By defining F as the vector of functions to be zeroed (given by (6.9) in

our case), x as the vector of estimates of the concentrations and δx as the

vector with the corrections of the estimates, we can write that

fi (x+ δx) = fi (x) +
N−1∑
j=0

(
∂fi
∂xj

δxj

)
(6.16)

which in matrix form is given by

F (x+ δx) = F (x) + J · δx (6.17)

where J is the Jacobian N ×N matrix of partial derivatives:

J =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂f0
∂x0

∂f0
∂x1

∂f0
∂x2

. . .
∂f0

∂xN−1

∂f1
∂x0

∂f1
∂x1

∂f1
∂x2

. . .
∂f1

∂xN−1

∂f2
∂x0

∂f2
∂x1

∂f2
∂x2

. . .
∂f2

∂xN−1

...
...

...
...

∂fN−1

∂x0

∂fN−1

∂x1

∂fN−1

∂x2
. . .

∂fN−1

∂xN−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(6.18)

Thus, to obtain the correction term vector δx, and then the new estimates,

x+ δx, the matrix equation to solve is

J · δx = −F (x) (6.19)

Noting the form of the functions in (6.9), and by arranging the x vector

as x0 = Ck
0,A, x1 = Ck

0,B, x2 = Ck
0,Y, x3 = Ck

0,Z, x4 = Ck
1,A, . . . , xN−1 =

Ck
n−1,Z, we can infer that the Jacobian matrix of the problem of the second-

order catalytic mechanism is nine-diagonal, where the first rows correspond-

ing to the boundary conditions of species A, B, Y and Z are given by⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(1 + hKred) −hKox 0 0 −1 0 0 0 0 . . .

− 1

dB
hKred

(
1 +

1

dB
hKox

)
0 0 0 −1 0 0 0 . . .

0 0 −1 0 0 0 1 0 0 . . .

0 0 0 −1 0 0 0 1 0 . . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(6.20)
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The following rows correspond to a point i in solution (1 ≤ i ≤ n − 2)

and, for example, for species A have the form given in (6.21) where the

coefficients α, β and γ are those defined in the absence of chemical processes

in Chapter 4:

. . . αi,A 0 0 0 (βi,A +K∗
−1x4i+3) (−K∗

1x4i+2) (−K∗
1x4i+1) (K

∗
−1x4i) γi,A . . .

(6.21)

where K∗
1/−1 = K2nd

1/−1ΔT .

Finally, the last four rows corresponding to the point at the bulk solution

i = n− 1 are given by

⎛
⎜⎜⎜⎜⎜⎝

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .

. . . 0 0 0 0 0 1 0 0 0

. . . 0 0 0 0 0 0 1 0 0

. . . 0 0 0 0 0 0 0 1 0

. . . 0 0 0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎠ (6.22)

The matrix equation (6.19) can be solved by applying the algorithm

introduced in Section 5.3 such that a better estimate of the solutions is

obtained. The process is repeated until the tolerance criterion is fulfilled

such that the concentration profiles of the different species will correspond

to the solution vector x + δx and the current response can be calculated

from the surface gradient of species A:

I

FA
= −DA

(
∂cA
∂x

)
x=0

= − [kredcA(0, t)− koxcB(0, t)] (6.23)

Figure 6.1 shows the cyclic voltammetry of the second-order catalytic

mechanism for different kinetics with k1/k−1 = 106 and the concentrations

of species A and Y being similar. For slow kinetics the effect of the coupled

reaction is analogous to that described for the first-order catalytic mecha-

nism in Chapter 5, the reduction signal of the forward scan increasing and

that of the reverse scan decreasing due to the chemical transformation of

species B into A. For fast kinetics, under the conditions of the figure, the

second-order catalytic mechanism shows a characteristic split wave in the

forward scan [3]. Thus, a prewave at positive overpotentials appears as a

consequence of the catalytic process given that species B is consumed as

soon as formed. Since Y is not present in a large excess, there is a de-

pletion of its concentration next to the electrode surface and the current

of the prewave drops. By continuing the scan, when the applied potential
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Fig. 6.1. Cyclic voltammetry of the second-order catalytic mechanism (black lines)
under linear diffusion conditions and for a fully reversible electrode reaction (grey line).

Keq = 106, C∗
Y = 1, C∗

B = C∗
Z = 0.

approaches the formal potential of the redox couple A/B, the remaining

unreacted species A is electroreduced, giving rise to the second peak.

For the application of the Newton–Raphson method detailed above we

must define the functions (as shown in (6.9)), their derivatives (i.e., the

Jacobian matrix) and the vector of initial estimates that corresponds to

the bulk concentrations of the different species for k = 0 and, subsequently,

to the concentrations of the previous timestep k−1. We also have to provide

the tolerance criterion together with a maximum number of iterations such

that a convergence error is obtained if the accuracy required is not reached

after a reasonable number of cycles. Different criteria can be imposed in a

multidimensional problem:

All |fi (x+ δx)| < ε (6.24)

N−1∑
i=0

|fi (x+ δx)| < ε (6.25)

All |δxi| < ε (6.26)

N−1∑
i=0

|δxi| < ε (6.27)
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The Newton–Raphson method has convergence problems when the ini-

tial guess is not good, that is, it is not near the root value. Fortunately,

within the context of electrochemical simulation we have a good idea of

the range of values for the roots. Thus, the guess at the beginning of the

iteration process is the concentration profile from the previous timestep

that usually, except for large potential jumps, is not very different from

that at the subsequent step. Moreover, for most of the electrochemical sys-

tems the components of the Jacobian matrix can be implemented easily in

an analytical form. Therefore, the Newton–Raphson method has proven

to work efficiently within the context of the simulation of electrochemical

experiments.

6.2. Multiple-Electron Transfers: Adaptive Spatial Grids

In the previous chapter we have introduced the case of multiple-electron

transfers (multi-E mechanisms). As discussed then, depending on the

formal potentials of the different electrochemical steps comproportiona-

tion/disproportionation reactions may be thermodynamically favourable

and may affect the voltammetry if the electron transfers are not reversible,

the diffusion coefficients of the species are different, there is mass transport

by migration or other chemical reactions take place. For example, let us

consider the case of two consecutive reduction processes (the EE mecha-

nism) where the formal potential of the second step is much more negative

than the first one:

A + e−→← B, E0
f,1

B + e−→←C, E0
f,2 � E0

f,1

(6.28)

When one or more of the conditions mentioned above do not apply, the pro-

cess (6.29) must be considered for rigorous simulation of the voltammetric

response:

A + C
kcomp

�
kdisp

2B (6.29)

that, for E0
f,2 � E0

f,1, is displaced towards the formation of species B (that

is, the comproportionation of A and C is favoured) given that the equilib-

rium constant is given by

Keq = exp

⎡
⎣F

(
E0

f,1 − E0
f,2

)
RT

⎤
⎦ (6.30)
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Fig. 6.2. Cyclic voltammetry of the EE mechanism under linear diffusion conditions
and for fully reversible electrochemical steps. E0

f,2 − E0
f,1 = −0.4 V, DA = DC = 10−5

cm2s−1, DB = 4× 10−5 cm2s−1.

As an example, Figure 6.2 shows the voltammograms of the EE mechanism

where both electron transfers are reversible, diffusion is the only active

mechanism and no side reactions take place but where the diffusion co-

efficient of species B is significantly larger than that of species A and C:

DB = 4DA/C. Under such conditions we can observe that the voltammetry

is significantly affected by the kinetics of the comproportionation reaction.

The corresponding kinetic-diffusion differential equation system to be

solved is non-linear:

∂cA
∂t

= DA
∂2cA
∂x2

+ kdispc
2
B − kcompcAcC

∂cB
∂t

= DB
∂2cB
∂x2

− 2kdispc
2
B + 2kcompcAcC

∂cC
∂t

= DC
∂2cC
∂x2

+ kdispc
2
B − kcompcAcC

(6.31)

with the boundary value problem (assuming that only species A is initially

present)

t = 0, x ≥ 0

t > 0, x→∞

}
cA = c∗A , cB = 0 , cC = 0 (6.32)
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t > 0, x = 0 :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

DA

(
∂cA
∂x

)
x=0

= k
(1)
redcA(0, t)− k

(1)
ox cB(0, t)

DB

(
∂cB
∂x

)
x=0

= −k(1)redcA(0, t) + k
(1)
ox cB(0, t) + k

(2)
redcB(0, t)− k

(2)
ox cC(0, t)

DC

(
∂ cC
∂x

)
x=0

= −k(2)redcB(0, t) + k
(2)
ox cC(0, t) (6.33)

After normalisation and discretisation of the above equations, the Newton–

Raphson method discussed in the previous section can be employed for the

determination of the concentration profiles and the current response that

is given by

I

FA
= −

{
2DA

(
∂ cA
∂x

)
x=0

+DB

(
∂ cB
∂x

)
x=0

}
(6.34)

Within non-linear problems, the present case is particularly interest-

ing because the analysis of the concentration profiles shows that a sharp

reaction front develops away from the electrode surface when the com-

proportionation reaction is very fast (see Figure 6.3). Thus, at negative

potentials where species C is formed at the electrode surface the concentra-

tion of species A drops sharply due to the fast comproportionation reaction

(diffusion limited in the conditions of the figure) and a sharp maximum in

the concentration profile of species B is observed. This is time-dependent

and moves towards the bulk solution as the scan proceeds.

In this situation, the exponentially expanding grid introduced in Chap-

ter 4 may not place enough points in the region of the front for accurate

simulation. Therefore, the spatial grid needs to be refined not only next

to the electrode surface but also around the location of the reaction front,

XF in Figure 6.3. This task is challenging considering that, in general, the

location of XF is unknown and time-dependent.

Simple solutions for this problem include the use of very dense grids and

static patching schemes. The former is reasonable for one-dimensional prob-

lems with modern computers but it can be inefficient in terms of simulation

time for multidimensional problems. Patching schemes are more efficient

since they enable the use of fewer points. As described in Chapter 4, a

high point density can be ensured next to the electrode surface and around

a point in solution (XF in this case) with an expanding-compressing grid

in between. Thus, the XF value can be adjusted for the particular system
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Fig. 6.3. Concentration profiles at the end of the forward scan of the cyclic voltammo-
grams shown in Figure 6.2.

under study from a preliminary examination of the concentration profiles

with a dense spatial grid that enables us to determine the conditions where

sharp fronts appear and the region in solution where it moves.

For a more general strategy, the use of dynamically adaptive grids has

been proposed by several authors [4, 5] as a more suitable and (in some

cases) more efficient solution for the problem of moving reaction fronts. The
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idea underlying it is that the position of the front is automatically identified

by the program and the grid is refined accordingly at every timestep. The

optimum conditions for the use of these strategies in electrochemical sim-

ulation are under study (and debate [6]) due to the difficulty of designing

simulation methods that are automatic (without prior knowledge about the

concentration profile behaviour), universal (valid for the different reaction

mechanisms, kinetics and electrochemical techniques) and still efficient.

Although the implementation and use of adaptive grids are beyond the

scope of this book, an overview of the main steps to follow will be given

next:2

1. Location of the reaction front

The first stage requires the programmer to define suitable criteria for the

identification of the regions of the spatial grid where more nodes are nec-

essary to obtain accurate values for the concentrations and concentration

gradients. With this aim, works in the field have employed the evalua-

tion of concentration gradients [7, 8], comparison of the solutions obtained

with different refinement levels [5] or the determination of the local rate of

the homogeneous chemical reactions (that is, the magnitude of the kinetic

terms of the corresponding kinetic-diffusion equation) [4]. Thus, at each

timestep a coarse or exponentially expanding grid is employed at the zero

refinement level and the regions where sharp concentration variations lead

to unacceptable errors are detected according to the criterion defined.

2. Regridding

The grid is refined in those regions that need more spatial resolution,

usually employing a uniform mesh for higher accuracy. The local problem

of each of these regions is then solved with the new local grid and the

concentration values at the limit points of the patch (already known from

the previous refinement level) as boundary conditions.

The process is repeated until all the points of the concentration profiles

fulfil the accuracy criterion. A minimum spatial interval can also be estab-

lished such that a convergence error is obtained if the accuracy required

needs more refined grids.

2 Note that the same philosophy can be applied to time discretisation such that more
timesteps are employed when the time variation of the concentration profiles is more
significant, for example, after a potential jump.
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3. Interpolation

As discussed throughout the previous chapters, for the calculation of

the concentration profiles at a given timestep, k, we need the values of the

concentrations at the same spatial nodes at the previous timestep: k − 1.

However, because the grids for k and k−1 are in general different in adaptive

grid techniques, the values Ck−1 at the nodes of the new grid need to be

calculated by suitable interpolation from the old concentration profiles.

As can be inferred from the above discussion, the implementation of adap-

tive grids is not straightforward, involves additional steps that may make

the simulation less efficient and requires the selection of suitable criteria for

the location of the moving front. Moreover, the number of experimental

systems that present sharp concentration variations away from the electrode

surface is quite limited. Therefore, the universality and value of adaptive

methods may be called into question, and their use restricted to the de-

velopment of general simulation packages where the simulation parameters

are optimized automatically.

6.3. Adsorption

In this section we consider the possibility that the electroactive species

adsorb on the electrode surface (without partial charge transfer) under

non-equilibrium conditions. Thus, both species A and B can adsorb on the

electrode surface and the electron transfer can take place with both the

species in solution (kred/ox,sol) and surface-bound (kred/ox,ads) as shown in

Figure 6.4. The treatment of electrochemical systems with adsorption is

significantly more complicated given that we must select a suitable model

to describe the adsorption process which will introduce new variables, un-

certainties and approximations. Moreover, as will be discussed below, in

general the models will lead to non-linear terms in the mathematical prob-

lem. For all the above reasons, it is common practice to try to minimise the

incidence of adsorption by means of the experimental conditions (mainly

the electrode material and solvent). However, in some situations adsorp-

tion cannot be avoided (being even intrinsic to the process under study) or

it can be desirable as in the modification of electrodes with electroactive

monolayers for electroanalysis or electrocatalysis.

When considering the adsorption of the electroactive species A and B,

two new independent variables arise that correspond with the amounts of
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Fig. 6.4. Reaction scheme including the adsorption of electroactive species.

species A, ΓA (mol m−2), and species B, ΓB (mol m−2), adsorbed on the

surface. Consequently, two new equations are included in the system given

by the variation of ΓA and ΓB with time as a result of the electron transfer

reaction and the adsorption/desorption process (see Figure 6.4):3

dΓA

dt
= vads,A − vdes,A − kadsredΓA + kadsox ΓB

dΓB

dt
= vads,B − vdes,B + kadsredΓA − kadsox ΓA

(6.35)

where kadsred/ox(s
−1) are the electrochemical rate constants and vads/des,j the

rates of adsorption/desorption of the corresponding species j. Different

forms for these rates can be employed. A frequent choice is the Langmuir

adsorption isotherm that provides a realistic description of many processes

without prohibitive additional complications in the numerical simulation.

3 For the sake of simplicity we assume here that the adsorbed species are not involved
in coupled chemical processes. If so, the corresponding kinetic terms must be added in
Eq. (6.35).
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According to this model, the rates of adsorption and desorption with two

adsorbing species that compete for the same surface sites are given by

vads,j = kjadsc0,j [Γmax,j − (ΓA + ΓB)]

vdes,j = kjdesΓj

(6.36)

where kjads (mol−1m3s−1) and kjdes (s
−1) are the adsorption and desorption

rate constants of species j, and Γmax,j the maximum surface concentration

that we are going to assume to be equal for both species: Γmax,A = Γmax,B =

Γmax.

The occurrence of adsorption obviously affects the surface condition

of species A and B in solution and now this is determined not only by the

electron transfer reaction but also by the corresponding adsorption process.

Thus, taking into account Eqs. (6.35) and (6.36) the surface fluxes are given

by

DA

(
∂cA
∂x

)
= ksolredc0,A − ksolox c0,B + kAadsc0,A [Γmax − (ΓA + ΓB)]− kAdesΓA

DB

(
∂cB
∂x

)
= −ksolredc0,A + ksolox c0,B + kBadsc0,B [Γmax − (ΓA + ΓB)]− kBdesΓB

(6.37)

After normalisation, Eqs. (6.35) and (6.37) become

dξA
dT

= −Kads
red ξA +Kads

ox ξB +KA
adsβC0,A [1− (ξA + ξB)]−KA

desβξA

dξB
dT

= Kads
red ξA −Kads

ox ξB +KB
adsβC0,B [1− (ξA + ξB)]−KB

desβξB

(
∂CA

∂X

)
= Ksol

redC0,A −Ksol
ox C0,B +KA

adsC0,A [1− (ξA + ξB)]−KA
desξA

(
∂CB

∂X

)
=

1

dB

{
−Ksol

redC0,A +Ksol
ox C0,B +KB

adsC0,B [1− (ξA + ξB)]−KB
desξB

}
(6.38)

where T , X , dj and Cj have been defined in Chapters 2 and 4, and ξj =

Γj/Γmax is the relative surface coverage.

The dimensionless rate constants for adsorption and desorption are as-

sumed to be potential-independent and given by

Kj
ads =

kjadsΓmaxε

DA

Kj
des =

kjdesΓmaxε

c∗ADA

(6.39)
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and the dimensionless saturation parameter β by

β =
c∗Aε

Γmax
(6.40)

The dimensionless, potential-dependent electrochemical rate constants

of the adsorbed species Kads
red/ox are given by

Ksol
red/ox =

ksolred/oxε

DA

Kads
red/ox =

kadsred/oxε
2

DA

(6.41)

Generally, the electrochemical rate constants are different for the surface-

bound and solution-phase redox couples that, within the Butler–Volmer

formalism,4 means they can have different values of the standard rate

constant (ksol0 , kads0 ), transfer coefficient (αsol, αads) and formal potential

(E0,sol
f , E0,ads

f ). Note that the latter are related through the adsorption

equilibrium constants, kjads/k
j
des, as

E0,ads
f = E0,sol

f − RT
F

ln

(
kAads/k

A
des

kBads/k
B
des

)
(6.42)

Regarding the initial conditions for the surface coverage, different sce-

narios can be envisaged depending on whether the electrochemical mea-

surements depart from equilibrium conditions or not. Assuming the former

situation and the Langmuir isotherm for the adsorption process the initial

conditions of the problem are given by

T = 0

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

CA = 1

CB = C∗
B

ξA =
KA

ads/K
A
des

1 +KA
ads/K

A
des + C∗

BK
B
ads/K

B
des

ξB =
KB

ads/K
B
des

1 +KA
ads/K

A
des + C∗

BK
B
ads/K

B
des

(6.43)

4 In the case of surface-bound redox couples the asymmetric Marcus–Hush model needs
to be used since the Butler–Volmer model has been found inappropriate for the descrip-
tion of the voltammetry of these systems [9].
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Next, let us consider the discretisation of the new equations of the sys-

tem by following the two-point approximation for the surface derivatives

and the backward implicit scheme:

ξkA − ξk−1
A

ΔT
= −Kads

red ξ
k
A +Kads

ox ξkB +KA
adsβC

k
0,A

[
1−

(
ξkA + ξkB

)]
−KA

desβξ
k
A

ξkB − ξk−1
B

ΔT
= Kads

red ξ
k
A −Kads

ox ξkB +KB
adsβC

k
0,B

[
1−

(
ξkA + ξkB

)]
−KB

desβξ
k
B

Ck
1,A − Ck

0,A

h
= Ksol

redC
k
0,A −Ksol

ox Ck
0,B +KA

adsC
k
0,A

[
1−

(
ξkA + ξkB

)]
−KA

desξ
k
A

Ck
1,B −Ck

0,B

h
=

1

dB

{
−Ksol

redC
k
0,A +Ksol

ox Ck
0,B +KB

adsC
k
0,B[1− (ξkA + ξkB)]−KB

desξ
k
B

}
(6.44)

where h is the first spatial interval. The rest of the equations of the system

correspond to the mass transport of species A and B in solution and the

bulk conditions and so they are equivalent to those of a simple electron

transfer process (see Chapters 3 and 4).

As can be seen in (6.44), the third term on the right-hand side of the

equations introduces non-linear terms in the problem and its resolution can

be carried out with the Newton–Raphson method. Thus, the first rows of

the Jacobian matrix, with the variables in the order x0 = ξkA, x1 = ξkB, x2 =

Ck
0,A, x3 = Ck

0,B, x4 = Ck
1,A, x5 = Ck

1,B . . . are given by

J =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂f0

∂ξkA

∂f0

∂ξkB

∂f0

∂Ck
0,A

0 0 . . .

∂f1

∂ξkA

∂f1

∂ξkB
0

∂f1

∂Ck
0,B

0 . . .

∂f2

∂ξkA

∂f2

∂ξkB

∂f2

∂Ck
0,A

∂f2

∂Ck
0,B

∂f2

∂Ck
1,A

0 0 . . .

∂f3

∂ξkA

∂f3

∂ξkB

∂f3

∂Ck
0,A

∂f3

∂Ck
0,B

0
∂f3

∂Ck
1,B

0 . . .

0 0
∂f4

∂Ck
0,A

0
∂f4

∂Ck
1,A

0
∂f4

∂Ck
2,A

0 0 . . .

0 0 0
∂f5

∂Ck
0,B

0
∂f5

∂Ck
1,B

0
∂f5

∂Ck
2,B

0 . . .

. . .
. . .

. . .
. . .

. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(6.45)
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A simple preliminary elimination step in the equation system is necessary

to reduce the Jacobian matrix to pentadiagonal form (that is, to remove

the term ∂f3
∂ξkA

):

row4 = row4− row3×
(
∂f3

∂ξkA

/
∂f2

∂ξkA

)
(6.46)

Subsequently the extended Thomas algorithm discussed in Section 5.3 can

be employed to proceed with the iterative Newton–Raphson method and

calculate the concentration profiles and ΓA/B values. Once these are known,

the current response is given by the contributions of both electron transfer

processes:

I

FA
= −

{[
ksolredcA (0, t)− ksolox cB (0, t)

]
+

[
kadsredΓA (t)− kadsox ΓB (t)

]}

= −
[
DA

(
∂cA
∂x

)
x=0

−
(
dΓA

dt

)]
(6.47)

which can be rewritten in its dimensionless form as

I

πεFDAc∗A
= −

{(
∂CA

∂X

)
X=0

− 1

β

(
dξA
dT

)}
(6.48)

A complete analysis of the effects of adsorption on the voltammetry is

difficult given the number of different situations that can be found, mainly

determined by the adsorption strength of the electroactive species, the time

scale of the experiment and the electron transfer kinetics. The schematic in

Figure 6.5 summarises some of the main features of cyclic voltammograms

in the presence of adsorption of the electroactive species. For the sake of

simplicity, the electron transfer processes are assumed to be fully reversible.

When the formal potentials of the adsorbed and non-adsorbed redox

couples are similar, a single wave is obtained where the contribution of

the electron transfer involving the adsorbed species increases with the scan

rate. Thus, there is a transition from diffusional-shaped voltammograms at

slow scan rates to adsorptive-shaped at fast scan rates. To understand this

behaviour and illustrate the characteristics of adsorptive voltammograms

let us consider the response in cyclic voltammetry of a monolayer of species

A that undergoes a one-electron, fully reversible electron transfer:

I

FA
= ∓ νF

RT Γtotal

exp
[
− F

RT

(
E − E0,ads

f

)]
{
1 + exp

[
− F

RT

(
E − E0,ads

f

)]}2 (6.49)
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Fig. 6.5. Different situations in the voltammetry of systems with adsorption of the
electroactive species where the electron transfers are assumed to be reversible.
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where Γtotal is the total surface coverage, Γtotal = ΓA + ΓB, and the upper

sign refers to the cathodic scan and the lower one to the anodic scan.

As can be seen in Figure 6.5, the signal of an electroactive monolayer

is quite different from that of an electroactive species diffusing in solution.

Thus, considering a reversible process, the voltammograms are symmetric

with respect to E0,ads
f and the potential axis such that both the reduction

and oxidation peaks are situated at E0,ads
f and show the same peak height:

Ipeak
FA

= ∓ νF

4RT Γtotal (6.50)

The magnitude of the peaks scale with the scan rate and not with the

square root of the scan rate as they do for solution-phase redox couples.

Consequently, the relative effect of adsorption on voltammetry will increase

as the time scale of the experiment decreases.

When one of the species adsorbs much more strongly than the other, the

formal potentials will be very different according to Eq. (6.42). If the prod-

uct species B is adsorbed more strongly (kBads/k
B
des � kAads/k

A
des) the wave of

the surface-attached redox couple is shifted towards less negative potentials

(the reduction of adsorbed A is energetically easier than that of the solution-

phase form) and a prewave is observed. On the other hand, when the ad-

sorption of the reactant species A is much stronger, then E0,ads
f � E0,sol

f

and a postwave is obtained. As discussed above, the pre- and postwaves

will be more apparent as the scan rate is increased.
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Chapter 7

Electrochemical Simulation in
Weakly Supported Media

In many electrochemical measurements a large excess of inert supporting

electrolyte is added to the solution containing the species under study. This

compresses the electrical double layer (EDL) to a very narrow region around

the electrode surface and compensates for the negative (electroreduction)

or positive (electrooxidation) charge created by electrolysis such that the

local solution resistivity is reduced. As a result, the simulation and inter-

pretation of results is greatly simplified since it can be assumed that there is

no electric field affecting the concentration profiles of the ionic species that

extend from the plane of electron transfer (PET)1 to bulk solution. The

electric potential gradient is restricted to within the EDL so that trans-

port is then exclusively diffusional when macro- and microelectrodes are

employed.2

The diffusion-only approach yields accurate results for typical experi-

mental conditions where the concentration of the supporting salt is above

0.1 M, which is usually more than 100 times the concentration of the elec-

troactive species [2]. However, under some circumstances the addition of

such a large excess of supporting electrolyte is not advisable, as in the

case of biological samples, or even impossible, as in non-polar solvents.

In other situations the voltammetry with low concentration of supporting

electrolyte can provide additional information with respect to diffusion-

only voltammetry. For example, as discussed in Chapter 6, conventional

voltammetry may be blind to comproportionation reactions taking place

in multiple-electron transfer processes, whereas they can be characterised

in the absence of excess of supporting electrolyte [3]. Finally, understand-

ing the electrochemical behaviour of species subject to both diffusional and

1 The plane of electron transfer is, in reality, a zone given that the transfer can occur
some distance away from the outer Helmholtz plane (OHP) via tunnelling [1].
2 In the case of nanoelectrodes the thickness of the depletion and diffuse layers is typically
comparable and then the rigorous simulation of the system must include an appropriate
description of the EDL.

145
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migrational fields is essential for the progress of nanoelectrochemistry where

the diffuse layer penetrates significantly into the depletion one.

From a theoretical point of view, the rigorous treatment of weakly sup-

ported media is complex and needs to include several additional aspects

with respect to fully supported conditions. First, the negative or positive

excess charge generated during electrolysis is not neutralised effectively by

the supporting electrolyte ions such that an electric field develops in solu-

tion which is more intense in the vicinity of the electrode surface. This will

affect both the mass transport of the ions in solution as well as the effec-

tive driving force for electron transfer at the PET. Moreover, the electrical

double layer extends farther into solution and the corresponding electric

potential will also affect the concentration profiles of ionic species and the

electron transfer kinetics.

In this chapter we focus on the first aspect mentioned above, that is,

the electric potential due to the charge generated by electrolysis, which has

been found to be the predominant factor that defines the electrochemical

response in weakly supported media at macro- and microelectrodes [1, 4].

The latter are usually employed for electrochemical measurements in resis-

tive media given that the dispersion of the charge (i.e., the mass transport

of ions) is more efficient and so the results differ less with respect to those

predicted for fully supported conditions. The case of macroelectrodes is also

interesting in order to establish the experimental conditions under which

distorting effects due to the potential drop are not significant and so the

results for diffusion-only problems can be applied. Accordingly, in this

chapter we consider the case of (hemi)spherical electrodes that corresponds

to a one-dimensional problem and which enables us to move between the

limits of linear and steady-state diffusion.

7.1. The Nernst–Planck–Poisson Problem

For the sake of simplicity we will tackle the case of a one-electron transfer

(7.1), although the same methodology here described has been successfully

applied to the study of a number of systems with different mechanisms, in-

cluding comproportionation reactions [3] and amalgamation processes [5],

and using different electrochemical techniques: chronoamperometry [4],

cyclic voltammetry [6] and multipulse voltammetries [7].

In the resolution of the problem we consider the electroactive species

(AzA and B zB =zA−1) involved in the faradaic process

AzA + e− � BzA−1 (7.1)
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as well as the electroinactive cation, M zM , and anion, X zX , present in so-

lution that can proceed from the salt of the electroactive species and/or

the added supporting electrolyte. Usually we consider the case MX so that

zM = −zX.
The conversion of species AzA into BzA−1 in weakly supported media

will give rise not only to a concentration gradient in solution but also to an

electric potential gradient. Consequently, a charged species j in solution

will be subject to transport by diffusion and migration that is described by

the Nernst–Planck equation:

jj = −
[
Dj

(
∂cj
∂r

)
+Dj

zjF

RT cj

(
∂φ

∂r

)]
(7.2)

where zj is the electric charge of species j, jj the flux and φ (V) the electric

potential in solution. The first term on the right-hand side corresponds to

the diffusional contribution to the flux and the second to the migrational

one.

From Eq. (7.2), mass conservation establishes that the variation of the

concentration of species j with time and distance to the (hemi)spherical

electrode is given by

∂cj
∂t

= Dj

(
∂2cj
∂r2

+
2

r

∂cj
∂r

)
+Dj

zjF

RT

(
∂cj
∂r

∂φ

∂r
+ cj

∂2φ

∂r2
+ cj

2

r

∂φ

∂r

)
(7.3)

Apart from the electroactive and electroinactive species in solution (A,

B, M and X), we also need to include the description of the electric potential

in the simulation. The Poisson equation relates the potential φ with the

local electric charge density, ρ (C cm−3):

∂2φ

∂r2
+

2

r

∂φ

∂r
= − ρ

εsε0
(7.4)

where εs is the relative permittivity of the solvent medium (e.g., ca.

80 for water at room temperature), ε0 the permittivity of free space

(8.85 × 10−12 F m−1) and the local charge density is calculated from the

concentration and charge of all the ions

ρ = F
∑
j

zjcj (7.5)

For the resolution of the above differential equations we need one tem-

poral and two spatial boundary conditions for each unknown, that is, the
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concentrations of the chemical species and the electric potential. As dis-

cussed in previous chapters, the temporal condition corresponds to the

beginning of the experiment (t = 0) whereas the spatial ones correspond to

the electrode surface (r = re) and the bulk solution (r →∞). Thus, for the

chemical species the boundary value problem reflects whether they are ini-

tially present in solution and whether they are electroactive or electroinert

in the potential range of the study:

t = 0, r ≥ re
t > 0, r →∞

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

cA = c∗A, cB = 0

cM = c∗sup, cX = c∗sup + zAc
∗
A if zA > 0

or

cM = c∗sup − zAc
∗
A, cX = c∗sup if zA < 0

(7.6)

t > 0, r = re :⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

DA

(
∂ cA
∂r

)
r=re

+
zAF

RT DAcA

(
∂φ

∂r

)
r=re

= kredcA(re, t)− koxcB(re, t)

DB

(
∂cB
∂r

)
r=re

+
(zA − 1) F

RT DBcB

(
∂φ

∂r

)
r=re

= −DA

(
∂cA
∂r

)
r=re

− zAF

RT DAcA

(
∂φ

∂r

)
r=re

DM

(
∂cM
∂r

)
r=re

+
zMF

RT DMcM

(
∂φ

∂r

)
r=re

= 0

DX

(
∂cX
∂r

)
r=re

+
zXF

RT DXcX

(
∂φ

∂r

)
r=re

= 0

(7.7)

where csup is the added concentration of supporting electrolyte MX and we

have assumed that the counterion of species A is M if zA < 0 or X if zA > 0.

Finally, the current can be calculated from the surface flux of the reactant

species A:

I

FA
= −

{
DA

(
∂ cA
∂r

)
r=re

+
zAF

RT DAcA

(
∂φ

∂r

)
r=re

}
(7.8)

It is important to highlight that the reduction/oxidation rate constants

in (7.7), kred/ox, are defined by the real driving force experienced by the

electroactive species, which differs from the applied potential, E, under
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Fig. 7.1. Cyclic voltammetry (left) and time variation of the potential difference be-
tween the working electrode and the electron transfer place (right) for an electron transfer
under fully supported (solid line) and weakly supported (dashed line) conditions.

weakly supported conditions as can be seen in Figure 7.1. Because of the

charge excess that builds up adjacent to the working electrode as a re-

sult of the electrode reaction, the potential at the tunnelling distance is

different from that at the bulk solution. Comparing both graphs in Fig-

ure 7.1 we can infer that, during the electroreduction of A, the negative

charge accumulated near the electrode gives rise to a more negative po-

tential at the PET than in bulk solution and so a smaller driving force

for reduction: (φWE − φPET) > (φWE − φbulk)(= E). The opposite situ-

ation is found when species B is oxidised to A such that, at some point,

a positive charge excess appears adjacent to the working electrode and

(φWE−φPET) < (φWE−φbulk). Consequently there is a loss in the driving

force for electron transfer such that the overpotential that the electroactive

species “feels” (dashed line in Figure 7.1) is, in general, smaller than the

applied one (solid line in Figure 7.1). Within the Butler–Volmer formalism,

this situation can be expressed as

kred = k0 exp

[
− αF

RT
(
E − E0

f −Δφ
)]

kox = k0 exp

[
(1− α) F

RT
(
E − E0

f −Δφ
)] (7.9)

where Δφ = φPET−φbulk is the difference between the electric potential at

the point in solution immediately adjacent to the electrode surface (at the

edge of the double layer) and the bulk solution. Therefore, Δφ represents

the loss of driving force.

Regarding the boundary conditions for the electric potential, initially

uniform concentration profiles are assumed and a null value is assigned to
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the corresponding uniform potential profile: φ(r, t = 0) = 0. During the ex-

periments, electroneutrality is maintained in bulk solution. Consequently,

the potential drop tends towards zero as r tends to infinity but this oc-

curs beyond the depletion layer which thus requires the extension of the

diffusion-only simulation space (and then the simulation runtime) or the

transformation of the space coordinate [4]:

y = 1− re
r

(7.10)

such that y = 0 corresponds to the electrode surface and y = 1 to an infinite

distance where φ(y = 1, t) = 0. Another alternative that will be employed

here is the partial resolution of the Poisson equation for rmax < r < ∞
where the solution is electroneutral. As discussed in previous chapters, rmax

is usually placed in the simulation space at re+6
√
Dmax tmax. Accordingly,

Eq. (7.4) shows that

∂2φ

∂r2
+

2

r

∂φ

∂r
= 0 (7.11)

and, considering that φ = 0 for r → ∞, it leads to the following outer-

boundary condition for the electric potential:

rmax

(
∂φ

∂r

)
r=rmax

+ φ (rmax) = 0 (7.12)

With respect to the surface condition for φ, the zero-field approximation

(Eq. (7.13)) introduced by Streeter and Compton [4] has proven to provide

accurate results when the size of the electrode is not at the nanoscale (Re ≥
103 [8], see Eq. (7.16)): (

∂φ

∂r

)
r=re

= 0 (7.13)

This condition implies that the electrical double layer has a negligible thick-

ness with respect to the depletion layer, and that the charge within it bal-

ances that of the electrode (see Figure 7.2) such that the electric field is

null at the edge of the EDL corresponding to the electron transfer distance:

r = rPET (corresponding to re in the simulation space within the present

treatment). Therefore, a detailed description of the double layer is not

necessary (unless the dimensions of the electrode are nanometric), which

greatly simplifies the simulation and makes it more efficient since less dense

spatial and temporal grids are employed.
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Fig. 7.2. Schematic of the system (left) and the zero-field approximation (right).

Next, let us consider the normalisation of the Nernst–Planck–Poisson

system of equations according to the definitions already introduced in previ-

ous chapters (R = r/re, T = DAt/r
2
e , θ = F(E −E0

f )/RT , K0 = k0re/DA,

dj = Dj/DA and Cj = cj/c
∗
A with j = A,B,M,X):

∂Cj

∂T
= dj

(
∂2Cj

∂R2
+

2

R

∂Cj

∂R

)
+ djzj

(
∂Cj

∂R

∂Φ

∂R
+ Cj

∂2Φ

∂R2
+ Cj

2

R

∂Φ

∂R

)

∂2Φ

∂R2
+

2

R

∂Φ

∂R
= −R2

e

∑
j

zjCj
(7.14)

where the dimensionless potential is defined as

Φ = φ
F

RT (7.15)

and

Re = re

√
F2c∗A
RT εsε0

(7.16)

which represents the relative scale of the electrode compared to the Debye

length.

The dimensionless form of the boundary conditions, taking into account

the zero-field approximation ((∂φ/∂r)r=re
= 0), is given by

T = 0, R ≥ 1

T > 0, R = Rmax = 1 + 6
√
dmaxTmax
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

CA = 1

CB = 0

Φ (T = 0) = 0

Φ (R = Rmax) +Rmax

(
∂Φ

∂R

)
R=Rmax

= 0

CM = C∗
sup, CX = C∗

sup + zA if zA > 0

or

CM = C∗
sup − zA, CX = C∗

sup if zA < 0

(7.17)

T > 0, R = 1 :⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
∂CA

∂R

)
R=1

= KredCA(1, T )−KoxCB(1, T )

dB

(
∂CB

∂R

)
R=1

= −
(
∂CA

∂R

)
R=1(

∂Φ

∂R

)
R=1

= 0

(
∂CM

∂R

)
R=1

= 0

(
∂CX

∂R

)
R=1

= 0

(7.18)

where C∗
sup = c∗sup/C

∗
A is the support ratio of the electrolytic solution. And

the dimensionless current is given by

I re
FADAc∗A

= −
(
∂ CA

∂R

)
R=1

(7.19)

The discretisation of the derivatives of the new unknown (the electric

potential, φ) can be treated in the same way as detailed in previous chapters

for the chemical species concentrations such that

∂Φ

∂R
≈

Φk
i+1 − Φk

i−1

ΔR+ +ΔR−

∂2Φ

∂R2
≈

Φk
i+1−Φk

i

ΔR+
− Φk

i −Φk
i−1

ΔR−
1
2 [ΔR+ +ΔR−]

(7.20)



October 23, 2013 11:24 World Scientific Review Volume - 9in x 6in Sandhya Devi BOOK

Electrochemical Simulation in Weakly Supported Media 153

It is also interesting to consider the discretisation of the surface condition

for the electroactive species that is affected by the potential gradient in

solution:

Ck
1,A − Ck

0,A

h
= K0 exp

[
−α

(
θ − Φk

0

)]
Ck

A −K0exp
[
(1− α)

(
θ − Φk

0

)]
Ck

B

(7.21)

where θ = F(E−E0
f )/RT and Φk

0 is the value of the dimensionless electric

potential at the electron transfer distance, i = 0.

As can be concluded from Eqs. (7.14) and (7.21), the diffusion-migration

problem is non-linear. The Newton–Raphson method has been applied

successfully to the resolution of the Nernst–Planck–Poisson equation system

although the convergence is slower than for the kinetic-diffusion problems

studied in Chapter 6. Thus, the unknown vector x corresponds to

x =
[
Ck

0,A, C
k
0,B,Φ

k
0 , C

k
0,M, Ck

0,X, ..., C
k
n−1,A, C

k
n−1,B,Φ

k
n−1, C

k
n−1,M, Ck

n−1,X

]T
(7.22)

and the function vector contains f0 = f0,A, f1 = f0,B, f2 = f0,Φ, f3 = f0,M,

f4 = f0,X, f5 = f1,A, . . . , f5n−1 = f(n−1),X where the functions f0,j corre-

spond to the surface conditions of species j (Eq. (7.18)), f1≤i<(n−1),j arise

from the discretised form of the Nernst–Planck–Poisson equation system

(7.14) and f(n−1),j from the bulk conditions (Eq. (7.17)). The Jacobian

matrix resulting from this set of equations and ordering of unknowns and

functions is banded and it can be solved with the extended Thomas method

described in Chapter 5.

7.2. Weakly Supported Cyclic Voltammetry

and Chronoamperometry

Following the numerical procedure discussed in the above section, the elec-

trochemical response of a one-electron reduction process in resistive media

will be simulated and studied at macro- and microelectrodes.3

In order to understand the deviations with respect to conventional ex-

periments caused by low levels of supporting electrolyte we have to bear in

mind that these are the result of the effects of the electric field in solution

3 In the case of nanoelectrodes, it is necessary to include an appropriate description
of the double layer in the simulations. This is not straightforward due to the need to
include a suitable theoretical model (and therefore new parameters) and a much denser
spatial grid [1, 9].
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and the ability of the system to disperse it. The former includes the in-

fluence of the potential gradient on the mass transport of charged species

as well as on the electron transfer kinetics (Eqs. (7.9)). With respect to

the neutralisation of the charge excess, this will be more efficient as the

concentration and charge of the ions in solution increase and their mass

transport is faster, which depends on the species mobilities, the working

electrode size and the time scale of the experiment.

Figure 7.3 shows the chronoamperograms and the profile of the poten-

tial drop at a spherical microelectrode under weakly supported conditions

(C∗
sup = 0.1) for different zA values 4 and an applied potential of −0.5 V.

This corresponds to mass-transport-limited current conditions in large ex-

cess of supporting electrolyte.

As can be observed, the largest distortions at C∗
sup = 0.1 with respect to

the current-time response in excess of supporting electrolyte (grey curve)

are found for zA = 0 and +1. This can be understood considering the

charge and concentration of ions in solution. Thus, when the electroactive

species is highly charged, this species or its counterion contribute to the

compensation of the electric charge acting themselves as supporting elec-

trolyte (self-support conditions). Obviously, the self-support capability of

the system decreases with |zA| so that in the case of neutral species only the

added supporting electrolyte (apart from other possible impurities present

in the system) is responsible for the reduction of the solution resistivity.

Different regions can be distinguished in the chronoamperograms for

zA = 0 and +1 in Figure 7.3. At short times the response is mainly

controlled by the so-called ohmic drop effects , that is, by the loss in

the driving force of electron transfer. As time proceeds, the charge ex-

cess is gradually dispersed and the potential drop decreases. At some

time the potential difference between the working electrode and the PET

is large enough for immediate reduction of A at the electrode surface:

cA(re) = 0. Thus, the chronoamperograms transit to a mass-transport-

controlled regime where the variation of current with time is analogous to

that in fully supported conditions but its magnitude differs due to the con-

tribution of electromigration to the flux of species A towards the electrode

surface. Given that we are considering an electroreduction process where

a negative charge is injected in solution, cations will be attracted towards

4 Note that within the context of weakly supported media the results obtained for the
electroreduction of A+z are equivalent (except for the sign of the current) to the elec-
trooxidation of A−z .
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Fig. 7.3. Chronoamperograms (top) and potential drop profile at T = Tmax (bottom),
for the one-electron reduction of species AzA at a 10 μm-radius spherical electrode when
applying an overpotential of −0.5 V (θ = −19.5 at 298.15 K) under fully supported
(grey line) and weakly supported (C∗

sup = 0.1, black lines) conditions. k0 = 1 cm s−1,
D = 10−5 cm2s−1.

the electrode surface whereas anions will be repelled. Accordingly, in the

mass-transport-controlled regime in Figure 7.3 (longer times), the current

is larger than the diffusion-only one for zA > 0 and smaller for zA < 0. For

neutral species the current tends to that under fully supported conditions

since the electroactive species does not migrate.
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All the above observations are consistent with the potential drop ob-

served in the bottom graph of Figure 7.3. This shows that in all cases there

is a potential drop in solution that reduces the potential difference expe-

rienced by species A and attracts or repels it from the electrode surface.

This drop is particularly significant for neutral and monocharged species.

The effects of the concentration of supporting electrolyte on the

cyclic voltammograms at macroelectrodes (linear diffusion) and under near

steady-state conditions are shown in Figure 7.4 for the one-electron re-

duction of species A with zA = +2, 0 and −1. As occurred with the

chronoamperograms at short times, the voltammetry at macroelectrodes

is mainly affected by ohmic drop effects as the support ratio, C∗
sup, is de-

creased. Independently of the zA value, the peak currents of both the ca-

thodic and anodic peaks decrease with C∗
sup and they shift towards greater

overpotentials. These distortions are the consequence of the discrepancy

between the applied potential and the real potential difference at the elec-

tron transfer plane (see Figure 7.1). The real driving force is smaller and

then mass-transport-controlled conditions are reached at larger potentials.

As a result, the peak-to-peak separation increases significantly. Moreover,

the increase in the current with potential becomes more linear than expo-

nential. Although qualitatively the effects are similar for all zA values, we

can see that these are more apparent in the case of neutral species zA = 0

due to the reasons previously discussed.

When microelectrodes are employed (right-hand graphs in Figure 7.4)

mass transport is more effective as is the dispersion of the charge excess.

Therefore the shape of the voltammograms is not significantly distorted

with respect to fully supported conditions and these show the character-

istic sigmoidal wave even for C∗
sup → 0. The predominant effect on the

voltammetry corresponds to the increase or decrease in the steady-state

limiting current according to the contribution of the transport by migra-

tion to the flux of electroactive species AzA . Thus, the values of the change

in the steady-state limiting current under self-support conditions were re-

ported by Cooper et al. [10] and are given in Table 7.1:

Between the extremes of linear diffusion at macroelectrodes and steady-

state voltammetry, intermediate situations can be found where the overall

effect on the electrochemical response is the balance of ohmic drop and

migration effects. As shown above, in cyclic voltammetry the former in-

creases the peak-to-peak separation and decreases the magnitude of the

peaks whereas electromigration can result in the increase or decrease in the

current depending on the charge of the electroactive species.



October 23, 2013 11:24 World Scientific Review Volume - 9in x 6in Sandhya Devi BOOK

Electrochemical Simulation in Weakly Supported Media 157

Fig. 7.4. Cyclic voltammetry at macroelectrodes (left) and under near steady-state
conditions (right) for the one-electron reduction of species AzA at different concentrations
of supporting electrolyte (C∗

sup values indicated on the graphs).
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Table 7.1. Ratio between the steady-state limiting current under self-support and
fully supported conditions (Ilim/Ilim,dif) for the one-electron reduction of species
A with DA = DB = DM = DX, ZM = +1, ZX = −1.

zA Ilim/Ilim,dif zA Ilim/Ilim,dif

+4 1.128 −1 0.849

+3 1.173 −2 0.880

+2 1.274 −3 0.902

+1 2.000 −4 0.918

0 1.000
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Chapter 8

Hydrodynamic Voltammetry

Electrochemical systems where the mass transport of chemical species is due

to diffusion and electromigration were studied in previous chapters. In the

present chapter, we are going to consider the occurrence of the third mech-

anism of mass transfer in solution: convection. Although the modelling of

natural convection has experienced some progress in recent years [1], this

is usually avoided in electrochemical measurements. On the other hand,

convection applied by an external source (forced convection) is employed

in valuable and popular electrochemical methods in order to enhance the

mass transport of species towards the electrode surface. Some of these hy-

drodynamic methods are based on electrodes that move with respect to the

electrolytic solution, as with rotating electrodes [2], whereas in other hy-

drodynamic systems the electrolytic solution flows over a static electrode,

as in wall-jet [3] and channel electrodes [4].

Although hydrodynamic systems are more difficult to fabricate and sim-

ulate than diffusion-only ones, they offer important advantages in electro-

analysis and mechanistic studies. The rate of mass transfer can be varied

over a large range and tuned in order to establish the optimum conditions

for the study of homogeneous and heterogeneous kinetics. Thus, faster

kinetics can be studied by increasing the mass transport through the con-

vective flux. The more efficient mass transport also enables us to attain

greater sensitivity and steady-state responses that are not affected by the

double-layer charging and are easier to simulate. Moreover, some of these

methods are ideal for the monitoring of flowing samples with electrochem-

ical measurements.

When both diffusion and convection act in solution, the flux of a species

j is given by

jj = −Dj∇cj + cjv (8.1)

161
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where in a three-dimensional Cartesian space

∇ =
∂

∂x
i+

∂

∂y
j+

∂

∂z
k (8.2)

v = vxi+ vyj+ vzk (8.3)

with vx/y/z being the local solution velocities in the x-, y- or z-direction

(m s−1).

The characteristics of the fluid velocity depend on the design of the

hydrodynamic cell and the flow pattern. The latter is said to be laminar

when the solution flows smoothly and constantly in parallel layers such

that the predominant velocity is that in the direction of the flow. Lami-

nar flow conditions are desirable since accurate descriptions of the solution

hydrodynamics are available. On the other hand, under turbulent flow con-

ditions the solution motion is chaotic and the velocities in the directions

perpendicular to that of the flow are significant. The transition between

the laminar and turbulent regimes is defined in terms of the dimensionless

Reynolds number, Re, that is proportional to the relative movement rate

between the electrode and solution, and the electrode size, but inversely

proportional to the kinematic viscosity of the solution. Thus, for low Re

values the flow pattern is laminar and it transits to turbulent as Re in-

creases. For example, in a tubular channel the laminar regime holds for

Re < 2300.

From Eq. (8.1), the corresponding material balance equation establishes

that

∂cj
∂t

= Dj

(
∂2cj
∂x2

+
∂2cj
∂y2

+
∂2cj
∂z2

)
−

(
vx

∂cj
∂x

+ vy
∂cj
∂y

+ vz
∂cj
∂z

)
(8.4)

In practice, the electrode and electrochemical cell as well as the exper-

imental conditions are selected in order that transport by diffusion and

convection dominates in one direction and Eq. (8.4) greatly simplifies. In

the following sections we are going to consider two of the most popular

hydrodynamic systems: the rotating disc electrode and the channel elec-

trode. In both cases the mathematical problem can be reduced to a form

analogous to that introduced in previous chapters for diffusion-only prob-

lems and then the same numerical strategies can be employed.
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8.1. Rotating Disc Electrode

The rotating disc electrode (RDE) is one of the most popular hydrodynamic

electrodes due to its relatively easy fabrication, commercial availability and

facile surface regeneration. Moreover, the corresponding simulation prob-

lem can be reduced to a single spatial dimension.

Fig. 8.1. Schematic diagram of the rotating disc electrode with the corresponding flow
profile.

As can be seen in Figure 8.1, the RDE consists of a disc of radius re
embedded in an insulating rod that rotates at a constant frequency, f , in

the electrolytic solution. As a result, the solution is pumped towards the

disc surface and then thrown outwards. The Reynolds number in this case

can be defined as

Re =
fr2e
v

(8.5)

where f is the rotational speed (Hz), re the radius of the electrode and v

the kinematic viscosity of the medium (m2 s−1) (e.g., v ≈ 10−6 m2 s−1 in

water at 25 ◦C). The flow pattern at the RDE under laminar conditions

was studied by Karman [5] and Cochran [6] and it shows that the surface of

the electrode is uniformly accessible, which greatly simplifies the theoretical

treatment. Thus, considering the symmetry of the system and neglecting
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edge effects, the continuity equation for species j in the absence of homo-

geneous chemical reactions is reduced to one dimension, y, corresponding

to the distance to the electrode surface in its normal direction:

∂cj
∂t

= D
∂2cj
∂y2

− vy
∂cj
∂y

(8.6)

where the local fluid velocity in the y-direction is given by [7]

vy = −Ly2
[
1− 0.33333

0.51023
y

(
2πf

v

)1/2

+
0.10265

0.51023
y2

(
2πf

v

)

− 0.01265

0.51023
y3

(
2πf

v

)3/2

− 0.00283

0.51023
y4

(
2πf

v

)2

+
0.00179

0.51023
y5

(
2πf

v

)5/2

− 0.00045

0.51023
y6

(
2πf

v

)3

. . .

]
(8.7)

that near the electrode surface (y → 0) can be approximated as

vy ≈ −Ly2 (8.8)

where

L = 0.51023 (2πf)3/2 v−1/2 (8.9)

Note that in the case of more complicated mechanisms, the corresponding

kinetic terms must be added in Eq. (8.6) as studied in Chapters 5 and 6.

The boundary value problem of the RDE problem is given by

t = 0, y ≥ 0

t > 0, y →∞

}
cA = c∗A, cB = 0 (8.10)

t > 0, y = 0 :

D

(
∂ cA
∂y

)
y=0

= kredcA(0, t)− koxcB(0, t)

D

(
∂cB
∂y

)
y=0

= −D
(
∂cA
∂y

)
y=0

(8.11)

The above mathematical problem can be written in dimensionless form

by defining the dimensionless variables:

W =

(
L

D

)1/3

y (8.12)
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T =
(
L2D

)1/3
t (8.13)

such that the continuity equations for species A and B are given by

∂CA

∂T
=

∂2CA

∂W 2
+W 2 ∂CA

∂W

∂CB

∂T
=

∂2CB

∂W 2
+W 2 ∂CB

∂W

(8.14)

where Cj = cj/c
∗
A. Note that with the new definition of the dimensionless

time, T , the dimensionless scan rate in cyclic voltammetry is given by

σ =
Fν

RT
(
L2D

)−1/3
(8.15)

For the resolution of the problem the use of the Hale transformation [8]

is convenient [9]:

Y =

W∫
0

exp
(
− 1

3W
3
)
dW

∞∫
0

exp
(
− 1

3W
3
)
dW

(8.16)

such that the value Y = 0 corresponds to the electrode surface and Y = 1

to an infinite distance from it, which enables us to cover the real space in

its entirety with the simulation. Moreover, with the Hale transformation

the differential equations simplify to

∂CA

∂T
=

exp
(
− 2

3W
3
)

[∞∫
0

exp
(
− 1

3W
3
)
dW

]2 ∂2CA

∂Y 2

∂CB

∂T
=

exp
(
− 2

3W
3
)

[∞∫
0

exp
(
− 1

3W
3
)
dW

]2 ∂2CB

∂Y 2

(8.17)

where ⎡
⎣ ∞∫

0

exp

(
−1

3
W 3

)
dW

⎤
⎦
2

= 1.65894 (8.18)
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and the boundary conditions are given by

T = 0, Y ≥ 0

T > 0, Y = 1

}
CA = C∗

A, CB = 0 (8.19)

T > 0, Y = 0 :(
∂ CA

∂Y

)
Y=0

= KredCA(0, T )−KoxCB(0, T )

(
∂CB

∂Y

)
Y=0

= −
(
∂CA

∂Y

)
Y=0

(8.20)

where

Kred/ox =
√
1.65894kred/ox

(
D2L

)−1/3
(8.21)

Considering a uniform spatial grid with an interval ΔY , the spatial

derivatives can be discretised as

∂2C

∂Y 2
≈

Ci−1 − 2Ci + Ci+1

ΔY 2

(
∂C

∂Y

)
Y=0

≈ C1 − C0

ΔY

(8.22)

The RDE problem has been solved successfully making use of the ex-

plicit method [9]. Within this approach, according to Eq. (8.17) the con-

centration of species j at the point in solution i at the timestep k can be

calculated directly from the previous profile, Ck−1
j,i , from

Ck
j,i = Ck−1

j,i +ΔT
exp

(
− 2

3W
3
i

)
1.65894

(
Ck−1

j,i−1 − 2Ck−1
j,i + Ck−1

j,i+1

ΔY 2

)
(8.23)

For this we first need to establish the correspondence between the Y - and

W -coordinates in order to calculate the factor exp
(
− 2

3W
3
i

)
for each Yi

value. This can be done by integration of the following ordinary differential

equation:

dW

dY
= g(W) (8.24)

where

g(W) =
√
1.65894 exp

(
1

3
W 3

)
(8.25)
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For example, we can make use of the fourth-order Runge–Kutta method

such that

Wi = Wi−1 +
1

6
(k1 + 2k2 + 2k3 + k4)

k1 = ΔY g(Wi−1)

k2 = ΔY g

(
Wi−1 +

k1
2

)

k3 = ΔY g

(
Wi−1 +

k2
2

)

k4 = ΔY g(Wi−1 + k3)

(8.26)

where W0 = 0 as corresponds to Y = 0.

Once the concentration profile has been obtained, the current response

is calculated from

I

FAc∗A (D2L)1/3
= − 1√

1.65894

(
∂CA

∂Y

)
Y=0

(8.27)

The resolution of the problem with the backward implicit scheme can

also be carried out in a simple way given that the mathematical problem is

formally equivalent to the diffusion-only one studied in Chapters 2–4. Thus,

the convection-diffusion differential equation in discrete form for species j

at the point i in solution is given by

Ck
j,i − Ck−1

j,i

ΔT
=

exp
(
− 2

3W
3
i

)
1.65894

(
Ck

j,i−1 − 2Ck
j,i + Ck

j,i+1

ΔY 2

)
(8.28)

that can be written as

αj,iC
k
j,i−1 + βj,iC

k
j,i + γj,iC

k
j,i+1 = δj,i (8.29)

where

αj,i = −
exp

(
− 2

3W
3
i

)
1.65894

ΔT

ΔY 2

βj,i = 2
exp

(
− 2

3W
3
i

)
1.65894

ΔT

ΔY 2
+ 1

γj,i = −
exp

(
− 2

3W
3
i

)
1.65894

ΔT

ΔY 2

δj,i = Ck−1
j,i

(8.30)
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Fig. 8.2. Influence of the rotational speed, f , on the cyclic voltammetry at the rotating
disc electrode.

After redefining the coefficients α, β and γ due to the inference of con-

vection, the form of the set of equations is equivalent to that studied in

Chapters 3 and 4 and then it can be solved with the classical Thomas

algorithm.1

Figure 8.2 shows the variation of the cyclic voltammograms of a re-

versible, one-electron reduction process at a rotating disc electrode when

the rotational speed, f , is increased. Analogously to the case of microelec-

trodes, as the mass transport is more effective (that is, as the rotation speed

is higher) the backward peak disappears and the diffusional shape of the

forward one turns into a plateau as it reaches the steady state. Under such

conditions, the resulting sigmoidal curves can be characterised through the

half-wave potential and the steady-state limiting current. For the latter,

Levich derived a simple expression under the first-order convection approx-

imation [10]:

Iss,lim = −1.554 FAc∗AD2/3f1/2v−1/6 (8.31)

Note that the steady-state limiting current increases with the rotation speed

1 Likewise, in the case of more complex mechanisms the methods described in Chapters
5 and 6 can be employed.
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given that the depletion layer is reduced due to the faster supply of elec-

troactive species by convection.

8.2. Channel Electrode

In the case of channel electrodes, the solution containing the electroactive

species flows in a channel such as that shown in Figure 8.3 where a rect-

angular electrode of length xe and width w is placed on the channel floor.

The mass transport by convection can be controlled through the channel

design, the electrode size and the flow rate. Moreover, this setup enables

the incorporation of electrochemical measurements to flow systems as well

as its use in spectroelectrochemistry and photoelectrochemistry [4].

Fig. 8.3. Schematic diagram of the channel electrode with the corresponding flow pro-
file.

The cell design and flow rate are adjusted so that the flow pattern on

the electrode is laminar and it can be described accurately for quantitative

analysis. Under these conditions (that is, small Re values) and considering

that the channel extends for enough upstream of the electrode for the flow

to fully develop, then the solution velocity profile is parabolic and given by

vx = v0

[
1− (h− y)2

h2

]
, vy = 0, vz = 0 (8.32)

where v0 is the solution velocity at the centre of the channel (m s−1) and

h is the half-height of the cell. Thus, velocity is maximum at the centre

of the channel as can be seen in Figure 8.3. For this system the Reynolds

number can be defined as

Re =
2hvm
υ

(8.33)

where vm is the mean flow velocity given by

vm =
2

3
v0 (8.34)
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Unlike the RDE, convection and diffusion operate in different directions,

the electrode surface is non-uniformly accessible and thus the associated

mathematical problem is multidimensional. However, this can be simplified

under appropriate experimental conditions. Thus, we can often assume

that the flow velocity is high enough for the transport by diffusion in the

direction of the flow (x-direction) to be negligible relative to convection.

This is a valid approximation if the flow rate is fast and the electrode is

large.2 Moreover, edge effects can be neglected provided that the width of

the band is much smaller than that of the channel (w � d), h � d and

xe � w.

From Eq. (8.4), and taking into account all the above considerations,

the mass balance equation simplifies to

∂cj
∂t

= Dj
∂2cj
∂y2

− vx
∂cj
∂x

(8.35)

where we have considered that there are no chemical reactions coupled to

the electron transfer reaction. The corresponding boundary conditions are

given by

t = 0, 0 ≤ x ≤ xe, 0 ≤ y ≤ 2h

t > 0, x < 0 (upstream of the electrode)

}

cA = c∗A, cB = 0 (8.36)

t > 0, 0 ≤ x ≤ xe, y = 2h : (
∂cA
∂y

)
y=2h

= 0

(
∂cB
∂y

)
y=2h

= 0

(8.37)

t > 0, 0 ≤ x ≤ xe, y = 0 :

DA

(
∂cA
∂y

)
y=0

= kredcA(0, t)− koxcB(0, t)

DB

(
∂cB
∂y

)
y=0

= −DA

(
∂cA
∂y

)
y=0

(8.38)

2 If microbands are employed and/or flow rates are slow, axial diffusion needs to be

considered:
∂cj
∂t

= Dj
∂2cj
∂x2 +Dj

∂2cj
∂y2 − vx

∂cj
∂x

[11].
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By using the length of the band electrode, xe, as the characteristic

dimension and the Péclet number, Pe, that reflects the relative influence

of the mass transport by convection and diffusion

Pe =
vmxe

DA
(8.39)

the following dimensionless variables and parameters can be defined:

X =
x

xe
, Y =

y

xe
, H =

h

xe

T =
DAt

x2
e

(8.40)

such that the dimensionless form of the convection-diffusion equations and

the boundary value problem is

∂CA

∂T
=

∂2CA

∂Y 2
− 3

2
Pe

[
1− (H − Y )

2

H2

]
∂CA

∂X

∂CB

∂T
= dB

∂2CB

∂Y 2
− 3

2
Pe

[
1− (H − Y )

2

H2

]
∂CB

∂X

(8.41)

T = 0, 0 ≤ X ≤ 1, 0 ≤ Y ≤ 2h/xe

T > 0, X < 0

}

CA = 1, CB = 0 (8.42)

T > 0, 0 ≤ X ≤ 1, Y = 2h/xe :(
∂CA

∂Y

)
Y=2h/xe

= 0

(
∂CB

∂Y

)
Y=2h/xe

= 0

(8.43)

T > 0, 0 ≤ X ≤ 1, Y = 0 :(
∂CA

∂Y

)
Y =0

= KredCA(0, t)−KoxCB(0, t)

dB

(
∂CB

∂Y

)
Y =0

= −
(
∂CA

∂Y

)
Y =0

(8.44)
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Fig. 8.4. Spatial grid for the numerical resolution of the channel electrode problem.

where dj = Dj/DA, Cj = cj/c
∗
A, C

∗
B = c∗B/c

∗
A and

Kred/ox =
kred/oxxe

DA
(8.45)

We can make use of the uniform, two-dimensional spatial grid shown in

Figure 8.4 where the point i = 0 corresponds to a point upstream of the

electrode where bulk concentrations of the electroactive species apply. By

approximating the spatial derivatives as

∂2C

∂Y 2
≈

Ci,m−1 − 2Ci,m + Ci,m+1

ΔY 2

∂C

∂X
≈

Ci,m − Ci−1,m

ΔX(
∂C

∂Y

)
Y=0

≈
Ci,1 − Ci,0

ΔY(
∂C

∂Y

)
Y=2h/xe

≈
Ci,NY−1 − Ci,NY−2

ΔY

(8.46)

the problem can be solved easily by following a space-marching backward

implicit method [12]. Thus, at a given timestep k the concentration profile

in the y-direction for a fixed i value is obtained provided that the concen-

trations at i− 1 for all m are known. We start at i = 1 given that we know

that the concentrations at i = 0 (for all m) are C∗
j and then we continue

downstream up to i = Nx. This implies that we have to solve Nx problems

for which the Thomas algorithm can be applied. Thus, with the backward

implicit integration scheme the following set of linear equations needs to be

solved for each i value from 1 to Nx:
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(
−dj

ΔT

ΔY 2

)
Ck

j,i,m−1 +

[
dj

2ΔT

ΔY 2
+

3

2
Pe

mΔYΔT

ΔXH2
(2H −mΔY ) + 1

]
Ck

j,i,m

+

(
−dj

ΔT

ΔY 2

)
Ck

j,i,m+1 = Ck−1
j,i−1,m +

3

2
Pe

mΔYΔT

ΔXH2
(2H −mΔY )Ck

j,i−1,m

(8.47)

As in the case of the RDE, the problem for each i value is formally identical

to that of a diffusion-only problem tackled in Chapters 3 and 4 and then

the Thomas algorithm can be applied for its resolution. Once the full

concentration profile has been calculated, that is, the concentrations for

all the (i,m) points are known for the timestep k, the current response is

calculated from

I = −FDAw

xe∫
0

(
∂cA
∂y

)
y=0

dx (8.48)

that can be evaluated with the trapezium method as described in Chapter 9.

Under steady-state conditions, the following analytical equation describes

the current-potential curve [13, 14]:

Iss = −0.925Fc∗Awx2/3
e D

2/3
A

( vf
h2d

)1/3

× 1

1 + d
−2/3
B exp (θ)

[
1− 2u+ 2u2 ln

(
1 + u

u

)]
(8.49)

where vf is the volume flow rate (m3 s−1)

vf =
4

3
v0hd (8.50)

and

u =
0.6783D

2/3
B

(
3vf

4h2dxe

)1/3

kox + d
2/3
B kred

(8.51)

such that the mass-transport-limited current (exp (θ)→ 0) is given by the

Levich equation

Iss,lim = −0.925Fc∗Awx2/3
e D

2/3
A

( vf
h2d

)1/3

(8.52)
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Chapter 9

Two-Dimensional Systems:
Microdisc Electrodes

9.1. Microdisc Electrodes: The Model

In this chapter, we consider the cyclic voltammetry of a simple one-electron

reduction at a microdisc electrode. The change from modelling a macroscale

electrode to modelling a microscale one corresponds to a significant increase

in mathematical complexity. Therefore most of the additional concepts

developed in the preceding chapters such as unequal diffusion coefficients,

homogeneous reactions and other experimental techniques are not included

in the text and we focus on the relatively simple problem of simulating cyclic

voltammetry of a one-electron reduction process. As such, this chapter may

be successfully followed without first reading any of Chapters 5–8. It is

expected, however, that once the reader fully understands the techniques

for simulating a microelectrode, the same additional concepts covered in

those chapters may easily be extended for use with the microdisc model.

A microdisc electrode is a micron-scale flat conducting disc of radius re
that is embedded in an insulating surface, with the disc surface flush with

that of the insulator. It is assumed that electron transfer takes place only

on the surface of the disc and that the supporting surface is completely

electroinactive under the conditions of the experiment. These electrodes

are widely employed in electrochemical measurements since they offer the

advantages of microelectrodes (reduced ohmic drop and capacitive effects,

miniaturisation of electrochemical devices) and are easy to fabricate and

clean for surface regeneration. In Chapter 2, we considered a disc-shaped

electrode of size on the order of 1 mm. In that case we could approximate

the system as one-dimensional because the electrode was large in com-

parison to the thickness of the diffusion layer, such that the current was

essentially uniform across the entire electrode surface. Due to the small size

of the microdisc, this approximation is no longer valid so we must work in

terms of a three-dimensional coordinate system. While the microdisc can

175
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be considered in terms of Cartesian coordinates (x, y, z), with the electrode

surface in the (x, y)-plane, the geometry lends itself well to treatment in

terms of cylindrical polar coordinates (r, z, φ) as illustrated in Figure 9.1.

r

z

r
e

Microdisc

Supporting
surface

φ

Fig. 9.1. The (r, z, φ) cylindrical polar coordinate system used to model a microdisc
electrode. The disc radius is re.

In this system, an axis passes through the centre of the disc perpendic-

ular to the plane of its surface. r is the radial distance from the axis, z is

the perpendicular distance from the surface and φ is the angle around the

axis. The origin is at the centre of the disc.

While it is true that the current at the electrode surface will vary with

radial coordinate, r, it can be seen that there will be no variation with

angle φ,

∂c

∂φ
= 0 (9.1)

as the system is cylindrically symmetrical. The problem is therefore reduced

to two dimensions, r and z, and we need only model a single (r, z)-plane

as illustrated in Figure 9.2; integration across all φ achieves the full three-

dimensional result.

9.1.1. Diffusion

Fick’s second law predicts how diffusion causes the concentration to change

with time. In general, this may be stated as

∂c

∂t
= D∇2c (9.2)
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r

z

(0,0) r r= e

Fig. 9.2. The two-dimensional (r, z) slice of the microdisc model. As the system has
mirror symmetry in the line z = 0, only one half, indicated by cross-hatching, need be
considered.

where ∇2c is the second derivative of the concentration in space in the

relevant coordinate system. In three-dimensional (x, y, z) Cartesian coor-

dinates this is

∂c

∂t
= D

(
∂2c

∂x2
+

∂2c

∂y2
+

∂2c

∂z2

)
(9.3)

Transforming this equation into cylindrical polar (r, z, φ) coordinates gives

∂c

∂t
= D

(
∂2c

∂r2
+

1

r

∂c

∂r
+

1

r2
∂2c

∂φ2
+

∂2c

∂z2

)
(9.4)

However, as the model microdisc system is cylindrically symmetrical, it is

true that:

∂c

∂φ
=

∂2c

∂φ2
= 0 (9.5)

and so to model diffusion in the (r, z) slice depicted in Figure 9.2, we use

the equation:

∂c

∂t
= D

(
∂2c

∂r2
+

1

r

∂c

∂r
+

∂2c

∂z2

)
(9.6)
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9.1.2. Boundary conditions

In a one-dimensional system, the simulation space is a line, so the space is

bounded by two singular points: the electrode surface and the bulk concen-

tration boundary. In this two-dimensional system, the simulation space is

a rectangular region of a flat plane, so four boundary lines, each with their

own boundary conditions, are required. These boundary lines are r = 0,

z = 0, r = rmax and z = zmax.

We assume that the microdisc is embedded in a planar supporting sur-

face that is infinite in extent and that the solution is also infinite in extent.

Far away from the electroactive surface where the solution is unperturbed

by the electrode reactions, the concentration of all species is always equal

to their bulk value, c∗. Therefore we have the boundary conditions:

c(r = rmax, z) = c∗ (9.7)

c(r, z = zmax) = c∗ (9.8)

where the semi-infinite extent of the simulation space (see Chapter 2) is

given by

rmax = re + 6
√
Dtmax (9.9)

zmax = 6
√
Dtmax (9.10)

For the electrode plane (z = 0), two separate boundary conditions are re-

quired as the plane is composed of two different materials: the electroactive

microdisc and the insulating supporting surface. As the microdisc surface

is electroactive, a potential-dependent boundary condition is applied; the

Nernst equation, Butler–Volmer or Marcus–Hush models may be used as

appropriate.

c(r ≤ re, z = 0) = f(E) (9.11)

The insulating supporting surface is a solid boundary so there can be no

flux of solution-phase material across it, i.e., species A and B cannot pass

through it. The boundary condition therefore specifies that the flux at the

boundary, which is proportional to the first derivative of concentration, is

zero: (
∂c(r > re)

∂z

)
z=0

= 0 (9.12)
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r = 0 r r= max

z = 0

z z= max

c c= *

∂c

∂r
= 0

c f(E)=

∂c

∂z
= 0

for = 0   - = *t c c

for > 0t - ∂c

∂t
= D   c

2Δ

Electrode

c c= *

r r= e

Fig. 9.3. The two-dimensional simulation space for a microdisc electrode.

The final spatial boundary is the cylindrical axis, r = 0. As illustrated in

Figure 9.2, this axis is a line of mirror symmetry. Consequently, for any

given value of z, the concentration at the two points on either side of the

boundary is exactly equal, so the concentration gradient at the boundary

must necessarily be zero. The boundary condition is therefore(
∂c

∂r

)
r=0

= 0 (9.13)

In addition to the spatial boundary conditions, solution of the model

also requires a set of initial conditions, i.e., a specification of the initial

state of the system. As with the one-dimensional system, we assume that

the concentration of each species is initially uniform and equal to its bulk

value across all space:

c(r, z, t = 0) = c∗ (9.14)

The mathematical model of the microdisc system and its boundary condi-

tions are summarised in Figure 9.3.
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9.1.3. Current

For a one-dimensional macroelectrode, the current, I, is calculated as

I = FAj0 (9.15)

where A is the total electrode area and j0 is the flux of electroactive species

at the electrode surface. This assumes uniform flux across the whole surface

which is valid for a macroelectrode; however, for a microdisc electrode, the

flux is obviously not uniform across the surface; it varies with r.

The flux is therefore calculated at every point across the radius of the

disc (i.e., a line) and integrated across all angles, φ (which simply scales

the result by a factor of 2π), to give the total flux for the whole electrode.

The real current is therefore

I = 2πFj′0 (9.16)

where j′0 is the flux across the radius, which is calculated as:

j′0 =

∫ re

0

j0r∂r = −D
∫ re

0

(
∂c

∂z

)
z=0

r ∂r (9.17)

where the factor of r arises from integration about angle φ.

9.1.4. Normalisation

The normalisation scheme used for the microdisc model is similar to that

used for the one-dimensional model (Section 2.5). For the two-dimensional

model there are two spatial coordinates, each of which is normalised against

the disc radius, re:

R =
r

re
(9.18)

Z =
z

re
(9.19)

In these transformed coordinates, the radius of the microdisc is 1. The def-

initions of T and C are unchanged so that the dimensionless Fick’s second

law in this space is

∂C

∂T
=

∂2C

∂R2
+

1

R

∂C

∂R
+

∂2C

∂Z2
(9.20)

Transformations of the boundary conditions are trivial. The real current,

I, is calculated from

I = −2πFDc∗re

∫ 1

0

∂C

∂Z
R ∂R (9.21)
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9.2. Numerical Solution

In the numerical solution of the one-dimensional system, we used a three-

point central differencing scheme such that the first and second spatial

derivatives of C at point i (for a grid with non-uniform spacing) were

dC

dX
=

Ci+1 − Ci−1

ΔX+ +ΔX−
(9.22)

d2C

dX2
=

(
Ci+1 − Ci

ΔX+
− Ci − Ci−1

ΔX−

)
2

ΔX+ +ΔX−
(9.23)

9.2.1. Finite differences in two dimensions

For one-dimensional simulations, the space was discretised, transforming it

into an array of discrete points. In order to simulate a microdisc, the dis-

cretisation process transforms the continuous two-dimensional space into a

two-dimensional (R, Z) grid of discrete spatial points. As with the one-

dimensional case, the simulation efficiency may be greatly increased if we

employ an expanding spatial grid with a higher density of points in areas

where we expect greater concentration gradients and at finite spatial bound-

aries [1, 2]. The electrode surface requires a higher point density than does

the bulk solution and therefore the grid should expand in the Z-direction

(perpendicular to the electrode surface). Here we use the same expanding

spatial mesh as was used for X in the one-dimensional case which is efficient

but by no means the only sensible scheme available. The grid is defined by

Z0 = 0 (9.24)

Z1 = h (9.25)

Zj = Zj−1 + hω(j−1) (9.26)

where h is the size of the first spatial increment and ω is the space expansion

coefficient (ω > 1). Decreasing the values of h and ω leads to an increase

in the number of spatial points and therefore typically leads to increased

accuracy at the expense of increased simulation runtime. As always, a

convergence study is required to determine the optimum values of ω and h.

A reasonable set of values1 to use as a starting point is ω = 1.1, h = 10−4.

1 Note that it is possible to specify independent values of ω and h for each direction and
indeed this may be beneficial under certain circumstances; however, for simplicity here
we use the same value of each for both the Z- and R-grids.
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In the R-direction there are two finite boundaries that must be consid-

ered, namely the R = 0 axis, and the singularity where the outer edge of

the electrode meets the insulating surface, at R = 1. The spatial grid must

therefore expand outwards from these two points, giving a high density of

points at both edges of the electrode and a lower density in the middle of

it [1]:

0 < R ≤ 1

2
Ri = Ri−1 + hω(i−1) (9.27)

1

2
< R < 1 Ri = Ri−1 + hω(ne−i) (9.28)

1 ≤ R ≤ Rmax Ri = 1 + hω(i−ne−1) (9.29)

where ne is the space point such that Rne = 1. Computationally, this

may be achieved by determining the grid points for 0 < R ≤ 1
2 and then

mirroring them for 1
2 to 1. This will mean that the expansion will be slightly

uneven around R = 1
2 but this will not adversely affect the simulation. An

example of a two-dimensional grid of spatial points generated in this manner

is shown in Figure 9.4. The set of values of the concentration at each spatial

point is stored in a two-dimensional array in the computer’s memory, which

we will refer to as the concentration grid.

Fig. 9.4. An expanding spatial grid used for microdisc simulations.
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We apply the same three-point central differencing scheme as was used

in the one-dimensional case to this two-dimensional space, which gives the

form of the derivatives for the concentration at point (i, j) as

dC

dR
=

Ci+1,j − Ci−1,j

ΔR+ +ΔR−
(9.30)

dC

dZ
=

Ci,j+1 − Ci,j−1

ΔZ+ +ΔZ−
(9.31)

d2C

dR2
=

(
Ci+1,j − Ci,j

ΔR+
− Ci,j − Ci−1,j

ΔR−

)
2

ΔR+ +ΔR−
(9.32)

d2C

dZ2
=

(
Ci,j+1 − Ci,j

ΔZ+
− Ci,j − Ci,j−1

ΔZ−

)
2

ΔZ+ +ΔZ−
(9.33)

where i is the index of a discrete point in the R-direction, j is the index of

a point in the Z-direction and

ΔR− = Ri −Ri−1 (9.34)

ΔR+ = Ri+1 −Ri (9.35)

ΔZ− = Zj − Zj−1 (9.36)

ΔZ+ = Zj+1 − Zj (9.37)

In Chapter 3, we chose to use an implicit method of solution, as opposed

to an explicit one for reasons of stability and simulation efficiency (despite

the greater complexity of the implicit method). The implicit discretisation

of Eq. (9.20) is [3]

Ck
i,j − Ck−1

i,j

ΔT
=

(
Ck

i+1,j − Ck
i,j

ΔR+
−

Ck
i,j − Ck

i−1,j

ΔR−

)
2

ΔR+ +ΔR−

+

(
Ck

i,j+1 − Ck
i,j

ΔZ+
−

Ck
i,j − Ck

i,j−1

ΔZ−

)
2

ΔZ+ +ΔZ−

+
1

Ri

(
Ck

i+1,j − Ck
i−1,j

ΔR+ +ΔR−

)
(9.38)

This is an equation of the form

Ck−1
i,j = λ1C

k
i−1,j + λ2C

k
i,j + λ3C

k
i+1,j + λ4C

k
i,j−1 + λ5C

k
i,j+1 (9.39)
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where the λs are constant coefficients. This equation contains only one

known and five unknowns. The matrix required to solve this linear system

is no longer tridiagonal and so cannot be solved using the Thomas algo-

rithm. The generalised n-diagonal version of the Thomas algorithm can be

used (see Chapter 5); however, this is not numerically efficient and another

solution is found in the alternating direction implicit (ADI) method.

9.2.2. The ADI method

In the ADI method [4–6], the explicit and implicit methods are combined.

The timesteps, ΔT , are divided into two half-timesteps, ΔT/2. For the

first of these half-timesteps, Tk− 1
2
, the derivatives along the Z-coordinate

are discretised implicitly, while the derivatives along the R-coordinate are

discretised explicitly, and vice versa for the second half-timestep, Tk. Thus

at the end of each timestep, each coordinate has received an equal share of

implicit and explicit discretisation. This method is found to minimise error

and maintain ΔT stability [7].

To solve for a given point, C
k− 1

2
i,j , in the first half-timestep, there are

therefore three unknowns: C
k− 1

2

i,j−1, C
k− 1

2

i,j and C
k− 1

2

i,j+1. All of these unknowns

lie at the same value ofR, i.e., they are all in the same column; consequently,

we can solve for the whole concentration grid using the tridiagonal Thomas

algorithm if we consider the spatial grid to be composed of a series of

columns, each of which may be solved independently. Each column may

be thought of as being equivalent to a one-dimensional concentration array,

the only difference being two additional explicit terms at each point. We

call the first half-timestep the Z-implicit sweep because the solution sweeps

across the simulation space, solving one column at a time as depicted in

Figure 9.5(a). In the second half-timestep, the R-implicit sweep, the three

unknowns are Ck
i−1,j , C

k
i,j and Ck

i+1,j which all lie at the same value of Z

and thus are all in the same row. In this case the solution sweeps up the

space solving one row at a time as depicted in Figure 9.5(b).

As each row or column within a sweep may be solved independently of

the others, there is no requirement to solve them in order; while a typical

iterative approach would solve the columns in the Z-implicit sweep in the

order R0, R1, R2, etc., they may equally be solved in the order R49, R26,

R37, etc. An important consequence is that within a given sweep, many

rows/columns can be solved in parallel if the machine on which the simu-

lation is running has multiple processor cores. This can lead to a reduction
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R

Z

R

Z

(a)   -implicit SweepZ (b)   -implicit SweepR

Fig. 9.5. Z-implicit and R-implicit solution sweeps. In the current sweep, thin-lined
columns are already solved for, and the thick-lined columns are those currently being
solved.

in simulation runtime by a factor proportional to the number of available

cores. This is discussed further in Section 9.3.1.

9.2.2.1. Z-sweep discretisation

For the Z-sweep, at each point in space we solve:

C
k− 1

2
i,j − Ck−1

i,j
1
2ΔT

= ∇2C(Z(Tk− 1
2
), R(Tk−1)) (9.40)

i.e., using values from the previous half-timestep (k− 1) in the R-direction

(explicit) and from the current timestep (k− 1
2 ) in the Z-direction (implicit).

The discretisation for each of the terms appearing in Eq. (9.20) for the

Z-sweep is as follows:

∂2C

∂R2
=

2

ΔR+ +ΔR−

(
Ck−1

i+1,j − Ck−1
i,j

ΔR+
−

Ck−1
i,j − Ck−1

i−1,j

ΔR−

)
(9.41)

∂2C

∂Z2
=

2

ΔZ+ +ΔZ−

⎛
⎝C

k− 1
2

i,j+1 − C
k− 1

2

i,j

ΔZ+
−

C
k− 1

2

i,j − C
k− 1

2

i,j−1

ΔZ−

⎞
⎠ (9.42)

1

R

∂C

∂R
=

1

Ri

(
Ck−1

i+1,j − Ck−1
i−1,j

ΔR+ +ΔR−

)
(9.43)
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Therefore at each space point we have an equation of the form

αC
k− 1

2

i,j−1 + βC
k− 1

2

i,j + γC
k− 1

2

i,j+1 = δ (9.44)

where

δ = λ1C
k−1
i−1,j + λ2C

k−1
i,j + λ3C

k−1
i+1,j (9.45)

The coefficients are thus

α =
2

ΔZ+ +ΔZ−

(
1

ΔZ−

)
(9.46)

β =
2

ΔZ+ +ΔZ−

(
− 1

ΔZ+
− 1

ΔZ−

)
− 2

ΔT
(9.47)

γ =
2

ΔZ+ +ΔZ−

(
1

ΔZ+

)
(9.48)

λ1 = − 1

ΔR+ +ΔR−

(
2

ΔR−
− 1

Ri

)
(9.49)

λ2 = − 2

ΔR+ +ΔR−

(
− 1

ΔR+
− 1

ΔR−

)
− 2

ΔT
(9.50)

λ3 = − 1

ΔR+ +ΔR−

(
2

ΔR+
+

1

Ri

)
(9.51)

9.2.2.2. R-sweep discretisation

For the R-sweep, at each point in space we solve

Ck
i,j − C

k− 1
2

i,j
1
2ΔT

= ∇2C(Z(Tk− 1
2
), R(Tk)) (9.52)

The discretisation for each of the terms appearing in Eq. (9.20) for the

R-sweep is as follows:

∂2C

∂R2
=

2

ΔR+ +ΔR−

(
Ck

i+1,j − Ck
i,j

ΔR+
−

Ck
i,j − Ck

i−1,j

ΔR−

)
(9.53)

∂2C

∂Z2
=

2

ΔZ+ +ΔZ−

⎛
⎝C

k− 1
2

i,j+1 − C
k− 1

2

i,j

ΔZ+
−

C
k− 1

2

i,j − C
k− 1

2

i,j−1

ΔZ−

⎞
⎠ (9.54)

1

R

∂C

∂R
=

1

Ri

(
Ck

i+1,j − Ck
i−1,j

ΔR+ +ΔR−

)
(9.55)
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Therefore at each space point we have an equation of the form

αCk
i−1,j + βCk

i,j + γCk
i+1,j = δ (9.56)

where

δ = λ1C
k− 1

2

i,j−1 + λ2C
k− 1

2

i,j + λ3C
k− 1

2

i,j+1 (9.57)

The coefficients are thus

α =
1

ΔR+ +ΔR−

(
2

ΔR−
− 1

Ri

)
(9.58)

β =
2

ΔR+ +ΔR−

(
− 1

ΔR+
− 1

ΔR−

)
− 2

ΔT
(9.59)

γ =
1

ΔR+ +ΔR−

(
2

ΔR+
+

1

Ri

)
(9.60)

λ1 = − 2

ΔZ+ +ΔZ−

(
1

ΔZ−

)
(9.61)

λ2 = − 2

ΔZ+ +ΔZ−

(
− 1

ΔZ+
− 1

ΔZ−

)
− 2

ΔT
(9.62)

λ3 = − 2

ΔZ+ +ΔZ−

(
1

ΔZ+

)
(9.63)

9.2.3. Boundary conditions

In normalised coordinates, the initial and boundary conditions are as

follows:

Initial conditions: T = 0 C = 1

Electrode surface: Z = 0, R ≤ 1: C = f(θ)

Supporting surface: Z = 0, R > 1:
∂C

∂Z
= 0

Axial symmetry: R = 0
∂C

∂R
= 0

Bulk solution: R→∞, Z →∞: C = 1

Here we have given a general form for the electrode surface boundary con-

dition, i.e., C = f(θ); we can choose to simulate a particular type of exper-

iment with a given kinetic model by specifying the form of this function. In
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this case we aim to simulate the cyclic voltammetry of a one-electron reduc-

tion using Nernstian equilibrium, as with the macroelectrode in Chapters

2 and 3. Therefore this function takes the form

C(R ≤ 1, Z = 0) =
1

1 + e−θ
(9.64)

The initial conditions are satisfied by setting the value of every point in

the concentration grid to 1 before the simulation begins. We must now

consider how the rest of these conditions are represented in discrete form

when they are treated implicitly (boundary perpendicular to the implicit

direction) and explicitly (boundary parallel to the implicit direction).

9.2.3.1. Implicit terms

The electrode surface boundary conditions are only relevant in the Z-sweep

as that sweep considers diffusion perpendicular to the surface. If we suppose

Nernstian equilibrium, then the electrode boundary conditions are met by

using the following coefficients for the first point, j = 0, of every column

n ≤ ne in the Z-sweep:

α0 = 0, β0 = 1, γ0 = 0, δ0 =
1

1 + e−θ
(9.65)

The boundary condition for the insulating supporting surface is also only

relevant for the Z-sweep. In discrete form, the condition
(
∂C
∂Z

)
Z=0

= 0 is

represented as

C
k− 1

2

i,1 − C
k− 1

2

i,0 = 0 (9.66)

This is achieved by using the following coefficients for the first point of

every column n > ne in the Z-sweep

α0 = 0, β0 = −1, γ0 = 1, δ0 = 0 (9.67)

The axial symmetry boundary is a no-flux boundary at R = 0 and

is handled in the same way as the insulating surface boundary; for every

row in the R-sweep, the first point, i = 0, uses the coefficients given by

Eq. (9.67).

The two bulk concentration boundaries are handled in the same manner

as in the one-dimensional model, by setting the value of the concentration
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at the boundary to 1. For the Z-sweep, the last point in each column,

j = m− 1, uses the following coefficients:

αm−1 = 0, βm−1 = 1, γm−1 = 0, δm−1 = 1 (9.68)

such that C
k− 1

2

i,m−1 = 1 for all i. For the R-sweep, the same coefficients are

used at the last point in each row, i = n − 1, such that Ck
n−1,j = 1 for

all j. Note that since the bulk boundaries are sufficiently far away from

the electrode surface that there can be essentially no perturbation of the

concentration there, the concentration gradient at the boundary is zero,

so a condition of no flux may be used as an alternative to a condition of

constant concentration.

9.2.3.2. Explicit terms

For the simple one-electron reduction that we study here, it is possible

to completely omit the boundary columns and rows without adversely af-

fecting the simulation results as long as a reasonably dense spatial grid

is employed. For the Z-sweep, we may simply ignore the first and last

columns (i = 0 and i = n− 1 respectively), and for the R-sweep, the first

and last rows (j = 0 and j = m − 1 respectively). This removes the need

for extra code to deal with the altered explicit (λ) terms that are necessary

when considering these boundary rows and columns. However, for simu-

lations of more complicated situations, such as homogeneous kinetics, this

simplification may not be appropriate when considering the axial symmetry

boundary, therefore we provide implementation details here.

If we examine the axial symmetry boundary (R = 0) in the Z-sweep,

we can see that if we consider a three-point approximation of ∂C
∂R and ∂2C

∂R2

(the explicit terms), the equation will involve concentration terms with an

i index of −1, which is outside of our concentration grid. This is not a

significant problem since this boundary is a line of mirror symmetry and

therefore the value of C−1,j is always identical to that of C1,j . However

there is a further problem at this particular boundary due to the presence

of the 1/R term since 1/R→∞ as R→ 0. This situation may be resolved

by considering the Maclaurin expansion [2, 8, 9] of ∂C
∂R at R = 0 which gives

the relation

1

R

(
∂C

∂R

)
R=0

≈
(
∂2C

∂R2

)
R=0

(9.69)
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This can be used to eliminate the 1/R term from the diffusion equation,

leaving the expression

∂C

∂T
= 2

∂2C

∂R2
+

∂2C

∂Z2
(9.70)

which we apply only at R = 0. For the first column (i = 0) in the Z-sweep,

the α, β and γ coefficients are as normal but the λ coefficients become

λ1 = 0 (9.71)

λ2 = − 4

ΔR+ +ΔR−

(
− 1

ΔR+

)
− 2

ΔT
(9.72)

λ3 = − 4

ΔR+ +ΔR−

(
1

ΔR+

)
(9.73)

Equation (9.70) may also be used as a boundary condition for the first point

in every column in the R-sweep as an alternative to using ∂C
∂R = 0.

9.2.4. Flux

The dimensionless current, Ji, at some point, i, on the electrode surface is

equal to the concentration gradient normal to the surface at that point:

Ji = −
(
∂C

∂Z

)
Z=0

= −
(
Ci,1 − Ci,0

Z1 − Z0

)
(9.74)

The total dimensionless current of the entire disc, J , is found by integrating

JiR across the electrode surface:

J =

∫ 1

0

JiR dR (9.75)

The integral of a continuous function, f(x), may be approximated nu-

merically using the trapezium rule [10]. The function is divided into a series

of discrete intervals (discretised) and evaluated at each point, x. The area

under the curve of a single interval is approximated as being trapezoidal,

and the area of all such trapezoids is summed to give the integral. In general

for a function discretised into N points,

∫ b

a

f(x) dx ≈
N∑
i=1

f(xi) + f(xi−1)

2
(xi − xi−1) (9.76)
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Fig. 9.6. The trapezium rule for numerical integration.

This process is illustrated in Figure 9.6. The accuracy depends on the

interval size, Δx; the smaller this size, the more accurate the approximation

[10].

In our case, the function Ji has already been evaluated at discrete in-

tervals and so the total current is simply found from

J =

∫ 1

0

JiR dR ≈
ne−1∑
i=1

JiRi + Ji−1Ri−1

2
(Ri −Ri−1) (9.77)

J ≈ −1

2

n−1∑
i=1

[
(Ci,1 − Ci,0)Ri + (Ci−1,1 + Ci−1,0)Ri−1

Z1 − Z0

]
(Ri−Ri−1) (9.78)

The real current at a particular timestep is then

I = 2πFDc∗reJ (9.79)

9.3. Implementation

An implementation of a basic microdisc program for one-electron cyclic

voltammetry written in C++ using the methods developed in this chapter

is given in Appendix B.
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9.3.1. Multithreading

In computing terms, a process is an instance of a computer program that is

currently being executed. Each process has its own set of resources (such

as memory) assigned to it by the operating system (OS) and the OS shields

it from interactions from other processes running on the same machine.

A process consists of one or more threads of execution which can each

access the same shared pool of resources but not resources from outside

the process. The OS gives the illusion of being able to perform many tasks

simultaneously through the use of context switching; the OS specifies how

much processor (CPU) time each thread receives per second depending on

its priority, switching rapidly between them, giving the user the impression

that they are all running at the same time. The important point here is that

even though a computer can seem to perform many tasks simultaneously, a

single processor core can only process a single thread at a time; however, a

machine with multiple cores can process multiple threads simultaneously.

The nature of the ADI discretisation technique allows us to take advan-

tage of this aspect of computer architecture to greatly increase the speed

of simulation. Within a given sweep, each column or row may be evaluated

completely independently as the results from one column/row in a given

sweep do not in any way affect the results of another in the same sweep.

Figure 9.7 illustrates the program flow using a multithreaded approach. A

single master thread handles simulation setup (creating data structures,

generating the grid spacings, etc.). This thread then spawns a number

of other worker threads which simultaneously process the columns/rows

during a sweep. The number of rows/columns that can be evaluated si-

multaneously is equal to the number of available processor cores; when a

thread has finished processing a given row/column, it starts on the next

unprocessed one until the sweep is complete.

Note that there is a certain amount of computational overhead asso-

ciated with creating and using multiple threads, but this is more than

compensated for by the increase in speed due to simultaneous processing.

At the time of writing, a high-end desktop machine can have eight logical

processor cores and so a roughly 8× speed increase may be seen when

using a multithreaded approach on such a machine compared to a single-

threaded approach. A supercomputer may have an effectively unlimited

number of cores so that all of the columns/rows in a sweep may be evaluated

simultaneously; however, the execution speed is still limited by the speed

at which a single column can be evaluated.
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Fig. 9.7. Representation of the simulation in terms of threads.

The example program in Appendix B includes an implementation of

multithreading using OpenMP.

9.3.2. Results checking

As discussed for the case of (hemi)spherical microelectrodes in Chapter 4,

the response in cyclic voltammetry at microdiscs varies from a transient,

peaked shape to a steady-state, sigmoidal one as the electrode radius and/or

the scan rate are decreased, that is, as the dimensionless scan rate, σ =

Fr2eυ/RT D, is decreased. The following empirical expression describes the

value of the peak current of the forward peak for electrochemically reversible

processes [11]:

Ip = −4Frec∗D
(
0.34e−0.66

√
σ + 0.66− 0.13e−11/

√
σ + 0.351

√
σ
)

(9.80)

which includes as a limit the steady-state limiting current for σ → 0,

Ilim,ss = −4Frec∗D (9.81)

For the response in chronoamperometry under limiting current condi-

tions, the empirical Shoup and Szabo expression [12] provides accurate
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results with an error smaller than 0.6%:

I = −4Frec∗D

×
[
0.7854 + 0.8863

(
4Dt

r2e

)−1/2

+ 0.2146 exp

(
−0.7823

(
4Dt

r2e

)−1/2
)]

(9.82)

9.4. Microband Electrodes

A microband electrode is a conducting band that has a microscale width

but a large, macroscale length, and is embedded in an insulating surface.

In contrast to the microdisc, which we considered in terms of cylindrical

polar coordinates, the microband is most conveniently modelled in terms of

three-dimensional Cartesian coordinates, as illustrated in Figure 9.8. Like

the microdisc, this geometry also contains features that permit simplifica-

tion to a two-dimensional model. As the length of the band is of macroscale,

it is large compared to the thickness of the diffusion layer on the experimen-

tal time scale. We therefore make the approximation that the diffusional

behaviour of the band does not vary across its length, i.e., that ∂c
∂y ≡ 0.

Obviously in a real band, the behaviour at the band ends will differ from

the behaviour at the middle of the band, but for a long band this leads to

a negligible difference in the overall voltammetry.

Microband

Supporting
surfacez

x

y

x
e

Fig. 9.8. The (x, y, z) Cartesian coordinate system used to model a microband elec-
trode. The band half-width radius is xe.
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In this way, the problem is reduced to two spatial dimensions, and

we simply model a single (x, z)-plane [13–16]. Due to the line of mirror

symmetry across the y-axis, we need only consider half of the band. The

full three-dimensional current response is achieved by multiplying the two-

dimensional response by 2l where l is the length of the band.

The spatial coordinates are normalised in terms of the half-width of the

band, xe:

X =
x

xe
(9.83)

Z =
z

xe
(9.84)

In two-dimensional Cartesian coordinates, the normalised version of Fick’s

second law is

∂C

∂T
=

∂2C

∂X2
+

∂2C

∂Z2
(9.85)

The simulation space and boundary conditions for a microband is exactly

the same as that for a microdisc, as depicted in Figure 9.3, except for the

change of coordinate system.

9.4.1. Numerical solution

For the microband, the discrete spatial grid used for the microdisc is still

appropriate, and we also continue to solve using the ADI method. The

mathematical techniques may be implemented in exactly the same way, the

only change being different values for the coefficients α, β, γ and λ.

For the Z-implicit sweep, the terms in Eq. (9.85) are discretised as

∂2C

∂Z2
=

⎛
⎝C

k− 1
2

i,j+1 − C
k− 1

2

i,j

ΔZ+
−

C
k− 1

2

i,j − C
k− 1

2

i,j−1

ΔZ−

⎞
⎠ 2

ΔZ+ +ΔZ−
(9.86)

∂2C

∂X2
=

(
Ck−1

i+1,j − Ck−1
i,j

ΔX+
−

Ck−1
i,j − Ck−1

i−1,j

ΔX−

)
2

ΔX+ +ΔX−
(9.87)

Therefore at each space point we have an equation of the form

αC
k− 1

2

i,j−1 + βC
k− 1

2

i,j + γC
k− 1

2

i,j+1 = λ1C
k−1
i−1,j + λ2C

k−1
i,j + λ3C

k−1
i+1,j (9.88)
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where

α =
2

ΔZ+ +ΔZ−

(
1

ΔZ−

)
(9.89)

β =
2

ΔZ+ +ΔZ−

(
− 1

ΔZ+
− 1

ΔZ−

)
− 2

ΔT
(9.90)

γ =
2

ΔZ+ +ΔZ−

(
1

ΔZ+

)
(9.91)

λ1 = − 2

ΔX+ +ΔX−

(
1

ΔX−

)
(9.92)

λ2 = − 2

ΔX+ +ΔX−

(
− 1

ΔX+
− 1

ΔX−

)
− 2

ΔT
(9.93)

λ3 = − 2

ΔX+ +ΔX−

(
1

ΔX+

)
(9.94)

For the X-sweep, at each space point we have an equation of the form

αCk
i,j−1 + βCk

i,j + γCk
i,j+1 = λ1C

k− 1
2

i−1,j + λ2C
k− 1

2

i,j + λ3C
k− 1

2

i+1,j (9.95)

where

α =
2

ΔX+ +ΔX−

(
1

ΔX−

)
(9.96)

β =
2

ΔX+ +ΔX−

(
− 1

ΔX+
− 1

ΔX−

)
− 2

ΔT
(9.97)

γ =
2

ΔX+ +ΔX−

(
1

ΔX+

)
(9.98)

λ1 = − 2

ΔZ+ +ΔZ−

(
1

ΔZ−

)
(9.99)

λ2 = − 2

ΔZ+ +ΔZ−

(
− 1

ΔZ+
− 1

ΔZ−

)
− 2

ΔT
(9.100)

λ3 = − 2

ΔZ+ +ΔZ−

(
1

ΔZ+

)
(9.101)
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9.4.2. Flux

The current response of a microband electrode may be determined from:

I = 2Flj′ (9.102)

where l is the length of the band in the y-direction and j′ is the flux along

a cross-section of the band in the (x, z)-plane. This assumes the surface is

uniform for all planes parallel to the (x, z)-plane, which is valid as long as

the band is long. The factor 2 arises because the simulation space considers

only half of the band system. The value of j′ is given by

j′ = −D
∫ x=xe

x=0

∂c

∂z
∂x (9.103)

Using the same procedure as we used for the microdisc in Section 9.1.3, we

find that the dimensionless flux across the band cross-section is

J ′ = −Dc∗
∫ X=1

X=0

∂C

∂Z
∂X (9.104)

Therefore the current is equal to

I = 2FlDc∗J ′ (9.105)

where, by the trapezium rule,

j = −
∫ X=1

X=0

∂C

∂Z
∂X

≈ −1

2

ne−1∑
i=1

[
(Ci,1 − Ci,0) + (Ci−1,1 − Ci−1,0)

Z1 − Z0

]
(Xi −Xi−1)

(9.106)

where the subscript i indicates the space step along the x-axis.

The numerical solution in diffusion-limited chronoamperometry can be

checked by comparison with the expression derived by Szabo et al. [17]:

for
Dt

4x2
e

< 0.4

Ilim = −FlDc∗
(
1 +

2xe√
πDt

)
(9.107)
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for
Dt

4x2
e

≥ 0.4

Ilim = −FlDc∗

[
0.5xe

√
π

Dt
exp

(
−0.2

√
πDt

xe

)
+

π

ln
(
5.2945 + 2.9972

√
Dt
xe

)
]

(9.108)
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Chapter 10

Heterogeneous Surfaces

An electrochemically heterogeneous electrode is one where the electrochem-

ical activity varies over the surface of the electrode. This broad classification

encompasses a variety of electrode types [1, 2] including microelectrode ar-

rays, partially blocked electrodes, electrodes made of composite materials,

porous electrodes and electrodes modified with distributions of micro- and

nanoscale electroactive particles. In this chapter, we extend the mathemat-

ical models developed in the previous chapter, in order to accurately simu-

late microelectrode arrays. Further, we explore the applications of a num-

ber of niche experimental systems, including partially blocked electrodes,

highly ordered pyrolytic graphite, etc., and develop simulation models for

them.

Microelectrode arrays are systems in which a number of micron-scale

electrodes (usually of the same size and shape) are distributed over an

inert supporting surface. When properly constructed, an array of micro-

electrodes wired in parallel offers the enhanced sensitivity observed of single

microelectrodes but with the benefit of a higher total current output [3].

They find significant use in electrochemical analysis and sensor technology

due to a number of advantages such as reduced ohmic drop, small capacitive

charging currents and steady-state diffusion currents [4–6]. Parallel-wired

microdisc arrays can also increase the electrochemical window in which one

can perform experiments while retaining an easily measurable current out-

put [7]. Arrays may also be wired such that each electrode is individually

addressable [8, 9] which confers a high degree of spatial resolution. This al-

lows the probing of signal transmission within a network of biological cells,

and the possibility of sensing multiple analytes using different electrodes in

the array [10].

A number of methods exist for fabricating microelectrode arrays [6]

and a variety of array geometries are encountered with the most com-

mon being arrays of microdiscs and arrays of microbands. Microdiscs

are most frequently arranged as a regularly distributed (i.e., a square or

201
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hexagonal lattice), flat array, although arrays of recessed discs are also

used [11]. Microbands are typically employed as regular arrays wired in

parallel [3], or as so-called interdigitated microband arrays, where two ar-

rays of bands (each itself wired in parallel) are arranged in an alternating

pattern. Interdigitated systems are often used in redox cyclic, generator-

collector experiments [12]. Other, more exotic array types are occasionally

encountered, including non-flat geometries, such as arrays of cylindrical

microelectrodes [13].

A partially blocked electrode is a macroscale electrode that is partially

covered in electrochemically inert microscale particles which block the dif-

fusional path of electroactive solution-phase species to the electrode sur-

face [14]. The inverse situation is an inert surface modified with a distri-

bution of (usually hemispherical or spherical) electroactive nanoparticles;

such systems are currently finding widespread use in electroanalysis [15].

Certain electrode materials display heterogeneous electrochemical be-

haviour with certain zones of the surface being more electroactive than

other zones. This can arise, for example, in pyrolytic graphite which is

uniform in composition but possesses two distinct crystallographic planes

(edge and basal), both of which are electroactive but which each display

different electrochemical rate constants [16].

10.1. Arrays of Microdisc Electrodes

In Chapter 9, we studied the problem of a single electroactive microdisc

on an infinite supporting surface. Here we consider the situation where an

array of such microdiscs are embedded in a surface in a regular distribution

as illustrated in Figure 10.1. It is assumed that electroactivity only occurs

at the microdisc electrodes, not on the supporting surface.

Microdisc Supporting
surface

Fig. 10.1. A regularly distributed array of microdisc electrodes.
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We assume that the array is large, consisting of many microdiscs. Since

the discs are regularly distributed, it is reasonable to suppose that on aver-

age each disc sits in an identical diffusional environment, with differences in

environment of the outer edges of the array making a negligible contribution

to the whole. We may therefore treat the surface as though it is composed

of a large number of identical unit cells, each centred around a single disc.

These cells may be arranged in, e.g., a hexagonal1 array as shown in Figure

10.2. The centre-to-centre distance of two nearest neighbours is d, which

is the same as the height of the hexagon (distance between two parallel

sides). As each unit cell behaves identically, it is only necessary to simulate

one of them; the current response from the whole surface is then simply

the response of a single cell multiplied by the number of discs in the array.

Even though simulating a single unit cell is a much smaller problem than

simulating the whole surface, it is still a three-dimensional problem and

is thus highly computationally demanding. When simulating an isolated

microdisc, we relied on the rotational symmetry of the system to reduce

the problem to a two-dimensional one. This symmetry is not present in our

unit cell; however, a simplified solution is available through the use of the

diffusion domain approximation.

Cell
d

d

Fig. 10.2. Hexagonal array of microdisc electrodes with centre-to-centre separation, d.

1 Here we assume a hexagonal lattice, but this discussion applies equally to other regular
distributions such as a square lattice.
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10.1.1. Diffusion domain approximation

Under the diffusion domain approximation [1, 14, 17, 18], the hexagonal

unit cell is approximated as a cylindrical cell of the same base area as

shown in Figure 10.3.

d

rd

re

re

z

re

r

rd

re

(a)

(b)

Fig. 10.3. Transformation of a hexagonal cell to a cylindrical cell of the same base area:
(a) top-down view; (b) three-dimensional unit cell view.

The area, A, of the hexagonal base is given by

A =

√
3

2
d2 (10.1)

The radius, rd, of the circular base may therefore be calculated by equating

the areas of the two shapes:

πr2d =

√
3

2
d2 (10.2)

so

rd ≈ 0.525d (10.3)

Previous studies have demonstrated that the results of simulations using

the diffusion domain approximation show very good agreement with exper-

iments [19].
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10.1.2. Implementation

As with the isolated microdisc simulations in Chapter 9, we here consider

the simulation of the cyclic voltammetry of a simple fully reversible one-

electron reduction. For an array, since each unit cell is identical, the con-

centrations of the electroactive species will necessarily be the same on either

side of the cell boundary and there can be no flux of electroactive material

across the boundary. After using the diffusion domain approximation, this

boundary is at a distance r = rd, therefore(
∂c

∂r

)
r=rd

= 0 (10.4)

Apart from this change in boundary condition, the simulation space for a

microdisc array is exactly the same as that used for the single microdisc,

depicted in Figure 9.3.

The cell radius is normalised against the disc radius:

Rd =
rd
re

(10.5)

where Rd is the normalised cell radius. In order to perform an array sim-

ulation, this dimensionless distance must be determined. While it can be

explicitly specified by the simulation user, it is usually more appropriate to

calculate it based on some other aspect of the array geometry. A commonly

used method is to allow the user to specify a surface coverage, Θ, which is

defined generally for any partially active electrode surface as the ratio of

electroactive area to total area. For an array of discs this may be written

as

Θ =
Nπr2e
A

(10.6)

where N is the number of discs in the array, and A is the total substrate

area. The coverage may equivalently be determined from

Θ =
πr2e
πr2d

(10.7)

The normalised radius, Rd, may therefore be calculated from a specified

value of surface coverage by

Rd =
√
1/Θ (10.8)



October 23, 2013 11:24 World Scientific Review Volume - 9in x 6in Sandhya Devi BOOK

206 Understanding Voltammetry: Simulation of Electrode Processes

10.1.2.1. Simulation procedure

The simulation procedure for a microdisc array is almost identical to that

developed using the ADI method for a single microdisc in Chapter 9; there

are only two significant changes. First, as we have discussed, is the impo-

sition of the diffusion domain boundary at r = rd (where before we had a

bulk concentration boundary condition at r = rmax). In discrete form, this

condition is represented as Ck
n−1,j −Ck

n−2,j = 0 and this is implemented by

using the following coefficients for the last point of every row, i = n− 1, in

the R-sweep:

αn−1 = −1, βn−1 = 1, γn−1 = 0, δn−1 = 0 (10.9)

Additionally, it is necessary to alter the grid spacing in the R-direction

to allow for a greater density of spatial points in the region of this outer

boundary which may be achieved using an expanding-contracting patching

scheme as described in Section 4.1.1, such that there are the greatest density

of spatial points at R = 0, R = 1 and R = Rd. The increments, hi

(= Ri+1 −Ri), are given by

0 ≤ R ≤ 1

2
, hi = h0ω

i (10.10)

1

2
< R ≤ 1, hi = h0ω

ne−i (10.11)

1 < R ≤ Rd + 1

2
, hi = h0ω

i−ne (10.12)

Rd + 1

2
< R ≤ Rd, hi = h0ω

n−ne−i (10.13)

The grid spacing for the Z-direction may remain as it was for a single

microdisc, i.e., a high density at the electrode surface, expanding up to

the outer boundary, as the outer boundary in that direction is still a bulk

concentration boundary at semi-infinite distance.

10.1.3. Diffusional modes

It is useful at this point to examine the diffusional and voltammetric be-

haviour of a microdisc array as it varies with the surface coverage (or equiv-

alently with the disc-to-disc separation) and disc size. It is observed that
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there are four limiting cases of behaviour; this classification applies gener-

ally to all partially active electrodes and was originally based on observa-

tions of partially blocked electrode systems [1, 2].

The category that any given experiment/simulation will fall into de-

pends largely upon the distance that the electroactive species diffuse on the

time scale of the experiment (∼
√
Dt) relative to the average separation be-

tween neighbouring discs, as well as upon the average disc radius. The time

scale may be controlled in, for example, cyclic voltammetry, through the

scan rate (high scan rate leads to short experimental time and low scan rate

leads to a long experimental time); or in potential step chronoamperometry,

by the duration of the potential pulse applied.

The diffusional behaviour observed in each case is illustrated schemat-

ically in Figure 10.4, accompanied by an example of the simulated lin-

ear sweep voltammetry that can be expected under each regime. The

example voltammograms are simulated based on a system with a sur-

face coverage Θ = 0.01, disc radius re = 1 μm and diffusion coefficient

DA = 10−5 cm2 s−1, and vary only in terms of the voltammetric scan rate,

ν.

Case 1 behaviour, depicted in Figure 10.4(a), describes diffusion that

is perpendicular to the surface of the electroactive site. This behaviour

is observed when the size of the discs is large compared with
√
Dt. This

can correspond to either a large (macroscale) disc, or to an experiment

conducted over an extremely short time scale, such as a cyclic voltamme-

try with a very fast scan rate; the faster the scan rate, the smaller the

discs can be while still observing Case 1 behaviour. In the limit of fully

reversible kinetics, the voltammetric response reflects linear diffusion to the

electroactive area such that the peak current, Ip, is given by the Randles–

Ševč́ık equation:

Ip = −0.446 FAeac
∗
√

FDν

RT (10.14)

where Aea = Nπr2e is the total electroactive surface area of the microdisc

array.

Case 2 behaviour, depicted in Figure 10.4(b), is observed when the size

of the discs is small compared with
√
Dt. Under this category, each disc

behaves as a microelectrode and diffusion to it is convergent rather than

linear. In both Cases 1 and 2, neighbouring discs are sufficiently far apart

that they are effectively diffusionally independent of the experimental time

scale. The voltammetric response in Case 2 is therefore that of a single
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(a) Case 1

(b) Case 2

(d) Case 4

(c) Case 3

Fig. 10.4. The four limiting cases of diffusional behaviour to an array of microdisc
electrodes.

isolated microdisc electrode, scaled by the number of discs in the array;

steady-state voltammetry is therefore observed for such arrays (assuming

the scan rate is not too high). It should be emphasised again that diffu-

sional independence in this case depends not on the absolute size of the



October 23, 2013 11:24 World Scientific Review Volume - 9in x 6in Sandhya Devi BOOK

Heterogeneous Surfaces 209

inter-disc separation, d, but upon the ratio of this distance to the distance

that electroactive species can diffuse on the time scale of the experiment

(∼
√
Dt); specifically, diffusional independence is achieved in Cases 1 and

2 if d >
√
Dt. Consequently, the concept of diffusional independence can

only apply to an electrode array for a finite amount of time [20].

Case 3 behaviour, depicted in Figure 10.4(c), is also observed when the

size of the discs is small and when the inter-disc separation is less than

that in Case 2 (again relative to
√
Dt). In this category, diffusion to each

individual disc is still convergent, but the diffusion fields of neighbouring

discs begin to overlap somewhat, a situation that is sometimes referred

to as shielding. The current density is therefore lower than in Case 2

where each disc is effectively independent. The voltammetric response is

intermediate in character between the sigmoidal, steady-state voltammetry

observed for Case 2 and the peaked voltammetry observed in Case 1 (and

Case 4). When designing microelectrode arrays for use as, e.g., certain

types of sensors, it is often desirable to maintain diffusional independence

and thus avoid Case 3 (shielding) behaviour in order to achieve a linear

signal enhancement without additionally complicating the response [20].

Case 4 behaviour, depicted in Figure 10.4(d), represents the extreme

limit of Case 3, where the spacing between adjacent discs is very small,

such that there is very strong overlap of neighbouring diffusion fields and

d <
√
Dt. In this case, diffusion is linear to the entire surface and the

voltammetric response shows a well-defined peak. Perhaps surprisingly, in

this limit, the peak current is given by the Randles–Ševč́ık equation where

A is the total geometric area of the electrode system (active and inert); it

is the same as it would be were the entire surface electroactive! 2

Although the peak current in Case 4 doesn’t vary with the surface cover-

age of electroactive material, Θ is seen to affect the apparent electrochemical

rate constant, kapp. It has been shown [2, 17] that so long as the diffusional

behaviour is strictly in the Case 4 limit

k0app = k0Θ (10.15)

such that a lower surface coverage results in slower apparent kinetics. In

the limit of fully reversible electrode kinetics, this has no influence on the

2 This classification scheme may be extended to a fifth case [3]. In Case 5, the ex-
perimental time scale is very long (very slow scan rate) so that diffusion to the entire
substrate is convergent, giving sigmoidal voltammetry. This behaviour is most readily
observed experimentally when the supporting substrate itself is of microscale and the
electroactive particles are of sub-micron size.
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observed voltammetry; however, this does not hold for the irreversible limit.

In the latter case, the peak potential, Ep, is given by

Ep = E0
f −

RT

αF

[
0.780− ln(Θk0) + ln

(√
αFDν

RT

)]
(10.16)

Equivalently, in normalised units this is

θp =
1

α

[
ln

(
ΘK0

√
σα

)
− 0.780

]
(10.17)

A recent theoretical study [21] has demonstrated that this relationship also

applies to non-flat electrode geometries, such as inert surfaces modified

with electroactive nanoparticles, except that in that case, the apparent

rate constant is given by k0app = k0Ψ where Ψ is the ratio of electroactive

surface area to geometric surface area of the electrode. Whereas necessarily

Θ ≤ 1, Ψ is not so restricted, and may in fact have a value greater than

1. In that case, the apparent rate constant is seen to increase compared

to a fully active macroelectrode, and the peak position, Ep, shifts towards

E0
f , giving the appearance of a catalytic effect. Again this assumes that the

diffusional behaviour is in Case 4.

10.1.4. Random arrays

We now turn our attention to randomly distributed arrays of microdisc

electrodes as illustrated in Figure 10.5; though they are not as commonly

encountered as regularly distributed microdisc arrays, techniques do exist

for their fabrication [22] and so here we consider the simulation of such

arrays. Though the specific example of a randomly distributed microdisc

array is of limited utility, the techniques for generating a random distribu-

tion of particles are applicable to a range of electrochemical problems.

Fig. 10.5. A randomly distributed array of microdisc electrodes.
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(a) (b)

Fig. 10.6. (a) Surface with randomly distributed microdisc electrodes divided into
Voronoi cells; (b) diffusion domain approximation used to transform a Voronoi cell into
a cylindrical cell of equivalent base area.

A randomised algorithm could be used that would take as input the disc

radius, re, the electrode area, A, and the surface coverage, Θ, and would

generate a surface with randomly distributed microdiscs; alternatively the

number of particles, N , could be specified in place of re since

N =
AΘ

πr2e
(10.18)

Figure 10.6(a) illustrates a section of a surface generated by such an al-

gorithm. In the figure, each disc3 sits in its own cell; the cell’s boundary

encompasses the set of points that is closer to that particular disc than to

any other disc, and is called a Voronoi cell (the cell boundaries may also be

considered as bisections of the distance between the nearest neighbours).

The surface is therefore composed of N domains of varying size, each of

which is an irregular polygon of area An. The sides of the polygon are

situated midway between two adjacent discs, thus to a good approxima-

tion, they can be considered to be no-flux boundaries.

In the same manner as for the regularly distributed array, we can use

the diffusion domain approximation to transform each Voronoi cell into a

cylindrical cell of the same base area, An, and of radius rd,n, as illustrated

in Figure 10.6(b), thus reducing the problem of simulating each cell from

3 We assume that each disc is of the same radius; the simulation of randomly distributed
arrays of particles of different sizes is beyond the scope of this text.
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three dimensions to two dimensions. As each cell is now effectively of a

different size, it would seem that in order to calculate the current response,

I, for the whole surface, it is necessary to first generate the surface with the

randomised algorithm, calculate the area of each individual cell, simulate

each one and finally sum their respective current responses, In:

I =

N∑
n=1

In (10.19)

Using this approach it would take approximatelyN times longer to simulate

a single randomly distributed array than it would to simulate a regular

array, which is clearly impractical, as N is likely to be very large.

Fortunately, a set of equations are available for the statistical treatment

of nearest-neighbour distance in a random distribution of particles [18, 23].

For a particular value of re, knowledge of N and A allows us to determine

the distribution of diffusion domain sizes (in terms of domain radius, rd)

present on the electrode surface. The probability, P (rd), of finding domains

of radius rd is given by the equation (a Poisson distribution): 4

P (rd) =
2πNrd

A
exp

(
−πNr2d

A

)
(10.20)

This distribution is illustrated graphically in Figure 10.7.

The expectation value (mean) domain radius, 〈rd〉, is given by [18]

〈rd〉 =
√

A

4N
(10.21)

To find the total current response of the surface, I, we need to solve the

integral

I = N

∫ ∞

0

I(rd)P (rd) drd (10.22)

where I(rd) is the current response of a domain of radius rd. The probability

of domains with radii greater than 3〈rd〉 is so small that their current

contribution is negligible [18], and the upper limit of infinity can thus be

4 It should be noted that this allows for the case of overlapping discs. However the
approximation remains valid as long as the degree overlap is not excessive (as long as
the coverage is not too high).
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Fig. 10.7. The probability function given by Eq. (10.20) for a range of values of re
where Θ = 0.1.

replaced by 3〈rd〉. This integral can be approximated numerically using the

trapezium rule:

I =

M∑
m=1

1

2
[I(rd +Δrd)P (rd +Δrd) + I(rd)P (rd)] Δrd (10.23)

where Δrd is the interval size andM is the total number of intervals between

0 and 3〈rd〉 such that M = 3〈rd〉/Δrd. The smaller the value of Δrd, the

more closely this will approximate the true value of the integral.

In normalised units, Eq. (10.20) is

P (Rd) =
2πNRd

A′ exp

(
−πNR2

d

A′

)
(10.24)

whereRd is the normalised domain radius andA′ is the normalised electrode

area given by

A′ =
A

r2e
(10.25)



October 23, 2013 11:24 World Scientific Review Volume - 9in x 6in Sandhya Devi BOOK

214 Understanding Voltammetry: Simulation of Electrode Processes

We may similarly transform Eq. (10.23):

J =

M∑
m=1

1

2
[J(Rd +ΔRd)P (Rd +ΔRd) + J(Rd)P (Rd)]ΔRd (10.26)

where now

M =
3〈Rd〉
ΔRd

=
3

ΔRd

√
A′

4N
(10.27)

To summarise then, simulation of a surface with a random distribution

of microdiscs with any given set of values of Θ and A′ (orN and A′) consists

of the following:

(1) Select an interval size, ΔRd, and from this calculate the number of

intervals, M .

(2) For each value of Rd thus generated (ΔRd, 2ΔRd, . . . , MΔRd), simu-

late a domain of that radius and record the normalised current response,

J(Rd).

(3) Use these values of J(Rd), and the values of P (Rd) given by Eq. (10.24)

to solve for J in Eq. (10.26).

In this way, the current response (voltammetry) of each domain size is

weighted appropriately according to its probability of occurring on the sur-

face.

10.1.4.1. Partially blocked electrodes

A partially blocked electrode (PBE) is a macroscale electrode that is par-

tially covered in particles of some inert blocking material. Electrochemistry

at PBEs presents an intriguing problem as the blocking modifies the rates

of diffusive and kinetic flux to the electrode surface. Not only can these

changes lead to inaccurate electrochemical interpretation, but in some cir-

cumstances, the blocked electrode can be mistaken for an unblocked one

with the wrong mechanism [24].

If we approximate each of the inert blocking particles as being disc-

shaped and of the same size, the modelling of a PBE is only very slightly

different from modelling a random array of microelectrodes. In the latter

case we considered an array of electroactive discs on an inert surface whereas

for a PBE we consider an array of inert discs on an electroactive surface.

The simple solution then is to use exactly the same simulation model as for

the random array of microdiscs except that the surface boundary conditions
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∂c
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∂z
= 0

for = 0   - = *t c c

for > 0t - ∂c
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∂c

∂r
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(b)

Electrode

Block

Fig. 10.8. (a) Unit cell for the partially blocked electrode model; (b) simulation space
for the PBE.

are inversed; the boundary at (z = 0, r ≤ re) is now set to use a zero-flux

boundary condition, and the boundary at (z = 0, r > re) is now set to use

a potential-dependent boundary condition. Figure 10.8 illustrates the unit

cell and the simulation space for a PBE.

If the size of the blocking particles is relatively small such that the diffu-

sion can be described as being in Case 4, the peak current of voltammetry
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of the blocked surface will be that given by the Randles–Ševč́ık equation,

Eq. (10.14) and in the limit of irreversible kinetics, the peak potential will

be that given by Eq. (10.16).

10.2. Microband Arrays

In a microband electrode array, a series of microband electrodes lie across

a surface in a parallel arrangement [3] as illustrated in Figure 10.9. It is

assumed that electroactivity is confined to the electrodes; the supporting

surface is inert in this respect.

z

x

y

z

x

d

w

(a)

(b)

Microband
Supporting
surface

l

Fig. 10.9. (a) Schematic diagram of a regularly distributed array of microband elec-
trodes. (b) Cross-section through the (x, z)-plane.

For the purposes of modelling this array, we assume that each band is

identical, with the same length, l, and width, w, and with the same centre-

to-centre spacing, d, between each adjacent band. Consequently, each band

sits in the centre of an identical unit cell, as shown in Figure 10.10. This

assumes that there are many bands in the array; bands at the outer edge

of the array will obviously experience a different environment than those at

the centre; however, if there are a large number of bands, the effect of this

difference on the observed voltammetry will be negligible. If we assume
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z

x

y

d

w

l

Fig. 10.10. The unit cell for a single microband electrode in an array.

that each band experiences an identical environment, and therefore that

each unit cell is identical, it is only necessary to simulate a single unit cell.

The total voltammetric response of the entire array is found by scaling the

current recorded at the single band by the number of bands in the array. In

contrast to the microdisc array, the microband unit cell already contains the

requisite symmetry necessary to reduce the problem to two dimensions, so

no transformation akin to the diffusion domain approximation is necessary.

The boundary between two adjacent cells, which is at a distance xd =

d/2 from the centre of each electrode, is actually a line of mirror symmetry.

As each side of the boundary is identical, there can necessarily be no flux

across it and so the boundary condition at x = xd is(
∂c

∂x

)
x=xd

= 0 (10.28)

Apart from this change in boundary condition, the simulation space for a

microband array is exactly the same as for the single microband, depicted in

Figure 9.8. As with the microdisc array, it is necessary to alter the spatial

grid in the X-direction so that there is a high concentration of spatial points

at this outer boundary to ensure accurate simulation.
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Note that the classification of diffusional modes developed in Section

10.1.3 also applies to arrays of microbands [3] and so is useful when

analysing their behaviour.

10.2.1. Highly ordered pyrolytic graphite

Highly ordered pyrolytic graphite (HOPG) and its derivatives are popular

electrode materials for use in electroanalysis and are examples of materials

that have electrochemical rate constants that vary across their surfaces.

HOPG consists of stacked planes of graphite with an interlayer spacing

of 3.35 Å, and possesses two electrochemically distinct surfaces: the basal

plane which lies parallel to the graphite plane, and the edge plane which

lies perpendicular to it [16, 25]. The edge plane surface displays an elec-

trochemical rate constant (kedge0 ) that is several orders of magnitude faster

than the basal plane (kbasal0 ) for most redox couples. As a consequence,

electrode surfaces of widely varying character can be prepared from a sam-

ple of HOPG by cleaving it either parallel to or perpendicular to the plane

of the graphite sheets. In the former case the electrode will show mostly

basal plane character (slow, irreversible kinetics), whereas in the latter case

it will have mostly edge plane character (fast, reversible kinetics). No cut

will be perfect; however, and therefore the surface will always take the form

of a stepped structure as shown schematically in Figure 10.11(a), with long

terraces of the dominant plane and small steps (impurities) of the minor

plane. Note that some recent work suggests that so-called pristine HOPG

shows basal plane zones with fast electrode kinetics but that this is rapidly

passivated soon after preparation.

Basal Plane

Edge Plane

z

x

y

d

w

l

a) b)

Fig. 10.11. (a) Schematic of the layered structure of HOPG; (b) flat unit cell used to
model BPPG.
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The difference in the electrochemical rate constants is such that in the

case of a surface with mostly edge-plane character, called edge plane py-

rolytic graphite (EPPG), the small regions of basal plane are effectively

inert. These regions act as thin band-shaped blocks, in the same manner

as the blocking discs in the PBE model (Section 10.1.4.1), which as we saw

have a relatively small effect on the voltammetry, causing a very small shift

in the peak position, according to Eq. (10.16), but no change to the peak

current. In the case of basal plane pyrolytic graphite (BPPG); however, the

situation is more interesting: the relative size of the edge plane defects has

a significant effect on the peak potential of the voltammetry. 5 Therefore

it is informative to simulate the BPPG system to better understand this

effect.

As the BPPG surface consists of wide flat terraces of basal plane sep-

arated by narrow steps of edge plane, it is reasonable to treat the surface

as though it is completely flat [26]. This simplification allows us to simu-

late voltammetry of a BPPG surface using the model that we have already

developed for microband arrays, with only a small change to the surface

boundary conditions. The unit cell for the BPPG model is shown in Figure

10.11(b). Under the microband array model, the surface boundary condi-

tions are given by

for z = 0, x ≤ xe : c = f(k0, E) (10.29)

for z = 0, x > xe :
∂c

∂z
= 0 (10.30)

where f(k0, E) is a kinetic and potential-dependent boundary condition

with a form defined by, for example, the Butler–Volmer or Marcus–Hush

kinetic models (see Chapter 4). The new surface boundary conditions for

the BPPG model are

for z = 0, x ≤ xe : c = f(kedge0 , E) (10.31)

for z = 0, x > xe : c = f(kbasal0 , E) (10.32)

10.2.2. Interdigitated microbands

Interdigitated microband arrays (IDAs) are another example of an electrode

system with spatially variant electrode kinetics. The system consists of two

5 In the extreme limit of this model, corresponding to very thin edge bands and wide
basal bands, voltammetry with two distinct peaks in the forward sweep may even be
observed [26].
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Array 1 ( )k1 , E1

Array 2

0

( )k2 , E20

Fig. 10.12. Schematic diagram of an interdigitated microband system.

separate arrays of microband electrodes, each wired in parallel, arranged in

an alternating pattern, as illustrated in Figure 10.12. The two arrays may

be made of different electroactive materials, allowing for different kinetic

properties, and the potential applied at each may be independently regu-

lated. The primary application of IDAs is as generator-collector systems in

which one of the arrays (the generator) is used to oxidise or reduce some

target analyte, which is then transported to the second array (the collector)

where it undergoes further oxidation/reduction:

Generator: A± e− � B (10.33)

Collector: B± e− � C (10.34)

In the case where C = A, redox cycling occurs, where electroactive

species rapidly cycle between the generator and collector electrodes [27],

greatly enhancing the measured current and therefore the sensitivity. Fur-

ther, it is possible to use such a setup to simultaneously measure both the

concentration and diffusion coefficient of a target analyte [28].

It is possible to develop a simulation model for the IDA system by

recognising that like some other systems under study in this chapter, it has

translational symmetry. The simulation space for the IDA is a unit cell

that encompasses half of each of two neighbouring bands and the space in

between them, as shown in Figure 10.13. Note that here for simplicity, we

assume that both kinds of band have the same width, w, though this need

not be the case.
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Fig. 10.13. Simulation space for an interdigitated microband system.

The simulation model is similar to that used for the microband array

but with altered surface (z = 0) boundary conditions and an x-grid spacing

modified to take account of the newly introduced singularity at x = d−xe.

The surface boundary conditions are different for each species and vary

with x according to the following:

0 ≤ x ≤ xe

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

DA

(
∂cA
∂z

)
z=0

= k
(i)
redcA(i, 0, t)− k

(i)
ox cB(i, 0, t)

DB

(
∂cB
∂z

)
z=0

= −DA

(
∂cA
∂z

)
z=0

DC

(
∂cY
∂z

)
z=0

= 0

(10.35)

xe < x ≤ d− xe

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

DA

(
∂cA
∂z

)
z=0

= 0

DB

(
∂cB
∂z

)
z=0

= 0

DC

(
∂cC
∂z

)
z=0

= 0

(10.36)
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d− xe < x ≤ d

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

DA

(
∂cA
∂z

)
z=0

= 0

DB

(
∂cB
∂z

)
z=0

= k
(ii)
red cB(i, 0, t)− k

(ii)
ox cC(i, 0, t)

DC

(
∂cC
∂z

)
z=0

= −DB

(
∂cB
∂z

)
z=0

(10.37)

where k
(i)/(ii)
red/ox are the rate constants for the reduction and oxidation at the

generator, (i), and collector, (ii).

The spatial grid in the x-direction should use an expanding-contracting

patching scheme such that the point density is highest at the two edges of

each electrode (at x = 0, x = xe, x = d− xe and x = d).

The current is calculated from

I = 2Fl(j′A + j′B) (10.38)

where the flux is integrated separately across the surface of each band:

j′A = −DA

∫ x=xe

x=0

(
∂cA
∂z

)
z=0

∂x (10.39)

j′B = −DB

∫ x=d

x=d−xe

(
∂cB
∂z

)
z=0

∂x (10.40)

10.3. Porous Electrodes

We consider an electrode system that consists of a macroelectrode cov-

ered with an insulating film that contains (non-interconnected) cylindrical

micropores such that electroactive species in solution can only access the

conducting electrode surface by diffusion through the pores [29]. This sys-

tem is illustrated schematically in Figure 10.14(a). For the purposes of

modelling, we assume that the pores are of uniform radius, re, and depth,

ze, and that there are a large number of them regularly distributed across

the surface. Further, we assume that the percentage of the surface occupied

by the pores is given by the surface coverage, Θ = Nπr2e/A, where N is the

total number of pores and A is the geometric area of the macroelectrode.

This allows for the application of the diffusion domain approximation

(Section 10.1.1) under which we can consider each pore to sit at the centre
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Fig. 10.14. (a) Schematic of an electroactive surface covered in an inactive porous film;
(b) cylindrical unit cell of a single pore derived from the diffusion domain approximation.

of an identical cylindrical unit cell, with a radius rd which is calculated

from:

rd =
re√
Θ

(10.41)

The unit cell and coordinates are illustrated in Figure 10.14(b). As with

the array of microdiscs model, the unit cell is cylindrically symmetrical

about an axis that passes through the centre of the pore, perpendicular

to the electrode surface. The problem may thus be reduced from a three-

dimensional one to a two-dimensional one. As with the microdisc electrode,

this is a two-dimensional cylindrical polar coordinate system, and Fick’s

second law in this space is given by Eq. (9.6). The simulation space for the

unit cell with its attendant boundary conditions is shown in Figure 10.15.
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r = 0

z z= e

z = 0

z z= max

c c= *

∂c

∂r
= 0

∂c

∂r
= 0

c = f(E)

for = 0   - = *t c c

∂c

∂t
= D   c

2Δ

r r= e

r r= d

Electrode

∂c

∂r
= 0

∂c

∂z
= 0

for > 0   -t

Fig. 10.15. The two-dimensional simulation space for a porous electrode.

The complete set of boundary conditions is

0 ≤ z ≤ zmax, r = 0 :

(
∂c

∂r

)
r=0

= 0

0 ≤ z ≤ ze, r = re :

(
∂c

∂r

)
r=re

= 0

ze < z ≤ zmax, r = rd :

(
∂c

∂r

)
r=rd

= 0

z = 0, 0 ≤ r ≤ re : c = f(E)

z = ze, re ≤ r ≤ rd :

(
∂c

∂r

)
r=re

= 0

z = zmax, 0 ≤ r ≤ rd : c = c∗

(10.42)

This model differs from any previous two-dimensional model that we

have studied in that the simulation space is not rectangular; the zone de-

fined by (re < r ≤ rd, 0 ≤ z < ze) is outside the bounds of the space.
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In terms of computational implementation, the container that stores the

concentration grid may still be rectangular; one simply sets the initial con-

centration of all species at all points in this exclusion zone to zero. In

addition, any coefficients for the Thomas algorithm (αi,j , βi,j , γi,j) that re-

fer to spatial points inside this zone are also set to zero, and the discretised

boundary conditions derived from (10.42) are applied in the appropriate

places. The current is calculated in exactly the same manner as for a mi-

crodisc electrode.

The voltammetric behaviour of this system is controlled by the size of

the diffusion layer (∼
√
Dt) relative to the pore depth, ze, and radius, re [29].

If the diffusion layer thickness is less than the pore depth, diffusion to the

electrode surface is necessarily planar as the layer is confined to the interior

of the pores and there is no possibility of radial diffusion, regardless of the

size of re. As a consequence, conventionally macroelectrode voltammetry

is seen even if the radius of the pore is of micron-scale. If the size of the

diffusion layer is greater than the depth of the pore then the voltammetric

behaviour becomes sensitive to both re and rd.

10.4. Conclusion

This chapter has demonstrated that, in spite of being computationally

more demanding, a wide variety of electrode geometries can be successfully

modelled; many complex three-dimensional systems can be simulated in a

reasonable amount of time and with acceptable accuracy by carefully con-

sidering any symmetry inherent in the system and exploiting this to reduce

the problem to a more manageable number of dimensions. From there,

all that is frequently needed is an appropriate description of the boundary

conditions of the system and a careful consideration of the discrete spatial

gridding to ensure a high density of points in the region of any finite spatial

boundary or singularity.
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Appendix A: Review of C++

Here we will briefly introduce some of the essential C++ concepts that are

used in programs throughout this book. This is by no means intended to

provide comprehensive coverage of the language, but should allow those

familiar with general programming concepts but with no C++ experience

to write simple C++ programs, or at the very least translate the programs

and program fragments in this book in their language of choice. The lan-

guage constructs utilised in this work are found, with little variation, in

most other modern programming languages so such translation should be

straightforward in most cases.

We will cover only the basic features of C++ that are required to under-

stand the code contained in this book. Most of the more advanced features

of the language will not be covered such as pointers, exceptions and tem-

plates, and the concepts related to object-oriented programming such as

classes, inheritance and polymorphism. Such features are invaluable when

creating larger, general-purpose simulation packages but were not felt to be

necessary for understanding and developing the (structurally) simple pro-

grams covered in this text. A very large number of textbooks are available

for learning C++ and on more advanced topics [1–7].

Since the aim here is to develop simple electrochemical simulations, we

will forgo any discussion of graphical user interfaces as this would introduce

unnecessary complexity, and concentrate solely on developing command-

line-interface-based programs. There are a wide variety of C++ compilers

available for all operating systems and you should refer to the instructions

provided with your compiler for the specific compilation procedure.

A.1. Hello World

In C++ a typical “Hello world” program is written as

#include <iostream>

229
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using namespace std;

// A C++ program always begins at the main() function

int main()

{

cout << "Hello World!";

return 0;

}

We will now examine this code line by line. The first line in the program is

#include <iostream>

This is an example of an #include directive, which is used to import C++

code that is found in other files into the current file. In this case, we

are including the header file iostream which is part of the C++ standard

library and contains functionality for input and output. It is necessary to

include this header if you want to use this functionality. The next line is

using namespace std;

The std namespace is the namespace in which the entire C++ standard

library is declared. Including the above line in your program introduces it to

all of the names in the standard library (which includes cout) and is there-

fore necessary for successful compilation. Further discussion of namespaces

is beyond the scope of this introduction.

The next line is an example of a single-line comment. In C++, a com-

ment begins with // and extends to the end of that line; everything after

the // symbol is completely ignored by the compiler. This allows for exe-

cutable code and a comment in the same line, as long as the executable code

comes first. C++ also allows for multi-line comments which begin with /*,

and end with */ and can be spread over any number of lines; everything

between these two symbols is ignored by the compiler.

The remainder of the program defines the actual executable code. The

line

int main()

defines a function (subroutine), main(), that takes no parameters and re-

turns a value of integer type. All C++ programs consist of one or more

functions (discussed in more detail shortly), but all programs must include
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a function called main() as this is where program execution begins by de-

fault. The definition of main(), a series of executable statements that

describes what it does, is enclosed in a matched pair of curly braces, { and
}. The statement

cout << "Hello World!";

causes the message “Hello World!” to appear on the console. The oper-

ator << causes whatever appears to the right-hand side of it to be sent to

the object on the left-hand side, in this case, cout, which is an identifier

that stands for console output. Note that multiple messages can be sent to

the console by a single line of code, by chaining multiple << together, i.e.,

cout << "Message 1 " << "Message 2";

The final statement, “return 0” terminates the main function and

therefore the program, and returns a value of 0 to the operating system,

indicating that the program is terminating normally. Notice that all state-

ments must end with a semi-colon.

A.2. Variables, Types and Operators

Generally speaking, a variable is a named location in memory that can be

assigned a value. In C++, a variable name must be declared before a value

can be assigned to it:

int size;

size = 4;

Here the first statement declares a variable of type int (an integer) called

size; the second statement assigns the value 4 to this variable. Note that

the declaration may also appear on the same line as the initial assignment:

int size = 4;

In addition to the integer, the fundamental types in C++ are single- and

double-precision floating point (float and double respectively), boolean

(bool) and character (char). Variables of the floating point types can hold

numerical values with fractional components as well as very large numbers

that are too big to be stored in a variable of type int:

float frac, big;

frac = 7.89;

big = 7.24E12;
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A double can hold numbers to a higher precision (more significant figures)

than can a float. A variable of type bool can hold the value true or the

value false, both of which are keywords. Additionally, in C++, numeri-

cal values automatically evaluate to true or false, with any non-zero value

evaluating to true and zero evaluating to false. A variable of type char can

hold a single 8-bit ASCII character:

char letter = ‘z’;

The ASCII character set includes the letters a–z, A–Z, numbers 0–9, and

most common punctuation marks. ASCII also includes a number of control

characters, the most important of which is written as \n, which is the code

for a new line. Unlike many other languages, there is no fundamental string

type; however, one is included as part of the standard library.

In C++, mathematical operations are performed through use of the

following binary operators: * (multiplication), / (division), + (addition),

and - (subtraction). Multiplication and division have a higher precedence

than addition and subtraction, though this can be overridden through the

use of parentheses, (); operations of equal precedence are carried out left

to right. The following are examples of integer operations:

int a, b;

a = 4 + 3 * 5; // a has value ‘19’

a = (4 + 3) * 5; // a has value ‘35’

b = a - 21; // b has value ‘14’

a = b / 4 // a has value ‘3’

Note that the result of integer division (as in the last line above) is rounded

down. To find the remainder from such a division, the modulus operator,

%, is used; for example, the result of the operation 14 % 4, is 2. The oper-

ators ++, and -- can be used as a shorthand for increment and decrement

respectively. For example, the statement “a++;”, is equivalent to the state-

ment “a = a + 1;”. Further, there exists a set of compound assignment

operators which take the form op=. As a demonstration of their usage, the

following two statements are equivalent:

a = a + 10;

a += 10;
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A.2.1. Arrays, vectors, and strings

An array is a collection of variables of the same type that are referred to

by a common name and may be declared and accessed as in the following

example:

int heights[5];

heights[0] = 18;

heights[4] = 27;

heights[5] = 19; // error - index too large

In C++, arrays are zero-indexed; they have 0 as the index of the first

element. Consequently, as in the above example, the index of the last el-

ement of an array of size n is n − 1; attempting to access the elements

at index n is an error, but C++ does not automatically detect when this

occurs, which can lead to significant problems as other sections of memory

may be overwritten. For this reason it is common to use another structure

called a vector which is a type of array included as part of the C++ stan-

dard library which can be dynamically resized and can also check whether

the element that you are attempting to access exists. To use vectors in

your program you must include the appropriate header using the include

directive:

#include <vector>

A vector is declared and used in the following way:

vector<int> lengths;

lengths.push_back(27);

lengths.push_back(12);

lengths.push_back(15);

cout << "Vector has" << lengths.size() << "elements\n";

cout << "The first element is" << lengths[0];

cout << "The last element is" << lengths.back();

The declaration of a vector must include the type of the elements that the

vector will store in angled brackets. It is not necessary to specify the size

of vector when it is declared; rather, the vector starts out empty and new

elements are appended to the back of the vector with the push back()

member function. The current number of elements in the vector is accessed

using the size() member function; the value of the last element (most
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recently added) may be accessed with the back()member function. Vectors

also support random read/write access by index using the [] notation.

A string is an object that can hold a sequence of characters. One way of

implementing such an object is to use an array of type char; however, the

C++ standard library includes a string type which is more convenient. To

use strings in your program, you must include the header with the include

directive: #include <string>. Strings are used in the same manner as the

other types (int, char, etc.). The following outputs the message “This is

a message!” to the console.

string msg1 = "This is a";

string msg2 = " message!";

cout << msg1 + msg2;

Note that strings must be enclosed in double quotation marks whereas

characters were enclosed in single quotation marks. Two strings may be

concatenated (joined together) using the + operator.

A.3. Logic and Program Control

A.3.1. The if statement

The if statement allows for conditional execution of code by executing a

code block only if a specified condition is determined to be true:

if(x > 10)

{

cout << "x is greater than 10";

}

else

{

cout << "x is less than 10";

}

The condition in parentheses can be any expression that evaluates to true

or false (remembering that numerical values are automatically converted

to (true/false). For this purpose we can make use of the relational operators :

> (greater than), < (less than), >= (greater than or equal to), <= (less

than or equal to), == (equal to), and != (not equal to). For example, the

expressions (5.4 > 1.8), (-4 <= 12), and (8.2 != 0.46) all evaluate to

true, whereas (7 > 9), (12 == 3) and (3 != 3) all evaluate to false.
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We may also make use of the standard logical operators: && (and),

|| (or) and ! (not). The expression (operand && operand) will evaluate

to true if both operands are themselves equal to true but will evaluate

to false otherwise. The expression (operand || operand) will evaluate

to true if either one or both of the operands are equal to true but will

evaluate to false if both operands are equal to false. Finally, the expression

(!operand) will evaluate to true if the operand is equal to false and

vice versa. For example, the expression ((10 > 3) && (10 > 11)) will

evaluate to false, whereas ((10 > 3) && !(10 > 11)) is equal to true.

A.3.2. The for and while loops

The for loop allows for a single piece of code to be executed multiple times

with slight changes at each iteration. The following simple example sums

all the numbers from 1 to 10:

int sum = 0;

for(int i=1; i<=10; i++)

{

sum += i;

}

A for loop takes the form for(initialisation; condition; increment). In

typical usage, the initialisation typically sets up the initial value of a loop

counter variable (i in the above example). The condition is checked at the

start of each loop iteration; the loop continues to run until it reaches an

iteration where this condition evaluates to false. Finally, the increment

specifies the amount by which the loop counter is incremented at the end

of each iteration.

The while loop performs a similar function, executing a code block

repeatedly while a condition is true; however, the loop control variable

must be dealt with manually.

int sum = 0, i = 0;

while(i<=10)

{

sum += i;

i++;

}
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A.4. Functions

A function is a sequence of statements that perform a specific task, packaged

as a unit. As we have already seen, the function main() is the entry point

for any C++ program, but a program may also make use of any number

of additional functions. Each function can take a pre-specified number of

input parameters, each of a specified type, carry out a series of instructions

using these parameters and optionally return a value of a specified type to

the code that called it.

int biggest(int number1, int number2)

{

if(number1 > number2)

{

return number1;

}

else

{

return number2;

}

}

This example function takes two integers as input and returns the value

of the larger of the two (also an integer). The types of input parameters

do not have to be the same, nor does the return type have to be the same

as that of any of the input parameters. If the function does not return

a value, the return type is specified as void. When the return keyword

is encountered in a function, a copy of the specified value is returned to

the calling code, which also returns control to the calling code; no other

statements in the function will be executed. The above function may be

called as follows:

int big=0, a=15, b=34;

big = biggest(a, b); // big = 34

There are two basic methods of passing an argument to a function. The

first as used above is the pass-by-value mechanism, in which a copy of the

input parameter is made and it is this copy that is referred to within the

body of the function. Under this mechanism, the function cannot alter the

value of the input variables (though it can alter the value of the copy), i.e.,

the values of the variables a and b could not be altered by the function



October 23, 2013 11:24 World Scientific Review Volume - 9in x 6in Sandhya Devi BOOK

Appendix A: Review of C++ 237

in the above example. The other method is the pass-by-reference method;

the example function can be altered to use this mechanism by changing the

prototype (the first line) to

int biggest(int& number1, int& number2)

The input parameters are now of type reference-to-int. Under this mecha-

nism, the parameters inside the function refer directly to the variables that

were passed in and so their values may be directly altered by the function.

Further, the values of the input variables do not need to be copied when

passing them to the function. This is useful if you are passing, e.g., an

array or a vector, as it prevents all the elements in either structure from

being copied.

In order to call a function from within main(), it must be defined be-

fore the definition of main() appears in the source code. Alternatively a

forward declaration may be used, wherein the function’s prototype is listed

before the definition of main(), and its declaration afterwards (still with

the prototype attached):

#include <iostream>

using namespace std;

int biggest(int& number1, int& number2);

int main()

{

int big=0, a=15, b=34;

big = biggest(a, b);

cout << big << " is the biggest";

}

int biggest(int number1, int number2)

{

if(number1 > number2)

{

return number1;

}

else

{
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return number2;

}

}
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The following is a simple C++ program to simulate the cyclic voltamme-

try of the one-electron reduction at a disc microelectrode. As with the

macrodisc simulation (Section 3.4.1), the program begins by specifying the

values of the input parameters (θi, θv, σ, h0, ω and Δθ) and then calcu-

lating the values of some other parameters (ΔT , Tmax, Rmax, Zmax and

the number of timesteps). Next we create the expanding spatial grids for

both the Z- and R-directions and use these to calculate the total num-

ber of spacesteps in each direction (m and n respectively) and then create

two two-dimensional arrays in which to store (1) the concentrations at the

previous timestep and (2) the concentrations at the current timestep/δi,j
values.

The next step is to calculate the values of the αi, βi and γi coefficients

for both the R- and Z-directions and then those of the modified γi values.

Note that because there are two surface boundary conditions for the Z-

sweep (electroactive disc surface and electroinactive supporting surface),

there are necessarily two sets of modified γi coefficients.

The main simulation loop proceeds as follows: at the start of each

timestep, the new value of the potential, θ, is calculated and the solution

(concentration grid) from the previous timestep is copied into the array

C . Next is the Z-implicit sweep, each column of which is solved using the

Thomas algorithm. After this, the concentration grid is again copied so

that it can be used in the next half-timestep, and the current is recorded

and output to a text file. The current should specifically be recorded af-

ter the Z-sweep because the implicit diffusion is calculated perpendicular

to the electrode in that sweep. The R-sweep follows in which each row is

solved using the Thomas algorithm.

The program uses OpenMP in order to implement multithreading [1, 2].

Assuming the use of a compatible compiler,1 the use of OpenMP can vastly

1 See http://openmp.org/wp/openmp-compilers for a list of compatible compilers.

239
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decrease the running time of the simulation (in proportion to the number of

available processor cores). To use it, the header <omp.h> must be included

and the function omp set num threads() called to specify the number of

threads that it should attempt to use. While OpenMP allows for more

advanced usage, for our relatively modest needs, we simply prefix the for

loop that we wish to parallelise with the directive #pragma omp parallel

for, as shown in the program below. Multiple loop iterations will then

run concurrently, the number of simultaneous iterations being equal to the

number of threads.

As the order of execution of the loop iterations is now essentially non-

deterministic (in that we cannot say ahead of time which iteration will

execute when), it is very important that the data accessed in each loop

iteration is orthogonal, i.e., that the results of one iteration do not depend

in any way on the results of any other previous iteration.

#include <fstream>

#include <vector>

#include <cmath>

#include <omp.h>

int main(int argc, char* argv[])

{

// Set number of threads to be used by OpenMP

omp_set_num_threads(4);

// Specify simulation parameters

double theta_i = 20;

double theta_v = -20;

double sigma = 1000;

double h0 = 1e-4;

double omega = 1.08;

double deltaTheta = 0.01;

// Determine other parameters

double deltaT = deltaTheta / sigma;

double maxT = 2*fabs(theta_v - theta_i) / sigma;

double maxR = 6 * sqrt(maxT) + 1;

double maxZ = 6 * sqrt(maxT);
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int t = (int)( maxT / deltaT ); // number of timesteps

// Make Z grid

std::vector<double> Z;

double h = h0;

Z.push_back(0.0);

while( Z.back() <= maxZ ) {

Z.push_back( Z.back() + h );

h *= omega;

}

int m = Z.size(); // number of spacesteps (Z)

// Make R grid

std::vector<double> R;

h = h0;

R.push_back(0);

while( R.back() < 0.5 ) {

R.push_back( R.back() + h );

h *= omega;

}

R.back() = 0.5;

for(int i = R.size()-2; i>=0; i--) {

R.push_back( 1 - R[i] );

}

int n_e = R.size(); // number spacesteps over electrode

h = h0;

while( R.back() <= maxR ) {

R.push_back( R.back() + h );

h *= omega;

}

int n = R.size(); // number of spacesteps (R)

// Make concentration grids

double** Ck = new double*[n];

double** C_ = new double*[n];

for(int i=0; i<n; ++i)
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{

Ck[i] = new double[m];

C_[i] = new double[m];

// set initial concentration

for(int j=0; j<m; j++) {

Ck[i][j] = 1.0;

C_[i][j] = 1.0;

}

}

// Create and set Thomas coefficients

std::vector<double> z_al(m,0.0), z_be(m,0.0), z_ga(m,0.0);

std::vector<double> r_al(n,0.0), r_be(n,0.0), r_ga(n,0.0);

std::vector<double> ga_modZ1(m, 0.0), ga_modZ2(m, 0.0);

std::vector<double> ga_modR(n, 0.0);

for(int j=1; j<m-1; j++)

{

z_al[j] = 2.0 / ( (Z[j+1]-Z[j-1]) * (Z[j] - Z[j-1]) );

z_ga[j] = 2.0 / ( (Z[j+1]-Z[j-1]) * (Z[j+1] - Z[j]) );

z_be[j] = -z_al[j] - z_ga[j] - 2.0 / deltaT;

}

for(int i=1; i<n-1; i++)

{

r_al[i] = ( 1.0 / (R[i+1]-R[i-1]) )

* ( 2.0/(R[i] - R[i-1]) - 1.0/R[i] );

r_ga[i] = ( 1.0 / (R[i+1]-R[i-1]) )

* ( 2.0/(R[i+1] - R[i]) + 1.0/R[i] );

r_be[i] = -r_al[i] - r_ga[i] - 2.0 / deltaT;

}

// Modify gamma coefficients for Z sweep

ga_modZ1[0] = 0; // electrode boundary condition

for(int j=1; j<m-1; j++) {

ga_modZ1[j] = z_ga[j]

/ (z_be[j] - ga_modZ1[j-1] * z_al[j]);

}
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ga_modZ2[0] = -1; // no-flux boundary condition

for(int j=1; j<m-1; j++) {

ga_modZ2[j] = z_ga[j]

/ (z_be[j] - ga_modZ2[j-1] * z_al[j]);

}

// Modify gamma coefficients for R sweep

ga_modR[0] = -1; // boundary condition

for(int i=1; i<n-1; i++) {

ga_modR[i] = r_ga[i]

/ (r_be[i] - ga_modR[i-1] * r_al[i]);

}

// Open file to output CV

std::ofstream CV("CV_Output.txt");

// BEGIN SIMULATION

double Theta = theta_i;

for(int k=0; k<t; k++)

{

if( k < t/2 ) { Theta -= deltaTheta; }

else { Theta += deltaTheta; }

//copy concentration grid

for(int i=0; i<n; i++) {

for(int j=0; j<m; j++) {

C_[i][j] = Ck[i][j];

}

}

//--- Z SWEEP---

#pragma omp parallel for

for(int i=1; i<n-1; i++)

{

Ck[i][m-1] = 1.0;

for(int j=1; j<m-1; j++)

{

Ck[i][j] = - C_[i-1][j] * r_al[i]

- C_[i][j] * (-r_al[i] - r_ga[i])
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- C_[i][j] * 2.0/deltaT

- C_[i+1][j] * r_ga[i];

}

// Set surface deltas and pointer to gamma_mod

std::vector<double>* ga_modZ;

if(i < n_e) {

Ck[i][0] = 1.0 / (1.0 + exp(-Theta));

ga_modZ = &ga_modZ1;

}

else {

Ck[i][0] = 0;

ga_modZ = &ga_modZ2;

}

// Modify deltas

for(int j=1; j<m-1; j++)

{

Ck[i][j] = ( Ck[i][j] - Ck[i][j-1] * z_al[j] )

/ ( z_be[j] - (*ga_modZ)[j-1] * z_al[j] );

}

//solve by back substitution

Ck[i][m-1] = 1.0;

for(int j=m-2; j>=0; j--) {

Ck[i][j] = Ck[i][j]-(*ga_modZ)[j]*Ck[i][j+1];

}

}

//copy concentration grid

for(int i=0; i<n; i++) {

for(int j=0; j<m; j++) {

C_[i][j] = Ck[i][j];

}

}

//Output current

double flux = 0.0;

for(int i=1; i<n_e; i++) {
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double J2 = (Ck[i][1] - Ck[i][0]) * R[i];

double J1 = (Ck[i-1][1] - Ck[i-1][0])*R[i-1];

flux -= (0.5/h0)*(J2+J1)*(R[i] - R[i-1]);

}

CV << Theta << "\t" << flux << "\n";

//--- R SWEEP---

#pragma omp parallel for

for(int j=1; j<m-1; j++)

{

// set deltas

Ck[0][j] = 0;

Ck[n-1][j] = 1.0;

for(int i=1; i<n-1; i++)

{

Ck[i][j] = - C_[i][j-1] * z_al[j]

- C_[i][j] * (-z_al[j] - z_ga[j])

- C_[i][j] * 2.0/deltaT

- C_[i][j+1] * z_ga[j];

}

// modify deltas

for(int i=1; i<n-1; i++)

{

Ck[i][j] = ( Ck[i][j] - Ck[i-1][j] * r_al[i] )

/ ( r_be[i] - ga_modR[i-1] * r_al[i] );

}

//solve by back substitution

for(int i=n-2; i>=0; i--) {

Ck[i][j] = Ck[i][j] - ga_modR[i]*Ck[i+1][j];

}

}

}

}
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