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FOR E W 0 R D 

Considering the great variety of facts, theories, forms 

of life that has existed at any time in the history of West­

ern thought and that has become quite overwhelming today, 
scientists and philosophers have adopted the one or the other 

of the following three points of vi~w: 

1. Po~itivi~m: things are what they are - all we can do 
is to collect what exists and to order it. 

2. Reali~m: things are not what they seem to be but there 

is. an underlying reality. It is the task of the scientist (phi­

losopher) to discover this reality and to explain everything 
on its basis. 

Positivism and realism are well known in the 20th centu­

ry - but they have great ancestors. Thus some early Greek 
thinkers assembled 'wonderful facts' such as earthquakes, 
solar eclipses, the periodic rising of the Nile and tried to 
explain them, using different explanations for different facts. 

The procedure is quite old; it can still be found in Herodotus 

and in part of the Hippocratic corpus. Today we have the ten­

dency to collect facts and increase the precision of measure­

ments without any theoretical rationale. Facts, it is assumed 

by those who follow the trend, have value in themselves no 

matter how well they fit into or clash with abstract concep­
tions and no matter what their (theoretical, or 'social') 
significance. 

Positivism was criticised already in antiquity. "To know 
a lot" writes Heraclitus "does not teach reason". Anaximander 
developed a comprehensive point of view that explained the 
origin and structure of the world: the world is an ordered 
arrangement, it is a cosmos and it is uniform - the same laws 
are valid throughout. Dreams, gods, Tartarus have no room in 

this world, they become homeless and the question arises how 
belief in them can be accounted for. The question becomes 
urgent in the case of Parmenides who showed, by an intricate 
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and forceful argument that there can be neither motion nor 

difference. For now not only gods and dreams but the entire 

world of commonsense turns out to be unreal. 

It is interesting to see how certain features of this 

extreme view survive even today. Thus the theory of rela­

tivity gives what one might call a static account of motion 
and leaves essential properties to the consciousness of the 

observer while there are many physicists who claim that im­

portant differences (quantum theory vs. the laws and facts 

of classical mechanics, chemistry, biology) are in fact non 

existent. It is also well known how often philosophers and 

physicists have tried to understand quantum theory in clas­

sical terms. Modern realism differs from Parmenides in trying 

to reduce appearance to the underlying reality instead of 

throwing it out. It agrees with him in assuming that real is 

what can be so reduced. 

In antiquity the two traditions just described were soon 

joined by a third which, for want of a better term, I shall 

call 
3. the ~t~uetu~al app~oaeh. According to this approach 

positivism and realism neglect phenomena which, far from 

being passing fancies of nimble minds are relied upon and 

used by them even when they propose radical views such as 
those of Parmenides. Positivism assumes that facts have no 

structure - hence all we can do is to collect them and parcel 

them off in convenient ways. Realism assumes that there is 
only one kind of structure to be considered. Commonsense and 
the work of scientists and philosophers are built in a dif­
ferent way; they are split into domains each domain being 
held together by certain principles. If we want to maintain 
the forms of life on which our science and our existence as 
rational human beings depends then we must take these prin­

ciples into account and use them as boundary conditions of 

research. 

The foremost ancient exponent of the structural view 



was Aristotle. Aristotle rejected positivism on the grounds 

that we know not only facts but also principles. The prin­

ciples may not cover all there is but there are sizeable 
domains held together by the same set of principles. It is 

the task of the philosopher-scientist to identify the domains 
and to formulate the principles appropriate to them. Aris­

totl~ rejected realism by simply pointing to the results of 

a research of this kind: zhe~e a~e different domains guided 

by different principles none of which can be pushed aside or 

'reduced' to other principles. However, there may exist a 

general theory of being which permits us to bring order into 

the principles discovered. 

Realism and especially the mechanical philosophy played 

an important role in the rise and the development of modern 
science. Helmholtz still maintained that an explanation was 
satisfactory only if it used mechanical models. Mach, Duhem 
and, following them, Einstein then looked for theories of a 

different kind (called "theories of principle" by Einstein) 
which covered large areas but without giving a detailed ac­

count of the systems concerned while Einstein and especially 
Bohr introduced the idea that such theories may be context­

dependent, different theories being valid in different do­

mains. Combining these ideas with abstract mathematics such 

as various algebras, lattice theory, logics then led to a 
powerful revival of the structural approach. Thus the search 
for a generalized quantum theory is exactly in Aristotle's 
spirit: we do not take it for granted that the quantum the­
ories we have are the best way of dealing with everything, 
looking either for new interpretations or suitable approxima­
tion methods to solve hairy cases; we rather try to identify 
domains and theories suited for them and then look for ways 
of relating these theories to each other. 

Professor Primas explains the structural approach and 
demonstrates its power in the domain of chemistry. In doing 
so he reviews major standpoints and problems of modern science 
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and philosophy of science~ he shows how some of the problems 

can be solved by the structural approach. Freeing researchers 

from the agnosticism of the positivists and the dogmatism of 

the realists he liberates their imagination and prepares a 

fruitful collaboration of science, philosophy and abstract 

(non numerical) mathematics. In the past these subjects were 

often separated, or combined in a one sided manner. Professor 

Primas rejoins them and points the way to a new philosophy of 

nature that is not only useful and exac~ but also contains a 

metaphysics, i.e. a comprehensive picture of the world and 

man's place in it. 

Berkeley Paul Feyerabend 



PRE F ACE 

The purpose of this book is to provide a deeper insight into the 
modern theories of molecular matter. It incorporates the most important 

developments which have taken place during the last decades and reflects 

the modern trend to abstraction. At the present state of the art we have 
acquired a fairly good knowledge of "how to. compute" small molecules us­
ing the methods of quantum chemistry. Yet, in spite of many statements 

to the contrary and many superficial discussions, the theoretical basis 

of chemistry and biology is not safely in our hands. 

It is all but impossible to summarize the modern developments of 

the theory of matter in nontechnical language. But I hope that I can give 

some feeling for the problems, the intellectual excitements and the wor­
ries of some theoreticians. I know very well that such an enterprise is 
a dangerous adventure and that one says that a clever scientist should 
take care of his reputation by barricading himself behind the safe wall 

of his speciality. 

This volume is not meant to be a textbook. in many respects it has 

complementary goals. For good and bad reasons, most textbooks ignore the 

historical and philosophical aspects and go ahead on the basis of crude 

simplifications; many even lie like the devil and do not shrink from naive 

indoctrination. Some sections of this book can be read as commentaries on 
our standard texts, they are intended to stir the waters with controversy. 

These parts certainly reflect the tastes, the inclination and the pre­

judices of the author. 

Since all our textbooks are ultraconservative and strictly censor 
new developments, these notes are in part also a progress report, intended 
to increase the chemist's information about what the theoreticians have 
been up to in the last decades. Modern theoretical developments like quan­
tum logiCS and algebraic quantum mechanics are now sufficiently mature to 
demand the interest of more than a few speCialists. I tried to inform 

rather than to instruct, to give the gist of arguments rather than routine 

details, and I hope the reader will obtain an overall view of the subject. 
One or the other reader may deplore the lack of detail or think that I make 
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excessive demands on his previous knowledge. In that case, he is urged 

to consult the references where he is likely to find more complete infor­

mation. The references to the bibliography - which is extensive but far 

from complete - are by name of the authors and date. A few sections are 
on a technically more difficult level and are marked by the symbol ~, 

and some sections I wrote for my own benefit. My feelings will not be 

hurt if the reader chooses to skip them. I shall be delighted if there 

are at least a few sections in which he finds some inspiration. 

The modern theory of matter reveals an amazing continuity of phi­

losophical and scientific problems. There is no novel idea in contemporary 

research which could not be ultimately be traced to the ancients. Our 

dominant mode of explanation is still Pythagorean mathematization; like 

Plato we try to understand reality in terms of some underlying mathemat­

ical structure. Most words in the scientist's and philosopher's vocabulary 

have changed their meaning over the past few hundred years. Yet the ques­

tion raised in Platon's dialogue Panmenide6 two thousand years ago are 

still our questions, all that has changed is our approach. Our mathemat­

ical tools are much sharper and our empirical knowledge has vastly in­

creased while the style of modern research has become distinctly unbalanced 
and irresponsible. 

One of the worst features of modern science is the high degree of 

specialization and the exclusion of all historical and philosophical as­

pects. It is bad that the contemporary research programs force so many re­

searchers in one area to be totally ignorant of most other areas. The ways 
of thinking, experiencing and behaving, the mode of activity exhibited by 
contemporary science strikingly reminds one of what Shapiro (1965) has 
called the paranoid style. It is characteristic of this style that bridges 
between related problems are broken down so that things remain neatly and 
rigidly separated. Scientists who cultivate a paranoid research style are 
usually extremely acute and intense, show an exorbitant respect for compart­
mentalizations and computers, and firmly demand complete autonomy for their 

narrowly fixed ideas. They like over-precise and rigid formulations but 

are not able to see the associated narrowing of interests. The separation 
of philosophy and science has led to the so-called realistic world view 



and to the blindness of many experts who are entirely unaware of the ab­

stracting and isolating nature of modern science. 

Basically, experiment and theory work together beautifully and 
complement each other perfectly. If the reader is not convinced of the 

paranoid tendencies of modern science, he should ponder on the wisdom of 
separating experiment and theory. This dissociation poses most severe 
sociological and psychological problems and may easily have disastrous 

consequences for the development of science. The most striking character­

istic of modern theoretical science is the tendency to go to higher and 

higher levels of abstraction. Much to the dismay of the experimentalists, 

the theoreticians move away from specific problems and turn to compara­

tive studies of theoretical structures. In the words of Marshall Stone 

(1966), the "abstract" of today becomes the "concrete" of tomorrow. Now­
adays, mathematics is the most important language of theoretical science 
but few scientists can indulge in the luxury of keeping up with the in­
creasing mathematical character of our most fundamental theories. This 
deplorable separation of experiment and theory forces the experimentalists 
to discuss so-called "models" of the phenomenon under investigation, us­
ing rather superficial and unreflected ideas about abstraction, idealiza­

tion and approximation. Since the new developments in theoretical chem­

istry require a broader mathematical training than is customary in our 

present-day chemical education, most chemists do not realize that new 

well-founded concepts and powerful mathematical techniques are available 

for the design and interpretation of experiments. Here, I do not refer to 

the useful bust vastly overrated methods of numerical quantum chemistry. 
Quantum chemistry is but a narrow subfield of theoretical chemistry and 

numerical quantum chemistry is nothing but a powerful tool. 

Much of the material covered in this volume has been presented in 
lectures that I gave at the Swiss Federal Institute of Technology (ETH) 
in ZUrich during the last ten years. lowe a special obligation to my 
students who criticized the lectures as well as the notes. Some of the 
conceptually difficult material was distributed privately several years 

ago in form of lecture notes. In turn I received encouragement and con­
structive critique from many people, yet I find it impossible to list 
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them all in a fair way. However, I would like to single out the influence 

of the late Joseph Maria Jauch (1914-1974). I had the benefit of many most 

stimulating conversations and correspondences with Professor Jauch on in­

terpretation problems of quantum mechanics which have been essential in 

shaping my views. In particular, Jauch convinced me in a long and tough 

discussion in May 1970 that the concept of classical observab1es (or "es­

sential observab1es", as he called them) was the missing link between 

physics and chemistry. 

Without the action of a friendly pressure group the various lecture 

notes and manuscripts would never have been transformed into the present 

shape. There existed a variety of preliminary versions, but again it is 

not possible to enumerate all the people who read and criticized them. I 

am greatly indebted to all of them. I would like to mention at least my 

former and present coworkers Dr. Peter Brand, Dr. Peter Pfeifer, Wolfgang 

Gasche, Dr. Ulrich MUller-Herold, Werner Gans, Guido Raggio, Eberhard 

MUller and Anton Amann. Their feedback was always stimulating and very 

essential, their original contributions have been indispensable. 

A special word of thanks is due to Miss H.Rohrer who not only did 

an impressive and beautiful job with the final version but also drew up 

and typed many drafts with skill and humor and has devoted enormous energy 

to improve presentation and style. 

Finally, I wish to express my sincere thanks to Paul K. Feyerabend 

who managed to find time to read the final manuscript. He even took the 

pains of going meticulously through the script, correcting a staggering 
number of linguistic errors, making many stylistic improvements, and there­
with teaching me that "anything goes" is not a rule that can be applied to 
the English language. Any remaining errors are of course my responsibility 
alone. 

ZUrich Hans Primas 



1. OPEN PROBLEMS OF PRESENT-DAY THEORETICAL CHEMISTRY 

1.1 THE OVERPRODUCTION OF TRUTH 

"Some lik.e to uMvu.:ta.nd what they believe -in. 

Othvu. lik.e to believe .in what they uMvu.:ta.nd." 
stan.i.hlaw Lee, 1959 

"Knowledge 06 a.rtIj k.-irtd M; a tki.ng to be honOlted and pllized", says Aristotle 

(384-322 B.C.) in the opening sentence of his On the SouZ. According to 

the Auger report "the rwmbvc. 06 .6uent.i.6i.e joUlLYlai1. and pvc..i.odieail., wh.i.eh tIn6 about 

100 a.t the beghuu.ng 06 the n-irteteenth een.twLy, Iteached I' 000 -in 1850, molte than 10' 000 

-in 1900, applLOaehu 100'000 -in 1960 and - .i6 th.i..6 Jta.te 06 glLOwth 1te.rna..i.rrJ, eOn.6:ta.nt -

.6houl.d be.in the neighbowr.hood 06 a million a.t the end 06 the een.twLrJ' (Auger, 1961, 

p.15). Linus Pauling (1958) guessed ":that about 100'000 new ehem.ieal. 6aw 

aILe bUng dMeovvc.ed eaeh YeaJL, a.t plLuent". Stanislaw Ulam (1976, p. 288) 

estimated that contemporary mathematicians produce one or two hundred 

thousand theorems a year. Due to this explosive development of research, 

science has split into many different sciences. Chemistry has split into 

many disciplines only tenuously connected. No researcher can keep abreast 

with the work in his own narrow subfield. Nobody can digest even the most 

outstanding results of science, to say nothing of integrating them into 

our culture. "The man 06 k.nowtedge .i.'n OUIL .time .(;& bOWed undvc. a bu.Jtden he nevvc. .iJnag­
-ined he woul.d evvc. have: the ovvc.pILOdu.di.on 06 :tJtuth. :that cannot be eOn.6umed. fOIt een­

tWL.i.u men lived -in the. be.Ue6 :that :tJtuth. tIn6 .6lim and ef.u6.[ve and :that onee he 60und 
U the .tJtoubtu 06 ma.nk.-Ll'l.d woul.d be ovvc.. And hvc.e we aILe -in the eto.6-Utg 06 the 20th 

een.twLy, ehofUng on:tJtuth." (Ernest Becker, 1973). This is something to worry 

about. The widely accepted tale "knowZedge is good for mankind" has be­

come suspicious. 

Due to the overproduction of truth we are actually losing ground 

in the more fund&~ental aspects of science. Our preoccupation with triv­

ial research and shallow truths make the public disinterest in scientif­

ic questions understandable. Unintegrated knowledge is boring for the 
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nonspecialist. What matters is insight. It is not enough to have knowl­

edge, the knowledge has to become an inner experience with each of us, 

it has to become part of our culture. We have an enormous amount of sci­

entific data but we have not yet found simple words for great ideas. 



1.2 CHEMICAL THEORIES 

The ambitious goal of any chemical theory is to understand the 

underlying order in the bewildering variety of chemical phenomena. Since 

Robert Boyle (1627-1691) in his famous work "The Sceptical Chymist" 

(first published in 1661) established chemistry as a separate science 

founded on unbiased experimental observations, the philosophically naive 

view of chemistry as a.pure1y empirical science has become increasingly 

popular. On the other hand, the forefather of modern chemistry is famous 

for his creative speculative reasoning, and since his time chemistry be­

longs to the heavily them::y-1oaded natural sciences. Chemistry like any 

science is the reEu1t of intuition and imagination, not of empirical 
facts and logic alone. Every creative scientist forms in his mind pic­

tures outlining phenonema by omitting evepything he eonsideps as 

aeaidentaZ op ippeZevant. This freedom of thought implies a freedom in 

constructing phenomena and is characteristic for any theory. 

There is a curious perversion associated with the "overproduction 

of truth" in chemistry: nowadays the specialization goes so far that we 

have a branch called "theoretical chemistry". Moreover, there are indica­

tions that we are approaching a situation where the representatives of 

the other branches of chemistry scarcely know what theoretical chemists 

are doing. Does it matter? Yes, since there is no chemistry without the­

ory. The vitality of chemistry as a science is conditioned by the connec­

tions of its branches. The progressive compartmentalization leads to a 
badly fragmented state of chemistry. ThJ:s situation. calls for high-level 

abstractions of great simplifying, unifying and predictive power. The 

most impoptant task of eontempopapy theopetieaZ ehemistpy is to stimuZate 

the mutuaZ undepstanding Of the vapious bpanehes of chemistpy and its 

neighboping sciences. 

Ideally, theoretical ref1exions should also strengthen the em­

bedding of science in our own history and culture. For example, up to 

the present time, a fair and competent appraisal of alchemy and ancient 

chemistry is missing. Folkloristic history often refers with sardonic 

humour to ancient chemical theories, even though many of these theories 

were profound, imaginative and fruitful. It is easy to make alchemy 

appear ridiculous if one lives in the splendid isolation of a modern 

scientist. However, it would be both fair and scholarly not to forget 
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that Robert Boyle was deeply influenced by alchemical thoughts, that 

Isaac Newton was passionately concerned with alchemical transmutations, 

that the psychological and religious implications of alchemy were Carl 

Gustav Jung's major preoccupations during the last thirty years of his 

life, and that Wolfgang Pauli proposed to revive the alchemical idea of 

a unitary psycho-physical language within the framework of modern physics 

(compare Heisenberg, 1959, p.663). The ideas of alchemy and ancient chem­

istry were neither vague nor crazy but they have been overshadowed by de­

ductive Newtonian mechanics. Only after the modern theory of matter had 

exposed the monism of the mechanical view as philosophically naive and 

empirically untenable, did the way become free for a new appreciation 

of ancient theories. 

The philosophical revolution triggered by the advent of quantum 

mechanics is a singular event in the history of science. The classical 

way of looking at phenomena is no longer defensible, the subject of sci­

ence can never again be the same. Nevertheless, present-day theoretical 

chemistry is still under the spell of the Newtonian approach to under­

standing. Of course, Newton's equations of motion have been replaced by 

quantum mechanical ones. Yet, the monism of Newtonian physics simply has 

been replaced by a new monism governed by the Schrodinger equation. Many 

contemporary quantum ch.emists see no reason to revise their philosophical 

views but still adhere to the old dream of an objective single frame of 

reference that permits us to eliminate the pluralism of chemical the­

ories and to deduce (at least in principle) all chemical phenomena 

from a single unifying principle. 
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1.3 "WE CAN CALCULATE EVERYTHING" 

This dogma of modern numerical quantum chemistry (Clementi, 

1973) has its own origin in the following famous statement by P.A.M. 

Dirac (1929a) dating from the pioneer time of quantum mechanics: "The 

undeJtly.tng phy.6.tca1 law.6 neCU.6My 601l .:the ma.thema;Uc.a1 .:theOllY 06 a tMgell pMt 06 

phy.6.tc..6 and .the whole 06 chem.<..6:tJty Me .:thUA comple.teiy known, and .:the d.t6Mc.uLty .t.6 

only .:that: .:the applic.a;Uon 06 .:thue law.6 lead.6 .to equ.a..t.i.on.6 mu.ch .too compUc.a.te.d .to 

be .6Ofuble." As we know today, this claim is not correct in at least two 

respects. Firstly, the formalism of pioneer quantum mechanics of 1929 

is a very special case ·of modern (generalized) quantum mechanics which 

we now regard as fundamental for every theory of molecular matter (com­

pare fig.1). Secondly, the interpretative problems had not been solved 

in a satisfactory way in 1929 (compare fig.2). At that time, the con­

ceptual problems of reducing chemical theories to the epistemological­

ly very differently structured quantum mechanics were not discussed, 

and Dirac viewed the problem of reduction only as a very complicated 

mathematical problem. 

The discovery of the electric nature of chemical forces by quan­

tum mechanics took the valence problem out of its chemical isolation and 

made it accessible to an exact mathematical treatment. The last fifty 

years taught us a lot about the relation between chemistry and the Schr5-

dinger equation, and have led to a penetrating understanding of chemical 

structures. Since the advent of electronic computers, numerical quantum 

chemistry has been a tremendous succes. Nowadays we have a number of mas­

terful analyses of electronic wavefunctions. Many calculations have been 

extremely sophisticated, designed by some of the foremost researchers 

in this field to extract a maximum of insight from quantum theory. For 

simple molecules, outstanding agreement. between calculated and measured 

data has been obtained. Yet, the concept of a chemical bond could not 

be found anywhere in these calculations. We can calculate bonding ener­

gies without even knowing what a chemical bond is! 

Remark: In fact, even today many thoughtful theoreticians struggle for a more pro­
found understanding of the phenomenon of chemical bonding. Compare e.g. Platt, (1961) , 
Ruedenberg (1962,1975), Bader and Preston (1961), England et a1. (1971), Bader 
(1975), Woolley (1976a), Runtz et a1. (1977), Kutze1nigg (1978), Bader et a1. (1979a,b) 

There is a danger to be sidetracked into purely numerical problems 

and to forget the original impetus of our enterprise: understanding the 
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Fig.2 Comparison of the interpretation in pioneer quantum mechanics with the individu­

al and ontic interpretation of modern nonrelativistic quantum mechanics 
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behavior of matter. We should not confuse a useful theoretical tool 

with theory. Numerical quantum mechanics is a most important tool for 

chemistry but it cannot replace thinking. The final explanation of em­

pirical facts is not achieved by merely calculating measurable quanti­

ties from first principles. The ultimate objective of a theory is not 

to determine numbers but to create a large, consistent abstract struc­

ture that mirrors the observable phenomena. We have understood a phe­

nomenon only when we can show that it is an immediately obvious and 

necessary part of a larger context. The vision of some theoreticians 

has been narrowed down to problems that can be formulated numerically. 

Some even take no notice of genuine chemical and biological patterns 

or deny them scientific significance since they are not computable by 

their methods. Such a one-sided view of numerical quantum chemistry 

is by no means the inevitable penalty for the attempt to reduce chem­

istry to physics. Rather, it is the result of the utilitarian character 

of contemporary research which lost all philosophical ambitions and has 

only a very restricted insight into its own limitations. 

The important concepts of chemistry have never been well­

treated by ab-initio quantum chemistry so that quantum mechanics has 

not become the primary tool in the chemist's understanding of matter. 

Brute-force numerical quantum chemistry can hardly do justice to the 

qualitative features of chemistry. But without insight into the quali­

tative concepts we are losing chemistry. The allegedly basic methods 

often fail to illuminate the essential function of a molecule or a re­

action that is evident to the experimental scientists. As a result 

practical chemists had to look for inspiration elsewhere and generated 

the ad-hoc semiempirical methods of quantum chemistry. This approach 

"fuu, become a pcVLt 06 :the chem<.ca.l -6bw.c.tWte theofLY, wlUch fuu, an U-6 ent<.a.U.y emp..iJt­

-i.c.a.l (-i.nduc.Uvel bM-i.-6j U WM -6ugguted by quantum mec.haIUc.-6, but U -i.-6 no iongeJr. 

jU-6t a bMnch 06 quantum mechalUc.-6" (Linus Pauling, 1959, p.388). Despite 

the erudition, imagination and common sense used to create the semi­

empirical methods of quantum chemistry, the success of this craft re­

mains a central enigma for the theoreticians. The models of semiempiri­

cal quantum chemistry are built upon an inadequate conceptual basis, 

and their mathematical foundation is so wobbly that they are a source 

of frustration. Moreover, they give us an image of matter that does 

not conform to what we are led to expect from the first prinCiples of 

quantum mechanics. But experimentalists are not at all impressed by 

such scruples. And properly so. 
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Some contemporary theoreticians have attempted to narrow the 

scope of scientific inquiry by requiring operational. definitions and 

first-principle underpinnings for all concepts. In theoretical chemistry, 

there is a distinct tendency to throw out typically chemical variables, 

admitting that they have served a noble purpose in the past but asserting 

that they are now obsolete. The premise underlying such a view is that 

the only valid meaning of any chemical concept is one which can be un­

equivocally defined in terms of present-day ab-initio quantum chemistry. 

This method of probLem soLving by rejeation has been proposed for such 

concepts as valence, bond, structure, localized orbitals, aromaticity, 

acidity, color, smell, water repellence etc. A particularly powerful 

variant is the method of probLem soLving by dissoLving definitions. Using 

this procedure we can easily solve even the "problem of life" by claiming 

that the distinction between living and non-living entities is a pre-sci­

entific idea, obliterated by modern research. But some people consider 

such a line of action as unfair and shallow. We need a creative approach 

to the rich field of chemistry, not just a critical one that bids us to 

dismiss most problems of chemistry as meaningless. The task of theoreti­

aaL ahemistry is to sharpen and to expLain ahemiaaL aonaepts and not to 

rejeat a whoLe area of inquiry. 
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1.4 SOME PUZZLES OF MOLECULAR QUANTUM MECHANICS 

Viewed from a classical point of view, quantum mechanics is a 

strange and counterintuitive theory. Probably not all scientists using 

quantum mechanics as a tool have been aware of all its logical and phil­

osophical consequences. It is both worthwhile and amusing to review 

briefly some old puzzles of molecular quantum mechanics. The practitio­

ners of quantum chemistry are only rarely concerned with these problems 

for they know how to avoid a paradoxical situation. This know-how be­

longs to our background knowledge but lacks the benefit of a theoret­

ical justification: it is distressingly easy to find what one wants 

by ad-hoc methods, and remarkably difficult to derive it from truly 

first principles. To explain and to understand necessitates the 

use of consistent theoretical concepts and a proper interpretation of 

the mathematical formalism. Therefore we must try to resolve also those 

paradoxes of quantum mechanics that raise philosophical questions even 

though such questions do not trouble quantum chemists engaged in de­

scribing and computing. 

Being accustomed to the classical mode of describing natural 

phenomena and to the use of dialectics, not all readers may realize 

the theoretical significance of the following examples. We claim that 

these examples are not simply irrelevant riddles but bewildering enig­

mas that defy straightforward explanations. Paradoxes are often a 

source of new inSights, and it is therefore not wise to push them aside 

as minor difficulties. contrary to what some experts assume we are con­
vinced that these paradoxes can be resolved in terms of modern quantum 

mechanics based on quantum logic. If we intend to attack new problems 

in the theory of molecular matter, such as theoretical molecular biol­

ogy, molecular evolution, or a theory of the hierachical structures in. 

the molecular world, then we must replace much of the background knowl­

edge used in working quantum chemistry by a unified research program 

based strictZy on quantum logic. 

QUESTION 1: Do isolated quantal systems exist at all? 

Quantum mechanics casts severe doubt on the existence of iso­

lated systems. In contrast to classical theories, quantum mechanics 

predicts an entanglement of a system with its surroundings under the 
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influence of even extremely weak interactions. That is, an interac-

ting system is never represented by a product state but by a non-triv­

ial linear combination of product states. If this is true, then it be­

comes very difficult to explain what we mean by a "system". This holis­

tic character of quantum mechanics is well established; it is experimen­

tally confirmed that even noninteracting systems can be entangled in 

the sense of Einstein, Podolsky and Rosen (1935) and Schr6dinger 

(.1935a,b; 1936) (compare also the detailed discussion in sect.3. 7). 

QUESTION 2: Is the Pauli principle a universal and inviolable fact 

of nature? 

This question was posed by Margenau (1966). Although the 

Pauli principle is usually claimed to be an inviolable law, we 

know very well that we never need to consider all the electrons of 

the universe. In the face of the experimentally established corre­

lations in noninteracting systems, the usual "explanation" by refer­

ence to vanishing exchange integral loses much of its weight. 

QUESTION 3: Does quantum mechanics apply to large molecular systems? 

Many scientists have suggested that quantum mechanics is not 

sufficient for describing large or complex molecular systems. 

Ludwig (1955, 1961a) proposed the existence of correlations in macro­

molecules that are stronger than those required by quantum mechanics. 

Elsasser (196lb, 1962, 1969) claimed that the laws of organisms have 

components (so-called "biotonic laws") that are not deducible from the 

principles of quantum mechanics. Wigner (1961, 1962a) thought that it 

is "Ukei.y.tlta-t the p!!.uen..t l.aw6 and c.onc.ep.t6 06 quantum mec.futn,{.C6 will have to 

u.n.dVtgo mocU6i.c.atioYiJ.> be60Jr.e they can be appUed to the pJr.Ob.e.em 06 U6e". J¢rgensen 

(1974) suggested that "quantum mec.harU.C6 ,u., only appUcab.e.e to Jr.epJr.oduc.ib.e.e -6maU 

-6y-6tem.6 wUh aMemb.e.y p!!.opeJr..:ttU". On the other hand there is no empirical 

evidence for a limited validity of quantum mechanics, no clear-cut 

failures are known. 
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QUESTION 4: Is the superposition principZe universaZZy vaZid? 

Accepting the unrestricted validity of the superposition princi­

ple, one is led to grotesque situations, as exemplified by Schrodin­

ger's (1935b) cat paradox. A coherent superposition of the states of 

a living and a dead cat must obviously be excluded from the theory. 

This paradox is closely connected with the so-called "measurement 

probZem of quantum mechanics". Replacing the theoretical discussion 

of the measurement process by the pragmatic reduction postuZate re­

quires at least a reinterpretation of the superposition principle of 

quantum mechanics. 

QUESTION 5: Why do so many stationary states not exist? 

This puzzle is a reinforced molecular version of question 4. In 

fact, already relatively small molecular systems do not exhibit sta­

tionary states allowed by traditional quantum chemistry. 

Example: What is the reason that we can buy in the drug store D-alanine (state 

vector "j'l'D)l,L-alanine (state vector !'I'L)l and the racemate (density operator 

! 'I'D) ('I'D ! + !'I'L)('I'L!l, but not the coherent superpositions (!'I'D) + !'I'L)} and 

(!'I'D) - !'I'L)} ? 

According to the traditional view, the last mentioned states are supposed 

to represent the ground state and an excited state, respectively. 

QUESTION 6: Why are macroscopic bodies localized? 

According to quantum mechanics localized states do exist as 

quasistationary states. However, traditional quantum mechanics also 

shows that after a sufficiently long time, the localized character 

of a state vector is completely lost. Hence: the question why do bil­

lard balls exist? This puzzle was posed by Einstein (1948; 1949, p.282; 

1953b). In the famous Born-Einstein controversy about this problem, 

Born (1969, letters 80-89 and 105-116) completely missed Einstein's 

point; the question is therefore still open. 
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QUESTION 7: Why does quantum mechanics fail. to account for chemical. 

systematics? 

Ab-initio quantum chemistry correctly describes individual small 

molecules; nevertheless it fails to describe the cl.asses of structur­

ally diverse but functionally related molecules which are omnipresent 

in chemistry (compare e.g. Hartmann, 1964; J¢rgensen, 1974). We claim 

that this puzzle is the molecular version of Einstein's problem of 

question 6. 

Preliminary example: Localized orbitals are related to the concepts of the working 

chemist but, natural orbitals, as a rul~are not. Dilemma for the theoretician: 

natural orbitals are elegant and mathematically well-defined; all current defini­

tions of localized orbitals are ad hoc and graceless. Related puzzle: It seems to 

be an empirical rule that - without external influence by an experimenter - simple 

quantal systems are in eigenstates of the Hamiltonian but complex quantal systems 

are in coherent or localized states. 

QUESTION 8: Why can approximations. be better than the exact solutions? 

It is well known that the lowest energy solution of the Hartree­

fock approximation does not necessarily have the symmetry of the exact 

ground state of the corresponding Schrodinger equation. However, in 

some most interesting cases, the "wrong" symmetry type SCF-solution 

does represent a physically relevant situation that cannot be encom­

passed by the original Schrodinger equation. What is the proper ex­

planation for this unexpected success of the Hartree-type method? 

QUESTION 9: Why is the Born-Oppenheimer picture so successful? 

Deep conceptual problems are hidden in the seemingly simple sep­

aration of the electronic and nuclear motion in a molecule. Using mod­

ern singular perturbation theory, the mathematical methods used in the 

Born-Oppenheimer approximation can be put on a sound footing. That is, 

we understand the computa1;ional me.thods used in the adiabatic approx­

imation. Nevertheless, we hardly understand why the Born-Oppenhei­

mer picture is compatible with the concepts of quantum mechanics. 

First example: We describe the six degrees of freedom of the ground state of 

the helium atom (considered as 3-particle problem with the center-of~ass mo­

tion separated) as a problem of two interacting particles in an external Cou-
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+ 
lomb potential. However, in the case of the molecule H2 we discuss the very 

same type of differential equation in an entirely different way, and split the 

6 degrees of freedom into 1 vibrational mode, 2 rotational modes, and 3 elec­

tronic type degrees of freedom. This qualitatively different description does 

by no means follow from a purely mathematical discussion. Second example: The 

statement "the three nuclei in the molecule C3 form an equilateral triangle" 

is considered to be a meaningful proposition (which may prove to be true or 

false). The similar statenent "the three electrons of the lithium atom fonn an 

equilateral triangle" is neither a true nor a false proposition but meaning­

less. Question: Which fundamental principles are responsible for this qualita­

tively different behavior of electrons and nuclei? 

QUESTION 10: Is temperature an observabZe? 

There are equilibrium systems having a well-defined temperature. 

The temperature of such systems can be measured, using a single sys­

tem only with an arbitrarily small perturbation of the thermodynamic 

state of the system. Is there a quantum mechanical description of a 

singZe system such that the temperature is represented by an observ­

ab7..e having a dispersion-free value in an equilibrium state? Tradi­

tional quantum statistical mechanics does not fulfill this desidera­

tum, firstly because it refers to an ensemble (e.g. it does not refer 

to a steam engine but to an infinite ensemble of noninteracting steam 

engines), and secondly, because temperature is not represented by an 

observable (i.e. a self-adjoint operator acting on a Hilbert space of 
states) • 

An t1:Le ten puzz7..ea mentioned are connected with the incapabiUty 

of traditionaZ quantum chemistry to deaZ with the cZassicaZ properties of 

moZecuZar matter. However, the experts in axiomatic quantum mechanics 

have known for many years, that there are no reasons to insist on the 

traditional formulation of quantum mechanics which excludes classical 

observablesby an ad-hoc irreducibility postulate. 

Hints: Later in this essay we will return to these questions so that some short 

hints should suffice for the moment. Question 1 is philosophically the deepest 

problem, it can be solved by reflecting about the way in which we recognize patterns 

in our world. Disentangling a system from its surroundings creates new phenom-
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ena which can be discovered by a pattern cognition method that rejects the Ein­

stein-Podolsky-Rosen correlations between the object and its surroundings as 

irrelevant. An appropriate generalization of quantum mechanics settles ques­

tions 2,3, and 4. Quantum logic provides a natural way for introducing 

classical observables. Classically inequivalent states obey neither the super­

position principle nor the Pauli principle. The existence of classical observ­

abIes implies the existence of superselection rules (i.e. a restricted 

validity of the superposition principle) which explains the phenomena of 

question 5. Questions 5 or 6 are related to the emergence of classi'cal observ­

abIes via the interaction of the system with its environment. When we are deal-

ing with interactions, we are always interested in stability properties. We 

call those quantities robust that persist under slight perturbations of the 

system. In the alanine exanple, the vectors I~D) and I~LI represent robust 

quantal states, while the eigenstates are dynamically unstable so that a su­

perselection rule between I~D) and I~L) evolves dynamically. Similarly, in the 

Einstein example only the localized states are robust. Questions 5, 6, and 7 

refer to mathematically ill-conditioned problems which can be discussed only 

with an appropriate regularization method. In general, a natural orbital ana­

lysis is a mathematically ill-conditioned problem while the calculation of 

localized orbitals- is a robust procedure. Evidently, chemical systematics, 

referred to in question 7, deals only with. robust properties. The regulariza-

tion methods of ill-conditioned problems are related to the methods of deter­

mining claSSically inequivalent states. Interestingly, a mOdified Hartree aI>"'"' 

proximation is a good method for calculating classically inequivalent 

states, or in other words, the Hartree (or Hartree-Fock) approximation can 

regularize an ill-conditioned Schr5dinger problem. In this sense, the Hartree 

method is indeed better than the exact method (question 8). The Born-Oppenhei­

mer picture mentioned in question 9 is also related to the emergence of new 

classical properties (the. classical concept of ''molecular structure"). it is 

more canplicated because it involves a "weak superselection. r-ule" which is not 

strictly valid. Thermodynamics (question 10) refers to a description which 

is independent of the existence of elementary objects so that the appropri'-. 

ate algebra of observables should be continuous-. In fact, modern formulations 

of thermodynamics use a global type III1-W*-algebra of observables which has 

no atans but where the temperature as well as the chemical potential are in­

deed classical observables. 
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].5 NEW POINTS OF VIEW ARE NEEDED 

Contemporary quantum chemistry has had a remarkable historical 

success in the description of molecular phenomena but cannot be the basis 

of chemistry because it is an inaompZete theory. rt is based on the Co­

penhagen interpretation of quantum mechanics which suggests a diaZeatiaaZ 

vie~. presupposing the classical level of description and assuming an 

irreducible duaZity between the observed micro-system and the macroscopic 

measurement apparatus (Bohr, 1958; Fock, 1957). This is not a good start­

ing point for the discussion of chemical problems. Every chemical and 

molecular-biological system is characterized by the fact that the very 

same object simultaneously involves both quanta 1 and classical proper­

ties in an essential way. A paradigmatic example is a biomolecule with 

its molecular stability, its photochemical properties, its primary, 

secondary and tertiary structure. 

The most serious deficiency of pioneer quantum mechanics is its 

inability to deal in a candid way with classical systems, and that it 

does not allow a logically consistent and useful theory of laboratory 

measurements. The orthodox interpretation of quantum mechanics (von Neu­

mann, 1932; London and Bauer, 1939; Wigner, 1963) is troubled by the so­

called mea~urement probZem of quantum meahanias, that is by the proper 

way of including an objective macroscopic level into quantum mechanics. 

We cannot claim to have a valid theory if the interpretative problems 

of quantum mechanics are not resolved. These aspects have to be accounted 

for in a fundamental theory of matter worthy of the name. What we need 
is not a radical departure from the quantum mechanics of the pioneer 

time 1925-1935 but a generalization that enaompasses classical theories 

(like Newtonian mechanics, electrodynamics, thermodynamics, chemical 

kinetics) as well as the traditional quantum mechanics of atoms and 

smali molecules. 

Current quantum chemistry tends to give the impression that the 

major difficulties in applying quantum mechanics to complex molecular 

systems are computational. However, the main stumbZing bZoak for the de­

veZopment of a theory of Zarge and aompZex moZeauZar systems is not aom­

putationaZ but aonaeptuaZ. Fundamental difficulties arise already at the 

stage ~here a model of a complex system has to be chosen. The concept of 

an isoZated system is fundamental for every scientific inquiry but it is 
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by no means unproblematic. For example, if we want to discuss the meta­

bolism of a cell from a fundamental point of view, the main problem 

is not computation but the theoretical characterization of a cell. 

To start with, we have to regard a cell as an isolated object. Iso­

lating a cell is a bold idea yet indispensable if a cell is to become 

the referent of a theory. Our ability to describe objects cannot go 

farther than our theoretical ability to isolate them. Theoretical 

isolation means abstraction, and abstraction generates the relevant 

patterns for a scientific inquiry. The creation of physical reality 

by abstractions is a deep conceptual problem that cannot be discussed 

independently of more general philosophical problems. We have to 

understand what a phenomenon is, how we recognize it, and how we com­

municate about it. 

Today, philosophical discussions are banned from our top sci­

entific journals. According to Albert Einstein (1944, p.289) "II 6ate6ul 

, 6eM 06 meta.phrp,iC6' .vr.o~e which hM come to be II ma1.a.d!J 06 contempOl!.M!J emp,(jUAuc 

philoMphizing; ~ ma1.a.d!J ~ the counteltp.vr.t to that eaJr.lielt philoMphizing in 

the c1.0u.d6, which thought it could neglect lInd fupe~e with what wa6 given b!J the 

~~u". If we want to start new things rather than trying to elaborate 

and improve old ones, then we cannot escape reflecting on our basic 

conceptions. 



2, ON THE STRUCTURE OF SCIENTIFIC THEORIES 

"Suenee neve!t make6 an advanee um:il. 
philo~ophy authokize6 and eneoUkage6 

U to do ~o" 

Thom~ Mann, 1936 

2.1 A GOOD THEORY SHOULD BE CONSISTENT, CONFIR~1ED, AND INTUITABLE 

Scientific method is one of many possible approaches to under­

standing the world. Science does not deal with every aspect of reality 

but only with a carefully selected part of reality. Science does not 

provide any premises for aesthetical, moral or political conclusions. 

There are complementary approaches such as the fine arts, poetry or 

religious experiences which are no less important than science. 

The aim of science is to tell the truth, even if it is not the whole 

truth. The scientific approach depends in a complex way on culturally 

determined tacit presuppositions specifying what is essential and what is 

not. The most fundamental presupposition of science is that instead of 

considering the whole universe at once we may, as a reasonable approxi­

mation, regard it as consisting of parts on which we can do experiments. 

The basic structural pattern of scientific experience is the subject­

object relation which in turn is based on the assumption of the sepa­

rability of subject and object. 

Every scientific theory mediates between the external world and 

a contemplating subject. We therefore have to consider two mappings: 

(i) a mapping of the external world into the formal framework 

of the theory 

(ii) a mapping of the formal framework of the theory into cer­

tain psychic structures of the subject. 

Accordingly, every theory involves three classes of referents: objects, 

abstractions, and minds. Knowledge would be impossible without them. 
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Philosophers of science often reduce the role of scientific theo­

ries either to hypothetico-deductive systems (Duhem, Quine) or to an op­

erationalistic viewpoint (Bridgeman). These aspects are important but 

one-sided and cannot do justice to the structure of scientific theories. 

There is much more to be said about scientific explanation and the crea­

tion and change of theories. Every theory is supposed to offer a system­

atic conceptual pattern for the observed data. Nevertheless, the final 

aim of a scientific theory is not to summarize data but to under-

stand reatity. Neither deductivi'sm nor operationalism cares whether a 

theory is intelligible, intuitable, fertile - although the beauty of 

a theory has always been of overwhelming importance for the theoreti­

cians. To articulate these criteria we need normative ruZes which are 

outside the domain of deductionism and operationalism. 

A more fruitful approach is the study of the sign reZations in sci­

ence. The general theory of signs was initiated by the American phi­

losopher CharZes Sanders Peirce (1839-1914) and is called semiotics. The 

three members of a semiotic triad are the sign, its object, and its in­

terpreter. A sign is defined as "40metfWtg which 4:t:a.1'I.d!i :to 40mebody nOll 40metfWtg 

.in .&ome Jtupect OJt capa.c..Uy" (Peirce, Collected Papers, Vol. 2, paragraph 228). 

The something for which the sign stands is called the object or the ref­

erent. The somebody to whom the sign stands is its interpreter. According 

to Morris (1938), the three dimensions of semiotic analysis are the se­

mantic, the syntactic and the pragmatic dimension. Semantics deals with 

relations of signs to their objects, syntactics deals with the formal 

relations of s.igns to one another, and ppagma-ti'cs deals with the re­

lations of signs to their interpreters. 

We consider a scientific theory to be a semiotic system consisting 

of the following three parts: 

(i) syntactics, realized as a mathematical formalism dealing with 

the logico-mathematical structure of the theory; 

(ii) semantics, realized by an interpretation that deals with the 

relation of the mathematical symbols to the ob­

jects which they denote; 

(iii) pragmatics, consisting of regulative principles of a norma­

tive kind, describing the relation of the theoreti­

cal terms to their interpreters and the possible 

contexts of use. 
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Given the formalism of a theory, we are within certain limits free 

to choose its interpretation (that is, the semantics and the pragmatics) • 

If the interpretative rules and the regulative principles of different 

theories are not the same, then these theories have no common vocabulary. 

Seen in this way, every theory has a double task: it mirrors 

both some aspects of outer reality and some aspects of inner reality. 

There are basically three ways to judge scientific theories. First 

of all, a theory has to be logiaally aonsistent, that is, its for­

malism must be free from essential logical contradictions. Secondly, a 

theory has to be empiriaally well-aonfirmed, it must not contradict em­

pirical facts in a serious way. Thirdly, a theory has to be intuitable, 

that is, its main concepts should be knowable through intuition, by in­

sight without rational thought. To characterize this "inner perfection" 

(as Albert Einstein, 1949, p.23, calls it), the theoreticians often use 

the vague but important terms "ni'ituralness" and "mathematical simplici­

ty". The first point is concerned with the intrinsic cor.sistency of the 

syntax of the theory (without considering the relations to the external 

or internal world), the second point refers to the relations of a theory 

with the external reality, while the third pOint refers to the relations 

of the theory with the inner reality. 

A good theory should neither neglect nor favor one of the three 

aspects of the semiotic triad, it ought to be consistent (in the sense 

of syntactics), confirmed (in the sense of semantics) and intuitable (in 

the sense of pragmatics) (compare fig.3). Modern physical theories have 

a highly developed syntactical formalism and a predominantly operational 

semantic interpretation. In the spirit of our time, logical consistency 

and empirical confirmation are considered the most important virtues of 

a theory. But the meaning conveyed by the theory is seldom an inner ex­

perience with us. Alchemy on the other hand, failed mainly because 

of the dictatorship of chemical facts but the alchemist "e.xpwenc.e.d the. 

p!Le6e.nc.e. 06 p!Le.-e.x.i.6Ung ide.o.A .Ut phy.6.i.;c.a1 maftVl" (Jung, Coll. Works, vol.12, 

par.346). The general intellectual trend of our scientific and technical 

culture does not give much weight to the role of intuition so that prag­

matics is a badly neglected aspect of contemporary science. One therefore 

often hears the remark that modern theories cannot be described in intu­

itive and imaginative terms. Nevertheless, most creative scientists will 

probably disapprove of the following statement in the anonymous preface 
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(due to Andreas Osiander) to Copernicus I "De Revo Zutionibus": "U,u., not 

nec.e.oJ.>aJty that the.oe hypothe.oe.o be :tJw.e; they need not even be URe the :tJw.th; J;t M6-

6-i-c.e.o when they lead to c.a.tc.u1ati.onJ.> wfUc.h agJtee w.i.th obJ.>eJtva-t{.onJ.>." (in: Coperni­

cus, 1543): a theory that is merely logically consistent and gives ac­

curate predictions is not yet a good theory. We want much more: we want 

to see something never seen before. 
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2.2 NO THEORY CAN BE PROVED TO BE FREE FROM INNER CONTRADICTIONS 

Modern science is based on the platonic faith in a mathematical 

order in nature, or, as Galilei says "The. gILe.at book 06 n.a.twz.e. .iA. WlUtte.n in 

the. mathematic.a1. £angU4ge., ••. wU.hout who~e. help it -0 impo~~ib.e.e. tfJ complLe.he.nd a 

~ing.e.e woJtd 06 it" (Galilei, 1623, sect.6). Since that time a most cre­

ative interaction has taken place between pure mathematics and the sci­

ences. Contemporary science is becoming increasingly mathematized, and 

the language of mathematics now has a dominating influence upon modern 

theoretical research. The cause for this development is, to use the 

wording of a famous essay by Eugene Wigner, "the unreasonable effective­

ness of mathematics in the natural sciences". "The. miJtaele. 06 appILoplLiate.ne.M 

06 the. £angU4ge. 06 mathemati~ 60IL the. 60Jtmu1aUon 06 the. law~ 06 phlf~i~ .iA a wondeJt-

6ul gi6t which we. ne.-UheJt u.nd~tand nolL dueJtve." (Wigner, 1960). 

An obvious advantage of expressing the syntax of a theory in 

the language of mathematics is the simplicity of checking its consisten­

cy. The syntax of a theory must be free from essential contradictions. 

Note that it would be too much to require that the formalism of a theory 

should be shown to be free from contradictions. Kurt Godel's (1906-1978) 

famous incompleteness theorem says that it will never be possible to 

show by mathematical means that mathematics does not contain contra­

dictions. 

~eferences: For an introduction for these advanced areas of logic one may consult 
the lucid text by Boolos and Jeffrey (1974). The basic papers on undecidable pro­
positions are easily accessible in an anthology edited by Davies (1965). 

That is, no theory that permits formalization can be shown to 

be free from inner contradictions with the means of this theory itself. 

An information-theoretic version of G6del's incompleteness theorem, 

due to Chaitin (1977), says that it is possible to prove that a 

specific object is of computational complexity greater than n only if 

n is less than the computational complexity of the axioms being employed 

in the demonstration. Furthermore, we should not forget that the mathe­

matical formalism of modern scientific theories uses such mysterious 

artifices as "real numbers", or mathematical conventions such as the 

"e.xiom of. choice" that can never be corroborated. In short, freedom 

trom logical contradictions is essential for the trivial aspects of a 

theory - but it should not be overstressed. 
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What is the axiom o! choi.ce? The axiom 0:1; choice can be :l;ormulated as follows: 
"Given a collection of nonempty subsets o! a set, there is a set that contains 
just one member from each of these". The axiom of choice is obviously true for 
finite collections. HOwever, according to a deep result by Paul Cohen, the axiom 
is independent for infinite sets: we can adopt the axiom of choice, or replace it 
by the statement: the axiom of choice is false. Modern functional analysis - hence 
modern quantUIII mechanics - considers the axiom of choice to be true. That is fine, 
but then we accept the so-called Banach-Tarski paradox: "Using the axiom of choice, 
it is theoretically possible to divide a sphere as large as the sun into little 
solid pieces and then without any compression or distortion of these pieces, to 
rearrange them, leaving none out, into a sphere of the size of a pea". 
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2.3 EXPERIMENTS CAN NEITHER PROVE A THEORY TRUE NOR FALSE 

A popular fable pretends that there is a "scientific method", con~ 

sisting of a set of rules which, if followed, will lead to scientific 

discoveries. A modern version of this fable goes as follows: The method 

of science "COYL6.u..u, 06 app.eying the 60Uow.i..YLg -6tep4 to eve/lIj plLob.eem in -6uence, 

60JlmaUyan.d expUUily an.d Jtegu1aJz1.y: 1) Vev.u.iYLg aUeJtrtative hypothe-6e-6; 2) Vev.u.ing 

a cJW.Ua.e expeJWneYLt (oJt -6eveJta.t 06 them), w.i..th aUeJtrtative p0-6-6ib.ee outcome-6, each 

06 which w.i..U, M neaJt.ty M pO-6-6ib.ee, exc.fude one OJt mOM 06 the hypothe-6e-6; 3) CMJty­

ing out the expeJWneYLt -60 M to get a dean Jte-6uU; 1') Recyc.ilYLg the pMcedwr.e, mak­

iYLg -6ubhypothe-6e-6 OJt -6equent£a.e hypothe-6e-6 to Jte6ine the poMib-ilitie-6 that Jtema.i.rt; 

an.d M on" (Platt, 1964). The fact that even successful and thoughtful 

scientists cannot tell what they are actually dOing shows that scien­

tific research is an art characterized by specific skills and not by a 

set of rules. As stressed by Michael Polanyi there are things we know 

but cannot telL "Til.1A -L6 -6bUk.i.YLg.ey:tJtue 60Jt OM Imowtedge 06 -6lUU6. I can My 
that I know how to Jt.i.de a b.i.c.yde 0Jt how to -6w.Un, but th.<A dOe-6 not mean that I can 

teU how I manage to keep my balance On a bicyde OJt keep a6.eoat when -6w.i..mm.i.ng. I may 

not have the -6-Ughte-6t .idea 06 how I do th.<A, oJt even an enfue.ty WltoYLg 0Jt gJtO-6-6f.y 

.i.mpeJt6ec.t idea 06 J.t, an.d yet r go on cyc.ilYLg OJt -6witrtni.YLg meJlJU1.y" (Polanyi, 1962). 

Or, as Imre Lakatos (1922-1974) put it, a. sci.entist knows about sci­

ence just as much as a fish knows about hydrodynamics. 

The logical positivists of the Vienna Circle claimed that a propo­

sition was worthy of consideration by scientists if and only if a meth-

od for testing and verifying it could be described. The so-called Receiv­
ed View of the positivistic philosophy of science holds that theories are 

tested by their predictions. If sufficiently many of these predictions 

are true, the theory is considered as confirmed. If any of these predic­

tions are false, the theory is considered as falsified. Even if these 

statements are qualified in some ways, the Received View has been shown 

to be defective beyond repair. A general consensus that this positivis­

tic analysis of scientific knowledge is inadequate now seems tq hold among 

most philosophers of science. It is not only naive and philosophically 

untenable but also historically false. 

Reference: For a survey and critique of the. mainstream of thought in the philosophy 
of science from 1930 to 1969, compare SUppe (1974). 
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The first attack against the ~eceived View was due to Karl 

Popper. He us.ed Hume' s argument against the possibility of logical in­

duction to show that scientific theories cannot be verified by any fea­

sible empirical evidence. The critique of the verifiability theory in 

his now classical Logik dep Fopschung showed conclusively that there is 

no such thing as the verification of general propositions by empirical 

research. No matter how many tests a theory has passed, it is always 

possible to find a weakness that leads to its rejection. "TheoJUu Me not 

veJU6,{,abi.e, but thelj can be 'colVtoboJr.a.ted' (Popper, 1935; on p.251 in the En­

glish edition of 1959). 

Popper considered empirical falsifiability to be the conditio 

sine qua non of a scientific theory. However, his much discussed thesis 

that "Lt mU1>t be pOM-ible 601t an emp-LJUcal -6uerttiMc -61j-6tem to be lte6uted blj ex­

peJUence" (1.c.,p.41) is not tenable. Even Popper admits that scientists 

do not regard a theory as falsified if it conflicts with a single experi­

mental result. Evepy faLsification is faLLibLe, a falsification never 

implies the rejection of a theory. 

Example: The ground state of the hydrogen molecule has been studied with great skill 
and accuracy by our best experimentalists. Herzberg and Monfils (1960) have determi­
ned the dissociation energy of H2 experimentally to be Do=36'113,6 em-I with an esti­
mated error of less than ±0,3 em-I. At about the same time Kolos and Roothaan (1960) 
carried out a very precise ab-initio calculation of the ground state energy of H2 
and found an astonishingly good agreement between the calculated and observed disso­
ciation energy, in spite of the fact that some corrections had been neglected. An 

improved double preCision ab-initio calculation with a 100-term James-Coo1idge-type 
expansion by Kolos and WOlniewicz (1968) gave a clamped-nuclei total energy of E = 
= -1,174'474'983'0178 atomic units. Correcting for all known relativistic and radia­
tive effects, they arrived at a theoretical dissociation energy of Du=36'117,3 em-I, 
i. e. 3,7 cm- 1 lower than the experimental value. or one order of magnitude larger 
than the experimental error. At this time the theoretical and experimental results 
were considered as definitely inconsistent. This discrepancy gave rise to a 
furious theoretical activity, all kinds of feasible and almost impossible effects 
were considered, with0ut changing the discrepancy. The situation was serious 
since the Helium atom (which has the same type of interactions as H2) was in perfect 
agreement with the theory. Quantum mechanics was falsified, nobody was happy but 
probably not one of the experts troubled his head about rejecting quantum mechanics! 
Later experimental work sh<i>wed ".t1/4t.. plLev-UJU1> I/,I.OIIJi ~ mOlte M;lLOngly a66ec.ted by 
oVeJr1a.pp-Lng WU and lack. 06 ltuolutWn than u.\U -6U1>pec.ted at the ;(;.ime" (Herzberg, 
1970). The improved experiment gave Do=36'118,3 em-I (Herzberg, 1970), in good agree­
ment with theoretical value. 

As clearly seen by Pierre Duhem (1861-1916), no experimentum crucis 

exists. "The phy.6~t cart neveJ!. .6ubjec.t an -t.60Wed hypothu-t.6 to expeMinerttal tut 

but only a whole gltoup 06 hypothuu; when the expeMinertt -t.6 -in d-i..6aglteemertt wLth h-L.6 
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pIlecUc.:ti.o n6, wha;t he £.e.atr.n6 i6 that at £.ea.6t 0 ne 06 :the hypothu u c.o n6:tU:uti.ng :thi6 

g.IWu.p i6 u.na.ccep:ta.ble and ought :to be mocUMed, bu.:t the expcvWnent dou not dU.ifJna:te 
wh.i.c.h one 6hou.£.d be changed" (Duhem, 1908; on p.187 in the English edition 

of 1954). Empirical data can never disprove a theory. "Any 6:ta:tement c.a.n be 

he1.d :ttuLe come wha;t may, ,(:6 we mak.e dJr.a..6tic. enough a.djtl6.tmen:tl; e1.6wkeJte in :the 6Y6tem" 
(Quine, 1953, p.43). Of course, an attempt to maintain a view in the 

face of recalcitrant experience may run the risk of making the research 

program look "epicyclic", piling one complication upon another. 

On the other hand, falsifications are an important source for theoret­

ical and experimental innovations. "Na.:tuJte ma.!{ 6hou.:t NO, bu.:t hunran .ingenu.Uy­
c.on:buv!.y :to Wey£. and POppell. - may ai.Lw.y6 be ab£.e :to 6hou.:t £.oudell." (Lakatos, 1974, 

p.249). 

Recent criticisms of falsificationism also deny that falsifica­

tions play the decisive role in the growth of science that Popper and 

his believers attribute to them. Hilary Putnam (1962) argued that sci­

entific theories cannot be overthrown by experiments and observations 

alone, but only by alternative theories. Under the influence of Norwood 

Russell Hanson (1958), and Thomas S. Kuhn (1958), this view is widely 

accepted nowadays. Even modern logical positivists admit that it is 

"ai.Lw.y~ po66ib£.e:to '6av e' t1 :theoILY when it enc.ou.n:t~ 1Lec.a.£.c.UlLa.nt da:ta." (Sneed, 

1971, p.289) and that "a :theoILY i1; not:that IWu:1 06 en;ti;:ty 06 wh.i.c.h one. c.ou.£.d 
lLea.6ona.bly 6ay :that it i1; 6ai.6iMed OIL lLe6u.:ted" (Stegmuller, 1975). 
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2.4 PRECONCEPTIONS AND PRIOR CONCEPTIONS 

Another popular fable is the idea that a scientific discovery be­

gins with "hard facts" or "unprejudiced observations". Scandalously, there 

is no such thing as an observation unprejudiced and uncorrupted by past 

experience. Science certainly depends on observations in a crucial way 

but a scientific inquiry never starts from facts and observations alone 

(as claimed by the logical positivists of the Vienna Circle). The meaning­

ful content of any theory is always larger than its empirical content. As 

underlined by Pierre Duhem (19Q8), observations are interpretations of 

phenomena depending upon the acceptance of a particular theory. That is, 

theopies ape ppiop to expepiments. or in the new-fashioned terminology 

of Norwood Russell Hanson (1958), all facts are theory-laden. "CITe now lI.eal­

ize wi.th ~pec,W. cl..aIr.i.:tij, Iiow muck in eJrJWlI. a/te tIiolie the.o!Li;6U wIi.o believe that :the.oll.Y 

cornu .i.ndudi.ve1.y 6J!.om expelLte.nc.e" (Einstein, 1936). 

We cannot help being prejudiced by our ancestors,we can never 

avoid cultural, social and political preconceptions. Tacit presuppo­

sitions are the basis of understanding between the members of 

any social group. Judgements that are endorsed by every member of a 

group facilitate mutual understanding within this group but hamper the 

unterstanding between different social groups. Scientists are no ex­

ception, they share the culture of their society. A scientist who does 

not want to become incapable of imagining a perspective other than 

his own cannot dispense with philosophical reflections which puri-

fy and free his mind. 

The scientific judgement of many scientists is distorted by the in­

fluence of untenable philosophies. If this is admitted, why not rid sci­

ence of all metaphysical elements, why not reject all philosophical 

questions? Because "not to engage i.n philosophical contemplations" always 
means to unwittingly adopt an unreflected and most likely untenable 

philosophical position. For example, the logical positivists took 

over Wittgenstein's (Tractatus, 1922) rejection of metaphysics as 

meaningless, since there was no way of verifying it empirically. 

But logical positivism was still a philosophy, also not a well-

grounded one. It is (or at least, it should be) the function of a philos­

ophy of science to disclose hidden assumptions and. tacit preconceptions 

which limit our awareness and act as barriers to our understanding. It 
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is not possible to get rid of prior conceptions but we can try to con­

vert tacit preconceptions into intentional prior conceptions. 

As Jean Piaget has pointed out, many philosophers have assumed a 

definite psychology of perception in their epistemologies. It emerges 

from Piaget's (1970) experimental researches that even the simplest forms 

of perceptual invariants (like the notion of an object) require a defi­

nite learning process. When an individual receives a set of stimuli from 

its environment, he assimilates the stimuli to the structures of his 

existing knowledge. We can interpret phenomena only in terms of this 

existing knowledge; at the same time our ideas about the external world 

are in constant change. 

It is mainly due to modern movement in the philosophy of science 

(Hans'on, 1958; Feyerabend, 1958b, 1970a-c; Kuhn, 1962) that many scientists 

again acknowledge that "facts" are not inescapable basic data of exis­

tence but always dependent of the observer, his culture, theories and 

preconceptions. "Fa.c.t6 conta1.n -i.deological compone.nt6, oldeJr. view.s, na.tuJta.t. inteJr.­

plLe;tatioYL6, which have vanMhed 6Mm lIight Olt peJr.ha.pII neveJr. WeJr.e 601!.mu1.a:ted in an ex­

plicU manneJr.. Thue componen;U Me highly 1Iut.p.i.uOut., 6fut beCi1/A.lle 06 thelJr. age, 

beCi1/A.lle 06 thelJr. Mchaic olligin, and, lIecondly, beCi1/A.lle thelJr. VeJr.y na:tuJte pItOUcU 

them 6Mm cJt.i.;t;.Lcal exa.mina.t1..on and a1.wa.YII hall pItOtecu.d them 6M'" lIuch an examination" 

(Feyerabend, 1970a, p.310). Since facts are partly created by the the­

ories we hold, every child and every scientist requires a long time to 

"see" the facts. Whether a long training is more like "objective learn­

ing" (without any intervention of normative principles) or more like an 

indoctrination, is a rather delicate problem. 

EXample: Increasing emphasis is being laid on the teaching of science in elementary 
schools. One reason for teaching science even in the pre-eleMentary-school years 
has been sUllllllarized by Robert Karplus (1964) as follows: "Q1fia;t about the 06ten 
he.aJtd Itecormre~n tha:t lIuence w:tJw.c;Uon be po.6tponed unm the youngllteJL6 
have Ituched the .inteUectLu:!i. ma.tuJr.,U;y 06 the middle teeM? At ;(}w, .6.tage, un60Jt­
tuna:te1.y, educa.t.i.ona.l e660Jtt6 Ituch only the 6Jta.c;Uon 06 the .6:tu..den.t body which .u, 
6avoJta.bly d.i./,POlled towaJui lIue:nc.e educa.:ti:on 6eca.ut.e 06 eMU'elL 6avoJta.ble expeiUence. 
a:t home Olt a:t IIchool. FOIL the otheJL6, many 06 whom 60Jtm a .6tJtOng d.i./,Ulie 60k. IIU­
ence, ~ .u, too We. ~hWr.llpon.ta.neoU4 inteUec.taa1. devela~en.t jut.'t dou' not keep 
pace wUh.the expectation 06 the .6chool Olt dou not pItOceed in the diJtection 06 
modeJr.n lIuence". Learning the truth or indoctrination of an ideology? 

Every social group (e.g. the scientific community) shares a par.,. 

ticular set of tacit preconceptions and explicit prior conceptions, 
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called a paradigm by Thomas S. Kuhn (1962). A paradigm is a world view, 

a set of beliefs and assumptions structuring recognition of problems, 

meaningfulness of questions and the acceptability of explanations. A 

paradigm firmly establishes a conceptual scheme capable of being applied 

in a uniform manner to most varied phenomena. The members of every par­

ticular social group not only accept a cornmon paradigm but require all 

who wish to be recognized as accepted members to operate within the 

framework of the paradigm. Of course, there is never a unanimous agree­

ment about "facts" (more precisely: about the paradigms generating 

"facts"), the traditional solution is to regard a dissenting minority as 

cranks. In the words of Michael Polanyi: "ThVte mUAt be aU. .time6 a p!l.edom.ina.n:t­

ly accepted -buen:t.i6.£c v.iw 06 the na.tuJte 06 th.ing-b, .in the light 06 wh.ich fte6eaJtch ~ 
jo.in:ti.y conducted by membeM 06 the cotmlun,{;ty 06 -bUe~t.6. A -btJtong plte6wnpUon that 

any ev.idence wh.ich con:tJtad.iw thM v.iw ~ .invalid mUAt p!l.eva.il.. Such ev.idence hM to 
be fuftegctJtded, even.i6 U c.annot be accoun:ted 60ft, .in the hope that U will even:tua.Uy 

tultn out to be 6al-be Oft .iJtJtelevan:t" (Polanyi, 1963). 

Example, It is a preconceived idea of experimental science that experiments are 
possible and that they can be repeated. That's a bold idea! For any experiment, 
there is a division of the world into the experimental system and its environment 
(including the observer!). The first tad t preconception is' that such a diviS.ion 
can be enforced and is harmless or can be corrected for (possible objection: the 
interdependence of all parts of the world is destroyed). The second assumption is 
that the required initial conditions can be brought about by an appropriate inter­
vention of the experimenter (possible objection: the experimenter separates parts 
which should remain united). Thirdly, the unlimited repeatability of an experiment 
under identical conditions is considered to be constitutive for .a scientific empir­
icism (possible objection: every experiment whatsoever has to be an irreversible 
process and therefore cannot be repeated under exactly the same conditions). 
Not everybody accepts the paradigm of experimental science, many knowing and pro­
found thinkers belong to the dissenting minority. Reconmended reading: Johann Wolf­
gang von Goethe I s essay "Der Versuch als Vermittler von Objekt und Subjekt". 

The upshot that there is no neutral observation language, that 

every observation is theory-laden is of crucial importance for the mod­

ern theory of molecular matter. What counts as a "fact" is determined by 

some theory or viewpoint. Adopting different prior conceptions we will 

in general observe different facts. Eacn viewpoint creates its own re­

atity. 

Example, As discussed by Niels Bohr (1932) in his Faraday lecture, thermodynamic 
concepts stand in a complementary relation to a complete and detailed mechanical 
description. The introduction of thermodynamical concepts, such as temperature and 
entropy, 'requires a point of view incompatible with the mechanical point of view. 

Adopting an obsolete view on the reduction of physical theories, some philosophers of 
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science fail to see that point me.chanics and theDllodynamics both represent legiti­
mate but mutually incaJIpatible viewpoints', and make the entirely unsubstantiated 
claim that "the ~.6'i:c.al :theJrmod!JYlfJJllict> 06 CtaU6.i:u6, Kei.vin and CaJULth~odolty .u. 
.6-impiy an inc.oMec.t theolty 06 :the wolLf.d" (Sklar, 1976). 

The temperature T and the energy E are incompatible physical quantities so that 
they cannot have simultaneous'ly a sharp value. In fact, the theory of thermodynam­
ical fluctuations gives the inequality' 

AC!)Ll& O!;,k 
T 

where k is Boltznann's constant, and AK denotes' the standard deviation of a fluctuat­
ing quantity, X. As we knoW' from the modern theory of K,..,floWS', the striking analogy 
of this thermodynamic inequality with the Heisenberg-type inequalities is by no means 
superficial. The mechanical equivalent is the time-ene;t;'gy, ineq,uali,ty, pelating the 
qeviation, ~, of an ~er.qy,~eaaur~ent with the measuring time ~t by 

~t • M. O!; "'/2 

where'" is Planck's constant divided by 2n. 

The view that the objects one observes, and the properties that 

they possess are constituted in part by the adopted viewpoint con­

tradicts the naive ontological vision of a world of independently 
existing objects but is. perfectly compatible with the objectivity of 

scientific knowledge. This situation is well known from quan.tum mechan­

ics where "evidenee obta.i.ned undeJL d.i.66eJLent ex.peMinentai. eorrdi;ti.on6 eannot be eom­

p!r.e.hended wUhi.n. a .s.i.ngl.e p.i;c;twLe, bu;t mU6t be ltega.Jr.ded a..s com pl.em entalty .in the 

.6en6e :that only the to:to.ii;ty 06 the phenomena. ex.htu.u.t6 the pD.6.6ibi.e .i.n601!ma.tion about 
the objec;t6" (Bohr, 1949, p.210). Niels Bohr has advocated to use "the woltd 

phenomenon to lte6eJL ex.el.U6.i.vei.y to ob.6eJLva.tion6 obta.i.ned undeJL .speeiMed c1Iteum.6.ta.nc.u, 

.i.ndud.i.ng an a.C!eount 06 the whole ex.peMinent" (Bohr, 1948). In a wider context, 

we propose to define a phenomenon to refer to an observation under spec­

ified circumstances and prior conceptions. 
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2.5 THERE IS NO INSIGHT WITHOUT INNER PICTURES 

One does not attain a real understanding of a theoretical argument 

by merely checking its formal proof. It is necessary to see through the 

technicalities, to grasp the essential idea and to have intuitive in­

sight. Intuition, as an immediate grasping of evidence, as a way of com­

ing to knowledge independently of deduction, is of utmost importance 

for every scientist. 

The possibility to "understand" scientific theories in an intuitive 

way requires the existence of appropriate mental structures which are con­

ceptual but to which we have no conscious access (Pylyshyn, 1973). This 

introspectable imagery is often described in terms of "inner pictures" 

but is itself neither verbal nor pictorial. we say that a good theory 

should be intuitable and we mean that it should be knowable through intu­

ition, by an inner experience allowing an immediate grasping. The word 

"intuitable" corresponds to the German expression anschaulich which has 

nothing to do with pictures or representations in the sense of mechan­

ical models (as Margenau, 1950, p.327, erroneously assumes). Both an­

schaulich and intuitable refer to inner pictures. 

Intuitive direct awareness is hardly teachable, it depends on un­

predictable bursts of imagination. If we grasp or solve a problem 

with a single flash of insight, the psychologists speak of aha! reac­

tions. "Un6eJte. SplUtc.he. hat die. TnteJtje.Won 'aha' ei.ge.n1> uWL die. Kundgabe. ~olc.heJt 

ElLte.bn-iAu guc.ha66e.n" (BUhler, 1918). Aha-reactions owe little to logic or 

reason, they are overwhelming, they have a high degree of inevitability 

and aesthetic appeal. In his delightful book "A Mathematical Apology", the 

mathematician Godefrey Harold Hardy stresses the importance of the aes­

thetic side of theories: "The. mathema;Uc1a.n'~ pa..tteJtn1>, Uke. the. pa.inteJt'~ Oft 

poet' ~, mMt be. b e.auti6 ul; the. ideM, Uke. the. C.OlOuM Oft wOft~, mMt 6il toge.theJt 
in a haJrmoiUoM way. Beauty ~ the. 6fut tut: theJte. ~ no peJtmane.nt pta.c.e .in the. 

wolLtd 60f[. ugly ma.thema;U~." (Hardy, 1967, p.85). This criterion applies to 

scientific theories as well. Paul Adrien Maurice Dirac expressed it in 

the following way: "We may .tJty to make. p!toglteM by 60llowi.ng .in f{a.mil.ton'~ 600t­

~te.~, mung mathema;Uc.a.£. beauty M oW!. gu-iding beac.on, and ~etling up the.oJt.i.u whlc.h 

Me. 06 .inteJtut, in the. 6fut p£.a.c.e., only bec.a.Me. 06 the. be.a.u.ty 06 thw mathema;U~. 

We. may the.n hope. that ~uc.h e.qua;UOn6 will. uU<mate£.y p!tove. thw va.lue. in phy~.i~, 

bM.{.ng tw hope. on the. beUe.6 that Na.tWz.e. dema~ mathema;Uc.a.l be.a.u.ty .in heJr. £.aw6." 
(Dirac, 1964). 
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There is a close connection between aha-reactions and the psycho-

logical process that creates new ideas. This creative process is 

quite mysterious. Carl Friedrich Gauss (1777-1855) reports in a letter 

to Wilhelm Olbers about the work on his fam~us Disqui8itiones Arithme­

ticae: "ViuVt Mangel ha;t mVr. aUu Ue.bJti.ge., CU:t6 i.c.h. 6and, veJli.eJ..du; und .6eU 4 Ja.h.-
1Le.n. tAWLd .6ei;ten. e.i.rr.e. Woc.he. hingegange.n. .6e.i.rr., ~ i.c.h rr.i.c.h.t e.tn.e.n. odVt de.n. a.nciVtn. vVt­

ge.b.U.c.he.n. Ve.Muc.h, diue.n. Kl1.Oten. zu .e.i:i.6en., gema.c.h.t li.£tte. - buonde.M .e.e.bha.6.t nun auc.h 
w.i.e.dVt in. dVt .e.uzte.n. zeU. Ab¢ aUu Bltii.:ten., aUu Suc.he.n. i../jt um.60l1.4t gwuen., .tILa.u­

JUg ha.be. i.c.h j e.dellma.l di.e. Pe.dVt w.i.e.dVt rr.i.e.deJli.e.gen. m{U;lie.n.. En.dUc.h volL e.i.rr. paaJt Tag en. 

iAt'.6 ge.lunge.n. - abVt rr.i.c.h.t me.i.rr.em miiJi6a.men. S:bte.ben., .sortde.lLl1. b.e.0.64 dUlLc.h die.. Grr.a.de. Got­

tu miic.h.te. i.c.h .6agen.. Cl/ie. dVt BU:tz e.iMc.hlJigt, ha;t .si.c.h dM Rii.t6el geii:i.6t; i.c.h .6elb.6t 

wiiJr.e. rr.i.c.h.t im stande., den. .e.eUe.rtde.n. Paden. zwUc.hen. dem, CU:t6 ic.h vOMVt rAWl.6te., dem, 

~mU i.c.h die. .e.e..tz.te.rr. Ve.Muc.he. ge.mac.h.t ha.:tte., - und dem, wodWLc.h u geta.ng, rr.a.c.hzu­

we..Ue.n.." (Gauss, 1805). Aha-reactions are creative acts of the human mind. 

The spontaneous innate ability to form concepts and ideas by creative 

imagination is a unique feature in man, distinguishing him from the rest 

of nature. 

The essential ingredients of a theory are not made up by our con­

scious mind. Ideas are produced by our unconscious, the German word 

Einfalle characterizes them as the things that fall into our conscious­

ness. This origin of ideas explains the impression of incorrigibility 

they convey until it can be realized or jus·tified by the conscious mind. 

EveJ;¥' creati'Ve process has an integratin<j tendency, it brings a new unity 

into existence but it does not seem to serve any immediate biological pur­

pose. We know very little about the nature of the creative process; it 
stems from the unconscious and develops according to its own logic. 

References: There are tWo famous and lIlost interesting stUdies by the lIlatheJJIaticians 
Henri Poincare (1913, pp.383-394) and Jacques Hadamard (1945) of their own creative 
activities. Collections of personal experiences of the creative process have been 
edited by Kankeleit (1959) and by Dalenius et al. (1970). A valuable study of the 
conscious and unconscious in science and art is due to KOestler (1964). An illuni­
nating description of the role of intuition and imagination in Chinese thinking and 
of the oriental approach to science has been given by the eJJIinent Japanese physicist 
Hideki Yukawa (1973). 

Following Carl Gustav Jung (1875-1961), we use "the. te.lLm -i.de.a. .to e.x­

plLe64 the. me.an.in.g 06 a plLimolUU.af. image.", where by image we "do n.ot mean the. 

p6yc.htc. 1Le.6.e.e.c..ti0n. 06 an. e.x:.tVtrr.a.l obje.ct, but a c.on.c.e.pt de.lLi.ve.d 61L0m poetic. U6age., 

rr.a.mely, a Q,igUlLe. 06 6an.c.y OIL 6an.ta.6y-image." (Jung, Cell. Works, vel.6, par. 

732, 743). The image does not correspond to something outside but is 
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real in its own way. "The M.al", says Jung, "ih who.,t WOILR.6" (ColI. Works, 

vol.7, par. 353). 

But what is then the referent of imagination? Imagination is the 

realm of soul. For depth psychology the referent of images is un­

conscious but has still objective existence. The "unCOMUOu.6 p.6y-

che, cormron .to aU. manlWrd, doe.li not COn.6.i6t meILeey 06 conten.t6 co..pabie 06 becom.i.ng 

CO n6 c..i.ou.6 , but -0-6 latent p'Ledihpo.6ilion6 tOwaJr.d .iden.ti.co..l lLeo..c.t.i.On.6" (Jung, Coll. 

Works, Yol.13, par. II) • For the inborn mode of psychic apprehension, 

Jung has proposed the term archetype (Jung, Coll. Works, Yol.8, par.270 

ff, and vol.6, par.624). The word archetype comes from the Greek and 

means the prime imprinter. "The IlILche.ttJrXLf. lLeplte.lien.ta.:t.icn.6 l-iinage.li and .i:de0...6.l 

mecLi.rLted .to u.6 by the uncon.6wu.6 .6hou.i.d not fie con6lUied with the IlILcfie.type Il.6 .&uch" 

(Jung, CoIl. Works, vol.8, par.417). We do not experience the archetypes­

themselves, they remain hidden but they express themselves by archetypal 

motives in ideas and imaginations, and exercise a formative influence 

upon human thought and behavior. The archetypes are the operative agents 

of the soul and put us into an imaginative style of discourse. They are 

the ultimate psychic realities: they are metaphysically real because 

they are capable of producing observable effects. Archetypes are "p6ychi.c 

1t..e.fLUt,[e.6, ILeal beCllu.6e they wOlLk" (Jung, ColI. Works, vol. 7, par .151). How­

ever, archetypes are not necessarily psychic structures, the psyche 

is just the place where they become manifest. Together with the in­

stincts, the archetypes make up that psychic stratum which Jung calls 

the coZZective unconscious- (ColI. Works, vol.8, par.229). The collec­

tive unconscious by its very nature is the common property of all human 
beings, regardless of their culture. 

An activated arche.type exerts a fascination, it attracts to itself 

the contents of consciousness "M.tho...t the. .6ubJec;t il; glLipped by U Il.6 though 

by an in6.ti:nc;tIl. "Dtl. pa.&.6.i.ng OVeIL .£n.to COn6WMne.6.6 ih 6eU M an ili.wn.Lna.:tion, a 

lLevelo.:ti;on, OIL a ' .6av.i.ng .ideo.. /I'. In the long run, archetypes "mould the de.liil­

n.i.e.li 06 .i.nd.i.v.idu.o..l.6 by uncon6c..i.ou.6iy .w61LLe.nc..i.ng theiJr. .th.i.nk.i.ng, 6ee.ling and beha.v.i.OIL, 

even.i.6.thih .i.n6lu.e.nce ih not lLecognized until long a6.tIl/Ul.J(J..l/[f" (Jung, ColI. Works, 
vol.5, par.225, 450, 467). 

If archetypes appear unconsciously in projections, they contribute 

tQmyth-formations and preconceptions. Projection is a psychic process 

by which a subjective content becomes' alienated from the subject and is 
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embodied into the object (cf. Jung, Coll. Works, vol.6, par.783). A pro­

jection is never conscious, it can only be recognized if it is dissolved. 

The recognition of the archetypal nature of a preconception removes 

its magical effect and turns it into a neutral prior conception. The dis­

solution of a projection gives insight into the driving forces of the un­

conscious but does not imply that we have dissolved the forces. To dis­

card archetypal images "would be. 11 diJ;:ti.nc.t lo.6.6. OWl. tMk iA not, theJte.601!.e., to 
de.ny the. aJtc.he.type., but to di..6Mlve. the. pIloje.c.ilOYL6, i.n OJI.deJt to llutolle. theiJr. c.onte.n;U 

to the. -i..n.cUv.wuai. who hM i.nvo.l'.u.ntaJtil.y lot.t them by pIloje.c.Urrg them ou..t4Me. Mn.6e.l6" 

(Jung, Coll. Works, vol.9.l, par.160). 

By absorbing more and more unconscious content, the consciousness 

extends its frontiers, and this process leads to a continuous develop­

ment of the ego. The emancipation from the power of the unconscious leads 

to empirical science by creating the external objective world. In 

this evolution there is the danger of overemphazising consciousness, 

of identifying consciousness with thinking, leading to the exaggeration 

that the external objective world is the only reality (compare the 

analysis by Erich Neumann, 1954, pp.34l and 384 ff). Forgetting that 

constituents of reality are also to be found in the unconscious has 

a sterilizing effect on creativity. An overemphasis on consciousness 

leads to the one-sidedness characteristic of the self-confident 

expert, strong-willed and incapable of seeing anything that tran-

scends his narrow sphere of competence. A typical symptom of such. a 

one-sided overexpansion of the ego is the absence of any genuine creative 

activity. 

Archetypal images playa crucial role as intuitive concepts for 

physical phenomena. For example, the archetypal notion of magic power is 

a concept found allover the world and is used as an intuitive concept 

for the physical notion of energy (compare Jung, Coll. Works, vol.7, 

par. 151) • That numbers have an archetypal foundation is an old conjec­

ture of m~ny mathem~ticians, so that Jung defines number psychologically 

as an archetype of order which has become conscious (Jung, Coll. Works, 

vol.8, par.870). 

The assimilation of unconscious archetypal contents leads to ideas 

expressing the meaning of archetypal image in abstract form. If the 

transpersonal content of ideas is repressed, then the symbols degenerate 
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into mere signs, archetypal ideas into mere formal concepts. Such a 

rationalization is destructive, the ideas lose their compelling signif­

icance and living force, and are emptied of meaning. An example is the 

nominalism in mathematical number theory, that is, the view that there 

are no abstract entities whatsoever represented by numbers. One of the 

greatest creative mathematicians, Kurt Godel (1906-1978) has not accepted 

this formalistic view but has maintained that "chu,.6eA and C.OI1C.e.pt.o may ••• 

be. C.OI1c.uve.ci a..o /teal obje.w ••• e.d6.ti.ng inde.pendeYLtey 06 oUlt de.6butiol1 and C.OI1-

.6tw.c.t.i.ol1.6" (Godel, 1944, p.l37). Clearly, Godel does not assume that 

these mathematical classes and concepts exist in outer reality but 

he still holds that they exist independently of our minds. Most 

mathematicians consider the idea of an a priori meaning of mathe-

matics as perfectly self-evident although they admit it only reluctantly. 

Jean Dieudonne describes Bourbaki's attitude towards the meaning of 

rna thematics as follows: "011 60unda.t.i.ol1.6 we. beLieve il1 the. /teaUty 06 ma.thema.t.i.c..6, 

but 06 c.owu.e. whel1 philo.60pheJL6 a.tta.c.k. U6 wah theJJt pa!ULdOXeA we. JtU6h to hide behind 

60Jtma.U6m and My: 'Ma.thema.t.i.c..6 .i..o jU6t a c.ombiYLa.t.i.ol1 06 mea.YL.i.ngleA.6 .6tJnbo.t.o', and 

thel1 we. bJt.i.ng out ChapteJt.6 1 and 2 011 .6et the.o/ty. Firta.Uy we Me leM .i.YL pea.c.e. to go 

ba.c.k. to OUlt ma.thema.t.i.c..6 and do it a..o we have aitmy.6 dOI1e., with the 6eeLil19 eac.h ma.the.­

ma.t.i.c..i.a.11 ha..o that he .i..o WO/tk..i.119 with ./iOmeth.i.119 /teal". (Dieudonne, 1970). Without 

its archetypal background, mathematics would be idle chatter or mere 

desire for amusement. 

The dynamics of scientific evolution is governed by activated 

archetypes determining the typical mode of action and the currently val~ 

id paradigms. Since the archetypes cannot be evoked by the ego's will, 

the large-scale development of science is determined by the dynamics of 

the aolleative unconscious, a transpersonal reality. The fact, stressed 

by Thomas S. Kuhn and Paul K. Feyerabend, that the development of scien­

tific theories owes little to logic or reason is not surprising when we 

accept that "the. .6Oul ha..o a logic. 06 ill own and al1 expeJL.i.el1c.e 06 ill OWI1 110t to be 

.owed by !a.I19WlBeA appMptUa.te to phy./iic.a.! phe.l1OmeYLa. 011 the. ol1e hand and to me~ 
pMc.eA.6eA 011 the. othvr." (Christou, 1963). The paradigms change because modi .... 

fications occur in the collective unconscious. The existence of such 

changes is a historical fact (compare e.g. Erich Neumann, 1954). Whether 

they occur spontaneously or in reaction to the evolution of conscious­

ness or to social and political changes is largely an open question. 

Every myth, every great work of literature and art, every new con-
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ception and every theory has an unconscious core of meaning expressing 

archetypal truths. "AU the. mO-5t poweJt6ui ,ideM .tn hl6toJty go back to Mche.typu • 

••• In thei.JL pJt.ue.nt 60Jtm the.y Me. vaJUanU 06 aJtche.typai. ideM, c.Jte.ate.d by COY!-5c.iou}'ty 

applying and adapting thu e. ideM to Jte.ai.ily. P oJt it i-5 the. 6unc.Uo 1'1 06 co Y!-5 c.iOU-5Y!U-5. 

not ody to Jtecognize and aMimilate the exteJtnai. woJrld th!tough the gateway 06 the 

-5eY!-5u, but to btaY!-5We. into v.wible. Jte.ai.ily the woJrld within u.-5." (Jung, Coll. 

Works, vol.8, par.342). The rich mathematical symbolism of modern scien­

tific theories expresses both aspects of the outer reality and archetypal 

aspects of the collective unconscious. That is, the syntactics of a the­

ory reflects both the structure of matter and the structure of psyche. 

An explanation of this astounding parallelism of inside and outside 

worlds could be "the 6ac.t that 'p-5yche.' and 'mcttteJt' aJte not bMic.aUy incomneY!-5U­
ftable. in natuJte., but may peJthap6 be. quai.diu 06 one. and the. Mme e.xMte.ntiai. bung" 

(Jung, 1960). 
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2.6 ARE THEORIES DANGEROUS? 

The current revulsion from science is more than an irresponsible 

repetition of contemporary fashions, it may be a peaction against the­

opies exppessing an unduZy nappo~ ~opZd vie~. Many contemporary sci­

entists are troubled by grave doubts about the usefulness and responsi­

bility of the scientific endeavor. Our current knowledge allows us to 

do miraculous things but we are quite ignorant about whether to do so 

is morally defensible. The problems created by the combination of sci­

ence and technology are tremendous. That we are in trouble is also seen 

by our experts: "Anlj attempt to Moo a.u;tomatic.a.U1j ~a.6e c.ha.nnelh 60Jt the p1tuent 

e.x.pL.o~ive vaJU.e.t1j 06 p1togJr.U~ trKL6t lead to 6Jr.fL6-tJr.a.ti.on. The onllj ~a.6e.t1j po~~ible ~ 

Jr.e.i.a.Uve, and liu in an intelligent ex.e.Jr.cMe 06 da.1j-to-da.Ij judgement. • •• We c.a.n 
~peci.61j onllj the huma.n qu.a.U:Uu Jr.equiAed: patienc.e, 6lex.ibiUtlj, .<.nte..f.Ugenc.e." 

(von Neumann, 1955a). Are our most intelligent leading experts unaware 

of the need for insight and wisdom? The separation of analytical in­

tellect and synthetic imagination has disastrous effects, it leads to 

a dangerous remoteness of science from the mainstream of human thinking. 

These are the reasons why science has lost prestige and why faith and 

admiration for science have strongly diminished. 

The legendary image of a scientist as a humble searcher for truth 

is more and more replaced by the image of a scientist as a well-paid 

brillant expert, speaking an unintelligible professional jargon, highly 

competent in a narrowly defined domain but arrogantly extending his 

competence into fields in which he knows nothing, and neglecting the 

fact that science is only a small subdivision of human knowledge. Jo­

hannes Kepler (1571-1630), who asked: "God, whom I c.a.n a..f.mo~t touc.h wah mlj 

ha.nd& when ob~:e.Jr.ving the unive.Me, do I Mnd h.im ~o in mlj~e..f.6?", was probably a 

humble searcher for truth. The modern expert, fascinated in creating 

"nefLtlwn bomfu dutMljing onllj li6e, not p1tOpe.Jr.tIj" cannot be said to be search­

ing for truth about nature. Know-how has replaced wisdom which is cer­

tainly a factor contributing to the revulsion from science. 

The well-known claim that "~ci.enc.e M long M it ~ iUe..f.6 to the 

~tudlj 06 the R.aw.6 06 na.tuJr.e hM no moJr.a..f. oJr. e.thic.a1 qua.litlj" is said to be evident. 

But is it true? Lack of awareness of moral content is no proof of its 

nonexistence. The scientific revolution of the last few centuries caused 

enormous moral problems. The very same people who ridicule the contempo­

raries of Galileo Galilei (1564-1642) for not being too happy about his 
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move, do not seem to notice that he started not only modern science but 

also its shortsigh.ted arrogance. In his Dialogue on the Two Main Systems 

of the World, Galileo assumes naively that he has a fully developed self­

awareness and unrestricted insight in his own acti vi ties: "Only the bund 

need a guide, but anyone with .two eyu .i.n hM head and will a m.<.nd llhould uoe them to 

gu.i.de iUm.6el6." (Galileo, 1632). With this Galileo characterized the modern 

scientist as a man without shadow, "one who .unag.i.nu he ac;tua.Uy .<..6 only what 

he c.MU to know about iUm.6el6" (Jung, CoIl. Works, vol.8, par.409). Adopting 

Galileo's doctrine of free inquiry, independent of the interference of 

any authority other than our private means of information implies that 

we rely on our own form of illumination. That is, we rely on inferences 

drawn from some type of innate knowledge. Of course, we no longer speak 

of the voice of God or the temptations of the Devil but simply and un­

critically rely on "natural knowledge" (such as the claim of the a 

priori necessity of the connection between cause and effect, or the 

cla,im that the tertium non datur is a basic principle of logic). This 

natural knowledge is archetypal knowledge, emerging from the collective 

unconscious into the individual's mind and replacing the old autorities. 

The typical modern scientist has lost any understanding of why in ancient 

times eating from the tree of knowledge was considered as a severe taboo 

infringement. Nowadays, we insolently reject any guide and claim, as a 

matter of course that "a lluenti.6t ha.6 no ILuponll.i.bil.Uy 60IL the tJtuthll he 6.{.ndll 

.i.n hM. ILU eMch" . 

It is said that nothing could be more humanistic than the pursuit 

of truth. However, there are truths and truths, shallow truths, one­
sided truths and some truths are more important to pursue than others. 

There are even truths not compatible with other truths, or, as Niels 

Bohr once put it: "A gILeat tJtu:th .<..6 a tJtu:th wh0.6e oppollde .<..6 al.60 a gILea.t tJtu:th" 

(quoted in Hans Bohr, 1967, p.328). It is not at all plain that the 

pursuit of scientific truth is compatible with our humanistic principles. 

The rationalist's traditions of scientific thought are often regarded as 

destructive since it is felt that the scientific world view is too nar­

row, scorning metaphysical, religious and artistic approaches, and since 

we should not increase our scientific knowledge if we cannot at the same 

time advance our wisdom and virtue. On the other hand, the preponderant 

view among contemporary scientists is that it is better to have scientif­

ic knowledge than not to, and that ":ChelLe.<..6 ll.unply no way 06 deud.{.ng .i.n ad­

vance whelLe a .biU.i.c lluenti6.{.c exploJta.t.{.on will come out, OIL what the Jt.<..6k and bene6ill 
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wU1 be." (Thomas, 1978). Many scientists find moral problems associated 

with purely scientific activities unintelligible, perhaps because 

moral considerations could seriously damage basic scientific research. 

"It iA not c.oYl1iiAteYlt wUh .the geYli~ 06 the AmvUc.avt peopie to ILUtJUct the pltO­

gILU.6 06 .6ciertt.t6-i-c. Imowiedge by iegiAf.ation OIL otheJwJiAe" (Packard and Cope, 

1883). Nowadays this ideology is firmly established. Although there 

were no good indications that the new technologies would be used re­

sponsibly, John von Neumann reconfirmed this ideology in a testimony 

before a Committee on Atomic Energy of the United State Senate, given 

on January 31, 1946: "I do not believe that the nilion would act wiAeiy ,in 

aftempUng to 601Lhld to wei6 to do c.eJr;ta.,£n tMng.6" (von Neumann, ColI. Works, 

Vol.6, p.50). And some years later: "FOIL pltOglLU.6 thelte iA no c.UlLe" (von Neu­

mann, 1955a). The old idea that the world was put at man's disposal by 

God degenerates into a new boldness: what can be done must be done. 

Modern philosophers have a different view. We quote as an example 

Georg Picht: "Human..Uii:t, d,te ,ih!te E,ivtgebuvtdenheU ,in d,te NatUlL veltieugnet, .6c.hiCigt 

notweytd,ig urn ,in Bu:ti.aLUiU uvtd eYlt6u.6eit dann un Sp,iei von dUOI!gaYliA,ieltten IYl1iUnlz­

ten, d,te w.iJz. .6OYl1it bu Izunem Ra.u.bUeIt lzeYlYlen. V,ie 'buw !tlttiovtaiiA' w.iJz.d von de­

.6t1tu.mven Imput.6en getlt,iebw, delten .6i:e Ylic.ht HeM zu we!tden veltmag, weAl .6ie mU u­

nelt GeiAtuk./tanlzheU guc.hia.gen iAt, d,te man ai.6 'deme~ ItlttiovtaiiA' bezuc.hnen 

(zann. ChMaizteItiAielten ili6.6t .6,[di d,te l(JumliheU dadUlLc.h, daM une. paltUlzulcvU.oieltte 

RilionalitiU ,in 066wem WldeJr).,p!tuc.h zu allen jenen FofUtJen delt ElLlzenYltYliA getltetw iAt, 

d,te ,in UYl1ieJ!.eIt philo.60phiAc.hen TfUld,ttion rna dem Namw 'VeltYllln6t' bezuc.hnet woMen 

iAt. Veltniin6Ug denizt, Welt ,in delt Lag e iAt, d,te Ko Yl1i equenzen .6 unu VenlzeYl1i uvtd Han­

de£/u' zu iibeJtblic.ken, und WeJt beJtUt Lot, die VeJtaYltwolttung nlilt d,tue KOYl1ieQuenzen au6 
.6.[c.h zu nehmen. In d,tuem S.[nne iAt une WLo.6eYl1ic.ha.6t, d,te a.u.6 une Theolt.i.e .[h!teJ!. u­

genen KOYl1ieQuenzen Veltuc.htet und Ylic.ht belteU iAt, d,te VefUlntwolttung 6li1t .[h!te tec.hYli­

.6c.he und pltak.tiAc.he A~w.iJz.lzung zu ubeltnehmen, W-Ldeltveltniin6ti.g." (Picht, 1976). Adop­

ting Picht's definition of rationality, we have to admit that, starting 

with Galileo, science has become more and more irrational. Science has a 

moral content but we scientists lost the sense of moral responsi-

bility for our activities. Pure scientists cannot escape the problem of 

responsibility; at least they are guilty of not seeing that there is 

no sharp dichotomy between pure science and technology. 

The imaginative and creative activity of scientists and artists 

is not very different. To be sure, artists are usually well-informed 

about the irrational nature of creative proce.sses while most scientists 
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pretend or eyen belieye that they proceed rati,onally. The driving force 

in an artist's or scientist's work is not the desire to benefit humani­

ty. "flJahJr.Uc.n. e6 -iht iUc.ftt dM flJ-ih&en, -60ndelln dM Lellnen, iUc.ftt dM Be6itzen, 60n­

deJlyt dM EJuwtfien, iUc.ftt dIU Va-&eyn, -60ndelln dIU Hinkommen, wa.6 den glt066ten GenuM 

geJAJiihM:" (C.F. Gauss to W. Bolyai, letter of 2.9.1808, cf. Bolyai, 1899). 

For a creative scientist, research is fascinating, and fascination can­

not be quenched. Both artists and scientists often work with extraordi­

nary enthusias,rn and great intensity, they even devote their life to their 

work. Loyalty to their vision is more important than humanistic consid­

erations. The creative scientist is in danger of thinking that it is he, 

who has the great idea, not realizing that the great idea has him. The 

idea goes back to an archetype, and as long it remains unconscious it 

takes possession of the ego. A scientist possessed by archtypal power 

has an enormous dynamism within himself but becomes utterly unfree and 

suffers a loss of consciousness. Such an inflation of the consciousness 

"OC.cuM whenevell people Me OVeJlpoweJled by knowledge Olt by 60me new Itea..e.iza..ti.on. '" 

The in6!a.Uon hM nothing to do with the kind 06 k.nowledge, but 6,[mP!y and 60le!y 

wUh the 6ad that any new knowledge c.a.n -60 6uze hold a weak head tha.t he no longell 
4eu and' nea.M anything we. He -ih htjpnotized by it, and in6ta.n:Uy beUevu he fuu 

60lved the It-idd!e 06 the urU.VeMe" (Jung, Coll. Works., vol. 7, par.243). 

A modern scientist as a rule has no idea what is going on when he 

has a great idea. He uses shallow razionalizations, wonders about 

the bad image science has, and explains it by projecting his own 

irrationality on an irrational behavior of the mass media. A cre­
ative possession rs never harmless but our culture has lost the in-

stinct of the older cultures for the peril of the gOds. There is the 

danger of losing our freedom of consciousness by succumbing to 

the automatism of the collective unconscious. "An -in6!a.ted c.0n6WU6nU6 -i6 

a4la.,y& egoc.entJr..ic. and c.o~Wu.6 06 notfli:ng but iiA' own eX£&tenc.e.. It iA .i:nc.a.pa.pble 

06 leaJl.rling 61tOm the plUt:, .i:nc.apa.ble 06 undelt&:ta.nd-ing c.ont:empolUVty event:6', and .i:n­

c.a.pa.bi.e 06 dIta.w.i.rrg II1tJftt c.onc.!u.6.{;on6 about the 6u.twLe. It -ih hypnotized by iiAe!6 

and theJLe60lte c.a.nnot: be a./tgued wUh". (Jung, ColI. Works, vol.12, par.563). 

In the perspective of our critics, a pretty good description of a 

scientist. 

Modern science has badly neglected the forces in man that shape sci­

ence, technology and human affairs. Nevertheless, a good part of the 

responsibility for modern technological developments is taken by 5ci-
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entists. Why? " •.• -6,te hIlben ,tn ,tMeA w{,6-6eYl-6c.ha6tUc.hen A!tbUt beMeA geleAnt, 

objeWv, Mc.hlic.h und, WM. dM. w.i.c.htig-6:te J..!,:t, .i.n glLoMen ZU-6ammenhiingen zu denk.en" , 

as Werner Heisenberg (1969, p.272) lets his friend Carl Friedrich von 

Weizsacker argue. However, how can a scientist think objectively, with­

out losing track of bigger contexts, if he is completely in the dark 

about the driving forces of his work? It never seems to occur to the 

brilliant experts that they assume a responsibility that goes beyond 

all reasonable bounds of their competence. It is no longer possible 

to close our eyes to all but the most optimistic predictions. We have 

to learn to escape the danger of identification with primordial ideas 

and the associated possibility of an inflation which threatens the con­

sciousness. Good theories are risky since they can be ideal carriers 

for projections, representing an unconscious content cut off from all 

influence of the conscious mind. The great danger is that we are not 

aware of our ignorance, or, as John Steinbeck (1902-1968) put it in 

his The Wintep of our Discontent: "I gueM we'lLe ill, mO-6:t 06 U-6, :the wa.Jr.d.6 

06 :that 19th c.entufLlj -6Uenc.e wh.<.c.h dented ewtenc.e to anljthtng .<.:t c.ould not mea.-6UfLe 

alL expf.cUn. We d.<.d not -bee what we c.ouldn't expf.cUrt, and meanwhile a glLea.:t paJt:t 06 

the woJr1.d WM abandoned to c.hU.dJten, ,tYl-6ane people, 600to and mlj-6Uc.-6". 
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2.7 SUMMING UP 

Science, technology, art and religion have their origin in the 

creative center of the psyche. Science assumes that there is order in 

nature; scientific theories try to relate the order of external objec­

tive reality to the order of a transpersonal inner reality. 

Depth psychology describes the introspectively recognizable 

form of psychic orderedness by archetypes. Myths are well-known ex­

pressions of archetypes, they were not invented but experienced. Sci­

ence is the myth of modern man. 

Scientific theories create order in the empirical material but 

every theory goes far beyond the immediate knowledge, understanding 

and insight. Theories are the result of creative imagination, they 

necessarily have an intrinsic beauty. 

The formalism of mathematically formulated theory allows to 

describe experience on a deeper than a purely descriptive level. The 

propositiQns of the syntactical formalism obtain meaning through (i) 

their connection with empirical data, and (ii) their connection with 

the conceptual order of the mind. Ideally, the structure of the formal­

ism of a theory should mirror both the order of the external and of 

the internal reality. 

Research is an intuitive artistic vocation so that pure science 

should be considered on a par with the arts. All central concepts of a 

theory are derived from archetypal structures. Ideas are not the result 

of a conscious effort of will but they appear spontaneously. The genuine 

creative process is always unconscious. Archetypal images decide the 

fate of scientific theories just as much as do the realities of the ex­

ternal world. 

A scientific theory is never an independent body of knowledge 

but always relative to its historical and cultural context. The basic 

preconception necessary for any scientific theory is called the paradigm. 

The adopted paradigm reflects the "Zeitgeist", that is the general in­

tellectual and moral state of the culture. A paradigm establishes the 

possibility of a standard of objectivity and truth. 
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An empirically well-confirmed theory is unfalsifiable in the 

context of its paradigm, it can only be overthrown by a new paradigm. 

The driving forces that determine the dynamics of the paradigms are the 

archetypes. On the other hand, a new paradigm is not accepted in empir­

ical science unless it has substantial explanatory success. 

The classical scientific ideal of unprejudiced and objectively 

demonstrable knowledge is not tenable. Reality has to be constructed 

theoretically, it is dependent on the adopted pOint of view. 

Philosophical questions are not without consequences in the 

establishment of science. Some popular philosophical views, like posi­

tivism and operationalism, are not only untenable but a threat to man's 

creative possibilities. 

Science leads to an increase of consciousness harboring the 

danger of inflation of the cons·ciousness with unconscious contents. It 

is doubtful i:l; a :l;urther rapid and unrestricted development of science 

is compatible with vital humanistic principles. 

The pursuit of truth. has moral content. Every scientist who 

rejects external authorities has the full responsibility for the truths 

he finds in his research.. The current revulsion from science is at least 

in part a sane reaction against an infantile and irrational behavior 

on part of the scientific community. 



3, PIONEER QUANTUM MECHANICS AND ITS INTERPRETATION 

3.1 INTRODUCTORY REMARKS AND PREVIEW 

BeLLeve nothiJ1g, 
no matteJt wheJte IjOU lLead il, 
OIL who .6aiJ:1 il, 
no matteJt -<'6 1 ha.ve .6a..i..d il, 

untU.6 il aglLeu wilh IjOUlL awn lLe.a.6on 
and IjO UlL awn corrrn a n .6 en.6 e. 

Buddha. 

Quantum mechanics was created in a unique effort of a small 

group of ingenious physicists during the period of 1922 to 1927. The 

leading pioneers were Niels Bohr, Louis de Broglie, Max Born, Werner 

Heisenberg, Pascual Jordan, Wolfgang Pauli, Erwin Schrodinger and Paul 

Adrien Maurice Dirac. By 1928 the new mechanics was sufficiently de­

veloped to be applied to the properties of atoms, molecules, solids 

and radiation. The first really authoritative text was Dirac's "The 

PrincipZes of Quantum Mechanics" of 1930. Von Neumann's brilliant 

"Mathematische GrundZagen der Quantenmechanik" of 1932 contributed 

much to the mathematical refinement of the new theory, while Pauli's 

article "Die aHgemeinen Prinzipien der WeHenmechanik" in the "Hand­

buch der Physik" of 1933 gives an encyclopedic coverage from a more 

physical point of view. In spite of their slightly different positions, 

we regard the expositions in these classical works by Dirac (1930), 

von Neumann (1932) and Pauli (1933) as aspects of one single theory 

which we call pioneer quantum mechanics. More recent accounts of pio­

neer quantum mechanics are the monograph by Bohm (1951) and by Ludwig 

(1954). Ludwig's text stresses the mathematical formalism and is easier 

to read than von Neumann's classic, while Bohm's book is one of the 

few texts that give a judicious and thoughtful discussion of the inter­

pretative problem of pioneer quantum mechanics. 

Pioneer quantum mechanics is important, not only because it is 

relevant for any theory of molecular matter but also because it implies 

a striking departure from philosophical tradition, initiating a new and 

deeper understanding of the structure of scientific theories. Clearly, 
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quantum mechanics stands within certain historical traditions and 

still undergoes - as does every great theory - further evolutions. 

To understand quantum mechanics as a cultural enterprise in which man 

has reached a new level of consciousness and to recognize the conti­

nuity of contemporary achievements with the past, we have the obliga­

tion to understand the principal historical roots. This does not mean 

that we should try to make the visions of the pioneers our own, since, 

as stressed by Martin Strauss (1970, p.262), "the history of saienae 

knows of no instanae of a physiaaZ theory aorreatZy understood by its 

author". This is an important reason why in order to understand quan­

tum mechanics it is necessary to know its history. 

The history of quantum theory shows that even the most creative 

scientists are often very conservative in the sense that they tend to 

stick stubbornly to their own ideas. The theories they have developed 

themselves are emotionally important to them, they are even obsessed 

by their initial ideas. However, the integration of an idea or dis­

covery into the main body of science is a process of depersonalization 

whereby the initial idea changes its content. Without exception, every 

brilliant idea is also misleading and its final form emerges only in a 

long process of gradual clarification. As a rule, the discoverer is 

disappointed by the later reinterpretations; the development he started 

does not correspond to his own vision of the meaning of "his" idea. The 

development of an idea by the scientific community is independent of 

the conceptions of its creator. The joy and excitement of the discov­

erer often changes into deep frustration. The development of pioneer 

quantum mechanics is an outstanding example. The great pioneers Max 

Planck, Albert Einstein, Louis de Broglie and Erwin Schrodinger have 

been deeply worried about the development of quantum mechanics. In a 

letter of December 22, 1950, Albert Einstein wrote to Erwin Schrodin­

ger: "Wenn man. rUe Q.ua.ntentheoltie a..f.6 (.un Pltinu.p) endgiLUig a.ru.ehen wLU, .60 mu.6.6 

man. gla.ube.n, da..6.6 une voUo;tiinrLigrvr.e Buc.hJt.ubung zwe.c.k.iO.6 wiilLe, well. u 6i.i1t. .6.i.e 

k.une Gue.tze giibe. Wenn u .60 wiilLe, dann wiiJuie rUe Phy.6.i.k. I'I.WL me.hJt. 6i.i1t. KJriimrvr. unci 

Inge.n.i.e.ulLe Intrvr.u.6e be.a.ru.p1UJ.c.hen k.onnen; da..6 ga.nze wiilLe un tJr.auJUgu P6u.6c.hweJr.k." 

(Przibram, 1963, p.36). 

The history of early quantum theory and pioneer quantum mechan­

ics is easily accessible and warrants but brief recapitulation here. A 

profound exposition is due to Jammer (1966). Additional details can be 

found in Whittaker (1953), Klein (1962), Kuhn et al. (1967), Scott (1967), 
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v.d. Waerden (1967), Hermann (1969) and Gerber (1969). In section 3.2 we 

give a deliberately narrow review of the historical development of the 

Hilbert space formalism of pioneer quantum mechanics, focusing on those 

aspects which were of importance for the further development of quantum 

mechanics. We also give some examples for the odd but quite characteris­

tic feature of history of science that the pioneers of quantum theory 

were not fully aware of the meaning and the implications of their dis­

coveries. 

In section 3.3 we give a terse outline of the H~lbert-space 

formalism of pioneer quantum mechanics from a modern point of view. It 

is written in a more technical language and it may be skipped; the re­

maining sections can be read independently of this section. 

It is tempting, but mistaken, to believe that we can use the for­

malism of quantum mechanics without entering into a discussion of its 

interpretation. Only interpreted mathematical formulas express laws of 

nature, the interpretation gives a physical meaning to the mathematical 

symbols used. Interpretations never are inherent in the formalism but 

must be assigned to it. Mathematical construction is such a marvelous-

ly effective creative principle that the formal structure of a new theo­

ry may be arrived at prior to the establishment of a consistent inter­

pretation. That is, we may be confronted with the amazing situation that 

we know and can use the mathematical equations of a new theory without 

exactly knowing what they mean. Pioneer quantum mechanics is an example: 

it is the most controversial theory we have and even today no general 
agreement exists on its interpretation [compare for example the review 

given by Jammer, 1974). 

The interpretation of quantum mechanics is: a deep problem. It is 

surprising how often vulgarized versions of various interpretations have 

been presented and how uninformed some textbook authors are who pretend 

to have studied Bohr's, Heisenberg's, and von Neumann's fundamental con­

tributions. A summary of the Copenhagen interpretation is given in sec­

tion 3.4. Our discussion is necessarily a very condensed summary; a 

deeper understanding requires' the study of the original papers which are 

quoted rather completely. It is crucial to understand the Copenhagen 

view, to appreciate both its wisdom and its inadequacy. 
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The Copenhagen view has a distinct ring of phenomenalism and 

instrumentalism. According to Bohr (1931, in the English translation on 

p.18), "in OUll. de-6CJUpuon 06 na..:twte the pUll.pMe -w not to fuc1.o~e the fteal e-6~enc.e 

06 the phenomena 6.u;t only to tJw.c.1z down, M 6AA CUi U ~ pOMJ..6l..e, fte1a:Uo~ between 

the ma.i1.t60td CUipew 06 OUll. expllienc.e". The Copenhagen view is content with a 

pragmatic description of laboratory experiments; what is "really" hap­

pening is not considered as a legitimate question. The first attempt to 

adopt a broader view is the von Neumann-London-Bauer interpretation, 

discussed in section 3.5. A lasting contribution is von Neumann's 

caricature of quantum measurements. The aim of this theory of quantum 

measurements is to show that the reduction postulate is compatible both 

with the formalism of quantum mechanics and Born's probabilistic inter­

pretation of the state vector. In this respect, von Neumann has been 

successful. Kowever, von Neumann did not solve the so-called measurement 

problem, that is, he did not deduce the reduction postulate from the time­

dependent Schrodinger equation. At this level of the theoretical develop­

ment, quantum mechanics can predict correctly and in a consistent manner 

with what probabilities events will occur but it does not explain at all 

the fact that quantum events do occur. 

Von Neumann's rejection of Bohr's requirement that the observa­

tional means must be described by a classical theory creates great prob­

lems. The main stumbling block is the measurement problem. The solution 

of this enigma should provide an explanation why interactions that lead 

to measurements differ so fundamentally from interactions that do not in­

volve measurements. These difficulties have been considered to be so grave 

that many scientists have questioned the universal validity of quantum 

mechanics in the molecular domain. If we grant the unrestricted valid-

ity of the formalism of pioneer quantum mechanics, then we know only 

three logically consistent interpretations of quantum mechanics: the ex­

orbitantly pragmatic Copenhagen view, the outrageously subjectivistic 

von Neumann-London-Bauer interpretation, and the astounding Everett in­

terpretation. The Copenhagen view has no measurement problem because -

according to Bohr - "theJte -W no quantum woflld" (quoted from Petersen, 

1963). The von Neumann-London-Bauer interpretation "solves" the mea­

surement problem by claiming that the consciousness of the observer is 

responsible for quantal events. These two interpretations are logically 

consistent but reject the view that there are things existing objectively 

and independently of any measurement or observer. 
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The belief that there exists an objective reality outside of 

any mind is a regulative principle accepted by almost everybody in 

everyday life. A logically consistent interpretation of the formalism 

of quantum mechanics that allows us to accept realism as a regulative 

principle is possible; it is the Everett interpretation, discussed in 

section 3.6. The Everett interpretation agrees with the empirical facts, 

it has the advantage of an attractive simplicity, and it frees us from 

all the unnecessary restrictions of the Copenhagen view and the von Neu­

mann-London-Bauer interpretation. However, the Everett interpretation 

has an unambiguous meaning only if the measurement problem is solved in 

a technical sense. That is, we have to explain how quantum mechanics 

can account for the existence of classical properties of certain quan­

tal systems. 

The existence of classical properties is, however, in direct 

contradiction to the superposition principle of pioneer quantum mechan­

ics. The universal validity of the superposition principle implies a 

wholeness of quantum mechanics quite foreign to classical physics. This 

fact was put in evidence in a famous paradox due to Einstein, Podolsky 

and Rosen; it is discussed in section 3.7. Nowadays, the existence of 

the Einstein-Podolsky-Rosen correlation is experimentally well estab­

lished and forces us to break with an old tradition: the idea that most 

physical situations can be described in excellent approximations by a 

closed-system analysis involving only a small part of the entire uni­

verse. Because of the omnipresence of Einstein-Podolsky-Rosen correla­

tions, a complete description of processes localized in a small part of 

the world seems to require the inclusion of the whole universe, or at 

least, the inclusion of a background state due to the rest of the world. 

Or in Bohr's language, the results of an experiment cannot be separated 

from its conditions. 

In section 3.8 we resume our discussion of the status of pio­

neer quantum mechanics and explain why it is - in spite of its empirical 

success - inadequate as a fundamental theory of molecular matter. 
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3.2 THE HISTORICAL DEVELOPMENT OF THE HILBERT-SPACE MODEL OF PIONEER 

QUANTUM MECHANICS 

The initial phase: the discovery of the quantum of aation 

The development of quantum theory is an excellent example of 

the fact that science only rarely progresses in direct ways but that 

basic problems are often solved by achievements in other fields appar­

ently having no connection with the problem at hand. The quantum revolu­

tion began at the intersection of thermodynamics and electrodynamics. 

The birthday of quantum theory can be identified with the discovery of 

the quantum of action by Max Planck (1858-1947). On December 14, 1900, 

Max Planck presented his derivation of the distribution law for black­

body radiation to the "Deutsche Physikalische Gesellschaft" in Berlin. 

Planck (1900) postulated that light could not be radiated continuously 

but only in whole multiples of hv, where v is the frequency and h a new 

universal constant, nowadays called Planck's constant of action. Planck 

regarded his hypothesis as necessary for explaining the experimentally 

known spectral distribution of black-body radiation; it signifies a 

breach with classical physics and the emergence of a new paradigm. 

Remark: Planck assumed as established that a classical system with a large number 
of coupled degrees of freedom leads to the equipartition law of classical statis­
tical mechanics. As we know today, this assumption is not a logical consequence of 
the equations of motions of classical physics (Bocchieri and Valz-Gris, 1972, 1974), 
so that the 1'\aylei:gh-Jeans radiation law is not a consequence of classical physics. 
Moreover, modern studies suggest that classical physics is not in such violent 
contradiction with the experi:mental results on the black-body radiation as Planck 
believed. (Bocchieri et al., 1974; Bocchieri and Valz-Gris, 1975; Wallace, 1974). 
Boyer (1969) has shown that even if one assumes the equipartition law as valid, it 
is possible to derive Planck's radiation law for black-body radiation from clas­
sical statistical mechanics without any quantum assumptions by postulating the ex­
istence of a classical fluctuating electromagnetic radiation with a Lorentz,-invari­
ant spectrum (compare also Thei:mer, 1971). !fence, though quantum theory flourishes, 
its historical foundation has been superseded to a large extent. 

The next revolutionary step was made by Albert Einstein (1879-

1955). In 1905, in the same volume of the "Annalen der Physik" in whi.ch. 

his epoch-making papers on Brownian motion and on speci.al re,lativity ap­

peared, Einstein (19Q5a) pointed out that the experimental data on the pho­

toelectric effect could be naturally interpreted by assuming that light 

has a particle structure. The light quanta (later called photons) of a 

monochromatic electromagnetic radiation of frequency v would then have an 

energy hv, a momentum hv/c and move with the velocity c of light. While 
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Planck regarded the quantum of action as a property of the interaation 

between radiation and light, Einstein put forward the different and more 

radical hypothesis that energy quanta have an independent existence in 

radiation. 

Remark: This idea was too radical for Planck and he did not accept the idea of 
light quanta. The driving force in Planck's work was the idea that thermodynamics 
and electrodynamics could be unified into a consistent classical theory. When the 
full implications of Planck's theory became apparent, Planck did not accept them. 
In his proposal to elect Einstein as a lIIember of the Prussian Academy of Science, 
Max Planck wrote em June 12, 1913: "V~~ rvr. .i:n -4:Unen Spekuta.t.i.onen gei.egentUc.h 
auc.h ebullal iibrvr. dM Uei. hiYV1.lUig uc.ho~.6 en fia.ben mag, wie z. B. bl .6'urtrvr. H IJPothu e 
drvr. Uc.htquanten, wbLd man iUc.ht ail.ZU.6c.hwrvr. a.wr.ec.hnen diiJr.6en; denn ohne unmal un 
1U6-Uw zu wa.gen, liiMt .6ic.h auc.h in drvr. exaktuten W.[,f,.6en.6c.fia.6t keine wbLWc.he 
Nwrvr.ung ein6{ihften" (quoted from Kirsten and Korber, 1975, p. 20.2) • 

The third decisive step was taken by Niels Bohr (1885-1962) in 

1913 by introducing the concept of stationary states. Bohr (1913) 

postulated that electrons in stationary states do not radiate. He as­

sumed that electrons in atoms revolve in certain discrete orbits without 

radiating, but when jumping from one stationary state to another they 

emit a quantum of light of frequency v = (E2- El)/h, where El and E2 are 

the energies of the first and second orbit, respectively. With this Bohr 

could explain the line spectrum of hydrogen. 

A further crucial step in our understanding of black-body radia­

tion was taken by Satyendra Nath Bose (1894-1974). On June 4, 1924, Bose 

sent a short paper in English to Albert Einstein, in which he deduced 

Planck's law independently of classical electrodynamics, only as-

suming that the ultimate elementary regions in phase space have the 

volume h 3 • Einstein was impressed, translated the paper into German and 

submitted it to the "Zeitschrift fUr Physik" (Bose, 1924). Bose showed 

that photons had the amazing property of being striatty identiaat. Bose's 

resul t immediately was extended by Einstein (1924, 1925) to the study of 

an ideal gas with particles of nonzero rest mass. 

Remark: Einstein immediately grasped the meaning of Bose's hypothesis of the 
indistinguishability of photons, and generalized it to particles of nonzero 
rest mass. However, he never adopted the straightforward conclusion that strict 
identity implies indistinguishability so that a reference to trajectories of 
identical particles makes no sense. Einstein always insisted on a classical 
space-time description and rejected quantum theory as an exhaustive description 
of nature. 
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The diseovery of the wave nature of matter 

In 1923 Louis de Broglie (born 1892) arrived at the idea that 

the notion of the coexistence of particles and waves, discovered by Ein~ 

stein in 1905 for light, extends to all particles. De Broglie (1923) as­

sumed that the particle is located at a well-defined point within the 

wave at every instant, and that in the case of a monochromatic wave of 

frequency v it possesses the energy E = hv and the momentum P = hi>-

where >- is the wavelength. The sensational discovery of electron diffrac­

tion by Davisson and Germer (1927) gave an empirical verification of the 

wave nature of matter, confirming the brilliant idea of de Broglie. 

Remark: De Broglie tried to develop his ideas into a "theory of the double­
sOlution", where the particle in the wave is guided by the wave propagation. 
Although de Broglie defended this view throughout life (compare the review by 
de Broglie, 1971), it was never accepted by the majority of physicists. 

Heisenberg's breakthrough 

Werner Heisenberg IS (1901-1976) first attempta to 'elucida,te Bohr I s 

rules were inspi.red by a strictly pos'itivistic outlook: to formulate a 

new mechanics which is based exclusively on measurabLe quantities such as 

the frequencies v and the intensities I of spectral lines (Heisenberg, 

1925). He did not fulfill his own program but he proposed a theo-

ry in terms of energies E and coordinates x, related to measurable quan­

tities by hV jk = Ej - Ek and Ijk = IXjkl2 where vjk and x jk referred to 

a pair (j,k) of stationary states. By an imaginative Fourier analysis of 

the intensity formulas of atomic spectroscopy, Heisenberg solved the fol­
lowing "quantization problem": given a quantity that replaces the clas­

sical dynamical variable x(t) in the new theory, which quantity re­

places the classical variable {X(t)}2 ? By introducing a new type of pro­

duct, Heisenberg gave an explicit solution in terms of the quantities 

xjk • Heisenberg already noted the noncommutativity of this new product 

as a distressing difficulty but went ahead to develop his idea, arguing 

that "in .6peueUen PiiUen ••• :bUtt cU:ue Sc.hr4i.eJr1:gfuu;(; nicli:t au.6". 

Remark: Heisenberg's guiding idea was to eliminate the orbits of electrons ar­
guing that they were not accessible to observation. He proposed a new mechanics to 
be based only on directly observable quantities, such as the frequencies and 
intensities of spectral lines. However, the full-fledged, algebraic formalism 
of Born, Heisenberg and Jordan (1926) was based on the matrix calculus and did 
not fulfill Heisenberg's original positivistic program. 
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That th.e lack of commutativity of coordinates and momenta is 

the central feature of Heisenberg's new mechanics was realized by Max 

Born (1882-1970), and independently by Paul Adrien Maurice Dirac (born 

1902). Born recognized Heisenberg's multiplication as matrix multipli­

cation and together with Pascual Jordan (1902-1980) developed a matrix 

formulation of the new mechanics (Born and Jordan, 1925; received on 

September 27, 1925). Dirac's approach was more abstract but also math­

ematically more elegant and conceptually deeper. Dirac (1925; received 

on November 7, 1925) already envisaged an axiomatic approach and 

started with a quantum algebra of dynamical variables which satisfy 

all the rules of normal numbers with the exception that the product is 

not necessarily commutative. In later papers, Dirac (1926a,b) called 

his mathematical structure the algebra of q-numbers (where q stands 

for quantum); nowadays we speak of an algebra of observables. 

In his first paper, Dirac made another essential contribution. 

Bohr's correspondence rule was generally considered to be a reliable 

guiding principle; it expressed the belief that under conditions where 

the effect of Planck's quantum action can be considered to be negligible, 

the predictions of quantum theory should coincide with those of classical 

mechanics. By an ingenious application of this correspondence principle, 

Dirac (1925) postulated that the commutator between two observables A 

and B corresponds to in times the Poisson bracket 

AB - BA 

where Q 0' Po are the canonical dynamical variables of j-th degree of 
J J 

freedom and the sum is over all degrees of freedom of the system. From 

this general postulate it follows that the canonical q-numbers fulfill 

the commutation relations, 

QjQ k - QkQ j 0 

P/k PkP j 0 

Q/ k PkQj 0 for j*k , 

Q/j - PjQ j in 

The corresponding equations were discovered independently by Born 
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and Jordan (1925) in their matrix representation. 

Remark: The term ''matrix'' did not appear in Dirac's first papers, he apparently 
did not like this special representation of his q-numbers too much. More than Born 
and Jordan, Dirac realized that the most important thing was the noncammutativity 
of the dynamical variables. As Dirac reported "He.UenbeJIg WM led VeJLY lLelu.c.:tantly 
to nanc.o"",u.ta.tive algebJut, bec.a.U6e il Ittt6 M 601Le1gn to all idea6 06 phy.6.iciAt6 at 
:tha:t time, awl when il 6bt.6t tultned up he :tJiougfr-t :tJieJLe mU6t be .6Ome.tJWrg W/Long 
w.i;th fW. theolLY a.w1 rued to C.OMe.c.t il, but he ~ jU6t 601LC.ed to a.c.c.ept il" 
(quoted from Mehra, 1972, footnote 37). 

Quantum dynamics 

One of the most powerful ideas inspired by Bohr's correspondence 

principle was the conviction that most features of Hamiltonian mechanics 

must be correct both in classical and quantum theory (compare the influen­

tial lectures Max Born gave in Gottingen in the winter 1923/24, published 

as "Vorlesungen fiber Atommechanik", Born, 1925). In his basic paper Hei­

senberg (1925) already postulated that the for-m of the classical equation~ 

of motion can be retained and that only the kinematical interpretation of 

the canonical variable q(t) as a location has to be rejected. After Hei­

senberg's breakthrough, Born and Jordan (1925), and independently Dirac 

(1925) postulated that the Hamiltonian formalism should be preserved with 

the only modification that the dynamical variables be represented, by 

noncommuting quantities. With this the Hamiltonian equations of motion 

o~ quantum mechanics are given by 

aH 
3P. 

J 

where H = H(P,Q) is the Hamiltonian of the system. More generally, Di­

rac's correspondence principle in terms of Poisson brackets directly 

gives the equation of motion for an arbitrary dynamical variable A as 

HA AH - HA 

In the following papers by Dirac (1926a,b,c) and in the famous 

"Dreim~nnerarbeit" by Born, Heisenberg and Jordan (1926) the new mechan­

ics had already reached the status of a fully developed theory of mechan­

ical systems of any finite number of degrees of freedom together with a 

theory of angular momentum and a representation theory of the three-di­

mensional group of rotations. 
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Remark: It shows the great genius oJ: the pioneers that they were able to develop 
a new mechanics in spite of the lack of deeper insight into their guiding princi­
ples. For decades the unexplained success of the correspondence principle and Ham­
iltonian formalism remained a mystery. As we know today, one reason is that clas­
sical mechanics was not yet fully understood.Although invariance prinCiples played 
a decisive role in Galileo Galilei's (1564-1642) thinking, and although Eugen Wig­
ner and Hermann Weyl saw the group theoretical implications of the new quantum 
mechanics from its very beginning, the first full discussion of the Galilei group 
in quantum mechanics is due to Valentine Bargmann (born 1908), thirty years after 
Heisenberg's breakthrough! Bargmann's (1954) study led to an unexpected discovery: 
the invariance under Galilei transformations implies a superselection rule (the 
so-called Bargmann superselection rule) which guarantees the strict conversation 
of mass. The corresponding discussion for classical mechanics was initiated by 
Loinger (1962). The group theoretical background of the correspondence prinCiple 
became clear only after these works. Both classical mechanics and pioneer quantum 
mechanics presuppose the Galilean spacetime geometry for the formulation of their 
laws. This spacetime concept is given by the Galilei group and determines to some 
extent the laws governing the behavior of matter. Both classical mechanics and 
pioneer quantum mechanics are elementary but different representations of the 
Galilei group. This common feature is the reason for many formal similarities 
between classical mechanics and pioneer quantum mechanics. Nowadays the corre­
spondence arguments which were so important in the development of quantum mechan­
ics are obsolete; they are replaced by the representation theory of the Galilei 
or the Lorentz group. 

Schrodinger's wave mechanics 

Inspired by the thesis of Louis de Broglie and by Hamilton's 

comparison of classical mechanics and geometric optics, Erwin Schrodin­

ger (1887-1961) interpreted the classical trajectories of particles as 

the "rays" associated with "matter waves". In 1926, Schrodinger created 

a wave mechanics of matter, intended as a rival to matrix mechanics, 

restoring the classical description of radiation. (Schrodinger, 1926a, 

received on January 27, 1926). From a variation principle Schrodinger 

obtained a differential equation which the wave ~ must satisfy, 

h a 
H(q, I aq) 'i'(q) E 'i' (q) 

where H(q,p) is the classical Hamiltonian function and 2nh is Planck's 

constant. 

In his second note, Schrodinger (1926b) introduced the dynamics 

by a time-dependent wave function 'i't satisfying the equation 

nowadays called the time-dependent Schrodinger equation. 
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In a stationary state, one can put 

'¥ = e-iEt/ h,¥ 
t 

where '¥ satisfies the time-independent SchptJdinger equation 

H'¥ E'¥ 

which states that '¥ must be an eigenfunction and E an eigenvalue of the 

Hamiltonian H. 

In his first two papers, Schrodinger thought that the wave func­

tion '¥ described a matter wave in physical three-dimensional space. 

In his fourth communication, Schrodinger (1926d, received on June 21, 

1926) interpreted'¥ as a scalar field and J,¥J2 as the electrical charge 

density but already realized that this interpretation breaks down for 

many-electron problems. Schrodinger's function '¥ of an n-electron problem 

refers to a 3n-dimensional configuration space, but originally Schradin­

ger developed his equations for one particle (n=1) so that the 3-dimen­

sional physical space coincided with the 3n-dimensional configuration 

space. Realizing this situation, Schrodinger was forced to abandon de 

Broglie's ideas on particle localizations and - much against his own mo­

tivating ideas - the interpretation of his wave function '¥ as a matter 

wave in three-dimensional physical space. In contradistinction to the 

electromagnetic field, Schrodinger's ,¥-field is not a "real wave", being 

propagated in physical space, but an abstract entity in a high-dimension­

al configuratfon space. 

In his paper "Ueber das VerhiU tnis der Heisenberg-Born-Jordan­

schen Quantenrnechanik zu der meinen", Schrodinger (1926c; received on 

March 18, 1926) showed that from a formal mathematical viewpoint his wave 

mechanics was identical with the matrix mechanics. Independently, a much 

more precise eqUivalence proof was given by Wolfgang rauli: (1900-1958) 

in a letter to Pascual Jordan on April 12, 1926 (the letter is reprinted 
in v.d. Waerden, 1973). 

Remark~ Schrodinger had a deep aversion to Heisenberg's new mechanics. "Ick hatte 
von ~{UneJL TheolUe na.:ti.iJ!lich l<enn;t;nU" 6ii.hUe m.i.ch abeJL dwLch cUe mVr. ~ehJr. ~c.hw.i.e­
lUg ~chunenden Me;th.oden deJL .tI!.a.nt.zendenten Atgeblt.a. und dwLck den Mangel. an A~cha.u­
Uckl<.Ut. abguchJr.eck:t, urn ni.cht zu ~a.gen abguto~~en" (footnote 2 in Schrodinger, 
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1926c). In private discussien, Schr5dinger was more articulate. During a visit 
at Bohr's institute in Cepenhagen in September 1926, Schr5dinger reportedly ex-' 
claimed desperately: "Wenyt u dOc.h bei diueJl. veJl.dammten Q.u.an:teYL6p1UngeJl.ei bleiben 
Mil, M bedauJte .i.c.h, m.i.c.h mU deJl. Q.u.an:ten:th.eo.iUe iibeJl.hau.pt bUc.hii6.ti:gt zu haben" 
(queted frem Heisenberg, 1%6.EU. Heisenberg expressed his aversien to. Schr5dinger' s 
wave mechanics in a letter to. Welfgang Pauli en June 8, 1926: "le meM .i.c.h iibeJl. 
den phY.6.i.kaLiAc.hen T ei.t deJl. Sc.M5dingeMc.hen Theo.iUe nac.hdenke, duto a.b.6c.heuUc.hetr. 
6inde ic.h ihn" (queted fran Hermann, 1963, p.65). Nete that fran a medern point ef 
view, beth Schr6dinger and Heisenberg refer to. ene and the same physical theery: 
pieneer quantum mechanics. 

The revelation of the meaning of Schrodinger's ~-function 

When it became plain that Schr6dinger's eriginal idea ef matter 

waves was untenable, the questien ef a cerrect interpretatien ef Schr6-

dinger's ~-functien became urgent. Referring to. the early development of 

the formalisms of matrix and wave mechanics, Bern (1955) reminisced in 

his Nobel lecture: "W'M a.beJl. diueJl. FotzmaLiAmU.6 eigentUc.h bedeu:te:te, WalL keinu­

weg.6 k1aJt. Vie MlLth(>Jlla.ilk «XVt, wie u 56:teM vOItlwmmt, li1.iigeJl. a£1:, dM .6inngebende. Ven­

ken". Almost simultaneously with Schr6dinger' s qualms about the interpre.,­

tation ef ~ as a matter wave (Schr6dinger, 1926d, received on June 21, 

1926), Max Born (1882-1970) published his "Quantenmechanik der Stossvor­

gange" (Bern, 1926a, received on June 25, 1926), where he preferred 

Schrodinger's wave mechanics over the matrix mechanics as "die tiefste 

Fassung der Quantengesetze", and introduced a new prebabilistic interpre.,­

tat ion of Schr6dinger's ~-functien. Accerding to. this prebabilistic in­

terpretation ef wave mechanics, Schrodinger's ~-function is a probability 

amplitude so. that the absolute square 1~12 is a prebability density in 

cenfiguration space. When an event can eccur in several alternative ways, 

the prebability amplitude for the event equals the sum of the probability 

amplitudes fer e.ach. way separately (superpesitien principle fer prebabil­

ity amplitudes). Accerdingly, the prebability ef this event is not given 

by p = 1~112 + 1~212 but by P = 1~1+~212, so that ene speaks of an inter­

ference of prebability amplitudes. Bern's prebabilistic interpretatien 

(Born, 1926a-b, 1927) was quickly accepted by most physicists (with the 

netable exceptiens ef Erwin Schr6dinger and Albert Einstein). 

Remark.: Born's representatien ef SchrOdinger' s. ~-function had far-reaching conse­
qm::nces· for physics and philosophy. However, Born has never fermulated his proba­
bility pos·tulate in a precise way; even his later discussiens ef the rele of prob­
ability in quant1.1ll mechanics are rather confuSing (canpare e.g. Bern, 1961). In 
particular, he did not make it clear that the probabilities of quantum mechanics are 
cQndi'ti.onal probabi.liti.es, conditioned by a measuring process' perfermed on the sys­
tem. Likewise, i:.t is disconcerting to. find that Born even in his Nebel lecture 
(Barn, 1955) speaks of ~ statistical explanation of quantum mechanics. ,~at he means 
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is probabilistic, and not statistical (compare also Fock, 1957). According to the 
orthodox interpretation, quantal probabilities are primary, and belong to a funda­
mentally different category than, say, the probabilities of population statistics. 
A truly statistical interpretation of quantum mechanics has been proposed by Ein­
stein. This interpretation - which is not accepted by the majority of scientists -
claims that a pure state refers to the statistical properties of an ensemble of 
individual systems but that it does not provide a complete description of an indi­
vidual system. Born did not accept this view but confirmed that he did accept Bohr's 
view that quantum mechanics is a complete theory. Curiously, in a letter to Einstein 
(Born, 1969, letter no. 96, dated September 4, 1959), Born nevertheless claims that 
his interpretation is a statistical one, where he uses the notion "statistical" in 
the same sense as insurance agencies. So, Born is a further exa:mple of a pro­
pounder of a revolutionary idea who does not recognize it as such. 

The discovery of the logical symmetries of quantum mechanics 

A logical symmetry of a theory is a transformation that preserves 

the essential logical structure of the theory. The logical symmetries of 

classical mechanics are given by the canonical transformations, i.e. a 

one-to-one transformation in phase space that leaves the Poisson bracket 

of coordinates and momenta invariant. An attempt to transfer the classi­

cal theory of canonical transformations to quantum mechanics is known un­

der the name transformation theory, introduced independently at about the 

same time by Dirac (1926a,d) and Jordan (l926a,b). The transformation 

theory showed that one could pass by a canonical transformation from any 

mode of description to any other by an appropriate choice of the basic 

variables. For example, one could transform the state vector 'l'(q) in the 

configuration space representation into an equivalent description having 

a state vector 'l'(p) in the momentum representation so that the absolute 
"-

square I'¥(p) 12 was the probability density corresponding to the. momentum 

distribution. However, at that time, the proper mathematical tools to 

formulate precisely the logical syrnrnetriesof the new mechanics were not 

yet available. Nevertheless, a clear and prophetic statement can be found 

in a paper by F. London (1926): "Vie UebeJWr.a.guno deJt TJuln6noJtma.:Uon6titeoM.e deJt 

Ma.tJUzenmeduuuk au6 die Sc.ModingeMc.he EigenweJrftheoM.e 6Uivt;t zu uneJt UM geneJtaU­
-6ieM:en AU66a.6-6ung deMe.tben unteJt den aUgemeinen Guic.h:Upunkten unelL Inva.ILia.nten­

theOlLie tinea.!LeIL F unktio na.to peILa.tio nen. Viue OpeJta.:Uonen ia.6-6en -6ic.h daMte.t­

ten a.t6 VILehung en im Hitb e/tt-6 c.hen F unktio neMa.um e, we.tc.Fuvt von dem O!tthogona..t­

-6!!-6tem delL 'l'k a.u6gupa.nnt w.i1td". Tn the modern language, this means that the 

logical symmetries of pioneer quantum mechanics are the unitary trans­

formations of the state space. With this result the way was free for a 

general definition of the state space of the new mechanics. 
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The introduction of Hi~bert space by John von Neumann 

The final mathematical formulation of pioneer quantum mechanics 

is due to Johann von Neumann (1903-1957). During the winter term of 

1926/27 David Hilbert (1862-1943) - one of the greatest mathematicians 

of the first half of the 20th century - gave a series of lectures on the 

mathematical foundations of quantum mechanics. In the published version 

(Hilbert et al., 1927) it is stated: "W.icJrMge S.tiicfze deJt mMhema.U1.chen VU!Lch-

6iihJw.Y!fj Jtiilvt.en von J. v.Neuma.nn heJt". A short time later, von Neumann (1927a) 

introduced a new mathematical framework for quantum mechanics based on 

the concept of an abstract Hilbert space and its operator calculus. This 

new tool enabled von Neumann to develop a statistical ensemble formalism 

for quantum mechanics with an associated measuring theory (von Neumann, 

1927b), and quantum statistical mechanics (von Neumann, 1927c). His 

spectral theorem for observables (v.Neumann, 1929a) allowed him to give 

a precise characterization of the mathematical status of observables and 

to prove the uniqueness of the irreducible representations of the Heisen­

berg-Schrodinger canonical operators P,Q fulfilling QP-PQ = ih (v.Neu­

mann, 1931). His classic "Mathematische Grund~agen der Quantenmechanik" 

(v.Neumann, 1932) summarizes in a brilliant way pioneer quantum mechanics 

as a grand and well-thought-out mathematical theory. 

Von Neumann's most spectacular contribution to pioneer quantum 

mechanics was the insight that the state space of the new mechanics had 

the structure of an infinite-dimensional vector space with an inner prod­

uct characterizing its geometry. Two special realizations of Hilbert 

spaces were known long before the advent of quantum mechanics. In his 

famous theory of integral equations, David Hilbert (1904) introduced 

the sequence space (nowadays denoted by [2) as an infinite-dimensional 

extension of the notion of a Euclidean space. This space [2 consists of 

all infinite systems {x } of numbers x for which L 001 Ix 12 is finite, n n n= n 
and for each pair of elements x={xn } and y={Yn} the inner product is 

given by (xly) = Ln:1x~yn' In his further work from 1904 to 1910, Hilbert 

(1912) developed a rather complete spectral theory of bounded operators 

on the space [2. Hilbert's pupil Erhard Schmidt (1876-1959) introduced 

essential conceptual simplifications by introducing the concepts of Eu­

clidean geometry (such as function space, subspace, orthogonal projection, 

norm, orthonormalization) into Hilbert's theory of functions with infi­

nitely many variables (Schmidt, 1907a,b, 1908), so that a large part of 

the spectral theory necessary for quantum mechanics was ready by the end 
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of the first decade of the twentieth century. 

Remark: Hilbert called his studies "spectral analysis" and introduced the notions 
spectrum, point spectrum and continuous spectrum. Hilbert had no intention at all 
to connect these concepts with a theory of atomic spectra and, according to Con­
stance Reid, he was taken by surprise when he learned that his theory had applica­
tions in the theory of atanic spectra: "T deve1.oped mlf thwlllf 00 in6i.n,Ue1.lf manlf 
vMia.b£.e6 ol!.Om p11Le1.lf ma.:thema.:tic.a.£. inteILe6U, and even c.a.£.£.ed it '.6 pec.:tIta.£. a.na.£.lf.6.t.6 I 
without any p!te6en:t.ime.n:t :tha.:t it woui.d WelL 6ind an appUc.a.:tion :to the a.c.:tu.al .6pec.­
tltum 06 phlf.6W" (quoted fran Reid, 1970, p.lS3). 

At about the same time as David Hilbert was developing his theory 

of integral equations and £.2-spaces, the French analyst Henri Lebesgue 

(1875-1941) was creating a new integral which now bears his name (Lebes­

gue 1901, 1902). Lebesgue's work is characterized by deep insight based 

on intuitive geometric concepts and he was, according to Norbert Wiener 

(1948, chapt.II) an "ex.ponent 06 the ex.:tlr.emeilf ex.a.c.:ting modelLn .6:tandaJtd.!, 06 ma.:the­

ma.:tic.a.£. JUgOIl, and a lAYUteIL whoM WOIl/u" a..6 oaJt M 1 know, do not c.on:ta.in one .6~£.e 

ex.a.mpte 00 a p!tob£.em Oil a method oJUgina.Ung d.i.Jr.ec.:t£.lf 61!.Om phlf.6W". But Lebesgue's 

work has influenced almost every branch of modern mathematical physics. 

It may not be easy for the mathematical layman to grasp the fact that it 

is easy to measure the length of an interval of smooth curve but that one 

needs very sophisticated concepts to measure sets consisting of infinite­

ly many points scattered irregularly on a curve. Lebesgue extended the 

notion of length, area or volume to the most extreme situations. Measure 

is a generalization of these simple concepts and applies to point sets 

which may be much more general than an interval, the inside of a square 

or a cube. As stressed by Norbert Wiener (1933, pp.4-5), it is 
impossible to establish a reasonable theory of natural phenomena on a 

less inclusive concept such as that of the popular Riemann integral. The 

Lebesgue integral is the cornerstone of modern measure theory, mathemat­

ical probability theory and functional analysis. The space of all summa­

ble and square-integrable functions in the sense of Lebesgue over a set n 
is denoted by L2 (n) with L standing for Lebesgue. Independently from each 

other but practically simultaneously, Ernst Fischer (1907, presented on 

March 5, 1907) and Friedrich Riesz (1907, presented on March 9, 1907) 

linked Lebesgue's integration theory and Hilbert's spectral theory by 

showing that Hilbert's sequence space £.2 is isomorphic to the function 

space L2 of the Lebesgue square-integrable functions. 

Recognizing the fact that matrix mechanics used an £.2-space and 
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wave mechanics an L2-space, and that the equivalence of these two theo­

ries was nothing but the Fisher-Riesz isomorphism of the f 2 - and L2 -

spaces, von Neumann abstracted from the inessential special structures 

of these spaces and defined a Hilbert space abstractly as a space iso­

morphic to Hilbert's sequence space f 2 • Here isomorphic means (as always 

in mathematics) that the essential properties of these spaces are the 

same. More pedantically, we may describe an isomorphism as a one-to-one 

correspondence between the elements of these spaces which preserves the 

essential structure. The essential properties of these spaces were wide-

ly recognized to be those of a vector space with an inner product which was 

complete and separable (i.e. having a countable dense subset). According­

ly, von Neumann defined a Hilbert space axiomatically as an abstract, 

infinite-dimensional, separable complete inner product space. In this 

original definition the requirement of countable infinite dimensionality 

characterized a Hilbert space as a (within isomorphism) unique mathemat­

ical object. Nowadays, ~athematicians have found it convenient to 

drop the axioms of dimensionality and of separability. According to the 

modern definition a Hilbert space is an inner-product space which is 

complete in the metric induced by the norm, so that von Neumann's Hilbert 

space of pioneer quantum mechanics is referred to as an infinite-dimen~ 

sional, separable Hilbert space over the complex numbers. 

The Hilbert-space model of pioneer quantum mechanics 

The Hilbert-space formalism of pioneer quantum mechanics as in­

troduced by von Neumann chooses as the basic mathematical object an ab­

stract a~lbert space, called the state spaae H. Schrodinger, in h~s pio­

neering work, used a special realization of this state space, namely the 

Hilbert space L2(~3n) of square-integrable functions over the configu-
. 3n f . 1 h 3n d th 3 d' . 1 ratIon space ~ 0 n partIc es, w ere ~ enotes e n- ImenSIona 

Euclidean space. That is, Schrodinger's wave functions ~ are normalized 

elements of L2(~3n). Abstracting from this special realization of the 

state space,' one calls a normalized vector ~EH, [['¥1I=1, describing a 

quantum mechanical state a state vector. Since only 1'¥12 has a physical 

interpretation, a phase factor does not matter so that for all real u 

the vectors '¥ and e iu'¥ represent the same physical state. From this view­

point one should say that the state space is a projective Hilbert space. 

But it is more convenient to stick to the Hilbert-space structure and to 

define a state as a one-dimensional subspace of the state space H. Every 
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normalized vector lying in this one-dimensional subspace is referred to 

as a state vector peppesenting the state. Note that in the superposition 

~1+~2 of two state vectors ~l' ~2 an overall phase factor is immaterial 

while a relative phase between ~l and ~2 is physically relevant. 

Von Neumann (1929) recognized the need to extend Hilbert's spec­

tral analysis from bounded to unbounded operators. Operators on a Hil­

bert space are transformations mapping one vector on another. A bounded 

linear operator T on a Hilbert space H is defined as a mapping of H into 

itself so that T assigns to each vector ~ in H a vector T~ in H such that 

T(~+~) = T~+T~ and T(c~) = cT~ for every vector ~, ~ and every number c. 

The product TS of two operators T and S is defined by (TS)~ = T(S~) for 

every vector ~ in H. Von Neumann generalized this concept and defined an 

opepatop on a Hilbert space H as a linear transformation defined only on 

some subset of H, called the domain of the operator. Every linear opera­

tor with a dense domain has a unique adjoint opepatop T*, defined by the 

relation (~IT~) = <T*~I~) for all vectors ~ in the domain of T. An opera­

tor is called self-adjoint, if T=T* (we use the modern terminology, von 

Neumann called self-adjoint operators hypepmaximaZ). 

The new concept ox self-adjointness replacing the weaker concept 

of symmetric or Hermitian operators was crucial for a rigorous develop­

ment of quantum mechanics. Von Neumann (1929a) successfully extended 

Hilbert's spectral theory to arbitrary (bounded or unbounded) self-ad­

jOint operators. If T is a self-adjoint operator, then there exists a 

unique spectpal pesolution E on the spectrum n of T such that 

T IWE(dW) 

n 

For every Borel subset B of rl, the operator E(B) is a ppojection opepa­

top, i.e. E(B) = E(B)* E(B)2, and the set of these projection opera­

tors form a BooZean aZgebpa satisfying the relations 

E (n-B) 

E (AUB) 

E (AnB) 

1-E (B) 

E(A)+E(B)-E(A)E(B) 

E(A)E(B) 

d~f EJ.. (B) 

d~f E(A)vE(B) 

d~f E(A)AE(B) 

(In addition, E is ~-additive in the strong operator topology, a tech-
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nically important regularity condition which promotes E to the status of 

a projeation-vaLued measure. 

In classical mechanics an observabLe is represented mathematical­

ly by a real valued function of the position q and the momentum p. In pi­

oneer quantum mechanics p and q are replaced by noncommutative quantities 

P and Q fulfilling Heisenberg's commutation relations. Von Neumann (1927a) 

recognized that the theory of operators acting on an abstract Hilbert 

space provides a most effective and elegant setting for formulating the 

new mechanics. He showed that the proper mathematical entities correspond­

ing to the notion of observables are seLf-adjoint operators acting on the 

state space H (v. Neumann , 1932). If T is a self-adjoint operator corre­

sponding to some observable, then its spectral values are interpreted as 

the possible values which one may obtain in an ideal measurement of this 

observable (ideal measurements are Pauli's (1933) "measurements of the 

first kind"). A real Borel function F of an observable T represents a new 

observable F(T) which can be measured by the very same apparatus used for 

T by replacing the scale of its meter by a new one in which every number 

W is replaced by F(w). In terms of von Neumann's spectral theorem, this 

means that the spectral resolution of T 

T JWECdW) 

n 

implies the spectral resolution of FC.T) 

F(T) JF (w) ECdw) 

n 

If the system is in the state IjI and l.f we perform an experiment 

to determine the value of the observable T, then the probability that 

the ideal measurement has as outcome. a value within the Borel set S, is 

given by 

Thus 

{T') d~f J W}) (dw) 

n 
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is the expected value of the observable T, and 

(F(T» 
def 

IF(W)l1(dW) ('I'IF(T)'I') 

n 

is the expected value of the observable F(T), conditioned by a prior 

ideal measurement with a T-apparatus. An observable T is said to be dis­

persion-free with respect to a state vector 'I' if ('I'IT2'1') = ('I'IT'I')2 from 

which it easily follows that 

T'I' w'I' with W ('I'IT'I') • 

That is, an observable T has the value wEn with certainty if and only if 

'I' is an eigenvector of T with the eigenvalue w. 

Remark: In order to grasp the notion of an observable it is useful to ask why the 
self-adjointness of the operators representing observables is required. The stan­
dard answer is that measured values correspond to real numbers. This remark is 
grossly misleading because such a requirement is neither necessary nor sufficient. 
There is absolutely no problem to construct an apparatus which gives a complex 
number as the result of a measurement. On the other hand, the res.triction to real 
valued expectation values leads us only to operators whose numerical range consists 
of real numbers. Any Hermitian operator fulfills this requirement but not every 
Hermitian operator is self-adjoint. The crucial point is not that a self-adjoint 
operator has a real-valued spectrum but that it generates a Boolean algebra. It is 
the Boolean character that leads to a possible classification in the sense of;' a 
classical logic, and these classical classifications' can be related to physical 
operations in the sense of laboratory measurements. From a modern point of view., 
the essential representative of an obs.ervable 1.s a Boolean algebra. The representa­
tion of an observable by a particular generating self-adjoint operator may be con­
venient but contains inessential elements. Because any normal operator generates a 
Boolean algebra, normal operators are (in spite of their complex-valued spectra) 
perfectly legitimate observables. 

The decisive mathematical structure associated with an ideal mea­

"urement is a projection-valued measure and not a particular observable 

constructed from it. Relative to a fixed state vector '1', every projec­

tion-valued measure E defines via ll(B) = ('I'IE(B)'I') a probabitity measure 

II in the sense of Kolmogorov's (1933) mathematical probability theory. 

An observable T with the spectrum n and having E as its spectral resolu­

tion can be regarded as a random variable on the sample space n with the 

probability measure p. The expectation value of the observable F(T) re­

lative to the state 'I' is uniquely determined by the probability measure II 

F(T) J F Cw) 11 (dw) 

n 
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Accordingly, pioneer quantum mechanics in the formulation of von Neumann 

contains as a special case the whole probability theory as axiomatized 

by Andrei Nikolaevic Kolmogorov (born 1903) in his epoch-making "Grund­

begriffe der Wahrscheinlichkeitsrechnung" of 1933. But in contrast to 

classical probability theory the set of all observables of a quantal sys­

tem in a given state cannot be regarded as a set of random variables on 

a Kolmogorov probability space. 

Von Neumann's spectral resolution of observables allows the re­

placement of observables by the conceptually much simpler projection op­

erators. In his book, von Neumann (1932, sect.III.S) proposed to consid­

er projection operators as representing propositions. If a proposition E 

is true (e.g. by a verifying measurement) then one assigns to it the nu­

merical value 1, if the proposition is false, one assigns to it the nu­

merical value O. This idea, first formulated in the framework of pioneer 

quantum mechanics, proved to be extremely fruitful and became later the 

starting point of a fundamentally new development (the so-called quantum 

logic) where propositions and not observables and states are basic for 

the description of natural phenomena. 

Remark: Von Neumann invented the abstract Hilbert space and introduced it into 
quantum mechanics, but he did not regard Hilbert space as indispens.able for quantum 
theory. In a letter to Garrett Birkhoff (dated wednesday, November 13, presumably 
1935), von Neumann wrote: "I would Uke to ma.k.e a. con6u.6ion which ma.y .6eem ,[mmoJr.a1: 
I do not beUeve a.b.6otute1y in H-UbeJtt .6pace a.nymofte. • •• Now we begin to beUeve, 
tha.;t U i.6 not the v e ct 0.It.6 which ma:tteJt, but the .eattice 06 a.U. UneM (clo.6 ed) 
.6ub.6pacu. Beca.u.6e : (1) The vec.tOM ought to ftepftuent the phY.6-Lca.l .6ta.tu, but 
they do U fLedundantly, up to a complex 6ac.toJt, only, CZ) and bui.du, .the .6ta.tu 
Me meJtuy a dvUved notion, the ptUin,LUve [phenomenotogic.aLty given) notion bung 
the qua.litie.6, which cOMUpond to Unea.Jt c.lO.6ed .6Ub.6pacu • ••• " (quoted fran 
Birkhoff, 1961, p.158). 
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3.3# OUTLINE OF THE HILBERT-SPACE FORMALISM OF PIONEER QUANTUM MECHANICS 

The outline in this section is provided for readers who want to 

grasp the mathematical structure that underlies pioneer quantum mechanics. 

It is not necessary to study this section in order to follow the sub­

sequent discussions. 

We summarize the formalism of pioneer quantum mechanics from a 

modern point of view, correcting trivial slips in the original formula­

tion and adding some newer results without going beyond the conceptual 

limits of pioneer quantum mechanics. 

The mathematical structure of pioneer quantum mechanics is a cat­

egory having Hilbert spaces as objects and unitary or antiunitary trans­

formations as morphisms. Formerly, the preferred observables and the dy­

namics were determined by the correspondence prinCiple, that is by a 

functor "quantization" from the category of classical mechanics (having 

symplectic manifolds as objects and symplectic transformations as mor­

phisms) to the category of pioneer quantum mechanics. Nowadays, such quan­

tization procedures are considered as obsolete and are replaced by the 

representation theory of the kinematical group of mechanics. In classical 

mechanics as well as in pioneer quantum mechanics the Galilei group acts 

as kinematical group. In what follows we explain this highbrow sketch in 

a less terse language. 

The logiaal symmetries of pioneer quantum mechanics 

The state space of a quantum system is an abstract Hilbert space 

of finite or countably-infinite dimension. A state (synonym, used in the 

statistical interpretation: pure state) is a one-dimensional subspace of 

the state space H (synonym: a ray). Any normalized vector in the one-di­

mensional subspace of a state can be used to represent this state, and is 

called a state vector. Two state vectors ~ and ~ represent the same state 

if and only if ~=c~, where c is a complex number of absolute value one. 

The original formulation of pioneer quantum mechanics assumed a 

one-to.,-,one correspondence of one-dimensional subspaces of the state space 

with physical states, implying the unrestricted validity of the su­

perposition principLe for state vectors. This requirement is equivalent 

to von Neumann's (1932) irreducibility postuLate. In modern termi-
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nology we say that pioneer quantum mechanics has no superseZeation 

ruZes. 
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Remark: The physical nature of von Neumann's irreducibility postulate was first 
recognized by Paulette Destouches-Fevrier (1951, sect.IV 12). Strangely, the un­
restricted validity of the superposition principle was taken for granted until 
Wick, Wightman and Wigner (1952) in a famous paper pointed out the existence of 
superselection rules. A statement that selects some vectors, adding that they are 
physically unrealizable as state vectors is called a superselection rule. If there 
are superselection rules, then there exist subspaces of the state space that cannot 
be connected to each other by any observable. Not all self-adjoint operators on the 
state space are therefore observables. A subspace of the state space in which the 
superposition prinCiple holds unrestrictedly, is called a superselection sector. 

Wick et al. (1952) proved the existence of superselection rules for the intrinsic 
parity of elementary particles, conjectured a superselection rule that operates 
between states of different total charge and postulated that every observable has to 
commute with the charge operator. Similar superselection rules hold for the bary~n 
number and, probably, for the lepton number. These superselection rules of elementa­
ry particle physics will not be of immediate concern to us. In pioneer quantum me­
chanics, the fOllowing three superselection rules have always been supposed to hold 
true: the superposition principle does not hold for two state vectors referring 
either to different instances of time, nor to particles having different mass, nor 
to particles having different electric charges. As a consequence, time, mass 
and charge are represented by classical observables, that is by observables 
which commute with every observable. A fourth superselectionrule of pioneer 
quantum mechanics relates to the s!l1l1lletrization postulate requiring the state vec­
tors of a system of identical particles to be either symmetric or anti symmetric 
under permutations. This postulate is a consequence of the fact that all observables 
are invariant with respect to the interchange of identical particles Ccanpare Gal .... 
indo et al., 1962; Casher et al., 1965; Luders, 1966; Kaplan, 1975). 

These four superselection rules of pioneer quantum ~echanics' can easily be taken 
into account in an ad hoc manner. Most probably, von Neumann (1932) did not recog­
nize the very profound physical meaning of his irreducibility postulate:- it says 
that the quantum system considered has no classical properties at all. Jauch (1960) 
suggested to replace von Nellll!ann' s irreducibility postulate by a proper fC!>rmula-­
tion of Dirac's completeness postulate. This recasting of pioneer quantum mechanics 
is necessary and easy but goes beyond the concepts of pioneer quantum mechanics. It 
will be discussed in chapter 4. 

The structure-preserving mappings (i.e. the morphisms) of the 

formalism of a theory are called the ZogiaaZ symmetries of the theory. 

The set of all logical symmetries of a theory form a group, called the 

ZogiaaZ group of the theory. Ignoring superselection rules of pioneer 

quantum mechanics, the states of a quantum system span a projective Hil~ 

bert space. Every vector 1jI in the Hilbert space f{ determines a 1-dimen­

sional subspace, called the ray W. The inner product of two rays Wand i 
is defined by 

("iii I i) def 1 (1jI1 ~) 1 

[I1j1[['I1~[1 
where 1jI,~EH • 
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The set of all rays in H is called the projective Hilbert space H asso­

ciated with the Hilbert space H (for technical details, compare Barg­

mann, 1954). A logical symmetry of pioneer quantum mechanics is an auto­

morphism of the projective Hilbert space H associated with the state 

space H so that the logical group of pioneer quantum mechanics is given 

by the automorphism group Aut (H) . A famous theorem by Wigner (1931) 

asserts that the automorphism group Aut(H) can be represented by the 

group of unitary operators acting on the state space H. Let HI and H2 

be Hilbert spaces and T be a mapping from HI into H2 • Then 

(i) T is called Zinear if T(a1/l+bq,) aT1/I+bTq, 

(ii) T is called antiZinear if T(a1/l+bq,) a*T1/I+b*Tq, 

(iii) T is called isometric if IIT1/I1l = [[1/I1! 

for all 1/I,q,EH I and all complex numbers a,b. If the range of a linear iso­

metric operator T:HI~H2 is the whole space H2 , then T is called unitary. 

An antiunitary operator T:HI+H2 is an anti linear isometric operator hav­

ing the range H2 • Wigner's theorem implies that two realizations of pi­

oneer quantum mechanics whose state spaces are connected by a unitary or 

antiunitary transformation are from a logical point of view equivalent. 

Historical remarks: The fact that symmetries in quantum mechanics are described by 
projective unitary representations has been known since the beginning of quantum 
mechanics (compare weyl, 1927). In his famous book on "Gruppentheorie undQuanten­
mechanik", Hermann Weyl states' clearly: lOrn. deJt QuaYLteYLtnwJUe Mruien. cUe VaMte1.­
lu.n.gen. .un S!!~temJUWm ~ta.:tt, cUueJt .at a.beJt YLicfi:t ~' Velito!t-, MruieJtn. ~ S:tJta.hi.en.­
ko!tpeJt zu. v~tehen., well. deJt ul1.zeln.e !tun.e Fa.U. 1UC.1i:t du.Jtc.n den. Velito!t, Mn.deJtn. 
du.Jtc.h den. 3buthi JtepJuiun:tteJt:t wiJui" (weyl, 1928, p.147). Wigner (1931) published 
his theorem in his classic "Gruppentheorie und ihre Anwendung auf die Quantenmecha­
nik der Atomspektren" but without full proof. A complete proof was gi'll'en by Bargmann 
(1954) (compare also: Hagedorn, 1959; Bargmann, 1964). Wigner's theorem character ... 
izes symmetries as, bijective transformations: that preserve absolute values, of inner 
products. Its physical meaning hinges' on the probabilistic interpretation which, re­
presents the transition probability between two states by the absolute square of 
their inner product. Accordingly, Wigner considers a symmetry as' a mapping that pre,­
serves the probabilistic structure of quantum mechanics. Since the probabilistic 
structure of quantum mechanics follows from a discussion of the measurement process, 
Wigner's definition of a symmetry is not quite satisfying. A conceptually much more 
satisfying definition of a logical symmetry is due to Uhlhorn (1962): a logical S!l1l­
metrg is defined to be a one-to-one correspondence between the state vectors of a 
state space HI and the state vectors of a state space H2 such that pairs of orthog­
onal vectors correspond to pairs of orthogonal vectors. This definition also applies 
in the presence of superselection rules. Uhlhorn (1962) showed that if the dimensions 
of HI and H2 are larger than two the logical symmetries are implemented by unitary 
or antiunitary operators. 
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The kinematical symmetry of pioneer quantum mechanics 

Like Newtonian mechanics, pioneer quantum theory is a mechanics 

presupposing the existence of a space-time continuum whose symmetry is 

governed by a group, called the kinematical group. In contradistinction 

to Aristotelian mechanics, every mechanics considered in classical or 

modern physics is a relativistic theory. It is conceptually very mis­

leading to call pre-Einsteinian classical mechanics a "nonrelativistic 

theory". This is wrong since Newtonian mechanics complies with Galilei's 

principle of relativity. It is illuminating insofar as it shows that 

the role of Galilean relativity has not been understood until the ad­

vent of Lorentz-invariant quantum mechanics. 

In mechanics, space and time are primary concepts. In contrast 

to time, the concept of space is by no means a necessary precondition 

for language. Space is an empirical concept, an abbreviation for the 

way soUd bodies can be assembled (compare Einstein, 1922, chapt.1). "Si 

doYle. il Yl'y avcU:t pM de e.o!tp<\ MWe'.\ daM .fa na.tuJte, il Yl'y aWLa.U pM de ge.ome.bU..e" , 

says Henri Poincare in his famous "La science et l'hypoth~se" (Poincare, 

1902, chapt.IV). We speak of a relativistic theory if space and time can­

not be considered independent of one another but must be combined to 

give a four-dimensional space-time. A space-time is characterized by the 

following three symmetry properties: 

(i) all instants of time are equivalent, 

(ii) all points in space are equivalent, 

(iii) all directions in space are equivalent. 

Note that the isotropy (iii) implies the homogeneity (ii), but not the 

other way round. It can be shown that the only kinematical symmetries 

compatible with this structure are the Aristotelian, the Galilean and 

the Einsteinian symmetry (compare Bacry and Levy-Leblond, 1968; Gorini, 

1971) . 

Space is the 3-dimensional Euclidean space £3 carrying the usual 

Euclidean metric (defining the spatial separation) and possessing the 

6-parameter Euclidean group (consisting of the 3-parameter translation 

group and the 3-dimensional rotation group) as its symmetry group. Time 

is the one-dimensional Euclidean space £1 possessing the 1-parameter 

translation group as symmetry group, while the metric of £1 defines ... ... 
time difference. A point (q,t) (qEE 3 ,tEE 1 ) in space is called an event. 
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Aristotelian kinematics presupposes the minimal symmetry of 

space-time by assuming absolute spaae and absolute time, so that Aris­

totelian space-time is simply the Cartesian product E3 xEI. The corre­

sponding kinematical group is the direct product of the 6-parameter 

Euclidean group of E3 and the 1-parameter dynamical group of EI, i.e. 

a 7-parameter group. With this, in Aristotelian kinematics it is meaning-... ... 
ful to speak of a spatial separation of two events (ql,tl) and (q2,t2), 

even if the time difference tl-t2 is not zero. Just so, the time differ­

ence is always defined. 

Galilean kinematias introduced the relativity of space but re­

ta,ined abs.olute time. In Galilean space-time a spatial separation of two 
... ... h events (ql,t l ) and (q2,t2) is well-defined only if .the events refer to t e 

same instant of time, t l =t2' On the other hand, the time difference is 

meaningful for every pair of events. The most general group of space-

time transformations which respects the homogeneity oJ; SPace-time and 

the isotropy of space, and which leaves the time interval between every 

pair of events invariant is a 10-parameter group, called the GaUlei 

group (compare: Bacry and L~vy-Leblond, 1968; Berzi and Gorini, 1971; 

L~vy-Leblond, 1976). The minimal symmetry of Aristotelian space-time is 

enlarged by the addition of the so-called pure Galilei transformations 
... ... de! ...... 
q - q' = q+vT 

where the 3-dimensional parameter ~ is a constant vector, having the 

meaning of a translation velocity. The Galilei group is generated by the 

time translations (1 parameter), the spatial translations (3 parameters), 
the rotations (3 parameters), and the pure Galilei transformations (3 pa­

rameters); it can be shown to equal the semidirect product of the direct 

product of the time-translation group and the rotation group with the di­

xect pxoduct of the I;l:pati.a.l tXa,na--la,tion grQup and the pure Galilei group. 

Einsteinian kinematics relativized not only space but also time. 

In Einstein~an space-,time the time difference between two events (ql, tl) 
and (q2,t 2) is a priori only well-defined if the events occur at the same 

space pOint,ql=q2' The most general group preserving this structure is a 
10-parameter group, called the Poinaare group (synonym: inhomogeneous Lo­

rentz group). Since any group of transformations leaving invariant the 

expression for the squared distance between infinitely near pOints in a 

space of n dimensions can have at most n(n+1)/2 parameters, the Einsteinian 

space-time has mazimal symmetry. The Poincar~ group contains a new uni-
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versal constant c, having the meaning of a maximal velocity. In a very 

good approximation, c equals the velocity of light; if the rest mass of 

the photon vanishes, this equality is exact. In the limiting case c~oo, 

the Poincare group contracts to the (mathematically more complicated) 

Galilei group. The so-called "nonrelativistic" theories refer to situa­

tions where the finiteness of the speed of light is negligible - the 

only case we shall discuss in this essay. 

At the very beginning of quantum mechanics, Hermann Weyl (1927) 

proposed to describe the kinematical structure of a physical system 

by a subgroup o~ the logical symmetries of the theory. This group 

is called the kinematiaaZ group, it refZeats our spaae-time aonaepts. 

Pioneer quantum mechanics decided for the same choice as Newtonian me­

chanics: the Galilei group. More precisely: the kinematiaaZ group of 

pioneer quantum meahanias is given by a projeative unitary representa­

tion of the GaZiZei group on the HiZbert spaae of state veators. 

Historical. renarks: The prinCiple of relativity in classical mechanics is due to 
Galileo Galilei (1564-1642). In his masterly written Dial.ogo sopra i due massimi 
sisteni del. mondo of 1632, Galilei considers a boat which is at rest and says: "And 
pa!Lti.cu1aJr1.y .t6 you. put Olt :the !t006 06 a VU.6el, a bu.cke.t w.i.:th a hole, 6ull. 06 fA.\1-
:teJt, and :thett you. maILk :to wheJte :the fAn:teJt .i..6 dJUpp.i.ng Olt :the 6loo!t, and :thelt you. 
imag.i.tte :that :the boat movu ex.tJtemely 6a.6:t, ab.6.tJta.cUolt made 6!tom :the fA.\1VU wh.i.c.h 
wouid cJ..i..6:tu.Jtb :the movemettt, you. will 6.(.nd :that :the fAn:teJt -U dJr.opp.i.ng down exacfty 
:to :the .6ame peace". An earlier intuitive formulation of the law of inertia was 
found in 1614 by Isaac Beeckmann (1570-1637), a precise formulation was given in 
1644 independently by Rene Descartes (1596-1650) in his Les Principes de l.a Phil.o­
sophie and by Evangelista Torricelli (1608-1647) in his treatise De Motu gravium 
natural.iter descendentium et projectorum. Christiaan Huygens (1629-1695) general­
ized Galilei's principle of inertia to a principle of relativity, saying that it 
is impossible that an observer in uniform rectilinear motion can discover his own 
translation. Since Huygens rejected the concept of an absolute motion it is unclear 
what he means by a "uniform" motion. In contrast, Isaac Newton (1643' {1642 accord­
ing to the Julian calendar} - 1727) assumed the existence of an absolute time 
and an absolute space which exist ".tit W OWIt n.a.:tuJte, w.i.:thout !tegaJtd :to alty:th.i.ng 
exteJtrtai!', and in his Phi1.osophiae natura1.is principia mathematica of 1687 he 
stated the principle of inertia as Lex I: "Co!tpu..6 amite peJt.6eveJtaJte .i.tt .6:t.a.tu. .6uO 
qu..i.uc.end.i. vel moverr.cU utt.i.60.ItmUeJt .tit d.i.Jte.c.:twn, tt.i..6.t qu.a:teltu..6 a v.i.Jt.i.bu..6 impltU.6.i..6 
c.ag.i.:tu.Jt .6:ta.:twn illum mu.taJte", ("Every body continues in its state of rest, or of 
uniform motion in a right line, unless it is compelled to change that state by 
forces impressed upon it"). Newton was acutely aware that this law makes no sense 
without the concepts of absolute time and absolute space but also that ":the paJt:t.6 
06 :that immovable .6pac.e, .tit wh.i.c.h :tho.6e (ab.6olute1 mo:t.iolt.6 aILe peJt60Jtmed, do by ItO 

mean.6 c.ome u.ndeJt the oMeJtva:t.ion 06 aUlt .6e1t.6U". In contemporary astronany, the con­
cepts of cosmic time and a spatial frame of reference fixed to the average position 
of galaxies provide a substitute for Newton's absolute time and absolute space. 

The replacement of the concept of absolute space by the modern notion of inertral 
'systems is due to LudWig Lange (1885). Such inertial systems are defined as 
reference systems in which the motion of an isolated particle is rectilinear and 
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unifonn, and they have been called Galilean reference systEmS by Albert Einstein 
(1916). The name Galilei transfonnation for the group of transfonnations in space 
and time connecting Galilean Cartesian reference systE!lls was introduced by Philipp 
Frank (1909). 

In 1882 and 1895 Hendrik Antoon Lorentz (1853-1928) published two fundamental 
papers showing that Galilei transfonnations do not play the same role in empty­
space-electromagnetism as in mechanics, and in 1904 he introduced a new transforma­
tion associated with electromagnetism in a similar way as Galilei transformations 
are associated with Newtonian mechanics. This new transfonnation was named by 
Poincare (1905) the Lorentz transfonnation. Already in 1877, the creator of the 
electromagnetic theory of light, James Clerk Maxwell (1831-1879) spoke of "the 
doc.bUne 06 fte1a.,t[v,u1j 06 aU phlj.6ica1. phenomena" and both Henri Poincare (1854-
1912) in 1904 and Albert Einstein (1879-1955) in 1905 postulated the principle of 
relativity as a general law of nature. Poincare (1904) wrote: "The pJUncipie 06 
fte1a.,t[v,ulj, ac.c.OJtding :to whic.h the £.a.w.6 06 phlj.6ic.a1. phenomena .6houtd be the Mme 
whetheJt 60ft an ob.6eJtveJt 6.[xed Oft 60ft an ob.6eJtveJt c.a.JtJtied a1.ong in a uni60ftm move­
ment Oft tJta.n.6ia.tion", while Einstein (1905b) independently postulated: "The £.a.w.6 
blj whic.h the .6ta.te.o 06 phlj.6ic.a1. .61j.6tem.6 UMeJ!gO c.ha.nge Me not a66ec.ted, whetheJL 
the.oe c.ha.nge.o 06 .6ta.te be fte6eJtJted to one Oft the otheJL 06 two .61j.6tem.6 06 c.ooJtdi­
nate.o in uni60ftm tJta.n.6ia.tOftlj motion". Since the acceptance of Einstein's special 
theory of relativity it has been generally acknowledged that the Galilean trans­
formation is only an approximation to the Lorentz transformation, valid for veloc­
ities much smaller than that of light. 

Newton's point mechanics has served as a paradigm for a physical the0ry for 
more than two centuries but its group theoretical structure was found only 
when the concepts of Newtonian mechanics had been superseded by those of the spe­
cial theory of relativity and of quantum mechanics. In 1845/46 Carl Gustav Jacob 
Jacobi (1804-1851) showed in his lectures (published 1866) that within the canon­
ical formalism of mechanics the invariance under displacements in time, position 
and angle gives rise. to the conservation of energy, linear momentum, and angular 
momentum, respectively. Under the direct influence of Felix Klein (1849-1925) -
whose enthusiasm for the group theoretical point of view was almost missiona-
ry - Emmy Noether (1882-1935) showed in 1918 the way in which invariance under a 
continuous group gives rise to constants of motion and proved for the first time 
that the well-known ten first integrals of Newtonian mechanics follow from the 
invariance properties of the Lagrangian under the infinitesimal transformatibns 
of the ten-parameter Galilei group. Little further work on the Galilei group was 
done in the next three decades. 

In 1939 Eugene Paul Wigner (born 1902) showed that invariance arguments suffice 
to obtain a classification of the relativistic equations for elementary systems. 
In particular, he showed that the Poincare group (i.e. the inhomogeneous Lorentz 
group) is a type I group, so that all its unitary representations can be decomposed 
into irreducible ones. With this result, Bargmann and Wigner (1948) could determine 
all relatiVistically invariant wave equations for free elementary particles. 

A general intrinsic definition of an elementary system as a state belonging to 
an irreducible unitary projective representation of the appropriate symmetry group 
of space-time was introduced by T.D. Newton and E.P. Wigner (1949) in a paper at­
tempting a Lorentz-invariant localization of elementary systems. The localization 
problem consists in finding localized states of elementary systems and the corre­
sponding operator, representative of position such that the descriptions of the lo­
calization by observers in different inertial frames are equivalent. In a rigorous 
way, A.S. Wightman (1962) showed that every elementary Galilei system with positive 
mass is localizable in space-time in a Galilei-invariant manner. Independently, 
Wightman (1962) and Mackey (1963a; representing his Harvard lectures of 1960/61), 
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related the existence of three commuting position operators to Mackey's imprimitivi­
ty theorem (Mackey, 1949). For a Galilei system, a system of imprimitivity for the 
action of the three-dimensi~nal Euclidean group can be defined, and the three po­
sition operators can be ootained from the' corresponding projection-valued measure. 

While for the. j?oincare group all projective representations- are eqUivalent to 
two-valued vector representations, the Galilei group is-more complicated. The sim­
plicity of the Poincare group has misguided even the experts. For example, Inonu 
and Wigner (1952) in their study of the vectorial representations- of the Galilei 
group, wondered why position operators do not exist for vector representations of 
the Galilei group. They did not seem to oe aware that they did in fact investigate 
Galilei systems of mass zero. Although. the unitary projective representations 
of the Galilei group are built into Schrodinger's "wave mechanics", they were 
discussed explicitly for the first time by Valentine Bargmann (born 1908) 
in 1954. Bargmann's' study led to an unexpected discovery: the invariance under Ga­
lilei transformations implies a superselection rule which guarantee~ the strict 
conservation of mass'. 

The fact that about thirty years elapsed between the publication of Maxwell's 
equation$, in 1861/64 and the proof oy Lqrentz, that these equations are. invariant 
under the Lorentz g.roup, may be explained by the slow emergence of a new point of 
view. Considering the great popularity of group theoretical methods to solve 
special problems in elementary quantum mechanics, it is much more surprising 
that again almost thirty years elapsed between the publication of Schro-
dinger's differential equation for a free nonrelativistic particle and the proof 
by Bargmann (1954) that this equation is uniquely given by a projective irreduc­
ible representation of the Galilei group. That Heisenberg's canonical commutation 
relations have a group theoretical origin, was clearly realized by Hermann Weyl 
(1885-1955) as early as 1927 when he stressed that "the. fUnematic.ai. -6btu.c.:twr.e. 06 
a. phlJ-6.tc.al -61J-6tem .i.-6 e.XplLU-6 e.d blJ a.n. .iNr.e.due.i.ble. AbeUa.n. gJtoup 06 uYi.LtM1J Jta.1J Jto­
.ta.tiOI'/.-6 .tn. -61J-6tem -6pa.ce." (quoted from Weyl, 19Z8, Ehgli·sh. translation of 1931, 
p.275). However, he apparently did not notice the relation of his Abelian group 
to the Galilei group. 

Bargmann's superselection rule leads for the first time to a deeper understand­
ing of the role of mass in mechanics. Bargmann's superselection rule says that the 
mass of an elementary particle in a Galilei-invariant theory is a classical ob­
servable. That is, the Galilei group gives the final explanation of the concept of 
the conse:rvatlon of matter introduced into chemistry by Antoine Laurent de Lavois­
ier (1743-1794) and of the law of definite proportions due to Joseph Louis Proust 
(1754-1826) and John Dalton (1766-1844). 

The corresponding discussion for classical mechanics was initiated by Loinger 
(1962) who studied representations of the Galilei group in Koopnan's Hilbert space 
of classical mechanics. Only in retrospect has it become clear that the his·tori­
cally so important correspondence principle and the associated methods of quanti­
zation have their roots in the identity of the space-time symmetry groups in clas­
sical and quantum theories. 

Additional material and references about the historical developnent of the con­
cepts of mechanics and space-time can be found in Dugas (1950), Whittaker (1951/53), 
Jammer (1954,1961) and Truesdell (1976). 

E~ementary objects in pioneer quantum mechanics 

The problem of the existence and the nature of elementary' objects 

is a very old one and the early Greek atomists anticipated many of the 
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current ideas. Titus Lucretius Carus (ca. 97-55 B.C.) characterized ele­

mentary objects in his surprisingly modern De rerum natura as follows: 

"I wilt -!lU out :to dMcoUMe:to yoa on the aU.i.ma.:te JU!~U 06 heaven and :the goci6. 

1 wilt fteve.a.i :thou a.:tom-!l 6Mm which na.:taJte c.Jte.a.:tu aU :thi.ng-!l and inc.Jte.a..bU and 6ee.ci6 

:them and into which, when :they peJrJAh, na.:taJte again ftuoivu them. To :thue in my dM­

cOUMe I corrrnoniy give -!lach namu M the "Jta.W ma.:tvUaR.", Oft "gene.Jta.:tive boc/i'u:" Oft 

"-!leeci6" 06 :thi.ng-!l. Oft 1 may c.a.U them "plWna./ty pa.!t:tidu''', beCaMe they come 6bz..6t and 

eve.Jtything we .u compou.d 06 :them" (quoted from the English translation by 

Latham, 1951). We will call the "raw material" of modern phys'ics eZ/ilmen­

tary objeats. 

The prototype of an elementary object is the eZeatron. Clearly, 

an electron is not an entity having colour, texture or smell. Fifty years 

ago, it was not yet plain that an electron is neither a particle nor a 

wave. That is not to say that in particular states an electron cannot 

behave as a wave or as a particle. Particle.,-likeness and wave-likeness 

are potential but not intrinsic properties of an electron. They need 

not be realized in every state, and we know that they cannot be 

realized in the same state at the same time. Early quantum theory intro­

duced the particle-wave duality as two mutually exclusive and contradict­

ing models of the electron ("particles" vs. "waves"), the final form of 

pioneer quantum mechanics eliminated it. The electron is neither a parti­

cle nor a wave, it has a nature of its own. Th,en, what is an electron 

really? In pioneer quantum mechanics an eZeatron is an irreduaible pro­

jeative representation of the GaZilei group whose aharaaterizing para-
-31 meters (m.s) are given by m = 9,109 ••. 10 kg and s = ~2. 

This characterization calls for some elaboration. The kinematics 

of a theory is characterized by an abstract kinematiaal group which has 

to be represented as a subgroup of the logical symmetries of the theory. 

Pioneer quantum mechanics is (like Newtonian mechanics) a Galilei-re­

lativistic theory. Its kinematical group is the Galilei group. so 

that we have to represent the Galilei group as a subgroup of the 

group of all logical symmetries. Each unitary operator acting on the 

state space of pioneer quantum mechanics defines a particular logical 

symmetry. Two unitary operators define the same logical symmetry if and 

only if one is a constant multiple of the other. The unitary operator 

associated with a logical symmetry is therefore uniquely determined up to 

multiplications by complex numbers of modulus unity. The set of all uni-
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tary operators of the form cU with a tlxed operator U and arbitrary com­

plex numbers c with modulus unity is called the operator ray IT generated 

by U 

U {cU ICE C , I c I =1 } 

The representation of a group by unitary operator rays is called a ray 

representation (compare e.g. Weyl, 1928). If we rephrase a ray represen­

tation in terms of its generating unitary operators, we speak of a pro­

jective representation. 

A projective representation of a group G into the group U(H)of 

all unitary operators acting on a Hilbert space H is a mapping G+U(H) 
such that 

(i) the neutral element of G is mapped on the identity operator on H, 

(ii) the mapping g+U EU(H) fulfills 
g 

for every g,g' in G, where a(g,g') is a complex number depending 

on g and g' (called a multiplier of G) • 

If a(g,g')=1 for all g,g'EG, one speaks of a vector representation (syn­

onym: ordinary representation). For more details, compare e.g. Mackey, 

1968, 1976. 

The representations of physical interest in pioneer quantum me­

chanics are the projective representations of the Galilei group by uni­

tary operators acting on the Hilbert space of the state vectors. Instead 

of projective representations one can equivalently but more conveniently 

consider the vector representations of the extended Galilei group which. 

is the central extension of the covering group of the Galilei group by 

an Abelian gr9up (compare Bargmann, 1954). The generator by which this 

extension can be made is called the mass operator M, it commutes with all 

other generators of the Galilei group. 

The generators of a projective representation of the kinematical 

group are particularly interesting and are referred to as kinematical 

obse!'vables. The algebra of the kinematical observables of pioneer quan­

tum mechanics is identified with the enveloping algebra of the infinites-
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imal generators of a unitary vector representation of the central exten­

sion of the Galilei group. The generators of the rotation subgroup are 

the angular momenta J x ' J y ' 

formations are the position 

J , the generators of the pure Galilei z 
operators Q , Q , Q , the generators of x y z 

are the momenta P , P , P , and the generator of x y z 

trans-

the 

the space translations 

time translation is the Hamiltonian H. Apart from the mass operator M, 

which generates the central extension of the Galilei group, there is only 

one additional central element in the enveloping algebra, namely 

In an irreducible representation the central elements of the algebra of ki­

nematical observables have a definite value. In an irreducible represen­

tation, the value of the mass operator M is denoted by m, while the val-

ue of 52 is denoted by s(~+1)i m can be any real number, while the pos­

sible values of s are 0,t,1,t,2, •••• (For the representation theory of 

the Galilei group we refer to Bargmann, 1954; Levy-Leblond, 1963; Voisin, 

1965; Brennich, 1970. For a review, compare Levy-Leblond, 1971). 

Intuitively,. the concept of a GaLiLean object requires that it 

preserves its individuality under Galilei transformations. If such an 

object cannot be decomposed into several Galilean objects, it is consid­

ered as an eLementary Galilean object. Accordingly, an eLementary GaZi­

Lean object of pioneer quantum mechanics is defined to be an irreducibLe 

projective unitary representation of the GaLiLei group on some HiLbert 

space. It is characterized by a pair (m,s), mER, 2s+1EN, where the para­
meter m is called the mass and the parameter s the spin of the elemen­

tary object. There exists an antiunitary operator transforming the Gali­

lean object (m,s) into the object (-m,s) so that these two systems are 

logically equivalent (i.e. they cannot be distinguished in isolation) • 

By convention, we call an elementary Galilean object with positive mass 

a GaLiZeon. To every Galileon (m,s) there is a twin system (-m,s), called 

anti-GaLiLeon. In contradistinction to Einsteinian relativity, elementary 

Galilean objects with negative mass seem to play no role in science. The 

case of vanishing mass is somewhat pathological (Inonil and Wigner, 1952) 

but Sen and Zahavi (1972) have shown that the zero-mass reducible repren­

tations of the Galilei group have just the same properties as Landau 
excitations in super fluid helium. 
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The generator j has the meaning of total angular momentum, while 

QXP is the external angular momentum (also called the orbital angular 

momentum). The difference S d~f j-QxP is the internal part of the angular 

momentum, called the spin angular momentum. Historically, the proper in­

corporation of the spin angular momentum into quantum mechanics was 

obtained in the framework of Einsteinian-relativistic quantum theory. 

However, the often repeated statement that the spin is a purely Einstei­

ian-relativistic effect is wrong and very misleading (compare also the 

anthology collected by Levy-Leblond, 1974, appendix A). A spin of a Gali­

leon appears in a natural way from first principles, it is a compelling 

consequence of the isotropy of the 3-dimensional physical space. Levy­

Leblond (1967) has shown that for a Galileon with spin s=~, Pauli's equa­

tion for the electron follows in a natural way so that even the Lande 

factor g=2 of the electron is not an effect of Einsteinian relativity. 

The group consisting of the spatial translations and the pure 

Galilei transformations forms a 6-parameter Abelian subgroup of the Gali­

lei group. The projective irreducible representation of this Abelian 

group is given by a non-Abelian unitary group {U(p), V(q) Ip,qEIR 3 } ful­

filling the commutation relation 

-+ -+ 
-+ -+ ip.q/h -+ -+ 

U(p)V(q) = e V(q)U(p) 

For the first time, this relation was derived by Hermann Weyl (1927) as 

the basic equation of quantum kinematics governed by an Abelian group 

of rotations of the rays associated with the state space. Accordingly, 

the operators U and V are referred to as Weyl operators and the above com­

mutation relation as Weyl's canonical commutation relation. With a very 

weak continuity assumption (in the case of a separable state space, the 

Abelian groups U and V have to be weakly measurable)Stone's (1930, 1932) 

theorem warrants the existence of two (unbounded) self-adjoint operators 
-+ -+ 
Q and P such that 

-+ i -+p. -+Q/h 
U(p) = e . and V(q) 

This representation and Weyl's commutation relation imply the famous 

canonical commutation relations for the operators Q and P, 

Q P - P Q 
\I ]1 ]1 \I 

ihO 
\1]1 

\1,]1 1 ,2,3 
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Accordingly, the origin of the aanoniaaZ aommutation reZations of pioneer 

quantum meahanias is the assumption of a GaZiZean spaae-time. The triad 

(Ql,Q2,QS) is the only triad of mutually commuting operators which are in­

variant under transformations to moving coordinate sy·stems, to which a 

spatial displacement ~ adds the components of ~, and which. transforms as 

a vector under rotations. Because of this, the operator Q=(Ql ,Q:lIQs) is 

called the position operator. 

Technical remark: The generators of a projective unitary representation of a Lie 
group are in general unbounded operators that leads to various cOOlplications. In 
order to avoid these difficulties, it may be convenient to use the general eigen­
function expansion and unitary representation theory of locally compact groups 
in the associated rigged Hilbert space (cOOlpare Gel'fand and Vilenkin, 1961, and 
Maurin, 1966, 1967). In the case of the Galilei group, this amounts to replacing the 
topology induced by the Hilbert space of state vectors by a new topology such that 
the canonical operators P and Q becOOIe continuous operators (cOOlpare Kristensen et 
al., 1965). The corresponding rigged Hilbert space is the famous Gel'fand triple 
S (IRS) c: L2 (IRS) c: S* (Rs), where IRs is the configuration space, L2 (IRS) the state 
space (i.e. the Hilbert space of square integrable functions on IRs), S(JR!) the Schwartz 
space of rapidly decreasing smooth functions, and S*(lRs) the space of tempered 
distributions. All kinematical observables are continuous on S (with respect to the 
topology of S) and essentially self-adjoint (with respect to the Hilbert space L2 ) 

(cOOlpare Nelson and Stinespring, 1959; Nelson, 1959). Since S is a nuclear space, 
the nuclear spectral theorem assures that the dual space S* contains all gener-
alized eigenvectors of the kinematical observables. Every Hermite orthogonal func­
tion (i.e. every eigenvector of p2+Q2) is in S so that the Hermite orthonormal 
functions form a kinematically preferred basis for the state space H=L 2 (1R 3 ). 

The fact that the representations of the Galilei group in pioneer 

quantum mechanics are of nontrivial projective nature has three physical­

ly most interesting consequences: (i) the possibility of a spin angular 

momentum, (ii) the noncommutativity of the operators P and Q, (iii) Barg­

mann's superselection rule. Bargmann (1954) has shown that the way a 

state of a Galileon transforms under the Galilei group depends on its 

mass. Bargmann Is superse Zeation ru Ze says tha.t in pioneer quantum meahan­
ias it is impossibZe to have pure states ~hiah are superpositions of 

states desaribing GaZiZeons of different mass. Bargmann's superselection 

rule ensures the temporal stability of Galileons and guarantees the 

strict aonservation of mass in pioneer quantum mechanics. 

The concept of a partiaZe comes from aZassiaaZ mechanics. In clas­

sical mechanics, a particle is the same as an elementary Galilean object. 

In classical mechanics an elementary Galilean object is a transitive re­

presentation of the Galilei group as a subgrou~ of the symplectic trans­

formations on the phase space. Both in classical and in quantum mechanics 
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elementary Galilean objects are purely theoretical constructs, useful as 

"raw material" in the sense of Lucretius. Both the raw material for 

building classical mechanics and the raw material of pioneer quantum me­

chanics stems from Galilean space-time symmetry but there are differ­

ences: The GaZiZeons of pioneer quantum mechanics are not particZes in 

the sense of Newtonian mechanics. 

Historical remarks: The role of projective representations in quantum mechanics was 
recognized by Hermann Weyl (1885-1955) in 1927. Without referring to the Galilei 
group, he showed that both the canonical commutation relations for the position and 
the momentum operators and the commutation relations for the spin kinematics could 
be extracted from the projective representations of a 2-parameter Abelian group 
(Weyl, 1927, 1928). John von Neumann (1935) stressed that the factors of absolute 
value 1 in unitary projective representations are sometimes trivial, can be trans­
formed away on other occasions, but that there exist groups "6M. wfUc.h neLtheJl .u., 
the c.Me and the extlut teJLm6 play IlYl u!;entiai. !tole". Strangely. this cruCial remark 
was not elaborated until Bargmann's (1954) classical paper (at least implicitly) re­
cognized the importance of the cohomology theory of groups. The meaning of continu­
ity of a unitary projective representation of a topological kinematical group was 
clearly stated in a fundamental paper by Wigner (1939). In the same paper, Wigner 
introduced into Einsteinian relativity the concept of an elementary "particle" as 
an irreducible representation of the Poincare group. This definition is nowadays 
widely accepted in high-energy "particle" physiCS. The work of Bargmann and Wigner 
(1948), Newton and Wigner (1948) and Bargmann (1954) made it clear that in pioneer 
quantum mechanics the proper concept of an elementary object is given by the ab­
stract notion of an equivalence class of irreducible unitary projective representa­
tions of the appropriate space-time symmetry group. 

Interacting GaZiZeons 

The elementary object associated with the n-fold direct product 

of the Galilei group is called a system of n noninteracting Galileons. 

With this, it follows that the state space of n noninteracting Galileons 

is a subspace of the tensor product of the state spaces of the individu­

al Galileons (Dixmier, 1~64, prop.13.1.B). Elementary Galileons do not 

interact directly with each other but interact directly with a field 

that mediates the interaction between particles. In the macroscopic and 

molecular domain the only two mediating fields of importance are the 

electromagnetic field and gravitation. Moreover, physical space and in­

teractions are not independent but in some way expressions for the same 

physical concept. The interactions between elementary objects depend on 

some parameter in such a way that the interaction is small if the para­

meter is large. We usually say that the electromagnetic interaction is 

weak if the spatial distance between two elementary objects is large. 

The theorist should have the courage to define spatial distance as 

an interaction parameter that is large if the interaction energy is 

small. 
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Some speculative remarks: It is not accidental that the only known two interactions 
relevant for molecular and macroscopic phenomena are governed by inverse-square law 
forces. In the language of quantum field theory this implies that these interactions 
are mediated by zero-mass boson fields. In fact, the electromagnetic field can be 
described by bosons having zero rest mass and spin 1 ("photons"), while gravitation 
can be described by bosons having zero rest mass and spin 2 ("gravitons"). The 
long-range character of these interactions (i.e. inverse-square force law) is due 
to the vanishing rest mass (the "nonlocalizability") of the photon. It is tempting 
to speculate that these bosons generate the space structure. The dynamical equations 
for the bosons of the electromagnetic fields are nothing else but the Maxwell equa­
tions. The field vectors of the electromagnetic fields are 3-dimensional vectors 
because photons have spin1. So perhaps we should not say that the electromagnetic 
field is described by 3-dimensional vectors because physical space is 3-dimensional, 
but rather that physical space is three-dimensional since photons have spin 1. Note 
that electromagnetic interactions dominate in our everyday life and that the tensor 
character of the gravitation field (spin 2, corresponding to a 5-dimensional space) 
is unimportant. It is therefore to be expected that we can describe our experiences 
reasonably well in a 3-dimensional framework. 

GaZiZeons in externaZ fieZds 

Neglecting effects of radiation damping, the behavior of a 
->-

particle of mass m, charge e and velocity v in an external electromag-
->- ->-

netic field (E,B) is in classical physics described by the Lorentz force 
->-
F, (in 51-units) 

and Newton's second law. The Hamiltonian H which yields the corresponding 

equation of motion cannot be written simply in terms of the field 

strength vectors E and B but one is forced to introduce the vector 

potential A and the scalar potential ~, 

H 
1 ->- ->- 2 

2m (P - eA) + e~ 

From these potentials the electromagnetic field can be calculated, 

->-
B 

->­
curl A 

->-
E - grad ~ - aA/at 

but not conversely. The Lorentz force and the electromagnetic field are 

invariant under a gauge transformation of the potentials 

->- ->-
A -+- A + grad It 
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where A:R4~R is an arbitrary single-valued smooth real function of space­

time. The Lorentz force and the electromagnetic field are observable 

quantities. The potentials are not measurable, the gauge transformations 

represent a symmetry of electrodynamics taking into account the redundance 

of the potential. It is tempting but wrong to believe that the gauge in­

variance of electrodynamics has no genuine physical meaning but only en­

sures that the arbitrariness in the choice of the potentials does not 

affect the field strength vectors. The fact that the interaction Hamil­

tonian between matter and the electromagnetic field depends in an essen­

tial way on the gauge-dependent potentials is of decisive importance: it 

implies that not all aspects of our description of matter are gauge in­

variant. Those aspects of our description which are not invariant under 

gauge transformations are not observabLe. As stressed by Wigner (1964a), 

gauge groups refer to internaL symmetries, they are very different from 

the external geometrical symmetries, they do not correlate events but 

they characterize interactions. 

Traditionally, this situation is carried over into pioneer quan­

tum mechanics by defining the time-dependent Schrodinger equation for a 

Galileon of mass m, charge e and spin zero as 

1 ~ ~ 2 
{2m(P - eA) + e~}~ 

The result can be summarized by the following simple rule: The influence 

of an externaL eLectromagnetic fieLd on a GaLileon of charge e can be ex­
pressed by the substitution 

~ ~ ~ 

P-P-eA 

alat - alat + i(e/h)~ 

In the Schrodinger representation P=(h/i)alaq, the substitution can be 

written more elegantly as 

aJ.l - a}l - iCe/h)AV 

where we have introduced a 
}l 

alax , and the four-vectors x and A by 
}l II II 

~ 

(q,ict) 

(A,H/c) 
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The Schr5dinger equation of a Galileon in an external field is 

invariant under the simultaneous substitutions 

\II i(e/h)A\II 
y - e y , 

where A is an arbitrary smooth real function of space-time, A:~4+~. The 

group of all such substitutions is referred to as the gauge group. The 

invariance of the fundamental laws of pioneer quantum mechanics is called 

gauge invarianae. The principle of gauge invariance indicates a depen­

dence between the laws of matter and electromagnetism. The conservation 

of electricity is a double consequence of gauge invariance, ".{;t 60110W6 6Mm 
the iaw6 06 matielt M well M e1~IJ" (Weyl, 1929a). This fact suggests 

that there should be a deeper reason for the most successful recipe 

a~+a~-i(e/h)A~ of pioneer quantum mechanics. 

The eLeatromagnetia interaation is a aonsequenae of the prinaipLe of 

LoaaL invarianae 

The existence of electromagnetic interactions is related to in­

variance principles. Every time-dependent Schr5dinger equation 

ih a'¥/Ilt H'¥ 

is invariant under phase transformations 

where ~ is a real constant. Such a transformation is called a gLobaL 

phase transformation and defines a one-parameter Abelian Lie group, 

called the group U(1). The invariance under the global phase group U(1) 

implies by Noether's theorem the existence of a conserved quantity, 

called the aharge (for molecular matter it turns out that it is the 

electric charge but for nuclear matter it cQuld also be baryonic charge). 

Hence, the invarianae of pioneer quantum meahanias under gLobaZ phase 

transformations impLies the gLobaZ aonservation Of the totaL aharge. This 

result is highly interesting but insufficient on physical grounds, since 

it would allow a situation in which the charge disappears in one place 

and appears' simul taneo\1.sly in some other place such that the total charge 

does not change. A tenet due to Albert Einstein says that such a thing is 
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impossible but that the following principte of tocat invariance holds: 

"in anytlU.ng ,.fA c.on1>eJtved, .a mUl.>t be c.on1>eJtved ioc.aUy" (Feynman, 1965, p.63). 

The requirement that charge is conserved locally requires that 

we can fix the phase of the state vector locally, without any reference 

to far-away distances. In the Schrodinger representation of a single 

Galileon, the charge density p is given by 

where ~t is the state vector at time t. This charge density is invariant 

under the tocat phase transformation 

where ~:R4+R is now a function of space-time. The principle of the lo­

cality of all conservation laws suggests to adopt local phase transfor­

mations as symmetries of the theory. The requirement of tocat phase in­

variance is much stronger than the invariance under the global phase 

group U(1). 

Every symmetry principle says that some quantity is not observ­

able. The invariance under the global phase group U(1) implies that the 

overall phase factor of the state vector ist not measurable, it can be 

chosen arbitrarily but it must be chosen the same over the entire uni-

verse and for all time. Local phase invariance would mean that phase 

differences are not observable for state functions at different points 

in space-time and allow us to fix the phase of the state vector locally. 

Since every experiment is confined to finite space-time regions, local 

phase invariance is not only desirable but almost inevitable. But is it 

possible? At first sight we seem to be in trouble since the Hamiltonian of 

a Galileon is not invariant under local phase transformations. It turns 

out that local phase invariance is possible provided we introduce a new 

compensating fieZd whose only duty is to restore the invariance under 

local phase transformations. For Galileons, this compensating field is 

just the well-known electromagnetic field. 

There is a standard way of restoring invariance under local trans­

formations. As discussed in differential geometry, one has to replace 
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the ordinary derivative ap by a covapiant depivative Dp which is a first­

order differential operator transforming like the state function ~ itself, 

D. ~(x) 
P 

The covariant derivative 0 
p 

where the affine connection 

A 
II 

is 

D 
p 

A 
]:I 

-

x€lR~ • 

given by 

a iAA 
p p 

transforms as 

1 
All + -a <p A II 

and A is some real nonvanishing constant. In our physical context, the 

function All:IR~+1R is called the gauge field, and the real number A the 

coupling constant. The fields All are not gauge invariant but the fields 

Fpv defined by 

F lI " = a A - a A ,.v v p p v 

are. The simplest gauge invariant free Lagrangian for the gauge is the 

usual Lagrangian -!F F for the free electromagnetic field FlI ". ~ llV llV ,.v 

The raison d'@tre for the electromagnetic field is the local 

phase invariance of quantum matter. The realm of electromagnetism is 

space-time since the interactions between Galileans are determined by 

local phase invariance. More precisely, electromagnetism is the conse­

quence of pioneer quantum mechanics and the following two additional 

postulates: 

(i) The locality postulate, saying that the local phase of the state 

vector in the Schr6dinger representation is not observable, so that 

the transformation 

with a differentiable real function A:IR~+IR is a symmetry causing 

only a permutation of actually observable quantities. 
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(ii) The minimaZ aoupZing postuZate. The requirement of invariance under 

local phase transformations necessitates the existence of a com­

pensating field. The principle of minimal electromagnetic inter­

action asserts that we have to include in the interaction Hamil­

tonian onZy those terms required by local phase invariance. 

These two postulates imply that the derivative a has to be replaced by 
IJ 

the covariant derivation D , determining completely the form of the in-
IJ 

teraction Hamiltonian. The gauge symmetry principle determines all prop-

erties of the electromagnetic field (including Maxwell's equation and 

the fact that the mass of the photon is zero) and its interaction with 

matter. 

Historical remarks: The gauge group was introduced by Hermann Weyl (1918) in an in­
genious but abortive attempt to unify the theories of gravitation and electricity, 
based on the idea that lengths of measuring rods and times of clocks depend on 
their history (compare also Weyl, 1923, §§ 40,41). After the advent of quantum me­
chanics, both London (1927) and Weyl (1928, 1929 a-c) recognized that the gauge 
group does not tie together electricity and gravitation but rather electricity and 
matter. weyl also pointed out that global gauge invariance is analogous to Ein­
steinian special relativity while local gauge invariance is analogous to Einsteinian 
general relativity. 

Local non-Abelian gauge transformations where first introduced by Yang and Mills 
(1954) in order to express the nonobservability of isospin phase differences at 
different space-time points, aiming at the theory' of s'trong interactions. Nowadays, 
the term "Yang-Mills field" is used to denote any generalized gauge field accom­
panying a local conservation law. A general approach to a theory of compensating 
fields was given by Utiyama (1956), who also showed that the Yang-Mills field as­
sociated with the extension of the Lorentz group from global to local symmetry is 
the gravitational field. General relativity is associated with the Poincare group 
(Kibble, 1961), whereby the vierbein components act as compensating gauge fields. 
This result is in accordance with the view of Pock (1959) who stressed that the in­
variance group of Einsteinian general relativity should not be interpreted as a 
geometrical symmetry. 

The principle of local invariance leads to the appearance of compensating fields. 
The electromagnetic field is the compensating field of local phase transformations, 
the gravitational field is the compensating field of local Lorentz transformations. 
Such compensating fields cannot be scalars but are vector or tensor fields whose 
associated rest mass vanishes. Nowadays, it is widely believed (Bernstein, 1974; Wein­
berg, 1974) that the strong, weak and electromagnetic interactions can be described 
by gauge theories which combine gauge invariance with spontaneous symmetry breaking, 
so that the gauge vector bosons acquire a mass, as first suggested iJy Schwinger 
(1962). The phenomenon that the symmetry breaking of a gauge theory does allow the 
existence of non-zero~ass bosons is well illustrated in the case of superconductivi­
ty (Anderson, 1963). The theory of superconductivity is an Abelian gauge theory 
whose gauge symmetry is broken in the transition to the superconducting phase. The 
theorem of Goldstone (which would predict the emergence of a massless boson) does 
not apply to gauge fields, instead the photon acquires mass (this new boson is 
called plasmon) as manifested by the experimental fact that a magnetic field can 
penetrate only a short distance into a type I-superconductor (Meissner effect). 
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The minimal coupling rule a ->D also allows us to derive the cor-
p )1 

rect Hamiltonian for a Galileon with spin (cf. Levy-Leblond, 1967; Celeghi-

ni et al., 1976). In the case of a Galileon of mass m, charge e and spin 

s=t, one gets the well-known Pauli Hamiltonian (again in SI-units) by 

the substitution P->P-eA, 1lIilt->1l/ilt+i(e/h)~ in the free Hamiltonian 

(~P) (~P) 12m: 

where B=curlA, and ~=(hI2)S is the Pauli spin operator. 

-> 
For a free Galileon, one interprets Q as the observable of posi-

tion, P as the observable of momentum, and j as the observable of angu­

lar momentum. In the presence of an external field the Galilei symmetry 

is broken, neither P nor j is conserved, P does not equal m~ and j does 

not equal Qxp+s, so that the physical interpretation of P and j is not 

plain if there are external fields. However, whether external fields are 

present or not, the observable Q has the interpretation of a position. 
-> 

Even if the Galilei symmetry is broken, the observable Q of position is 

characterized by the usual transformation behavior under a pure Ga1ilei 
-> transformation with the velocity parameter v: 

-> -> 
Q -> Q 

-+ def 7: -+-> 
Q = i[H,u]_ -+ Q + v 

This principle of restricted Galilean invariance (Jauch, 1964a) is the 

trace left by breaking the full Galilean invariance with external fields. 

This remarkable behavior is due to the locality of the coupling. 

Interaction Hamiltonians 

Since matter is the source of electromagnetism, the interaction 

between Galileons can be evaluated by Maxwell's equations. Quite gener­

ally, the four-current operator J asscociated with a system possessing 
)1 

the Hamiltonian H in an external field A)1 is given by 
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J (x) 
II 

-oH/oA (x) 
p 
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According to Maxwell's equations, the four-current J generates the four­
p 

tensor FllV=opAv-OVAll of the electromagnetic field acting on the other 

Galileons, 

where in SI-units K=1/coc 2 • In this way the full interaction Hamiltonian 

(with all spin-orbit and spin-spin terms) can be obtained. 

References: A good discussion of the form of the molecular Hamiltonian of inter­
acting Galileons can be found in Moss (1973). Compare also Hirschfelder et al. 
(1954), Bethe and Salpeter (1957), and Slater (1960). Sometimes it is 
necessary to include Einsteinian-relativistic corrections 1 the most reliable 
method is to derive these terms fran quantum electrodynamics as an approximation 
where the velocities of the Galileons are sufficiently small compared to the ve­
locity of light. A good review of the results of these methods has been given by 
Itoh (1965); compare also Brodsky and Primack (1968), and Primack and Brodsky 
(1969). 

The dynamics of pioneer quantum mechanics 

The time evolution of a closed system is given by a strongly 

continuous one-parameter group {UtltE~} of unitary operators Ut acting 

on the Hilbert space H of state vectors. In the Schr6dinger picture, the 

time development of a state vector is given by 

where ~ is the state vector of the initial state at t=O. According to 

Stone's theorem, every dynamical group {UtltE~} is of the form 

-iHt e 

where H is a unique (in general unbounded) self-adjoint operator on H. 
In quantum mechanics, the generator H is called the Hamiltonian of the 

system. Conversely, every self-adjoint operator acting on the state space 

H generates some dynamical group t~Ut' 

In order that a Hamiltonian can serve as a generator of the 

dynamics, it has to be self-adjoint. The question of the self-adjointness 

of the n-dimensional Schr6dinger operator has a long history. First of 

all, it is not obvious that the formal differential operator 
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n n 
H L L ajk{-id/dqj-Aj(q)}{-id/dqk-Ak(q)} + ~(q) 

j=1 k=1 

where qERn , ~ and A. are real-valued functions on Rn, and (a. k ) is a 
J J 

positive definite real symmetric matrix, defines an operator on the 

Hilbert space L2 (Rn ,dq). However, H is a well-defined operator on the 

set C~(Rn) of all infinitely differentiable functions vanishing outside 

some bounded region, and is called the minimal operator H .• If the A. mln J 
are continuously differentiable and if ~ is locally square integrable, 

the minimal operator Hmin is a symmetric operator, hence has a smallest 

closed extension, called the closure of Hmin . If the closure of Hmin is 

self-adjoint, then Hmin is called essentially self-adjoint. In this case, 

the formal operator H defines a unique self-adjoint extension on the Hil­

bert space L2 (Rn ,dq), which we denote again by H. Note that a molecular 

Hamiltonian never is a differential operator (in the strict classical 

sense) but rather the self-adjoint extension of a differential operator. 

Accordingly, the proper mathematical question is whether the 

formal differential operator H is essentially self-adjoint. The essential 

self-adjointness of the many-body Schrodinger Hamiltonian for the usual 

forces (e.g. the Coulomb force) remained an open problem for over twenty 

years. The first important result was obtained by Kato (1951) who showed 

that in the case of vanishing magnetic fields (A.=O) it suffices to as-
J 

surne that each potential is the sum of a function in L2 and a bounded 

function. Lat.er Kato (1957) showed that the eigenfunctions of a molecular 

Hamiltonian are infinitely differentiable and satisfy the elliptic par­

tial differential equation H~=E~ in the classical sense at each non­

singular point of the potential ~. These results were generalized by 

Ikebe and Kato (1962) to the case of nonvanishing magnetic fields. The 

question of the essential self-adjointness of Schrodinger operators with 

more singular potentials aroused considerable interest among mathemati­

cians and there is an extensive literature. These investigations were 

brought to a certain close by a definitive treatment again by Kato (1972, 

1974) . 

References: A detailed treatment of the self-adjointness that covers most cases of 
interest to quantum mechanics can be found in the texts by Kato (1966) by Reed and 
Simon (1975), and rather comprehensively in Weidmann (1976). 
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Modes of reactions: the stochastic time evoLution 

In pioneer quantum mechanics, observa.bles refer to dispositionaL 

properties. that is to "1..rtduc.e.d .6:toc.ha1,.:Uc butYL6ilioYL6 nJtom anI!. .6.tate. :to Ilnothe.Jt 

anI!." (Strauss, 1970). In this framework the stochastic time evolution is 

neither given by the unitary time evolution group nor explained in any 

other sense (attempts to do so go beyond the limits of pioneer quantum 

mechanics and are referred to as "theories of measurements"). Pioneer 

quantum mechanics does not explain why a particular transition occurs but 

gives the probabiLities of transitions that are induced by the interac­

tion with macroscopic classical systems. 

It has proven to be convenient (but conceptually rather question­

able) to discuss a class of stochastic state changes that behave in an 

experimentally unrealistic but mathematically simple way: the so-called 

ideaL measurements (or, in Pauli's (1933) terminology: measurements of 

the first kind). Ideal measurements fulfill von Neumann's (1932) repeat­

abiLity assumption: 

After an ideaL measurement of a physicaL quantity. an immediateLy sub­

sequent measurement is constrained to give a resuZt which agrees with 

the first. 

An ideal measurement is a procedure for obtaining a value of an observ­

able that 

(i) changes the state of the system such that 

(ii) the final state is in some eigenspace of this observable 

(iii) hence brings into existence the quantity measured. 

There are no logical difficulties with this concept but it is important 

to acknowledge that all actual laboratory experiments (including the 

Stern-Gerlach experiment referred to by von Neumann) are not ideal mea­

surements but tremendously more complicated operations. Moreover, the 

terminology is certainly not a fortunate one since a cLassicaL measure­

ment is a procedure that 

(i) can be performed without a significant change of the state, 

(ii) only determines what is already the case. 

Hence, a measurement in the classical sense is very different from the 

state changes called "ideal measurements". 

From the definition of an ideal measurement, it folLcrws that 
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for observables with a nondegenerate discrete spectrum the measured 

values are eigenvalues of the observable, and that the state immediately 

after the measurement is represented by the eigenspace corresponding to 

the eigenvalue obtained. If this eigenspace is more than one-dimensional, 

the repeatability assumption does not fully specify the measurement. 

With an additional assumption of minimaZ interference, von Neumann's 

(1932) projection postulate can be phrased in the following sharpened 

form (Lliders, 1951): 

Let E({~}) be the projector onto the eigenspace of an observabZe A 

corresponding to the eigenvaZue ~. If the state before the ideaZ mea­

surement of A is given by the vector ~, then after measuring A with 

outcome ~ the state is given by E({~})~. 

ProbabiZistic interpretation of pioneer quantum mechanics 

An ideal measurement of an observable A with nondegenerate 

discrete spectrum leads to a particular eigenstate of A but even at the 

most fundamental level it is not determined which eigenstate will be re­

alized. Born's probabilistic interpretation and the projection postulate 

give the transition probabiZity for the state change ~+E({A})~ as 

This result can be generalized to arbitrary self-adjoint observables A. 

Let the spectral resolution of A be given by 

A J AE (dA) 

A 

where A is the spectrum of A whose Boolean <i-algebra of Borel sets will 

be denoted by r. The spectral measure E is a projection-valued set func­

tion on r having the properties: 

(i) E is projection-valued, i.e. 

E(B) = E(B)2 = E(B)* for each BEr , 

(ii) E is nonnegative definite, i.e. 

E(B) ~ 0 for each BEr , 

(iii) E is additive, i.e. 

if BlnB 2 = ¢, then E(B1UB2) 

(iv) E is multiplicative, i.e. 

E(BlnB2) = E(B!lE(B2) 
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(v) E is continuous, i.e. 

supE (B ) = E (B) whenever {B } is an increasing sequence of sets n n 
in L whose union B is also in L. 

The probabilistic interpretation of pioneer quantum mechanics can be 

phrased as follows: 

Let A be an obsepvabLe ~ith speatpUffl A, the a-aLgebpa L of BopeL sets 

of A, and speatpaL measupe E. The ppobabiLity that an ideaL measupe­

ment of A gives a vaLue Lying in the BopeL set B is given by the ppob-

b · 1 • + a ~v~ty measupe ~:L+~ , 

~hepe W is the nopmaLized state veatop befope the measupement. 

This result implies that Kolmogorov's (1933) theory of probability is 

an inbuilt feature of pioneer quantum mechanics. Kolmogorov's mathemat­

ical probability theory rests on a triple, consisting of a sample spa.ce A, 

a Boolean a-algebra L of subsets of A, and a probability measure ~:L+~+. 
Conditioned by an ideal measurement, the observable A (and every Borel 

function of A) can be considered as a pandom vapiabLe on the probability 

space (A,L,~). The expeatation vaLue E(A) of this random variable is 

given by 

E(A) J >-]J(d>-) 

A 

where, of course, ¥ refers to the state vector Unmedtately before the 

measurement. Note that a family of observables can be regarded as a 

family of random variables on one and the same probability space if 

and only if they commute (for a rigorous proof, compare e.g. Nelson, 

1967, p.ll7). 

The aonaept of a statistiaaL state in pioneep quantum meahanics 

The outcome of ideal measurements with the same initial cori"" 

ditions exhibits variations from experiment to experiment which no amount 

of control can remove. Statistical probability theory di.scusses such 

stochastic experiments that can be repeated many times under well-con­

trolled conditions and whose outcomes stabilize as the number of ex­

periments is increased. These nonrandom regularities are called s·tatis-
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tical properties. The limit theorems of mathematical probability theory 

show that the relative frequency of the occurrence of events under large­

scale repetitions is given by the mathematical concept of probability. 

Statistical probability theory is an ensemble theory, all statistical 

properties are to be obtained by averaging over an ensemble of a large 

number of identically prepared systems. 

Let us consider an ensemble of quantum systems in Gibbs' sense, 

i. e. "a tcvr.ge. numbeJt 06 hljpotheticai. -b1j-btem6 which Me. intltoduce.d to de.-bCJUbe. one. 

aetuai. -blj-btem 06 which OUlt fmowte.dge. ~ onllj 06 a l.>~ticai. vza.tUJte." (Dirac, 1929b). 

The state that characterizes an ensemble is called a statistical state. 

Note that a statistical state is a property of the virtual ensemble as 

a whole, it does not refer to an individual actual system. A statistical 

state may be thought to reflect the past history of the system. The 

notion of a statistical state is used to make predictions about the fu­

ture behavior of the system. From experience, we know that we do not 

need the full past history in order to make optimal predictions, so that 

a statistical state should be defined in terms of the future behavior of 

the system (Husimi, 1937). Different experimental procedures which lead 

to the same future behavior are equivalent and define the same statisti­

cal state. Imitating the state definition Nerode (1958) has intro-

duced into automata theory (and which is fundamental in mathematical 

system theory) we adopt the following conceptual definition of a statis­

tical state: 

A statistical state is the equivalence class of all histories of a 

system that give rise to the same predictions for all conceivable 
future experiments on the system. 

From an operational point of view "histories" may be replaced by "pre­

paration methods". 

In order to define a statistical state mathematically, we con­

sider families of individual systems prepared in identical fashions so 

that a statistical state can be regarded as the result of a reproducible 

experimental preparation procedure. The most commonly discussed state 

preparation schemes are so-called "ideal measurements". Consider a homo­

geneous ensemble with all its members in the same state described 

by the state vector ~. Let A be an observable with a discrete spectrum, 

and let {an} be a complete orthonormal set of eigenvectors of A, 
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(a I a > n m 

so that the state vector ~ can be expanded as 

IS 
run 
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An ideal measurement of the observable A leads with probability 

Pn=l(anl~>12 to the eigenvalue an as the value measured and to the eigen­

vector an as final state. While every individual member of the ensemble 

is in some particular eigenstate lan>(anl, the virtual ensemble contains 

this state with the relative frequency Pn' so that the statistical state 

of the ensemble after the measurement is given by the mixture 

The operator D is a nonnegative-definite self-adjoint operator fulfil­

ling the normalization condition tr(D)=LnPn=1; it is called the statis­

tical operator of the ensemble after the measurement. A statistical 

operator characterizes the corresponding ensemble but it can also be 

used for the description of an individual member of which our knowledge 

is only partial and of a statistical nature. 

More generally, a statistical operator (synonym: density opera­

tor) is defined as a normalized, self-adjoint, nonnegative-definite 

nuclear operator D acting on the separable Hilbert space H of state vec­

tors, 

D D* <!: 0, tr(D) 1 • 

Remark: D<!:O means (~ID~)<!:O for all ~EH. An operator T is called nuclear (synonym: 
an operator of the trace class) if 1. t is canpact and has a finite trace norm IIT[b. 
The trace norm of a canpact operator is defined by IITIIl=LnAfi, where An are the ei­
genvalues of ~. An operator T is nuclear if and only if there is at least one 
orthonormal basis {lPn} of H such that LnllTlPnll<co. 

Every statistical operator has a purely discrete spectrum consisting of 

nonnegative eigenvalues Pn' so that its spectral resolution can be 

written as 

D L PnPn 
n 
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with projections P 
n 

P 2 
n P * and n 
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A statistical operator D fulfills the inequality D2SD, where the equal­

ity sign holds if and only if D is of rank one, i.e. AJ=1 and A.=O for 
J 

j~1. A statistical operator D contains the same information as an in-

dividual state if and only if D is idempotent, D=D 2, so that D is a 

projection operator, projecting on the one-dimensional subspace con.,.. 

taining the state vector. In this case the ensemble is homogeneous 

(i.e. all its members are in the same individual state), and we speak 

of a pure statistica~ state. A statistical state which is not pure is 

said to be mixed. According to the spectral theorem, every mixed state 

is a convex tinear combination of pure states. In contrast to the set 

of all individual states, the set of all statistical states is a con­

vex set. That is, i·f DJ and D2 are two different statistical operators, 

then every convex linear combination D=cDl+(1-c)D2, O<c<1, is again a 

statistical operator. A statistical operator D which cannot be decom­

posed in this way is called a pure statistical operator. A pure state 

is an extremal point of the convex set of all statistical states. 

Mixed states do not provide complete information about the 

individual states of the constituting elements of a Gibbsian ensem­

ble. Moreover, ensembles that are created by mixing different collec­

tions of pure states may have the same statistical operator. That is, 

a statistical operator cannot distinguish between ensembles that are 

objectively different but nevertheless give rise to the same expecta­

tion values. The know~edge of a mixed statistica~ operator does not 

imp~y the knowZedge of the kind of ensembZe to which it refers. There 

exist infinitely many different ensembles having the same mixed statis­

tical operator, so that a consistent statistical interpretation of sta­

tistical operators is possible only if we go back to the interpretation 

by individual states. The often used statistical interpretation of the 

statistical operator via its spectral decomposition is just one of many 

possible versions. There is no reason for requiring the mutual orthog­

onality of the individual states of the constituting subsytems of an 

ensemble. Clearly, it is possible to prepare a Gibbsian ensemble by 

mixing kinematically identical systems that are in arbitrary (i.e. non-
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orthogonal) individual states. This situation is characteristic for quan­

tal systems and due to the fact that the cone of all unnormalized statis­

tical states is not a simplex. In fact, a system is classical if and only 

if every mixed state has a unique decomposition into pure states (Neu-

mann, 1974). 

The duality of statistical states and observables 

Conceptually, statistical states are directly related to statis­

tical ensemble expectation values. For every bounded observable A the 

statistical expectation value ptA) with respect to an ensemble charac­

terized by the statistical operator D is defined by 

p (A) tr (DA) • 

A linear functional p on the algebra B(H) of all bounded operators acting 

on the Hilbert space H induces a cr-additive measure ~A for every spectral 

resolution EA, 

~A(B) = p{E(B)} for every Borel set B, 

if and only if p is generated by some density operator D, 

p(A) tr(DA) for every AEB(H) • 

In pioneer quantum mechanics the set of all unnormalized statistical 

states is taken as the positive cone of the Banach space B1 (H) of all 

nuclear operators on some complex separable Hilbert space. The norm of 

the Banach space B 1 is taken to be the trace norm 11·111. The totality of 

continuous linear functionals on Bl is a Banach space under the induced 

supremum norm, and is called the dual B~ of B1 • It is well-known that the 

dual of Bl (H) equals the algebra B(H) of all bounded operators acting on 

H, 

B}(H)* B(H) 

where the norm induced on B(H) equals the operator norm 11·11 (compare e.g. 

Schatten, 1960, p.47). In pioneer quantum mechanics an observable is re­

presented by a (bounded or unbounded) self-adjoint operator acting on the 

separable Hilbert space H of the state vectors. Conversely, it is assumed 
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that every self-adjoint operator in B(H) represents an observable. With 

this, pioneer quantum mechanics contains the following duality between 

statistical states and observables: 

The set of all unnormalized statistical states is given by the posi­

tive cone of the Banach space Bl (H) of nuclear operators on a separa­

ble complex Hilbert space. The algebra of observables is the algebra 

B(H) of all bounded operators, which equals the dual Bl (H) of the sta­

tistical state space Bl (H) . 

Warning: Mathematicians call an element p of the dual B* of the algebra B a state 
if it is positive (i.eo if A~O implies p(A)~O) and has norm 1 (so that p(1)=1.) Clear~ 
ly, the statistical states of pioneer quantum mechanics are normalized positive ele­
ments of B* but the converse is not true. The statistical states are precisely the 
so-called normal normalized positive elements of B*. A positive linear functional 
pEB* is said to be normal if it is completely additive, i.e. if p(LaPa)=LaP(Pa) for 
every family {Pal of mutually orthogonal projectors in B. This property is important 
for the probabilistic interpretation of linear functionals on the algebra B of ob­
servables since pEB* induces a a-additive probability measure for every spectral 
resolution with values in B if and only if the state p is normal. The set of normal 
linear functionals on B is called the predual B* of B since the dual of B* equals 
B. SO we have 

Moreover, B*=B* if and only if the Hilbert space H is finite-dimensional. 

The algebra B(H) is irreducible, that is, the only operators that 

commute with every operator in B(H)are the multiples of the identity ope­

rator. This property characterizes the algebra of observables of pioneer 

quantum mechanics, and is referred to as von Neumann's (1932) irreducibil­

ity postulate of pioneer quantum mechanics. 

Remark: In the case of compound systems, the principle of indistinguishability of 
identical particles requires a modification of the formulation of the irreducibility 
postulate of pioneer quantum mechanics. Consider a system of n identical Galileons 
of spin s. If HI is the Hilbert space associated with a single Galileon, then not 
every normalized vector in Hn=H 1®H 1® •• ®H 1 (n times) is a state vector. In agreement 
with the known experimental material, pioneer quantum mechanics restricts the state 
space associated with n identical Galileons with half-integer spin to the antisym­
metric tensor product HAcHn (containing all anti symmetric vectors of Hn ), and in 
the case of n Galileons ~i th integer spin to the symmetric tensor product H ~ c: Hn 
(containing all symmetric vectors of Hn ). Von Neumann's irreducibility postulate then 

means that the algebra of observables equals B ~ = B (H ~) and B ~ = B (H ~ ), respective­
ly. With respect to Hn and B (Hn ), the algebras B ~ and B ~ are reducible, and there 
are nontrivial operators in B (Hn) which commute with all operators of B ~ and B ~ , 
so that we may speak of superselection rules due to the indistinguishability of 
Galileons. 

The duality between statistical states and observables implies 
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that states and observables of pioneer quantum mechanics transform con­

tragrediently under time evolution so that the Schrodinger picture is 

equivalent to the Heisenberg picture. In the Schrodinger picture observ­

ables are fixed while the states vary with time. For a closed system, 

the time evolution of a statistical operator DEB j (H) is given by 

or as differential equation by 

D o D 

where {UtltER} is the unitary time-evolution group, with ut=exp(-itH/h). 

The statistical expectation value (A)t of an observable AEB(H) at time t 

is given by 

The unitarity of Ut and the cyclicity of the trace imply that this rela­

tion can be written as 

with 

E B (H) 

so that the statistical operator is fixed while the observables vary with 

time. 
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3.4 THE COPENHAGEN INTERPRETATION OF PIONEER QUANTUM MECHANICS 

The basic ideas of the Copenhagen interpretation 

The first physical interpretation of quantum mechanics is due to 

Heisenberg (1927) and Bohr (1928). These two papers, both written in Co­

penhagen, were rather vague and programmatic. Th.e interpretation of quan­

tum mechanics subsequently worked out on this basis by Bohr and his co­

workers is often called the Copenhagen interpretation. This terminology is 

customary but unfortunate. There is no uniform opinion of what the Copen­

hagen interpretation should be. For example, Heisenberg's (1958) book 

"Physics and Philosophy" is often regarded as an authoritative presentation 

of the Copenhagen point of view. However, Leon Rosenfeld (1960) - one of the 

closest coworkers of Niels Bohr - has claimed -that " ..• ceJLta,[nllj no.t one. 06 .the. 
phlj,f,-<-Ut,t6 now WOIL!Ung -<-n Cope.nhage.n would ,f,ub,f,CJUbe. .to .the. ge.ne.ILai philMopfU.cai o.;Ui.­

.tude. undeJl1.lj-<-ng .t~ account". Not only did Bohr and Heisenberg defend rather 

different views in their first papers but these interpretations them­

selves went through essential alterations and developments in the course 

of time. The famous article by Einstein, Podolsky and R.osen (1935) and 

the critique by Fock (1951, 1957, 1958) led to a significant change of 

the viewpoint of Bohr (1935, 1958) (compare also Feyerabend, 1962; and 

Witmer, 1967), and Heisenberg's philosophical opinions changed (compare 

Heelan, 1965) as well. 

Additional references: fundamental are the papers by Bohr (1928, 1935, 1936, 1948, 
1949,1958), Heisenberg (1927,1930,1955, 1956b, 1958), Pauli (1933,1948, 1950, 
1954a, 1955, 1957, 1958), Rosenfeld (1953, 1957, 1961), Fock (1951, 1957, 1958, 
1965, 1969). For the history of the Copenhagen view compare the two books by Jammer 
(1966, 1974). An elaboration of the Copenhagen interpretation from a pragmatic S­

matrix viewpoint is given by Stapp (1971). Stapp (1972) attempted to capture the 
essence of the Copenhagen view and added some approving letters by Heisenberg and 
Rosenfeld. 

In the following we shall not consider the early versions of the 

Copenhagen view but rather discuss the result of the long-lasting crit­

ical revision ,and development of Bohr's ideas. It should be noted that 

expressions like "uncontrollable interaction", "duality of waves and 

corpuscles" which apparently seemed to be so important in the older lit­

erature, no longer occur in Bohr's papers, and that unnecessarily sub­

jective phrases have been eliminated. Similarly, Heisenberg's uncertainty 

relations are no longer at the heart of the interpretation but are simple 

consequences of the basic mathematical formalism. 
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Bohr's own writings are remarkably careful but highly implicit, 

elusive and subtle; the clearest presentation of his view is his last 

paper (Bohr, 1958). We consider this paper together with the profound 

eludications by Pauli (1954a, 1957, 1958), Fock (1957, 1965) and Heisen­

berg (1958) as representative of the final Copenhagen view and compress 

some of the essential ideas into the following theses: 

1. Quantum mechanics refers to individual objects. 

2. The probabilities of quantum mechanics are primary. 

3. The placement of the cut between observed object and the means 

of observation is left to the choice of the experimenter. 

4. The observational means are to be described in classical 

terms. 

5. The act of observation is irreversible and creates a document. 

6. The quantum jump is a transition from the potentially possible 

to the actual. 

7. Complementary properties cannot be revealed simultaneously. 

8. Pure quantum states are objective but not real. 

In the following, a short exposition of these main points is given. 

First thesis: Quantum mechanics refers to individua~ objects 

All varieties of the Copenhagen view assume that the state vec­

tor refers to an individual system and not to an ensemble of similarly 

prepared systems. According to the Copenhagen view, the probabilities of 

quantum mechanics are theoretical object probabilities, that is, poten­

tia~ probabilities (Fock, 1957). 

Second thesis: The probabilities of quantum mechanics are primary 

It is impossible to predict an individual quantal event. If the 

state of a system is known, we can in general make only probabilistic 

predictions about the outcome of future observations. Individual quantal 

events are not causally related. "PJtObabi1.J.;ty if, :to be Jtega/lded M an U,6erzt,ia£. 

element 06 :the dUCJUp:Uon and no:t M an buuca:Uon 06 :the Mtcompie:tenu.o 06 OWL Imowt­

edge" (Fock, 1969). Because the quantum probabilities are a basic trait 

of the world, they are called primary (Pauli, 1954a). Primary proba­

bilities are not reducib~e to deterministic laws of nature and they have 

no bearings on the knowledge or ignorance of the observer. 

At the fifth Solvay meeting in 1927, Dirac proposed to speak of 
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a choice on the part of nature: "Le cho.<.x, une 60,u, 6ail, ut iJutevocabie et 

a66ectVta tout i' etat 6u:tu!1. du monde. La vaiewt de n cho,u,.<.e palL .ta na..tuJr.e peut e:tILe 

detVlm'<'nee palL i' expeJUence et iu Jte~u£;tatt, de toute expeJUence Mnt du nombJtu de­

cJUvant de palLeil.6 cho.<.x de.ta natUfte." (Solvay, 1928, p.262). However, this 

terminology was rejected by Heisenberg (ib., p.264) and by Bohr (1949, 

p.223) by the argument that there was no sense in talking about nature 

making a choice. 

Primary probabilities refer to potential possibilities 

(Fock, 1965); thus, a series of experiments leads to a statistics with 

a well defined probability distribution. According to the Copenhagen 

view, quantum mechanics allows for the maximal complete description of 

individual systems; all information about an individual system can be 

deduced from its state vector. There does not exist a still more de­

tailed (unknown to us until now) description of single systems. Pioneer 

quantum mechanics is not only a statistically correct but incomplete 

theory. 

Third thesis: The placement of the cut between observed object and the 

means of observation is left to the choice of the observer 

According to the Copenhagen view, the physical world has to be 

separated into two parts, the observed object and the observing system. 

Heisenberg claims that there exists a sharp cut between the observation­

al means on the one hand and the observed system on the other. This sep­

aration can be made in an infinite variety of ways. The placement of the 

cut is arbitrary (within certain limits) and left to the f~ee choice of 

the experimenter. 

It should be noted that Heisenberg and Bohr have strikingly dif­

ferent notions about the measurement process (compare also Feyerabend, 

1962, p.250 and p.27l). Bohr's view was much more subtle than that of 

Heisenberg but also very radical and amazing. According to Bohr, quantum 

mechanics exclusively refers to propositions about macroscopic classical 

systems; for Bohr it is impossible to abstract from the experimental 

equipment and accordingly there is no atomic object to be observed. Bohr 

never refers to a "cut" but proposes to restrict "the ~e 06 the wOJtd 
phenomenon to Jte6eJt ex~'<'ve.ty to o~eJtvatio~ obtained undeJt ~peuMed Uftcum­

~tancu, .<.ncfud.tng an ac.count 06 the whoie expeJt.tment" (Bohr, 1948). This 

leads to the necessity to consider an experiment as an undivided whole 
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that includes the observational means. According to Bohr, quantum sys­

tems should not be thought of as having properties detached from the 

experimental arrangement so that in Bohr's view the state vector ~ does 

not refer to an isolated microphysical system but to such a system plus 

the entire experimental apparatus used in making an observation. Bohr 

never speaks of quantum systems as constituted of interacting particles 

which exist separately from each other, he never mentions instruments 

of observing quantum systems. "ThVte iA no Quantum woi!1d" is a famous say­

ing, attributed to Bohr by Petersen (1963). 

Fourth thesis: The observational means are to be described in classical 

terms 

On the empirical level the concepts of naive realism and of plain 

language are to be used, "!.>inee the wOfld 'expeAiment' ean in eMenee on£.y be U!.>ed 

in fle6Vtfling to a !.>ituation whVte we ean tete othefl!.> what we have done and what we have 

teMned" (Bohr, 1948). Bohr considered this fact as a logical necessity, 

while Heisenberg was more inclined to see it as a sociological fact. Our 

empirical knowledge has to be formulated classically and all the evidence 

of quantum phenomena has to be expressed in classical terms. From this 

Bohr concludes that all observational means (measurement apparatus, means 

of registration, human observers) have to be described in purely classi­

cal terms. While Bohr (1958) demands that the measurement apparatus has 

to be described with the aid of classical physics, explicitly excluding 

the quantum of action, Fock (1957) only requires that the measurement 

apparatus allows a sufficiently exact classical description for the pur­

pose under consideration. 

Fifth thesis: The act of observation is irreversible and creates a document 

As only something that has actually happened can be communicated 

unequivocally, an observation can be regarded as complete only if there 

exists a macrophysical document. The observed result must therefore be 

registrated permantly in objective reality: The act of observation shows 

an intrinsic irreversibility (Bohr, 1958). If the final state of the mea­

surement could be connected in an entirely causal manner with the initial 

state, then one could regain the initial state from the final state by 

interference or inversion of motion. The increase of entropy that occurs 

during the observation deprives us of precisely the information we would 

need to build up the proper interference. In contrast to classical mea-
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surements, the total entropy of object and measurement apparatus in­

creases in quantum mechanics (Teller, 1961). On that account, the problem 

of the quantum-mechanical measurement process is closely related to the 

explanation of the occurence of irreversible phenomena in the framework 

of a reversible mechanics. 

Sixth thesis: A quantum jump is a transition from the potentially 

possible to the actual 

Every observation is an intervention of indeterminable extent 

both into the observational means as well as into the observed system, 

and interrupts the causal correlations (Pauli, 1950). Thus, the state of 

the object is in general changed by a measurement. An ideal measurement 

of an observable A with the (discrete and not degenerate) eigenva,lues 

a i and the eigenvectors a i in a system in the state ~ produces the re­

sult a, with the probability I < a, I ~> I 2. If the result a l, is realized, 
1 1 

then after the measurement the system is in the pure state a i . The 

quantum jump 

is also called the reduction of the hlave packet. According to the Copen­

hagen view, this reduction does not follow from the quanta 1 equa-

tion of motion but is to be interpreted as a nehl type of natural lahl. 

In classical physics the time evolution is uniquely determined; 

all that is potentially possible is also realized. There is therefore 

no need to distinguish between the potentially possible and the actual. 

In quantum mechanics on the other hand one must carefully distinguish 

between potentiality and events. Deterministic laws are valid in the 

realm of the potentially possible but what is realized factually can 

be predicted only probabilistically (Heisenberg, 1958; Fock, 1957). 

From this results a new formulation of the causality principle: In 

quantum mechanics, the causality principle is related to the potentially 

possible and not to the actually realized events. Mathematically this 

causality principle is reflected in the well-posedness of the time 

dependent Schrodinger equation, which has a unique solution for every 

initial state. In contrast, the realization of one of the potentially 

possible results (the "quantum jump", the "reduction of the wave packet") 
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is a stochastic process which according to the Copenhagen view, is not 

governed by the Schrodinger equation. 

Seventh thesis: Complementary properties aannot be revealed simulta­

neously 

It is known empirically that microphysical systems have po­

tential properties that cannot manifest themselves simultaneously. 

Niels Bohr introduced aomplementarity as a way of accommodating concepts 

which were mutually exclusive but nevertheless necessary for a comprehen­

sive description. Two potential properties are called complementary if 

their actualization is possible only under mutually exclusive conditions. 

The existence of complementary properties implies that every physical 

concept is only defined relative to a certain class of phenomena (Rosen­

feld, 1961). Fock (1965) speaks of a relativity with respeat to the tools 

of observation. The properties of a quantum object are revealed only in 

their interaction with classical observational means. Every property has 

the potential to appear, but its actual appearance depends on the exter­

nal conditions. Invariably, "e.veJty giUn 06 fmowie.dge. 06 a.tom.i.e. obje.cM by ob-6eJtva­

.tWn-6 fuu. :to be. pahi 60ll. by a £.0-6-6 06 otheJt fmowie.dge. • ••• Whlch fuwwie.dge. .iA ob.tcUned 

and whieh otheJt k.nowledge. .iA -iNte.voc.a.b£.y £.O-6t.iA te.nt :to the. 61Le.e. eho.iee. 06 the. e.x­

peJLime.ntolL, who may eMO-6e. betwe.en mutua.Rl'.y e.Xc.tU4.iVe. e.xpeJt.ime.n:tal aIVtIlYIgeme.n.tt." (Pau­

li, 1948). 

Eighth thesis: Pure quantum states are objeative but not real 

The classical ideal of an objective description of nature as sug­

gested by Newtonian mechanics, electrodynamics and relativity theory, has 

been characterized by Einstein (1953a) as follows: "E-6 g.Lbt 40 etwcu w.Le. den 

Jte.a..te.n ZU4.ta.nd e..i.nu phY-6.Lk.a1i.4ehe.n SY-6tem4, t.U:t6 unabhiing.Lg von jedeJt Beobaehtung ob-
j ek.t.Lv e,w,ueJtt und mil de.n AU4dJtuek.4mUtetn deJt PhY-6.Lk. .un PJt.i.nz.Lp buehJt.i.eben weJtde.n 

k.a.nn". This narrow view of the notion of reality is not fulfilled in quan­

tum mechanics but according to Pauli (1955) there still remains "an objec.­

uve lLea.U:ty .LnMmuc.h M thue. the.oJt.i.u deny any pO-6-6.LbilUy 601L the ob-6eJtveJt :to .Ln6£.u­

enc.e the ILUuli:.6 06 a meMuJtement once the e.xpeJLimen.ta.e. a.JtJtangement .L4 ehMen. TheJte-

601Le. pcvt..tic.u.ta.Jt qua..U.ti.u 06 an .Lnd.Lv.Ldua.f. 06-6 eJtv eJt do not e.nteJt the eo nee.p.tua.e. 6ILa.me.­

WOILk. 06 the theolLY • ••• In th.L4 w.LdeJt -6en-6e the quan.twn-mec.ha.n.Lc.a..e. duc.Jt.i.p.t.Lon 06 a.:tom­
.i.e. phenomena .iA -6.t.i.U an objec..t.Lve. duc.Jt.i.p.tWn, aUhough the -6ta.te. 06 an obje.c.t .iA not 

a.,6-6ume.d any £.ongeJt :to lLema..Ln .Lndependent 06 the fAkly in whlch the pM-6.Lb£.e -6oUlLc.U 06 

.Ln601Lma.Uon about the. obje.c.t Me. -iNtevoc.a.b£.y aUeJte.d by 06-6eJtva..tion-6. The eJUAtenee 06 
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.6uc.h aLteMti.oYL6 Jteve.al6 a new fUnd 06 wholeneM ,[n na.:tu.Jte, unknown ,[n c.iM.6,[c.al phy.6-

'[c.4, -i.nMmuc.h a4 an attempt :to .6u.bdiv-i..de. a phevwme.non de6,[ned by the whole expvWne.n.tal 

aJtJtarrgemen.t U4e.d 60Jt Lt6 ob.6e.Jtvation c.Jte.a.tu an en.t-i.Jte.ly new phenomenon." The irre­

versibility inherent in the act of observation causes the description of 

quantum events to have an objective character (Bohr, 1958). 

Heisenberg tends to a more subjectively colored interpreta­

tion: " ••• we aM. 6,[nally led to be.l,[e.ve. .thfLt the. iaIAJ4 06 na.twle. wh-i.c.h we. 601!mui.a.te. 
mathema-ti.c.a.Uy .in quantum the.OlLY deal no longe.Jr. w.Uh the. paJr.-Udu them.6e.lvu but w.Uh 

OM k.nowte.dge. 06 the. e.leme.n.ta.Jr.y paJr.-Udu" (Heisenberg, 1956b). Now we must in 

any theory carefully distinguish between objective and subjective ele­

ments. Objective elements relate to the intrinsic properties while sub­

jective elements refer to our knowledge about the systems. While accord­

ing to Heisenberg the probabilities of a mixture of pure states are sec­

ondary and represent an incomplete knowledge, Heisenberg (1955) also ac­

cepts unequivocally the objective character of pure quantum states. But 

the identification of objective and real - permitted in classical theories­

must be given up. According to Heisenberg, a pure state represents the 

potentially possible in an objective way, that is, in a way independent 

of the observer. That being so, "the. h.ta..te. 06 the. dO.6'e.d hYhte.m Jte.plLe.4e.n.te.d by 

a fU..lbe.Jr..t Ve.c.:tolL -i.h ,[nde.e.d obje.cti..ve. but not lLeal" (Heisenberg, 1955). 

Weizsacker (1941, 1961) takes a logically possible but ex­

tremely subj ecti ve position: "Man veJr.me.-i..de..t alho a.Ue. .6c.he..inbMen PMadouen, 

wenn man den ZUhtandhVe.k.:tolL k.OYL6e.qu.e.n.t ••• alh e..tne. Angabe. e..inu QUhh e.n.6 de.u..te..t". 

Furthermore: "Me.YlA:c.he.n, die. Ve.Jt.6c.hi..e.de.nu IIl.tMe.n, be.niitze.n dahe.Jr. anne. Ge.6akJr. ·,e..tnu 
W-i..de.Jt.6p!W.c.hh Ve.Jt.6c.hi..e.de.ne. ZUhtandhve.k.:tolLe.n" (Weiszacker, 1961). The same point 

of view is taken by Sussmann (1957, 1958). Accepting this view, one in­

deed eliminates most of the logical difficulties but only by introducing 

a new problem: Why should the subjective state vectors satisfy the time-' 

dependent Schrodinger equation? 

The subjective interpretation of the secondary probabilities is 

consistent with Heisenberg's (1958) view that irreversibility is not 

something entirely objective but ensues from the incomplete knowledge of 

the observer. The sudden change of the mathematical description on the 

occasion of a quantum jump then does not reflect anything but the sudden 

change of our knowledge. 
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The subjectitivistic way of speaking Heisenberg prefers is not 

necessarily in conflict with the objectivistic language of Pauli. The 

notions "objective" and "subjective" are problematic and do not essen­

tially stand in an exclusive relation. Specifying all assumptions and 

qualifications, there exists in quantum mechanics an intersubjective 

agreement, so that one can also use an objectifying language. 

A logical analysis of Scheibe (1964) shows that in the framework 

of classical logic the contingent propositions of quantum mechanics can­

not be ontic but only epistemic. That is, if we assume the validity of 

Boolean logic for the properties, then the contingent propositions do 

not refer to properties of the physical object but to our knowZedge of 

them. 

Critique of the Copenhagen interpretation 

Since its advent, the Copenhagen interpretation has been attacked 

from very different positions. The vast literature against the Copen­

hagen view is mostly polemic, often even superficial and boring (for a 

bibliography, compare Scheibe, 1967, and Nilson, 1976). Most attempts to 

deviate basically from the Copenhagen view have been motivated philosoph­

ically or ideologically and do not aim at an understanding of new sci­

entific problems (compare the review given by Jammer, 1974). Again and 

again, the expositions of Bohr's view are distorted beyond recognition. 

An outstanding counterexample is the most instructive critique by Ein­

stein (1936, 1948, 1949, 1953a, 1953b). The controversy between Einstein 

and Bohr ranks as one of the great philosophical debates in the history 

of science (compare also Bohr, 1949). 

In spite of the fact that most criticism of the Copenhagen view 

is shallow in comparison with Bohr's insight, we should accept Benjamin 

Disraeli's dictum that "it if; .the duty 06 HelL Majeoty' -6 loyal. Opp0-6ilion to 01'­

p0-6e". It can hardly be denied that Bohr tended to be one-sided and to 

emphasize excessively some novel aspects of quantum theory (compare also 

the critique by Feyerabend, 1958a, and Hooker, 1972b). In the following, 

we restrict ourselves to a discussion of those points that are of direct 

relevance for theoretical chemistry and theoretical biology. The most 

penetrating objection against quantum mechanics was formulated in a fa­

mous paper by Einstein, Podolsky and Rosen (1935). Because this so-called 

Einstein-Podolsky-Rosen paradox goes to the heart of any interpretation 
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of quantum mechanics, we discuss it separately in section 3.7. 

The roZe of the observer in the Copenhagen interpretation 

Bohr insisted upon the need to include the observational means 

into the description of the experiment. It is undisputed that the obser­

vational means in quantum mechanics play a role that is utterly different 

from the role they play in classical physics. Nevertheless, many scien­

tists have the impression that this logically incontestable standpoint is 

often maintained much too dogmatically. At any rate, Bohr's view hardly 

agrees with daily laboratory routine. Consider for example the decay of a 

radioactive nucleus as discussed by Blokhintsev (1968). Suppose we pro­

duce at time t=O a radioactive nucleus with the mean lifetime T and leave 

the system to its fate. From experience we know that we barely need to 

specify the environmental conditions. After a time T that is vastly 

greater than the mean lifetime T, T » T, we can surmise with overhelm­

ing probability that the nucleus has disintegrated. Of course, we can 

carry out a control measurement at t=T. If we find the nucleus disinte­

grated, then it is intuitively absurd (though logically possible) to 

assume that the control measurement might have something to do with the 

radioactive decay. What, then, is the role of the observer? This is hardly 

a question of logic but of the admissibility of an easy way of speaking. 

It would be desirable if the interpretation of quantum mechanics would 

allow us to say "the nucleus is decomposed", without having to refer 

to an observer. This demand for a less operationalistic language becomes 

imperative in a theory of molecular biological evolution. This evolution 

happened before there were any observers and it happens today in spite 

of observers. 

There exist objective and reaZ properties of quantaZ systems 

Bohr (1948) emphasized that "an .inheJlent element 06 am6.i.guUy .u, .in­

volved .in (LM.i.gYl-i11g c.onvent-ionai. phy.6.ic.a.t a.ttJUbu.tM :to atom.[c. objec.:t.6". This care­

ful statement is often exaggerated, as in the following quotation: ".in 

:the lL6 ua£. .inteJl)Yte.;ta.tto n 06 qUilntum :theOlty, an a:tom hM ItO )YtO peJL.:t{.M at aU when .it 

.u, no:t ob.6eJlved" (Bohm, 1957, p. 92). This overstatement is wrong. Bohr cer­

tainly does not deny - but neglects to stress - the objectivity and real­

ity of such properties as the mass, the charge, the spin of an atomic 

system. These properties exist objectively and factually and are indepen­

dent of any observation (compare also Fock 1951, 1958). Such properties 
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that are invariant with respect to all particular observational contexts 

are called invariants by Born (1953). According to Born, the idea of 

invariants provides the key to a rational concept of reality. 

The existence of objective and real properties is of outstanding 

importance for chemistry and biology. The larger a molecular system be­

comes, the more such properties can exist. The proper way of dealing with 

Born's invariants is to introduce classical observables into quantum me­

chanics (compare chapter 4). 

What is a alassiaal desaription? 

The main flaw of the Copenhagen interpretation is the inadequate 

elucidation of the meaning of the word "classical". Rosenfeld (1957, p.52) 

considers it as altogether obvious that the fundamental concepts of quan­

tum mechanics have to be formulated within the framework of a classical 

theory. But it is in no way clear a priori what a classical theory should 

be. Rosenfeld and Bohr regard it as obvious that the language of clas­

sical physics (in the sense of Newton and Maxwell) is the proper basis 

for the formulation of quantum mechanics. However, this assumption is 

neither obvious nor undisputed. It is imperative that the metalanguage 

used be cOlllpatib.le with classical logic. The only feature required of a 

clas-s,ical mode of description is "the. M-liWl1ptum 06 c.clllpte.te .Lncle.pendenc.e 06 a.U 

phY.6ic.a£ pJtOc.eMe.6 06 the c.oncii.tion.6 06 ob.6eJtva.tion" (Fock, 1969). 

Referring to the principle of correspondence, it is often maintain­

ed that classical mechanics is a limiting case of quantum mechanics. This 

assertion is wrong. Quantum mechanics and classical mechanics are funda­

mentally different theories. Bohr categorically requires that the observa­

tional means must not be described by quantum mechanics. By this prere­

quisite, the objective and real character of the measurement documents is 

guaranteed. Bohr considers the classical and the quantal description as 

mutually exclusive in the sense of a generalized principle of complementar­

ity (compare also Shimony, 1963). According to Bohr, the classical nature 

of the means of observation is an indispensable condition for the formula­

tion of quantum mechanics. From Bohr's standpoint it is basically impossi­

ble to deduce classical mechanics from quantum mechanics (compare also 

Feyerabend, 1968). 

To many theoreticians, this view is not convincing. As the mathe-



108 3. Pioneer Quantum Mechanics 

matical formalism does not compel us to distinguish conceptually between 

object and observational means, it has repeatedly been tried to merge 

object and observational means into a single quantal system. The best 

known attempts of this kind are those by von Neumann and by Everett to 

which we shall come back in detail. However, a quantum-mechanical de­

scription of classical systems hits deep-rooted difficulties so that for 

many theoreticians the consistency of Bohr's view is not obvious. Fock 

argues that one should not formalize the measurement process and states: 

"I eh glaube., man muM melut d1a.le.fdi6 eh de.nke.n, und we.1tIt man dM :tu;t kaltlt man aueh in 

dVl. gluehzUtige.n Be.YliLtzultg dVl. klM4..i.-6ehe.n Be.4eMUbung de.4 Me.4MPy.xvr.ai:4 uttd dVl. qua.n­

.tenmeehalt..i.-6ehe.n Be.4eMUbultg de.4 be.oba.ehte.ten SY4.tem4 kunen W-tdVl.4pMeh Vl.bUeke.n" 

(Fock, 1971). 

Does the state function describe a singte system or an ensembte? 

Since the interpretation of quantum mechanics in terms of 

individual systems leads to profound (but by no means insoluble) 

problems, there is a tendency among physicists to switch to an 

ensemble interpretation. An ensemble interpretation refers to the 

application of quantum mechanics to a statistical ensemble of infinitely 

many systems, all of them constructed, prepared and selected in exactly 

the same way. Of course, it may often be convenient to imagine that we 

have an ensemble of equivalent, uncorrelated systems, and are able to 

carry out a measurement on this ensemble. From the individual point of 

view, such a use of virtual statistical ensembles is always legitimate. 

However, the question at issue is whether quantum mechanics is exctusive­

ty an ensemble theory, that is, whether a state function never refers to 

an individual system at all. Surprisingly many physicists do not accept 

the view that quantum mechanics refers to single systems, and think that 

only an interpretation in terms of statistical ensembles is logically 

consistent. 

References: The following authors fight for the exclusiveness of the ensemble inter­
pretation~ Einstein (1936), Kemble (1937,1951), B10khintsev (1953, 1966, 1968), 
Ludwig (1955, 1961a), Margenau (l963a, 1963b), Groenewold (1964, 1971), Park (1968a, 
1968b), Ballentine (1970), Elsasser (1968, 1969a, 1971, 1973). 

The usual argument is that quantum mechanics allegedly makes no 

predictions that bear on individual systems but that it predicts only 

statistical frequencies. But it is not true that quantum mechanics cannot 

predict anything for a single system. The inability to accept an individ­

ual interpretation often has its roots in a time-honored ideology, the 
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determinism of the nineteenth century. Or in the. words of Albert Einstein: 

"Go.tt wiilt6eLt nicht". From a historical point of view it may be understandable 

that it is less arduous to accept a statistical description than to accept 

a truly stochastic law. A further reason might be that the original amalgam­

ation of the frequency interpretation of probability theory with quantum 

mechanics was not well thought out. Again, this is understandable his­

torically: at the birth of quantum mechanics both the mathematical 

theory and the interpretation of probability were in a rather bad shape. 

The often heard remark that empirically only an ensemble interpretation 

can be corroborated is not correct. Because of the probabilistic nature 

of quantal events, a single observation is indeed insufficient. Yet, no­

body is performing an infinite sequence of experiments as required by the 

ensemble interpretation. The usual laboratory procedure is to do just a 

few experiments. The empirical result is always a finite random sequence, 

a concept which makes no sense in the statistical interpretation but is 

a well defined and operational concept in the individual interpretation 

of algorithmic probability theory (compare e.g. Schnorr, 1971b). 

Since the individual interpretation is of great importance 

for a rational theory of large molecular systems and for theoretical bi­

ology, we want to stress that there are positiveZy no ZogicaZ difficuZ­

ties connected with the individuaZ interpretation of quantum meohanics 

and that this pOint of view can be carried through consistently. "The. 

de.e.peJL ILeMon 60IL the. ciJLc.um-6tanc.e. that the. UlXVe. 6u.nu,uJYl cannot C.OMUpond to an!! -6ta­

wtic.al c.oUe.c.tive. Uu ..Ln the. 6ac.t that the. c.onc.e.pt 06 the. UlXVe. 6unc.t..[on belong-6 to 
the. pote.n:tiAU.!! p0-6-6..Lble. (to e.xpeJWne.nt-6 not !!et peJL601lme.d), while. the. c.onc.e.pt 06 the. 
!>taWtic.al c.oUe.c.tive. belong!> to the. ac.c.ompfuhe.d (to the. ILuuUll 06 e.xpeJWne.nt-6 al­

ILead!! c.a.M..Le.d out)" (Fock, 1952, 1957). 

The hunt for hidde~ variabZes 

Pioneer quantum mechanics seems unsatisfactory to some philoso­

phers and to some physicists. They accept its elegant formalism, admit 

its outstanding predictive power but claim that it does not provide an 

intuitive picture of the world. Ever since the inauguration of quantum 

mechanics it has been suggested that the stochastic nature of quantal 

events is solely to be ascribed to an alleged incompleteness of quantum 

mechanics. In saying this it is assumed that there exist dynamical vari­

ables which are not observable and which are not considered in quantum 

mechanics but which would uniquely determine individual quantal events. 
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The ultimate aim of such theories with hidden variables seems to be the 

recovery of the determinism of classical physical theories of the nine­

teenth century. A large number of hidden variable theories have been 

proposed, but not one has been successful. 

References: For a review and the deeper motivation of hidden variable theories com­
pare: Freistadt (1957), Bohm (1962), Bub (1968b), Capasso et al. (1970), Belinfan­
te (1973), Jammer (1974), Pe~a-Auerbach and Cetto (1977), Claverie and Diner (1977), 
Ghirardi et al. (1978). 

However, there is one aspect of the quest for hidden variables 

that is of fundamental interest. What precisely are the conditions under 

which it is possible to show that quantum mechanics does not allow the 

introduction of hidden variables? The earliest result is due to von Neu­

mann (1932) who has shown that under certain (and, as we know today, un­

necessarily restrictive) assumptions, no hidden variable theory can re­

produce the results of quantum mechanics. Many objections have been 

raised against this proof but there are several modern proofs that are 

free from these objections and that give exact mathematical conditions 

for the impossibility of embedding quantum mechanics into a classical 

theory. 

References: Pauli (1953), Gleason (1957), Weidlich (1960), Jauch and Piron (1963, 
1968), Kamber (1964), Dombrowski and Horneffer (1964), Bell (1964, 1966, 1971a), 
Zier1er and Schlessinger (1965), Bohm and Bub (1966a, 1966b), Kochen and Specker 
(1967), Misra (1967), Gudder (1968a, 1968b, 1970a, 1972a), Plymen (1968c), Turner 
(1968), Bub (1969,1973,1974, 1976), lVigner (1970a), Ochs (1971, 1972b), Deliyannis 
(1971b), Bugajska and Bugajski (l972h), Demopoulos (1976) 0 

These discussions have led to an essential clarification of the 

foundations of quantum mechanics; furthermore, a different pOint of view 

has evolved. Because ad hoc hidden variable theories can be con­

structed, it is pOintless just to disprove the existence of such theo­

ries. The crucial question is: what is the price we have to pay for such 

an undertaking? A very interesting result by Bell (1964) shows that the 

price is very high indeed: no theory can simultaneously comply with the 

demands of causality, individuality and locality, and be compatible with 

the statistical predictions of quantum mechanics (to within a few per­

cent). Bell's theorem is the deathblow to all reasonable hidden variable 

theories, provided the results predicted by quantum mechanics are 

approximately correct. So, an interesting feature of hidden variable 

theories is their potential to suggest new and stringent tests of quan-
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tum mechanics. All experimental tests carried out so far have confirmed 

quantum mechanics and given strong evidence against any kind of local 

hidden variable theories. 

References: Papa1io1ios (1967), Kocher and Commins (1967), Clauser et a1. (1969), 
Pearle (1970), Kasday (1970, 1971), Fox and Rosner (1971), Fox (1971), Freedman 
and Clauser (1972), Clauser (1972,1974,1976), Shimony (1971), McGuire and Fry 
(1973), Fry and Thompson (1976), Lamehi-Rachti and Mittig (1976). 
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3.5 THE VON NEUMANN-LONDON-BAUER INTERPRETATION OF PIONEER QUANTUM 

MECHANICS 

Why another approach? 

The Copenhagen interpretation is fundamentally pragmatic. Accord­

ing to Niels Bohr "quantwn :theofLY mefLe1.y 066eM JULtu 06 calcu£LLt<:on 60fL the deduc­

tion 06 expectation6 about ob~efLvatiOn6 obtained undefL well-de6lned expeJtlmental con­

d~n6 ~peuMed by claMlcal phy~lca£. concepU" (Bohr, 1963, p.60). The Copen­

hagen interpretation focuses the attention on systems that are first pre­

pared in a specified manner and later examined in a specified manner. 

What is "really" happening is considered as metaphysical or as unimpor­

tant. "Tn OM duCfLlpwn 06 natUfLe :the pu.lLpo~e -iJ,. not to fuclou the fLeal u~ence 

06 the phenomena but only to btadi down, ~o 6M M U -iJ, pOMlble, fLei.atiOn6 between 

the manl60ld Mpeca 06 OM expeJUence" (Bohr, 1931, in the English translation 

on p.18). 

Bohr's view is logically consistent and cannot be rejected 

lightly. Moreover, the Copenhagen interpretation has proved to be ade­

quate for describing numerous experimental investigations in atomic and 

nuclear physics. Nevertheless, it has unsatisfactory features. The 

Copenhagen interpretation presupposes the classical level in a form 

which makes it impossible to derive classical aspects of quantum sys­

tems, and even to discuss the logical consistency of the separation of 

the world into an observed system and a classical observing system. 

There are,genuine scientific problems that cannot even be formulated 

in the framework of the Copenhagen view. 

Perhaps the worst flaw of the Copenhagen interpretation is the 

view that a theory is nothing but an elaborate system of algorithms for 

computing experimentally measurable numbers. Such an approach is insuf­

ficient for understanding the behavior of matter; it is not false but it 

provides an inappropriate setting for a creative theoretician. A black­

box theory which reduces science to the mere prediction of future events 

from past ones may appeal to man the machine maker - homo faber - but 

what about man the thinker - homo sapiens? Algorithms for calculating 

numbers are important, but they do not provide aha! reactions which are 

the basis of any creative activity. A full-blooded interpretation 

of quantum mechanics should provide an ontological model of nature. 
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The orthodox view 

Bohr was very careful in his discussion of the epistemology 

of quantum mechanics but he always avoided formal mathematical discus­

sions. The aversion of the Copenhagen school against any formalization 

is acridly defended by Rosenfeld (1965, 1968). We cannot share this 

attitude, for only a formalization protects us against contradictions 

and unwarranted preconceptions. That the Copenhagen view is free of 

contradictions is certainly not self-evident. 

The Copenhagen view cannot be considered as an interpretation 

of the formalism of quantum mechanics because it does not enter into it. 

Furthermore, the Copenhagen view regards quantum mechanics as a general­

ization of the classical mode of description. According to the Copenha­

gen view, the measuring instruments must be described in classical terms. 

This attitude was challenged for the first time by John von Neumann in 

his famous book of 1932 on the mathematical foundations of quantum me­

chanics. The von Neumann interpretation aims at a compLete quantal de­

scription of every system. That is, it is assumed that quantum mechanics 

can describe microphysical objects as well as all the observational 

means. However, this view creates a new riddle: the notorious measurement 

probLem of quantum mechanics. 

We must stress the fundamental difference between Bohr's view 

and von Neumann's interpretation of quantum mechanics. Von Neumann's 

interpretation is not a refinement of Bohr's arguments but he proposes 

an entirely different program. According to Bohr, there are no "micro­

systems" that .can be separated from the measuring instruments; the mea­

sured "objects" have a theoretical status entirely different from that 

of the measuring instruments. Von Neumann's interpretation, by contrast, 

ascribes the same theoretical status to object systems and measuring in­

struments, and it makes now sense to speak of an interaction between 

these two systems. In Bohr's language it is impossible even to talk 

about a "measurement problem". But in von Neumann's interpretation the 

discussion of the measurement process is the central issue. Von Neu­

mann's (1932, chapt.6) discourse on the measurement process is not 

yet a full interpretation of quantum mechanics. But accepting his 

ideas, we are almost bound to arrive at the fuller picture London and 

Bauer (1939) have given. Wigner (1963) proposed to call this interpreta­

tion the orthodox view. Note that some authors who speak of the "ortho-
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dox interpretation" have failed to realize the striking difference 

between Bohr's view and von Neumann's interpretation. 

Apart from the fundamental difference concerning the 

theoretical status of measuring instruments, the orthodox interpretation 

is in accordance with the Copenhagen view. We shall give all formulations 

of the von Neumann-London-Bauer interpretation in terms of the individual 

interpretation while von Neumann sometimes prefers a statistical formula­

tion. Despite the many assertions to the contrary, the use of statistical 

operators is not more general and brings no conceptual advantages. As 

stressed by Zeh (1970) - the use of statistical operators assumes a theo­

ry of the measurement process, and its use in the discussion of the mea­

surement problem thus amounts to using a circular argument. Furthermore, 

it is well known that the structure of an ensemble cannot be rederived 

from its statistical operator alone. This fact leads to severe difficul­

ties in the interpretation of the mixed state at the end of a measure­

ment process. For example, many authors failed to distinguish between 

mixtures of the first and of the second kind (as introduced by d'Espagnat, 

1966a) and so they have been led to erraneous interpretations. If we 

accept the individual interpretation (which is also accepted by von Neu­

mann), then the only proper way to discuss the measurement problem is 

in terms of state vectors. 

Deter>ministic and stochastic time evoZutions 

Pioneer quantum mechanics in the Copenhagen interpretation is a 

strangely dualistic theory. It has two types of fundamentally different 

time-evolutions. If the system is closed and does not interact with the 

observer, then the time-evolution is deterministic and given by a unitary 

time-evolution operator. As opposed to this deterministic time-evo­

lution, the stochastic time-evolution refers to an irreversible measure­

ment process, due to an intervention of the observer, and describes the 

"r>eduction of the wave packet". Born's probabilistic interpretation of 

pioneer quantum mechanics refers to such induced stochastic troansitions 

from one state to another state (the so-called "quantum jumps"). Accord­

ing to the Copenhagen view, the stochastic time-evolution does not fol­

low from the formalism of pioneer quantum mechanics but has to be 

added as a new and independent postulate, called the roeduction postulate 

(or, in the terminology introduced by von Neumann, 1932, pr>ojection pos­

tulate). In this interpretation, pioneer quantum mechanics is a duaZistic 
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theory with respect to the time-evolution. The idea that the stochastic 

time-evolution might be derived from the deterministic dynamics of the 

combined object and measuring systems is due to von Neumann (1932). The 

main result of von Neumann's theory of the measurement process was the 

proof that both types of time evolution are compatible wherever the cut 

between object and measuring instrument is placed. In addition, von Neu­

mann (1932) clearly stated, but did not solve, the famous and technically 

difficult "measurement problem of quantum mechanics". 

Explanatory notes: (i) The causal time evolution is continuous, applies only to 
a strictly closed system, and is governed by the time-dependent Scchr6dinger equa­
tion. In other words, if ~ is the state vector of a strictly closed system, then 
its time evolution is given by a continuous unitary one-parameter group 
{U(t) : tEIR}, ~(o) ->- ~(t) ~ U(t)'I'(o). According to Stone's theorem, this time evo­
lution operator can be represented as U(t) ~ exp(-iHt), where H is a self-adjoint 
operator, called the Hamiltonian of the closed system. Since the inverse of the 
time evolution operator exists, U-l(t) ~ U(-t), the causal time evolution is re-
versible. 

(ii) The stochastic time evolution of a system is discontin­
uous and applies only to measurements on this system. If a measurement takes place, 
the system is no longer separated from the rest of the world because there is an 
interaction between the object and the measuring apparatus. If the object system, 
in a state represented by the state vector ~, is subjected to a measurement (of the 
first kind) of an observable A with a simple discrete spectrum and the spectral re-
presentation 

A ~ Lc a P 
n n n 

P P* P P 0 P L: P 
n n n m nm n n n 

a a* 
an " 

a for n " m n n m 

then a discontinuous transition'!' ->- 'I'j occurs where 'I'j ~ Pj'l'/llpj'l'll. The probability 
that a measurement gives for the measured value the eigenvalue aj so that the state 
after the measurement is ~j' is given by 1<~I~j)12. The stochastic time evolution is 
not invariant under time reversal and leads to the intrinsic irreversibility of 
quantal events. The stochastic time evolution represents the act of measurement, it 
reduces the state of the system from whatever it was prior to the measurement act 
to an eigenstate of the observable measured. This process describes a "quantal 
event" (or a "quantum jump"), and is called "state reduction" (or "reduction of the 
wave packet"). Liiders (1951) has giv€n the appropriate modification of von Neumann's 
formalization for the case that the observable A has a degenerate discrete spectrum. 
The method proposed by Liiders corresponds to a measurement causing the least possible 
interference (compare also Siissmann,1958; Goldberger and Watson, 1964; Bell and 
Nauenberg, 1966; Herbut, 1969, 1974). 

Von Neumann's theory of quantal measurements 

In von Neumann's theory a measurement is regarded as an interac­

tion between the object system and the measuring apparatus. Both systems 

are described by quantum mechanics in the individual interpretation. Von 

Neumann's reasoning refers to a highly idealized abstraction, the so-
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called measurements of the first kind. A measurement is called of the 

first kind if it gives the same value when immediately repeated. A 

measurement of the first kind is therefore a state-preparing operation; 

after such a measurement the system is in eigenstate of the observable 

measured, and the observable has a certain numerical value. In contrast 

to such idealized measurements of the first kind, actual laboratory 

measurements as a rule change the state of the object even for an im­

mediately repeated measurement. If this change of state by repeating 

the measurement is completely controllable, then such a measurement is 

said to be of the second kind (Pauli, 1933). There is no need to enter 

the theory of measurements of the second kind because it amounts to an 

inessential complication only (compare Landau and Peierls, 1931). 

The substantial features of von Neumann's theory of quantal mea­

surements can be discussed by using the special case of a measurement of 

the first kind of an observable represented by a self-adjoint operator A 

with a purely discrete and nondegenerate spectrum. At the outset (t = 0), 

the object system and the measuring apparatus are assumed to be uncor­

related and in pure states. 

Renark.: This is a very strong assumption. As in von Neumann's theory there 
are distinct difficulties to get a disentangled final state; the presupposition 
of a disentangled initial state is not a trivial matter. 

Let us assume that initially the object system is in the unknown 

pure state 4> and the apparatus in a certain pure state <!l, so that the 

initial state of the combined system is given by '¥(t=o) = <p ® <1>. It will 

be expedient to expand the initial state ((l of the object system in terms 

of the orthonormal eigenvectors an of the observable A, 

so that the initial state is given by 

'I'(t 0) L c n an ® <!l , with c n 
n 

Assume that the measuring instrument contains a digital indicator with 

the values {b 1 ,b 2 ,b 3 , ••• }. In quantum mechaniCS, we have to describe 

such an indicator by an observable B with the eigenvalues bn 
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Von Neumann (1932) has shown that there always exists a measuring appa­

ratus (i.e. a Hamiltonian ~) that can interact (Hamiltonian V) with the 

object system (Hamiltonian Ho) in such a way that the time evolution of 

the combined system is given by 

L c (t) (l ® S n n n 
n 

In this case, the n-th eigenstate of the observable A is uniquely corre­

lated with the n-th eigenstate of the indicator B. That is, if we know 

the state of the measuring apparatus, we also know the state of the ob­

ject system after the measurement. But the final state ¥(t) cannot be 

interpreted to mean that the digital indicator is in one of its possible 

states. The combined system is still in a quantum mechanical superposi­

tion of the pure states (In®Sn. Hence the apparatus, considered as a sub­

system, is not in a pure state and the observable B does not have a 

definite value. If we are interested in the value of the observable B, 

we have to measure it. That is we have to introduce another measuring 

instrument with an indicator described by an observable C (with the ei­

genvalues cn and the eigenvectors Yn , so that we get a new combined state 

\jI' (t) I c (t) a ® S ® Y • n n n n 
n 

This iteration shows the consistency of von Neumann's procedure: if 

we knew the state of the second measuring instrument, we would know 

the state of the first measuring instrument, hence the state of the ob­

ject system. But we have not yet performed a measurement because the 

state ¥' (t) of the combined system still is an entangled state. A further 

addition of a new measuring instrument does not help, so it seems to be 

impossible to terminate this chain of measuring instruments. According to 

von Neumann, London and Bauer, the measuring chain is terminated by an 

act of the consciousness. 

There is no cheap way out of the dilemma of the measuring instru­

ments that observe the measuring instruments but again call for an ob-
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server for their results. This dilemma is the result of the superposi­

tion principle of quantum mechanics. Von Neumann, London and Bauer pro­

pose an ingenious and logically perfect but hair-raising solution. These 

authors claim that there is an ultimate end of this measuring chain: the 

consciousness of the observer. According to von Neumann (1932) any part 

of the world except the consciousness of the observer can be included 

into the measuring chain. London and Bauer (1939) explicitly have claimed 

that it is the conscious activity of the human mind which reduces the 

quantal state. This point of view has been endorsed by Wigner (l962a, 

1963, 1969). According to the von Neumann-London-Bauer interpretation, 

the reduction of the state vector by consciousness is not attributable 

to the deterministic time evolution of the formalism of quantum mechan­

ics. Quantum mechanics is not supposed to hold for consciousness; 

the "faculty of introspection" of the human mind is claimed to be re­

sponsible for the stochastic time evolution. 

Accepting the von Neumann-London-Bauer interpretation of quantum 

mechanics means that we adopt the world view of epistemological solip­

sism. To assume that the wave packet is reduced by an act of the con­

sciousness is logically irreproachable but hard to accept. The postu­

lated capacity of the consciousness to reduce the wave packet is not 

supported by any empirical evidence and may be empirically wrong (com­

pare also Shimony, 1963). On the other hand, at the present state of our 

knowledge of brain functions, such an assertion cannot be disproved em­

pirically. The von Neumann-London-,-Bauep intepppetation is both LogicaHy 

consistent and not in contpadiction with any known {3mpipicaL fact. There­

fore, any genuine objection against the von Neumann-London-Bauer inter­

pretation has to be extraphyiscal. Most scientists do not like 

to adopt the regulative principles of von Neumann, Bauer and London. 

We would prefer to posit in some sense the existence of an 

external real world. Certainly, we have to be prepared to find that a 

naive concept of reality contradicts quantum mechanics but we can still 

hope that a more sophisticated realism is feasible. In that case 

we attribute the reduction of the wave packet to some physical 

process in the measuring instrument rather than to the consciousness of 

the observer. However, a cheap modification of the von Neumann interpre­

tation is not possible. In the framework of the traditional formalism 

of quantum mechanics, the following theorem can be proved: thepe exists 

no rneasupement i'ntepaction that can Leave an object-appapatus sys-
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tern in a mixture of states, eaah state being aonneated with a definite 

vaZue of the apparatus observabZe. 

References: Komar (1962), Wigner (1963), d'Espagnat (1966b), Earman and Shimony 
(1968), Fine (1970), Stein and Shimony (1971), Fehrs and Shimony (1974), Shimony 
(1974) • 

This theorem holds for pure and mixed states, for measurements 

of the first and the second kind as well as for the generalized measure­

ments considered by Fine (1969); it is a quite trivial consequence of 

the superposition principle. The crucial ingredients of the proof are 

the linearity of the equation of motion and the irreducibility of the 

algebra of observables. This result rules out any reasonable explanation 

of the reduction postulate of pioneer quantum mechanics, the only loop­

hole is a weakening of the superposition principle, say by superselection 

rules. Or, as expressed in plain words by Jordan (1949): "We al!.e unable to 
make a clock. with a haru1. wlUch dOe6 not a1wa.ff¢ point to a de6inite 6igUlte on the dial. 

Thi¢ i¢ a well-k.nown 6ac.i:, but a 6ac.i: 06 wIU."c./i plLe6ent tJieolLff g.[Ve6 no ¢'u6Mcient ac­

count. " 

ObJeations against the reduation postuZate 

Some authors claim that the reduction postulate is untenable and 

should be dropped. Despite their assertions to the contrary, these 

authors do not present a complete and consistent alternative to Bohr's 

view or von Neumann's interpretation. However, in the framework of von 

Neumann's interpretation the reduction postulate is indispensable for a 

complete theory. Any theory with an external observer cannot operate 

without the reduction postulate, for without the stochastic time evolu­

tion there are no events! The only consistent interpretation without 

external observer and without a reduction postulate is the Everett inter­

pretation, discussed in section 3.6. 

A further critique refers to the specialized and idealized char­

acter of measurements of the first kind. The Margenau school stresses 

that measurements of the first kind do not correctly describe the state 

after measurement if the process of recording the result of the measure­

ment destroys the object system. Although such situations often 

arise in laboratory experiments, this argument is not a valid ob­

jection against von Neumann's theory of measurements. The confusion is 
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due to the very unfortunate terminology common in the quantum theory of 

measurement. At the risk of stressing the obvious, we may recall that 

what is meant by a measurement in quantum mechanics is what we have de­

fined as a quantal measurement, and nothing else. Nobody is claiming 

that a "measurement of the first kind" is a typical example of a mea­

surement as performed by an experimenter in the laboratory. The idea is, 

that once we have understood this simple situation, we might be able to 

go ahead and discuss the much more complex actual measurements, using 

measurements of the first kind as elementary building blocks. Landau and 

Peierls (1931) have given a theory of measurements of the second kind, a 

still more general theory of quantal measurements has been worked out 

by Fine (1969). For a discussion of some simple quantal experiments, com­

pare Lamb (1969). A general and realistic theory of laboratory experi­

ments, however, remains a great desideratum (compare also Primas and 

Muller-Herold, 1978). 

References: The reduction postulate has been criticized by Popper (1935, 1967), 
Margenau (1936, 1937, 1949, 195B, 1963a., 19631>.), McKhight (1957, 195B), Durand 
(1960), Margenau and Hill (1961), Mould (1962), Albertson (1963), Margenau and 
Park (1967), Bunge (1967a, 19671>.), Park (196Ba, 196B5, 1970), Park and Margenau 
(196B), Gsonka (1971), Fujiwara (1972), Moldauer (1972a, 19721>.). Von Neumann's 
claim that the X-ray-electron collision experiment performed by compton and Simon 
(1925) gives direct empirical evidence in favor of the reduction postulate, has 
been critically examined by Sneed (1966). 

For a discussion of the measurement theory in a relativistic framework., compare 
Schlieder (1968), Hellwig and Kraus (1970b), Antoine and Gleit (.1971). 

More recently generalizations of von Neumann's measuring scheme have been dis­
cussed in a mathematically rigorous way by Davies (1969b, 1970a, 1970b, 1971. 
1972, 1976a), Davies and Lewis (1970), Benioff (1972a, 1972b, 1972c, 1973a, 1973b, 
1974), Friedman (1972). These studies are related to repeated measurement pro­
cedures with a finite or infinite number of steps and with observables having an 
arbitrary spectrum. Ali and Emch (1974) have introduced generalized observables 
that cannot account for the fuzziness inherent in actual measurement processes. 
These "fuzzy observables" reduce to the usual observables when the measurements 
to which. they correspond are of infinite preCision. 

What is the measurement problem of quantum meohanios? 

The measurement process has to explain the existence of quantum 

jumps, that is, the stochastic change of the state vector during a mea­

surement. At first sight, the stochastic time evolution of the object 

system seems to be incompatible with the causal time evolution of the 

combined system conSisting of object and measuring instrument. The mea­

surement problem can be considered as resolved if - without adding new 
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principles or ad hoc assumptions to quantum mechanics - we can deduce 

the stochastic time evolution of the object system from the unitary time 

evolution of the combined system. Of course, von Neumann, London and 

Bauer did not solve this problem. They introduced the ad hoc and extra­

physical assertion that the reduction of the wave packet is effected by 

our consciousness. An adequate theory of the measurement process should 

stop von Neumann's infinite regress at the first true measuring in­

strument. 

In a measurement one considers an object system with a Hilbert 

space Hl , a measuring system with a Hilbert space H2 , and the joint sys­

tem with the Hilbert space Hl®H2 as state space. A quantal measurement 

of the first or second kind consists of three consecutive stages: 

(i) Preparation of an initial state in which the object state ~ and 

the apparatus state ~ are disentangled. That is, after the pre­

paration the initial state ~(t=o) is given by the product state 

vector tp®~. 

(ii) Next the object and the measuring system interact for some time, 

the effect of this interaction being represented by a unitary 

transformation of the state vector. 

(iii) After this interaction the system should again be in an uncorre­

lated state, so that the final state of the apparatus can 

be determined by reading the scale of the measuring instrument. 

The correlation established during the interaction period then 

allows an inference about the object observables. 

Can these three stages be explained by pioneer quantum mechanics? This 

puzzle is "the measurement problem of quantum mechanics". It is a deep 

problem, both from the mathematical and the epistemological point of 

view. Many scientists have expressed the pessimistic view that the fun­

damental principles of quantum mechanics have only limited validity and 

cannot properly describe the measurement process. On the other hand, no 

interpretation of the formalism is complete if there is no satisfactory 

account of the measurement problem. Moreover, the mathematical questions 

involved in a proper solution of the measurement problem are crucial in 

many important topics of the theory of larger molecular systems. 
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Are the interference terms destroyed by an amplification process? 

The relevance of quantum amplification processes in actual mea­

suring instruments and biological systems has been discussed in detail 

by Jordan (1932b, 1936, 1938, 1941, 1944, 1949) and by Elsasser (1951). 

The fact, often and properly commented upon, that all actual 

measurement instruments contain an amplification device has been con­

fused with the essentials of the quantal measurement process. An ampli­

fication process is called for because a single quanta I event is too 

weak to be directly and conveniently perceived by humans. Usually, the 

energetic amplification factor is so great that the measuring instrument 

behaves as a metastable system. Typical practical examples are cloud 

chambers, bubble chambers, spark chambers, scintillation counters, te­
renkov counters, photomultipliers, photographic emulsions, stimulation 

of the optic nerves by a few quanta acting upon the retina, X-ray-in­

duced mutations. These amplification processes have to be clearly dis­

tinguished from the first appearance of a quantal event in the objective 

reality. For example, the exposure of a photographic film induces a pri­

mary photochemical process; its result is objectively fixed in reality, 

and is called the latent image. As we cannot directly see the latent 

image, we use an amplification process - the development of the film by 

processing in a bath containing a reducing agent like hydroquinone. 

Evidently, the development is crucial for practical photography but of 

no importance for the discussion of the measurement problem of quantum 

mechanics. The occurence of a quantal event and its amplification to a 

macroscopic scale are two conceptually quite distinct phenomena which 

should not be confused. 

Again and again, a solution of the measurement problem has been 

attempted by appealing in some way to the metastable nature of most of 

the practical measuring instruments. Many authors have suggested to re­

gard the measurement problem as a problem of statistical mechanics and 

ergodic theory with metastable equilibrium states of the detecting 

devices. All these investigations - as interesting as they may be in 

other contexts - do not solve the measurement problem of quantum mechan­

ics. The claim (attributed to Rosenfeld by Daneri et al., 1966) that the 

amplifier is the key to an understanding of the reduction of the wave 

packet, is plainly wrong. 
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References: The following authors have related the measurement problem to the opera­
tion of metastable detectors or ergodic behavior: Jordan (1949), Ludwig (1953, 
1954, 1955, 1957, 1958a, 1958b, 1961a, 1961b, 1963a, 1963b), Green (1958), Daneri 
et a1. (1962, 1966), B10khintsev (1966, 1968), van der Waerden (1966), Loinger 
(1968), Prosperi (1971a, 1971b), Lanz et a1. (1971), George et a1. (1972), Prigo­
gine et al. (1973). 

Compare also the critique by Tausk (1966), Jauch et al. (1967), Bub (1968a, 1971), 
Krips (1968, 1969a), d'Espagnat (1971, 1974). 

The destruation of the interferenae terms is neaessary but not suffiaient 

for an explanation of the reduation of the state veator. 

In the individual interpretation of quantum mechanics, the state 

reduction is given by 

In the statistical interpretation, the state reduction is repre­

sented in the weaker form 

The state reduction of the individual interpretation implies the 

state reduction used in the statistical interpretation, but not the other 

way round. In the statistical interpretation a state reduction is achiev .. 

ed if and only if all interference terms vanish, 

The reduced statistical state 

is usually interpreted as a classical mixture of pure state. Such an in­

terpretation is not justified because the decomposition of a mixed state 

into pure states is not unique. The uniqueness of the decomposition of a 

mixed state into pure states can be enforced if we assume that the pure 

states are pairwise orthogonal (provided all eigenvalues of the statisti­

cal operator are nondegenerate). But that is not a reasonable assumption 

since ensembles consisting of nonorthogonal pure states can easily be pre-
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pared. Furthermore, alZ the pure states of the decomposition of the 

final mixed state of a statistical state reduction exist with the same 

degree of reality. Hence one cannot say that the measuring apparatus is 

in some definite but unknown pure state. There exists a vast literature 

on models of the measurement process showing that interference terms in 

certain systems can be neglected for all practical purposes. These mod­

els for the measurement process however do not achieve what they pre­

tend to achieve: the state reduction connected with an individual system 

is not explained at all. We cannot disregard Aristotle's thesis that the 

orders of being and of knowing are different. This deep difficulty is 

the reason why so many authors withdraw from an individual interpreta­

tion • 

Although an explanation of the destruction of interference 

terms does not solve the measurement problem, it is still a crucial 

question of any theory of quantal measurements. It seems to be 

clear that the destruction of interference terms has something to do 

with the "macroscopic nature" and the "essential complexity" of actual 

measuring instruments. Indeed, it may be exceedingly difficult to dis~ 

tinguish between mixed and pure states of macroscopic systems (compare 

the examples given by Bohm, 1951, and by Peres and Rosen, 1964a). rf two 

pure states differ from each other in a great many degrees of freedom, 

the interference terms between these two states are not well defined 

from an experimental point of view (compare also Wakita, 1960). Accept­

ing a pragmatic point of view, it seems to be reasonable not to distin­

guish between states whose interference terms cannot be observed with 

the tools available to us. On that account, Jauch (1964) has proposed 

to collect all states that are indistinguishable for a classical observ­

er into an equivalence class, called a macrostate. There are many de­

tailed investigations and models that favor such a point of view. The 

general tenor of these studies is the assumption that interferences 

that cannot be measured in practice are not observable even in principle. 

Far from disavowing the substance of the basic idea, we should like to 

stress that one has to distinguish between practice and principZe. As 

d' Espagnat (1966b) insists, such a distinction "i/; 06 C.OUltl>e. n.e.C.eA4M.!f 4.tnC.e. 

o:t:ltv!.w.iAe. we. would be. led :to a.c.c.e.pt: the. .idea. tJud, 60Jt .i.Yl.4ta.n.C.e., n.eutJri.n.04 rUd n.ot 

e.x-iAt dwUng the. XIX c.e.n-twt!f, whe.n. il wa.4 n.ot P044.i.6le. :to ob4e.Jtve. them". The effec­

tive disappearance of the interference terms is thought to be due to 

our limited ability to investigate the exceedingly complex correlations 
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of the microstructure of a macroscopic instrument. However, as long as 

we have no sound theoretical guiding principle, we should be very cau­

tious with claims of this type. We should never underrate the ingenuity 

of the experimenters of the future. That we do not see any possibility 

to measure extremely complex correlations does not imply that such cor­

relations do not exist. How complex must a system be to prevent us from 

distinguishing between a coherent interference and a mixturel 

References: The possibility of destructions of interference terms and its relevance 
for the state reduction has been discussed by: Elsasser (1937, 1953), Groenewold 
(1946, 1952, 1957, 1964, 1971), Rohm (1951, sect.22), Ludwig (1954, chapt.5), Feyer­
abend (1957, 1962), Siissmann (1958), Wakita (1960, 1962a, 1962b), 1\mai (1962, 1963, 
1964), Wigner (1963), Shimony (1963) Peres and Rosen (1964a, b), Jauch (19640, 1968a, 
1971), Hack (1964), d'Espagnat (1965, 1971), Furry (1966), Blokhintsev (1966), Tausk 
(1966), Bohm and Bub (1966a), Weidlich (1967), Bub (1968a, 1971), Grib (1968), Haake 
and Weidlich (1968), Weidlich. and Haake (1969), Krips (1969a, b), Jasselette and 
Voisin (1970), Freundlich (1972), Hepp (1972), Emch (1972b), Reece (1973), prosperi 
(1974), Frigerio (1974), Whitten-WOlfe and Emch (1976). 

In order that a system can qualify for a measuring instrument, it has to fulfill a 
set of stringent conditions. The presence of additively conserved quantities re­
quires that a measuring instrument must be, in a well-defined sense, sufficiently 
large. Compare: Wigner (1952, 1962b), Araki and Yanase (1960), Yanase (1961, 1964, 
1971), Stein and Shimony (1971). 

Is the superposition principZe universally valid? 

The reduction of the state vector is a nonlinear operation. Ac­

cepting the reduction postulate implies at the least a reinterpretation 

of the superposition principle of quantum mechanics. 

Von Neumann (1932) has remarked that the intellectual inner life 

of the individual is extra-observational by its very nature. London and 

Bauer (1939) have been much more explicit. According to London and Bauer, 

the observer has a property not shared by any other system in nature: 

the faculty of introspection. They have supposed that consciousness 

can indeed perform the reduction of superpositions of quantal states. 

Therefrom, Wigner (1962a, 1964b, 1969, 1970b) concludes that the super­

position principle fails when the consciousness becomes involved in a 

quanta 1 process. He even speculates that consciousness modifies the 

usual laws of physics and that the action of the mind on matter is asso­

ciated with a grossly nonlinear time evolution equation for the state 

vector. Since the introduction of ad hoc modifications can ruin any theo­

ry, the proposals of nonlinear time evolutions for quanta 1 states have 



126 3. Pioneer Quantwn Mechanics 

no power to convince. 

Schradinger's cat 

Accepting the unrestricted validity of the superposition prin­

ciple of quantum mechanics, one is led to grotesque situations. In 

Schr6dinger I s (193 5b) distinct prose: "E-ine Ka.:tze W-iJr.d -in e-Ute sta.htluunmeJt 

gupeMt, z!L6ammen mil 60lgeruieJt HOUenmMc.fUne (die man gegen den d.Dtek;ten ZugJti..66 

deJt Ka.tze .6icheJtn m!L6.6): in unem GUgeMc.hen Ziih1.Jl.oM beMOOet .6ich une w,lnUge Men­

ge /UldioaWveJt Sub4:ta.nz, .60 we.n{g, daM im La.u.6e uneJt S:tu.OOe vieUeic.ht UIl.6 von 

den Atarnen zeJt6aut, eben.6o wa.1i!t.6c.hunUch abe/!. a.u.c.h kunu; g e.6cfUeht u, .60 .6pUc.ht 

dM Ziih£JLoh!t an uOO be:tiiti.gt libeJt e-Ut Re£a.-<A un HiimmeJtc.hen, dM un K5lbchell mil B£a.u.­

.6ii.wte zeJWtiimmeJtt. Ha.t man diuu ganze SY.6tem ulle stu.OOe .ta.ng .6ich .6elb.6t libeJtla..6.6en, 

.60 W-iJr.d mall .6ic.h .6agell, dM.6 die Ka.tze /lOch leM, welln .illzruc.hell kUIl Atom zeJt6a.l­

lell i.6t. VeJt eMte AtomzeJt6a.U tWtde .6ie veJtgiMet haben. Vie 'l'-FunWoll du ga.nzell 

SY.6tem.6 tWtde dM .60 zum A!L6clJu.tck bJti..ngell, dM.6 -in .i;h!t die lebende ulld die tote Ka.tze 

zu gluchen Tellen gemi.6cht odeJt ve/!..6chmieJtt .6illd". 

English translation: "A cat is locked up in a steel chamber, together wi,th the 
following infernal machine (which must be protected agains-t the direct grip of the 
cat): In a Geiger counter there is a minute amount of a radioactive substance, so 
little that within an hour may-be one of the atoms- decays but equally probably 
none. If an atom decays, the counter triggers and activates a relay so that a 
little hammer breaks a flask containing prussic acid. If one has left this whole 
system for one hour, one would say that the cat is s,till alive if no atom has de­
cayed. The first decay would have poisoned the cat. The 'l'-,function of the, whole 
system would express this in such a way that in it the living and the dead cat are 
mixed or smeared in equal parts." 

Certainly, everybody would say that either the cat is alive or the cat 

is dead, but if the chamber is not opened yet, we just do not know. In 

the von Neumann-London-Bauer interpretation of quantum mechanics we can­

not make such a statement because the state reduction is made by the 

consciousness of an observer. In this sense, we speak of the paradox of 

Schradinger's cat. Note that the dilemma is not yet resolved by showing 

that the interference terms between the living and the dead cat are neg­

ligible small, because in the closed $'teel chamber nQ state reduction 

has been achieved. Yet, provided the interference terms are no longer 

observable, no contradiction to our experience can be constructed. Schra.,.. 

dinger's paradox refers to the regutati've principtes adopted by von Neu­

mann, London and Bauer. In our everyday life we decide upon realism and 

reject solipsism as a regulative principle. 
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The crux of Schrodinger's paradox is the interpretation of the 

state ~ = ~L+~D ' where ~L is the state of the living cat and ~D the 

state of the dead cat. Furthermore, we should be able to explain why 

the self-adjoint operator A = I~L)(~DI + I~D)(~LI cannot be an observ­

able. If A were an observable, we could transform a dead cat into 

a living cat, I~L) = AI~D). Schrodinger's paradox should not be ridi­

culed, it focusses on the essentials of the measurement problem of quan­

tum mechanics. To be sure, the cat was introduced by Schrodinger in or­

der to dramatize the story. Nevertheless, there is an instructive fea­

ture gained by this dramatization. Is it really true that all events of 

our everyday life are strictly objectifiable? Consider the dying of a 

poisoned cat in terms of classical biology and medicine. If the concepts 

"living cat" and "dead cat" refer to an objective reality, then any cat 

is either living or non-living. Hence we are. allowed to ask: at what 

time exactly does death. occur? Admittedly, we can adopt a conventional 

definition of the moment of death. Any reasonable conventional defini­

tion of the moment of death will take into account the present state of 

medical art. In spite of the fact that "for all practical purposes" we 

can give a reasonable defi.nition of the moment of death, there is no ab.,.. 

solute definition that is independent of the tools available to the 

physician. Dying is not a fully objectifi:able event. It may be worth­

while to ponder this problem, and to ask whether we do not require too 

much if we want fully objectifiable events in our theories. 
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3.6 THE EVERETT INTERPRETATION OF PIONEER QUANTUM MECHANICS 

A monistic inte!'p!'etation 

Simplicity is the most difficult thing to achieve; thus the most 

straightforward interpretation of quantum mechanics had to wait until 

1957 when Hugh Everett III in his Ph.D. tfiests' inittated a 1!los't ;fasci.-­

nating and simple view, called by him the !'eZative state inte!'p!'etation. 

According to Bohr's view and according to the von Neumann-London-Bauer 

interpretation, the object of quantum mechanics cannot be the whole uni­

verse because the observer is distinct from it. The Everett interpreta­

tion asserts that it makes sense to talk about the state of the entire 

universe. In the following discussions, "universe" always means "uni­

verse of discourse", including all measuring instrument and observers. 

In the Everett interpretation, pioneer quantum mechanics is a self-con­

tained theory, describing the universe with the observer in it. 

References: The basic papers on the Everett interpretation are Everett (1957) and 
the assessment of Wheeler (1957); compare also the longer expos·ition of Everett 
(1973). Not knowing the papers by Everett and Wheeler, Cooper and Vechten (1969), 

and Zeh (1970., 1971) have put forth a similar interpretation. For a discussion 
of Everett's interpretation, compare also DeWitt (1968, 1970., 1971b). 

Everett takes the mathematical formalism of quantum mechanics 

without adding the reduction postulate; no external observer is consid­

ered. In many respects, Everett's interpretation is nothing but a 

consistent formulation of von Neumann's theory of quantal measurements, 

in which the object plus the apparatus plus the observers· are regarded 

as one single closed system. Measurement-like interactions with.in the en­

tire system lead to a splitting of the. universe into a number of branches, 

each of them being considered as real as any other one. In each branch 

a measurement gives a definite result, all possible outcomes of a 

quantal measurement are realized in separate but real worlds. The uni­

verse is constantly splitting into a stupendous number of mutually unob­

servable but equally real worlds. Of course, if we include ourselves in­

to the universe under discussion, we are ourselves being split. The fact 

that we do not feel ourselves being split is explained by Everett in the 

Simplest and most natural manner: the laws of quantum mechanics do not 

allow us to feel the split. The different branches cannot interact, each 

branch is unaware of the others. Somewhat overstated, we may say that 

the Everett interpretation aims at a quantum theory without quantum 
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jumps while still explaining why observers encounter such jumps. 

The philosophical implications of the Everett interpretation are 

astounding, one may regard them as ridiculous or as grandiose, but the 

great elegance with which the Everett interpretation describes scientif­

ically interesting problems cannot be overlooked; it exhibits an inter­

nal consistency not present in any other interpretation of quantum me­

chanics. 

The deterministic time evoZ-ution is universaHy vaZ-id 

The Everett interpretation renounces any postulate concerning a 

stochastic time evolution. Without exception, all temporal changes are 

assumed to be governed by the deterministic time evolution, given by 

the Schrodinger equation 

i tl aat 'I'C t) H'I' (t) 

where the Hamiltonian H is a linear self-adjoint operator. There is no 

probability interpretation for 1'I'(t) 12. According to Wheeler 

(1957) "the WOM 'pMbabiUty' impUu the IWtiOYl 06 ob-6Vtvo..tioYl 61LOm ou.t6i.de wilh 

equJ.pneYLt that. will be dUCJUbed iYl c1Mll.<.c.al tVtmll. NUthVt thue c1Mllicai tVtmll, 

110.1[. obllVtvo..tiOYll> 6.1[.om ou.t6ide, 110.1[. a pUoJt-t p.ltobabiUty c.oYll>ideJta..tioYll> c.ome iYLto th.e 

6 a uYldatio Ylll 06 the .l[.ei.a;Uve lltate 60Jrm 06 quaYLtum theoJuj'. 

It is assumed that every system that is subjected to external 

observations can be regarded as a part of a larger isolated system. It 

is then claimed that it is possible to derive Born's probability inter­

pretation from the framework of Everett's interpretation of quantum 

mechanics (compare Everett 1957, 1973; Hartle, 1968; Graham, 1970, 1973). 

ReZ-ative states 

A perfectly isolated system is in a pure state 'I' E f{. :r;f one 

divides this system into two subsystems, 

then in general the subsystems cannot be assigned individual states 

because 'I' cannot in general be decomposed such that 'I' = ~ ® ~ with 

~ E H 1 ~ E f{2. Hence a subsystem cannot be in a unique in-
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dividual state. However, Everett defines for any arbitrarily chosen state 

of, say, the second subsystem a unique I'eZative state for the first 

subsystem. Let ~ E H2 be any possible state of the second subsystem. 

Then we define a state ~~ E Hl of the first subsystem relative to the 

state ~ by 

where the normalization constant N~ is determined by (~~I~~) = 1. Accord­

ing to Everett, it makes sense to talk about the state vector for the 

whole universe of discourse but it is meaningless to ask for the state 

of a subsystem. However, one can say that a subsystem is in a state ~~ 

I'eLative to a given state ~ of the rest of the world. 

MemoI'Y states 

In the Everett interpretation there are no external observers, 

but we can under certain circumstances give an implicit a posteI'ioI'i 

definition of internal "observers". In this case we Can investigate what 

quantum mechanics says about the appeaI'enae of phenomena to such observ­

ers (Everett, 1973). According to Everett quantum mechanics predicts that 

the subjective experience of the observers is in harmony with the pre­

dictions of the traditional external interpretations of quantum mechanics. 

Everett characterizes observers by their memoI'ies·. Mem-

ories are defined as "paJt.U 06 a. lLei.a.U:vei.y peJrma.nent na.tuJLe wli.o~;e ~:ta-te.6 Me. in 

C.OJtJr.Uponde.nce. w.Uh pa.6t e.x.pe!rl;e.nc.e. 06 the. oIJlwr.velUi" (Everett, 1957). The subjec­

tive experience of the observers described is given by the contents of 
their memory. 

What is potentiaLLy possibLe wiLL be I'eaLized 

The Everett interpretation assumes that everything that is 

potentially possible will be realized. Consider a measurement-like in­

teraction where time evolution of the combined system is given by 

Ij1 (t) ~ cn (t) fln® Bn 
n 

and the state Bj refers to the measuring instrument with the correspond-
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ing pointer value b j , 

BB. = b. B. 
J J J 

According to Everett, the state vector ~(t) never collapses, say into 

a j ® Sj' but all branches an ® Bn are realized. The superposition ~(t) 

describes a multitude of simultaneously existing real worlds and 

an ® Bn describes the state of the n-th parallel world. Accordingly, 

the measured subsystem is never in a pure state but we can speak of the 

relative state a .• Since {S } is an orthonormal set of vectors, the vec-
J n 

tor a. indeed represents the relative state of the measured system, 
J 

provided the measuring instrument is in the state Bj , 

-1 
a. c. <8.1~)f{ 

J J J 2 

Now if the states {S } qualify as memory states, then an observer with a 
n 

definite memory is only aware of his own branch, say a. ® B .• According 
J J 

to Everett, such an observer cannot be aware of the other branches so 

that the splits of the universe are unobservable. In each branch, the 

memory contents of observers give a different but consistent picture. 

My world is not the whole world 

The Everett interpretation leads to a many-worlds view, the 

whole world consists of mutually unobservable worlds. The world as a 

whole is strictly deterministic but the inhabitants of a particular 

branch can only see a tiny part of it. What is realized factually 

in a particular branch can be predicted only probabilistically. 

The psycho-physical parallelism is supposed to be such that an 

observer in a given branch of the Everett universe is aware only of 

what is going on in that branch. To such an observer, the world appears 

to consist of only one of the many existing branches. In the Everett in­

terpretation, "my world" is not the "whole world". "My world" is de .. 

fined by the set of all imaginable experiences I may have. What 

~s not accessible to observation and measurement does not be-

long to "my world". However, there is a full intersubjective harmony 

between the various observers in "my world" .. all documents, all persons 
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I can possibly encounter confirm my personal experience. In this sense, 

we obtain a fully objective description. But the subjective element 

cannot be eliminated: the subject itself is on a particular branch of 

the Everett world, and thereby determines whioh branch is to be dis­

cussed as being relevant. As an illstration, consider again the para­

dox of Schrodinger's cat. In the "whole world" Schrodinger's cat is 

described by the superposition IjIL+IjID' Because there are no observables 

A with (IjILiAIjID> f 0 , the vectors IjIL and IjID represent different branches 

of the Everett world. If I am on the branch with IjIL' then the cat is 

alive in "my world". To be sure, according to Everett there exists 

another branch, not accessible to me, in which the poor cat is dead. 

Elaboration of the Everett interpretation 

In the original expositions of Everett (1957, 1973) and Wheeler 

(1957), many important features of the proposed interpretation are dis­

cussed rather vaguely. So it is inevitable that later explications of 

the Everett interpretation led to divergent views. This goes so far that 

Bell (1971b, 1972) sees a close connection between Everett's ideas and 

de Broglie's pilot waves. 

Unfortunately, some of the explanatory literature on the Everett 

interpretation is impaired by a rather unsophisticated philosophical point 

of view. For example, DeWitt (1968, 1970, 1971a) claims that "the mathe­

ma..:Uc.al 60llmaLiAm 06 the quantum thwflY iA capable 06 yieiding W own inteJLpJr..e:ta:tWn", 

and that therefore "no meXaphy'->iC6 neecU. to be added to it". Such statements are 

unfounded and grossly misleading - interpretative metaphysical assump­

tions are necessary for any interpretation of a theory and never follow 

from the formalism alone. 

What is a splitting? 

Everett gives neither a precise definition of the "splitting of 

the universe into parallel worlds, nor is he able to assign an instant 

when the universe splits. As an example consider an Everett decomposi­

tion of the world state IjI of the type 

(i) ~1 ® ~1 + ~2 ® ~2 • 
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Instead of this decomposition, we might just as well consider the 

linear superposition 

(11) ~ = ~+ ® ~+ + ~- ® ~ 

where ~± = (~1 ± IP2)/12 and ~± = (~1 ± ~2)/12. Do both decompositions 

(i) and (ii) represent splittings? The answer is intuitively clear, if 

we again consider Schrodinger's cat. If, say \P1 represents the state of 

the living cat, and \P2 the state of the dead cat, then the decomposition 

(i) describes a split world. That the decomposition (ii) is not appro­

priate does not follow from Everett's arguments. 

While Wheeler (1957) claims that the Everett interpretation "doet; 

!Wt lLe.qcWte 60IL it6 6otunu1a.t.ton any lLe6e1tenc.e to c1.a.66.ic.ai. c.onc.ept6", Wakita (1962a), 

Cooper and Vechten (1969), and Graham (1970) have emphasized the neces­

sity of introducing classically describable states. It is only when a 

quanta1 subsystem interacts with another subsystem having classical prop­

erties that the total state can be resolved into states that admit a 

reasonable Everett interpretation. Each classically inequivalent branch 

describes one parallel world. If the whole universe considered does not 

possess any classical properties, then there is only one branch. The 

proper set for the Everett expansion are cZassically inequivaZent states. 

The branches of the Everett world have to be classically inequivalent 

An essential point in Everett's thesis is his introduction of 

memories into quantum mechanics. Memories are supposed to record the 
results of measurements. As examples of memories, Everett (1957) men­

tions "a.u:toma.t.tc.a11.y 6u.nc.Uon.i11g ma.c.h.inet;", "lLec.oJtcl.i;ng dev.ic.et;", etc. All this 

only makes sense in the terminology of classical physics. If Everett's 

memory states were not classical states then we would have the possibil­

ity of a coalescence of formerly different branches - a possibility nev­

er discussed by Everett, Wheeler, or DeWitt. In the original papers the 

important concepts "memories" and "instrument readings" are never theo­

retically explained. The whole matter is thrown into confusion by some 

additional remarks, like Everett's (1973) claims that it is not neces­

sary to impose restriction on the complexity or number of degrees of free­

dom Of measuring ins.trument or observers. Everett expands the world state 

vector '¥(t) in terms of a complete set of memory states {~n}' 
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but does not give necessary and sufficient criteria how the memory state 

<l>n has to be chosen. This vagueness has led to many misunderstandings. 

Zeh (1973) for example, made the fallacious suggestion to make the Ever­

ett decomposition unique by requiring that it has to be the Schmidt de­

composition. However, from the aontext of Everett's paper it is clear 

how the proper decomposition of the world state has to be defined. Mem­

ory states must represent definite values, alternative memory states 

have to be noncornrnutative and hence noninterfering. Furthermore, it must 

be possible to get access to the memory without changing the memory 
states. Thus, a straightforward refinement of the Everett interpretation 

is the requirement that Everett's memory states must be classical and 

mutually inequivalent. The trouble is that - according to the formalism 

of pioneer quantum mechanics - such classical states do not exist because 

they violate the superposition principle. 

Oakham's razor 

The most serious critique of the Everett interpretation relates 

to an extreme violation of William of Ockham' s rule "u.6en..Uct ywn .6u.n;t mu.l­

Uplica.rtda. pIUleteJt necu.6i;ta;tem" , 1. e. that entities should not be multiplied 

without necessity (compare e.g. Shimony, 1963). To be sure, it is a phi­

losophically controversial question whether we should accept such a prin­

ciple. From the viewpoint of a particular observer in the Everett world, 

all other branches are observationally inaccessible so that the crucial 

point of the Everett interpretation never can re.ce.iye .operati.onal sup­

port in the laboratory. The Everett interpretation implies one observable 

world and myriads of unobservable worlds. 

There is nothing new under the sun. The fiction "Many dimensions" by Charles Wil-. 
Iiams contains in a striking fashion the main conclus1ons of EVerett's' interpreta­
tion: "He lLemembeJted having 1Lea.d .6OmewneJte once a 6an-tM.ttc. tJieO/[.y that wneneveJt 
a man made a choice, a ILeal choice - wneneveJt he de6,u,uee.y di.d one 06 two thUrg.6 
he lliAo di.d at tJie &ame momen;t tJie otJieJt and bMUflht an entiJLe new u.rr.-i\JeMe .into 
behrg that he might do &0. pOI[. otJieJUAJi;6e an .&t6,u,ue Y!UII1beJt 06 pote~u 
would ex..Ut 60/[. eveJt u.n6u.l6.iUed - wfiic.1i, tJie W'UteJt had &air1, :thcugh LOM Altglay 
had no1t8otten Ii.iA lLeMOM, tttt6 ab&u.ILd" (Williams, 1931t in the new edition of 1963 
on p.53). 
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The principa~ advantage of the EVerett interpretation is its simp~icity 

It is difficult to imagine a laboratory experiment in the usual 

sense that could decide between Bohr's view, the von Neumann-London­

Bauer interpretation, and the Everett interpretation. First of all, reg­

ulative principles are metaphysical and not operational. Nevertheless, 

we are not free in our choice of regulative principles and, moreover, 

the character of the whole theory crucially depends on the regulative 

principles. For example, DeWitt (1967, 1970) mentions that the assump­

tion of the cosmological state vector and its time development during 

the "Big Bang" may have testable implications for cosmology. 

The conclusions of the Everett interpretation may be considered 

as bizarre. The idea of split observers may be thoroughly repugnant to 

many scientists. However, the Copernican world view was eondemned with 

very similar arguments. Novelty and repugnance are not valid arguments. 

Everett's view is to be judged by the theory it generates. The decisive 

argument in favor of the Everett interpretation is its simplicity, it is 

a simp~er theory than quantum mechanics in the von Neumann-London-Bauer 

or Copenhagen interpretation. The dubious reduction postulate is elimi­

nated, and there is no a priori distinction between object and subject. 

The Everett interpretation is fruitful for theoretical molecular biology 

because it eliminates the dualism microphysics/macrophysics, and allows 

us to attack the conceptual problems that large molecular systems pose. 

The discomfort that the Everett interpre.tation like. any new idea 

poses is overwhelmingly compensated by the insight and creative power this 

view provides. The Everett interpretation is superior in logical economy 

and gives us a more intelligible pattern of the world; it is the simplest 

interpretation of quantum mechanics, and a bold attempt to replace. the 

traditional epistemic view by an ontic one. It is marred by the fact that 

the forma~i'sm of pioneer quantum mechanics does not allow a proper defi­

nition of memory states. 
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3.7 EINSTEIN-PODOLSKY-ROSEN CORRELATIONS 

Albert Einstein discovers the nonseparability of quantum mechanics 

In a famous paper Einstein, Podolsky and Rosen (1935) discussed 

correlations in spatially isolated quantal systems, and pointed out 

that according to quantum mechanics such systems still may interfere with 

each other. This interference gives rise to strongly nonlocal correla­

tions. Einstein, Podolsky and Rosen (hereafter referred to as EPR) con­

sidered such a behavior of physical systems as unreasonable and advanced 

the argument that these nonlocal correlations are spurious and due 

to an incompleteness of quantum theory. EPR based the argument on a 

postulate asserting the existence of an objective real state of a phys­

ical system which is independent of any experimental operation that 

does not disturb the system at the time in question. Bohr (1935) 

responded immediately to this challenge and showed that Einstein's 

notion of "physical reality", as cautious as it may appear, is incompat­

ible with the prinCiples of quantum mechanics. 

The argument of EPR was a great contribution to quantum me­

chanics. It did not refute quantum mechanics but it freed it from latent 

and unsuspected assumptions. The so-called EPR-paradox draws the atten­

tion directly to a central phenomenon: quantal systems possess holistic 

properties. In quantum mechanics, a system consisting of non-interacting 

spatially separated subsystems can be in pure state without the subsys­

tems being in pure states. It is a mathematical property of classical me­

chanics that the states of all the subsystems of a given system determine 

the state of the whole system; this property is called separability. We 

call a system holistic if it does not possess the property of separabil­

ity. Einstein discovered that pioneer quantum mechanics is a holistic 

theory. The existence of EPR-correlations is a compelling consequence of 

quantum mechanics and is experimentally well confirmed. So neither ex­

perimental facts nor quantum theory but the prejudices of common sense 

must be changed. In nature, there are peculiar phenomena; quantum me­

chanics is a peculiar theory because it describes nature properly. 

References: A lucid logical analysis of the EPR-arquments is given by Reichenbach 
(1944). In the Gennan translation of this hook (Birkhauser, Basel, 1949.- pp. 192-
193) an important clarification of Bohr's arguments due to Pauli is added. Com­
pare also: Eins-tein (1936, 1948, 1949, 1953a), S'chrOdinger (1935a,b, 1936), Furry 
(1936a,b), Weyl (1949b), Bohr (1949), Margenau (1949), Bohm (1951), Bell (1964), 
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d'Espagnat (1965, 1971), Jauch (1968a), Krips (1969c, 1971), Hooker (1970, 1971a,b, 
1972a,b), Er1ichson (1972), Scheibe (1973), Mirman (1973), Moldauer (1974), Mittel­
staedt (1974). 

The arguments of Einstein. PodoLsky and Rosen 

Einstein, Podolsky and Rosen (1935) consider a system consisting 

of two particles, each with one degree of freedom. Let QI, PI and Q2, P2 

stand for the position and momentum of particles 1 and 2, respectively. 

The canonical commutation relations (we choose units such that h=1) 

j,k = 1,2 

imply that the total momentum pd~f PI+P2 commutes with the relative co­

ordinate Q d~f QI-Q2, QP=PO. As a consequence, there exists a state of 

the two-particle system with a sharp value of the total momentum P (which 

we choose to vanish) and with a sharp value of the observable Q which we 

choose to be q. Accordingly, this state function ~ equals 

where 1\ is Dirac's delta function. This state can be produced by an ap­

propriate experimental procedure. The dis.tance q between the two parti­
cles may be arbitrarily large, so that, once this state has been pro-· 

duced, we may assume that the forces between the two particles are van­

ishingly small. Consequently, the. apparatus: used to observe particle 

can be chosen such that it does not interact at all with particle 2. rt 

is left to the free choice of the experimenter what he wants to measure. 

For example, he can carry out a measurement of the first kind of the po­

sition of the first part:j:c1e. Let the. mea, su):' ement of the observable Q1 

yield the value ql, so that this particle is in the corresponding eigen­

state ~l of the observable Ql 

The decomposition 
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'" I O(XI - X)a(X2 + g - x)dx 

taken together with the reduction postulate yields 

That is, immediately after the measurement of the position of 

the first particle has been completed the second particle is also in 

the pure state ~2 

li>2 (Xz) o (Xz + g - gil 

and therefore sharply localized at the position qz=q-ql. On the other 

hand, the experimenter can perform a-measurement of the momentum of 

the first particle. Let this measurement of the observable PI yield the 

value PI, so that this particle is in the eigenstate ~l of the observ­

able PI, 

co 

From the Fourier representation 

co 

taken together with the reduction postulate one obtains 

where 

(j) z (xz ) 

That is, immediately after the measurement of the momentum of the first 

particle has been completed, the second particle is also in an eigen­

state of the momentum with the eigenvalue pz = -Pl' 
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As a result, we can predict the position or the momentum 

of particle 2 without in any way interfering with this particle. Ein­

stein, Podolsky and Rosen adopt the following metaphysical postulate: 

"16 wUhou:t .in a.ny way fu:tuJLb.i..ng a .6IJt.tllm, we c.an p!LecLi.ct wUh c.eJtta1.nty the value 

06 a phyt..i.c.ai. quan.tU:y then theJI.e .u. an element 06 phyt.-Lc.ai. lI.eJLU.ty C.OIr.lr.et.ponding to 
th-i.t. phyi..i.c.ai. quarr:Uty". Accordingly, EPR argued that they have shown the 

physical reality of both the position and the momentum of particle 2. 

This is the EPR-paradox, for quantum mechanics prohibits simultaneous 

sharp values for noncommuting observables. As first stressed by Bohr 

(1935), there is no logical difficulty at all. EPR's criterion of "phys­

ical reality" reflects a olassioal oonoeption of reality which cannot be 

incorporated into quantum mechanics. The laboratory arrangement is an 

essential element of the physical reality of a quantum event. No asser­

tion concerning the values of an observable can be made before a measure­

ment; it is only after a measurement on particle 1 that a statement about 

particle 2 can be made. The observational means for a measurement of 

position and of momentum are mutually exclusive. One is not allowed 

to say that a measurement of Q1 ohanges the value of Q2 because before 

the measurement the second particle is not in an eigenstate of Q2. To be 

sure, the EPR-paradox is very much contrary to common sense but it is not 

self-contradictory in the logical sense. We do get a logical contradic­

tion if we try - as Einstein, Podolsky and Rosen do - to extend quantum 

mechanics by a reality condition incompatible with. quantum mechanics. 

(For more details, compare the analysis by Scheibe, 1973, and by Mittel­

staedt, 1974). 

Einstein accepted the logical selfconsistency of quantum mechan­

ics but not its philosophical implications. In his autobiography, Ein­

stein (1949) wrote: "But on one t.uppo-6U-i.on we -6hould, .i.n my op-i.n-i.on, ab-6o.futely 

hold 6at.t: the 1I.ea.t 6ac.tua.l -6..itu.tLti.on 06 the -6yt.tllm S2 .u. .&!dependent 06 what .u. dOYle 

wUh -6yt.tem SlI wh.tc.h .u. t.pa.t.i.ai.R.y t.epaJtai:ed 6Jr.om the 60JuneJI.. Ac.c.oltd'ing to the type. 06 

meat.UI!.ement rAllii.ch 1 make 06 Sl, r get, howeveIL, a veJl.y d-L66eJ1.ent '1'2 6011. the t.ec.ond /WL­

:ti.al -6yt.tem. Now, howeveJI., the 1I.ea.t t...itu.tLti.on 06 S2 mut.t be .independent 06 what happel1t. 

to Sl. Foil. the -6arne Jr.ea.t t..i:tua;Uon 06 S2 U .u. pot.t.ible theJI.e60ll.e to Mnd, ac.c.oJr.d-i.ng to 
one't. c.ho-i.c.e, d-L66eJ1.ent typet. 06 'I'-6unc.Uol1t.. One can et.cape 6Jr.Om th-i.t. c.onch.t.6-i.on only 

by eUheJI. at.-6um-i.ng that the meat.UI!.ement 06 51 (tele~y) c.hanget. the 1I.ea.t t.Uua.­

lion 06 S2 011. by deny-Lng .independent Jr.ea.t t.uuaUol1t. at. -6uc.h to :th.i..ng-6 wlii..c.h Me t.pa­

ilally t.epaJtai:ed 6Jr.om each otheJI.. Both aUetc.na:ti.ilet. appeaJI. to me ent.iJr.ely unacc.eptable." 
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Einstein considered quantum mechanics to be an incomplete theory. 

Nowadays we know that locally hidden variables are impossible so that we 

have to accept the nonlocal EPR-correlations. The EPR-paradox shows that 

in quantum mechanics a system ~ithout any interaations ~ith other systems 

and moreover spatiaLLy separated from them, aan yet be aorreLated and 

synahronized ~ith these systems in a highLy nontriviaL ~ay. 

Critique of the formuLation of the EPR-paradox 

If the discussion by Einstein, Podolsky and Rosen is correct, 

then it is doubtful whether one can speak legitimately of subsystems of a 

quantum system. Since this is a question of great practical importance, 

it is imperative to track down any eventual flaw in the argumentation of 

EPR. The following features of the argument have been criticized in the 

literature: 

a) In formulating the EPR-paradox the reduction postulate is used. 

Margenau (1936, 1937) claims that the reduction postulate can be 

given up and so the paradoxical situation fades away. 

b) The assumption of a vanishing interaction between two spatially 

separated systems is never exactly satisfied (Sharp, 1961). 

c) For large distances nonrelativistic quantum mechanics becomes in­

valid as the retardation of the interaction must be taken into ac­

count (SchrOdinger, 1927, 1935b, 1936). For l~gedistances, the 

Hamiltonian has to be modified; the validity of the cons.ervation 

laws could be questionable (Furry, 1936a, 1936b). 

d) There are no self-adjoint representations for the momenta of se­

parated systems (Cooper, 1950). 

e) The quantum mechanical description is incomplete, quantum mechaniCS 

is to be completed by hidden variables (Einstein et al., 1935). 

f) The EPR-thought-experiment cannot be realized and is therefore 

without interest (Breitenberger, 1965). 

None of these objections is relevant. Objection a) which, by the way, has 

not been accepted by Einstein (1949, page 682), can only be advocated in 

an ensemble theory of quantum mechanics and is refuted by the successful 

EPR-experiments. Objections b) and c) are not relevant; it can be shown 

that the residual interactions and the retardation effects are not essen­

tial for the EPR-phenomena. A discussion of the EPR-phenomena in the 
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framework of modern relativistic quantum field theory has been given by 

Schlieder (1968), Hellwig and Kraus (1970b), and Antoine and Gleit (1971). 

Objection d) is directed against the usual sloppy mathematical treatment 

of the hypothetical EPR-experiment and is well taken. Nevertheless the ob­

jection is not relevant, as a modification of the EPR-experiment proposed 

by Bohm (1951) avoids the use of unbounded operators and can be rigorously 

discussed in an elementary way. As Bell (1964) has shown, the proposal e) 

provides no acceptable alternative either. If one tries to complete quan­

tum mechanics with the help of hidden variables, then these variables ne­

cessarily show a marked nonlocal behavior, so that Einstein's ideal is 

again violated. Objection f) has been refuted by modern experiments. 

The existence of EPR-correZations is an experimental fact 

The original formulation of the EPR-paradox involved the use of 

unbounded observables with a continuous spectrum, which leads to math­

ematical difficulties (nonnormalizable state vectors, problems of self­

adjointness). A both conceptually and mathematically much simpler but 

legitimate example of the EPR-paradox is the case of the disintegration 

of a spin-zero particle into two spin-jf2 particles (Bohm, 1951). 

Consider a system of zero total spin consisting of two particles 

each with spin 1/2 (for example a hydrogen molecule in a Singlet s .... state). 

Let this system be split by a method not influencing the spin of 

either particle. Then, the total spin remains zero while the particles 

are flying apart. When the particles have ceased to interact appreCiably, 

the state function of the two-spin system is given by 

where (jl+ and (jl_ are the one-particle wave functions representing, respec­

tively, a spin direction +1/2 and -1/2. Provided the particles 1 and 2 are 

sufficiently far apart, separate measurements can be carried out on par-
~ ~ 

tic Ie 1 and 2. Let Sl be the spin operator of the first particle and a 

an arbitrary unit vector, and let us perform a measurement of the first 

kind of the observable (;;:81). The eigenvalues of (;;:81) are -1/2 and +1/2, 

so that the measurement yields either the value -V2 or +1/2. As the 

total system is in a singlet state, a measured eigenvalue m fm :=1/2 or 

m := -1/2) of (;;:81) implies that an immediately following measurement of 

(aS 2 ) on the second particle must yield the eigenvalue -m. However, as the 
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... 
direction of the vector a is left to the choice of the experimenter, we 

are not allowed to say that the two particles have a well defined spin 

direction already before the measurement. Nevertheless, the two spins 

are correlated; by measuring any component of the spin of the first par­

ticle, we know this component of the second particle, without in a way 

interacting with it. Adopting a classical concept of reality, the situa­

tion is again paradoxical. 

Experimental tests: It is not easy to carry out this experiment in the case 
of the hydrogen molecule. But several equivalent proposals for an experimental 
investigation of the EPR-phenomenon have been made: 

a) Scattering of an electron at a proton (Janossyand Nagy, 1956). 

b) Correlation of the polarisation directions of the photon pair which is emitted 
in the annihilation of an electron-positron pair (Wheeler, 1946; Wightman, 1948; 
Yang, 1950; Bohm and Aharonov, 1957, 1960; Day, 1961). 

c) Proton-proton scattering (Peres and Singer, 1960); 

d) Autoionization of a helium atom in the 2s2 state; 

He (2S2) ... He+(1s1) + e 

and the measurement of the spin correlations (Peres and Singer, 196Q). 

e) Correlations in a K4nesons pair (KO,iO) simultaneously produced by a proton­
proton annihilation (Day, 1961; IngliS, 1961). 

f) Correlation measurements with polarized photons in a split beam (Aharonov and 
Peterson, 1967). 

g) Correlations of the linear polarization of two successively emitted photons' in 
the cascade 60S0 ... 41pl ... 4 1S0 of ca1citnn (Kocher and Commins', 1967; Clauser et 
a1., 1969; Fox and Rosner, 1971). 

The experiments carried out until today belong to the group b) (WU and 
Shakanov, 1950; Bertolini et al., 1955; Langhoff, 1960; Kasday, 1970, 1971; 
Kasday et a1., 1970) and the group g) (Kocher and CCllllllins, 1967; Freedman and 
Clauser, 1972; Clauser, 1976; Lamehi-Rachti and Mittig, 1976; Fry and Thcmpson, 
1976). For a recent review and a careful evaluation of the experimental results, 
ccmpare Clauser and Shimony (1978). 

Beyond any reasonable doubt, the experimental tes.ts of the EPR­

phenomena have confirmed the predictions of quantum mechanics. Even if 

some scientists find this conclusion disturbing, the existence of EPR­

correlations has to be considered as an empiri'cal fact. 
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Entangled systems and holistic phenomena 

The EPR-paradox is a special case of the remarkable behavior of 

entangled systems. Entangled systems are systems which have interacted 

in the past and have then been separated. It is characteristic for quan­

tal systems that spatially separated parts of an isolated system are in 

general correlated, even if th.ey no longer interact. Such holistic 

effects are unknown in classical physics. Quantum mechanics is the first 

mathematically formulated scientific theory where in a non-trivial way 

the whole is more than the combination of its parts. 

If a system spontaneously decays into subsystems, then the dynam­

ical interactions cause these subsystems to be in a correlated state. 

When the subsystems are separated, the dynamical interactions between 

them become more and more irrelevant. Non-interacting systems with a 

common ancestor are therefore in general correlated. Let us consider 

two systems, SA and SB' with the Hilbert space HA and HB as state spaces. 

If both these systems have a common ancestor, then the state function 

~€HA®HB of the total system is not an uncorrelated function 

but a superposition of the type 

It), CI.®S 
nm nmn m 

Consequently, the subsystems SA and SB do not in general have a state 

vector. 

A convenient representation of correlated state vectors is the 

natural expansion, introduced in this context by Schrodinger (1935a): 

with 

The orthonormal functions Cl. n and Sn form a pair of eigenfunctions with 
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the complex eigenvalue A of the eigenvalue problem (in the sense of Er­n 
hard Schmidt, 1907a,b, 1908) with the kernel ~ 

If this Schmidt decomposition yields more than one nonvanishing 

eigenvalue A , then we speak of an entangZed system, A system with only n 
one nonvanishing eigenvalue An is called a disentangZed system, If we 

admit only interactions with SA' then all statistical predictions for 

the outcome of experiments restricted to SA can be expressed with the 

aid of the density operator DA, defined by 

Analogously, the density operator DB of the system SB is given by 

Measurements on an ensemble of SA-systems can at best determine the 

modulus IAnl of the eigenvalues An and the eigenfunctions an of the den­

sity operator DA, and measurements on an ensemble of sB-systems the 

modulus of the eigenvalues An and the eigenfunctions Bn of the density 

operator DB' As a result, the maximal information accessible by measure­

ments on both subsystems can be represented with the aid of a density 

operator D' 

with spectral resolution 

D' IIAnI2Ian®Bni<an®Bnl 
n 

The complete description of the total system, however, is given by the 

state vector '¥ or, equivalently, by the density operator D =< I'¥)<'¥i which 
can also be written as 
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D = I I An\~llln® Bn > (llm® Bml 
nm 
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The statistical operator D' represents the knowledge that can be obtained 

from measurements restricted to the two subsystems SA and SB' The fact 

that this knowledge is incomplete is reflected by the fact that D' is not 

idempotent, {D')2fD', and therefore does not represent a pure state. Thus, 

the infopmation that can be obtained fpom measupements on the two subsys­

tems does not allow the peconstpuction of the full statistical opepatop D. 

The missing information is contained in the phases ~n 

of the eigenvalues An' These phases can be determined only by measurements 

of the coppelations between the two systems. A measurement of the first 

kind of the observable Pj=luj>(ujl leads to the state reduction 

and hence to the creation of a pure state Bj in the subsystem SB' Accor­

dingly, we have the following genepalized EPR-phenomenon (Schrodinger, 

1936): Let SA+SB be an entangled system with two spatially sepapated sub­

systems SA and SB in a pure state ~=LAnlln®Bn' An appropriate measurement 
apparatus interacting only with the subsystem SA' can put the subsystem 

SB into any pure state that is an element of the subspace spanned by the 

natupal vectors {Bl.B2 •••• 1. 

The formal reason for this peculiar situation is the superposi­

tion principle of quantum mechanics, or, in other words, the fact that 

in quantum mechanics the composition of two systems SA' SB into a joint 

system S=SA+SB involves the tensor ppoduct of the corresponding Hilbert 

spaces while in classical mechanics we use the direct sum (or equivalent­

ly, the Cartesian product) of the corresponding phase spaces. The density 

operators D and D' differ by the interference terms I un®Bn) (llm®Bml , 

nfm: all EPR-correlation effects are interference effects. If for any 

reason the information about the phase relations between the complex 

eigenvalues An is lost, the interference terms are no longer observable 

and the experimenter cannot find EPR-correlations. However, it would 

be fallacious to believe that the phase ~n would be smeared out in 

all macroscopic phenomena. The best known counterexamples are the 



146' 3, Pioneer Quantum Mechanics 

coherence effects in superconductors (compare the review by Mercereau, 

1969). Modern precision measurements of e/h with the aid of the Joseph­

son effect (compare Parker et al.,1969) provide an impressive proof of 

the extremely exact phase relationship that can be maintained by more 

than 10 20 electrons. These experiments refute the frequently uttered 

opinion that in macroscopic systems the individual phase ~n would "of 

course" be averaged, and that only the phase average of D, that is D', 

would be of interest. Quantum systems can show holistic effects even if 

their subsystems are separated by macroscopic distances. 

Summing up 

We have to accept the inevitable: the EPR-correlations are a gen­

uine characteristic of nature. The EPR-phenomena are puzzling only in a 

classical context, i.e. if we have not yet developed appropriate forms 

of thought and intuition. Far from bringing any difficulties to quantum 

theory, the EPR-correlations provide a new and important tool for under­

standing some of the holistic phenomena occuring in nature. A quantum sub­

system adapts its behavior to its surroundings. Entangled systems have 

properties which are not present in anyone of its subsystems. Furthermore, 

the EPR-correlations bring a hereditary element into quantum mechanics. 

An entagled system shows "recognition phenomena"; the mutual reactiv-

ity of two systems may depend on whether they have a common ancestor 

or not. All these aspects show a deep formal similarity with the behav­

ior of biological systems. Quantum mechanics is the first mathematically 

formulated theory that shows phenomena we know from theories working on 

a higher hierarchical level, like biology and psychology. 

Nowadays, the main problem is not to understand the EPR-correla­

tions in some classical sense. Once we have accepted the facts, there is 

a new problem, however: why are the EPR-correlations so rarely observed? 

It win be an important task to clarify by rigorous mathematical theorems 

the conditions under which interference terms are no more relevant in 

large molecular systems. This problem cannot be solved merely by plausi­

bility arguments and heuristic considerations. The future development of 

theoretical chemistry and biology will crucially depend on a proper so­

lution of this problem. 
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3.8 CONCLUSION: THE STATUS OF PIONEER QUANTUM MECHANICS 

What is quantum mechanics about? 

The referent of a theory stands for that what a theory is about 

(cf. Bunge, 1973, chapt.4). A theory may be about 

the sensations of observers, 

the ideas of observers, 

the results of experiments and measurements, 

individual physical systems, 

Gibbsian ensembles of physical systems, 

the qualities of physical systems, 

objectively existing ideal entities, 

and so on. Anyone of these possibilities may be valid, interesting and 

useful. There is no such thing as the "correct choice" of the referent 

but there are bad choices. There are choices that are logically incon­

sistent and incompatible with the remaining theoretical structure, and 

there are choices that do not fit into the cultural basis of our sci­

ence. Since "the 6-UUng 06 mi.ncU wUh -tec.hnic.a.l c.onc.epu wUhou.t v.,tabllilUng 

-theJA /te1.a.:UoYi,6lUp i.J.J a 60Jtm 06 poUu;tton" (Hammer, 1971), we have to know 

what the referent of a theory is. In spite of its overwhelming pragmat­

ic success, there is no general agreement about the referent of pioneer 

quantum mechanics. 

Most text-book authors try to avoid this problem by adopting an 

operational point of view. They say that science is a tool for 

making predictions about what will be observed in different situa­

tions, and consider a physical quantity as being defined when the pro­

cedures for measuring that quantity are specified. Sometimes they even 

claim that they do not use any philosophy at all, and that philosophy 

is irrelevant to science. These authors do not seem to be aware of 

the fact that they defend a kind of operationalism or logical positivism -

highly controversial and probably untenable philosophical positions. 

Historical remarks: The view that a physical quantity acquires its meaning by a 
procedure for measuring its value probably goes back to Ernst Mach (1838-1916). 
The definition of physical quantities by operations' of measurement was stated ex­
plicitly by Hugo Dingler (1881-1954) (canpare his early work, Dingler 1907) and 
was used by Constantin Caratheodory (1873-1950) in his important s,tudy on the 
foundation of thermodynamics (Caratheodory, 1909). In his famous "The Logic of 
Modern Physics" of 1927, the American phYSIcist Percy William Bridgman (1882-1962) 
popularized the view that all scientific concepts have to be linked to experimental 
procedures and stated an influential program of operationalism. Although 
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Bridgman himself modified his early extreme doctrine in an essential way 
(cf. Bridgman, 1959), many scientists still regard "The Logic of Modern Physics" 
as the bible of the scientific method, indispensable to a correct understanding 
of modern science. 

According to operationalism science should be cleansed 

from operationally undefinable concepts. That the operationalist's maxim 

is untenable and that operationalism is inadequate as a philosophy of sci­

ence is recognized even by those modern empiricists who do not deviate too 

much from the basic viewpoints of logical positivism (cf. Hempel, 1965, 

1966). In fact, not one existing physical theory complies with the basic 

tenets of operationalism. The primary error of operationalism is the con­

fusion between the referent of a theory and the way of testing it (cf. 

Bunge, 1973). If we insist that science is more than a set of useful 

rules for classifying experimental data, then physics and chemistry are 

not basically experimental sciences but sciences that are concerned with 

the study of matter and its interactions. 

The mathematical concepts used in the formalism of pioneer quan­

tum mechanics have euphonious names like state space (for the underlying 

Hilbert space), state vector (for a unit vector in the state space), 

Hamiltonian (for the generator of the dynamical group), observables (for 

the self-adjoint operators acting on the state space). Of course, a self­

adjoint operator becomes neither observable nor physically meaningful 

just by receiving a name. If we acknowledge that pioneer quantum me­

chanics is about molecular matter, then we have to give up operationalism 

and cannot define fundamental concepts Like states or observables opera-

tionally. "What is an observable?" is not a romantic question that can 

be ignored in favor of an operationalistic definition. 

Category mistakes 

Most chemists probably will agree that a chemical theory should 

be about the objective material world. The more specific claim that chem­

ical theories should be about molecules and their interactions would, 

however, be careless since molecules and chemical substances are cate­

gories of a different logical type. 

Individual objects, classes. of individual Objects, classes of 

classes etc. are categories of different logical type Different theo~ 

ries may have referents standing for categories of different logical 
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type. When categories of different logical types are treated as being 

on par, we speak of category mistakes (Ryle, 1949). Many jokes, as Ryle 

observes, are type-pranks but many category mistakes are not obvious and 

have misled philosophers a.nd sci.entists. A. widespr'ead category mistake 

in chemistry is taking the concept of substance as being on equal foot­

ing with molecules, or the confusion of phenomenological thermodynamics 

with statistical mechanics. For example, a steam engine may belong to 

the reference class of thermodynamics but not of statistical mechanics. 

In the traditional formulation of statistical mechanics the correspond­

ing reference class is a Gibbsian ensemble of infinitely many identical 

noninteracting and uncorrelated steam engines. 

The quest for the referent of modern scientific theories is non­

trivial and the danger of making category mistakes is serious. For ex­

ample, it is not at all clear that collision theory (as used for the 

description of molecular beam experiments) and phenomenological kinetics 

(as used to describe enzyme kinetics in biochemistry) have reference 

categories of the same logical type. 

A serious category mistake in many contemporary expositions of 

quantum mechanics and quantum chemistry concerns the confusion between 

theoretical and experimental concepts. The theoretical quantities called 

"observables" in pioneer quantum mechanics do by no means refer to direct 

measurements in the sense of the experimenter. Things are not that 

simple! Every realistic description of actual measuring devices uses 

highly developed classical physical theories, such as classical con­

tinuum mechanics, classical optics or the Maxwell-Lorentz theory of elec­

trodynamics in an essential way. Together with mathematical system theory 

and the theories of filtering, interpolation and extrapolation of stoch­

astic processes they allow a well-founded and concise representation of 

modern experiments by phenomenological theories. Such phenomenological 

theories - which are not covered by pioneer quantum mechanics - enable 

us to design the experimental apparatus and to describe the results of 

the experiments in theoretical terms. 

Epistemic vs. antic interpretations 

There are two basically different views on the referents of sci­

entific theories. First we have the philosophical viewpoint of homo 

sapiens: science deals with a world-to-be-contemplated. In contra-
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distinction, the modern technological view of homo faber considers 

science as dealing with a world-to-be-acted-on. The first viewpoint has 

the grandiose aim to tell us how the world is and interpretations of 

this kind will be called ontic interpretations. The more modest second 

view does not claim to tell us how the world is but only what results 

we can expect if an observer interferes with the system; interpretations 

of this kind are called epistemia interpretations. 

Examples: Newtonian celestial mechanics is the paradigm for an ontic interpreta­
tion, Modern mathematical system theory (cf. Kalman et al., 1969) aims at the elu­
cidation of the mathematical structure of the experimentally accessible input-out­
put map of arbitrary black-box systems; it may be taken as a paradigm for an episte­
mic interpretation. The referents of Bohr's interpretation of quantum mechanics 
are laboratory measurements (and not microphysical objects!); it is an epistemic 
interpretation referring to individual macroscopic objects. In its statistical 
version, the von Neumann-London-Bauer interpretation of quantum mechanics is an 
epistemic interpretation referring to a Gibbs ensemble of microphysical objects. 
The Everett interpretation is an ontic interpretation having the whole universe 
as its referent. Note that not one of the traditional interpretations of pioneer 
quantum mechanics has microphysical objects (like molecules) as referentso 

The objective of theories in an ontic interpretation is to under­

stand the fundamental nature of things. The proper place of epistemic 

theories is in engineering science. Fundamentalistic and engineering sci~ 

ences have different goals but supplement each other. Modern engineering 

science has a strong theoretical foundation, its aim is the creation of 

new systems, its essence is a theory of model building. According to Kal~ 

man (1968a) "a model. A;6 a .6ummalty 06 ex.peJtime.nta.t data; IC.e.pe.ating an e.x.peJtime.nt an 

the. model. .6hauld y-Lel.d ex.actty the. Mme data. M ~ M.6ume.d .tn c.on.6Vr.u.cling the. model.". 

A minima "lmode"l is one which is simplest in some s'ense, e.g. has the mini-

mal number of parameters. Mathematical system theory is the study of dy­

namical relationships, it also deals with. the art of model building. Its 

basic concept is the input-output map representing an experimentally ac~ 

cessible stimulus-response relationship. A reaZization of an input-output 

map is a dynamical system that has the same stimulus-response relation­

ship. The task of mathematical system theory is to explain the experi­

mental data in dynamical terms, in the sense that aZl possible realiza­

tions of the empirical input-output map are discussed and a mathematical­

ly well-defined minimal realization is selected (compare Kalman, 1968b). 

The appropriate tool for the design and the description of any 

kind of physical or chemical experiments is mathematical system theory. 

Note that even for experiments on microphysical systems quantum mechanics 
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is not necessary. A famous example are the phenomenological dynamical 

equations proposed by Felix Bloch (1946) for the description of nuclear 

magnetic resonance. Without using quantum mechanics, Bloch's equation 

can be modified in such a way that they cover every conceivable detail 

of modern nuclear magnetic resonance experiments in terms of a system 

theoretical description. 

Remark: It is sometimes said that Heisenberg's uncertainty relations are character­
istic for quantum mechanics. This view is not only historically wrong but also con­
ceptually very misleading. Heisenberg's inequality and the canonical commutation 
relations are associated with the harmonic analysis of the two-parameter Abelian 
group R2. This group arises naturally in many contexts, e.g. in communication theo­
ry. Communication theory deals with the transmission of messages, where the mes­
sages are represented by continuous functions of time tEIR. The signal t .... fCt) may 
be the amplitude of an electric current in a co~unication circuit, or a function 
describing a sound wave pattern, etc. Let t-+f(t) be a continuous, quadratically 
integrable signal, and l its Fourier transform, 

f(V) = J~ f(t) exp(-2~ivt) dt 

The ·simple mathematical fact that a signal f and its Fourier transform cannot be 
both very small at infinity is of crucial engineering importance. The fact that 
not both of the functions If I and III can be highly concentrated can be expressed 
in terms of the variances (~t)2 and (~)2 

(fit) 2 d~f J~ (t-t) 21 f (t) 12dt I J~ If (t) 12dt 

(flv) 2 def J~(v-v)21;(v) 12dV I ~ I;(v) 12dV 

where we introduced the mean values t and V by 

t d~f J~ tlf(t) 12dt I J~ If(t) 1 2dt 

vd~f JIK vl;(v)1 2dV I JIKI; (v) 12dV 

The quantity fit is a measure of the effective time duration and t.v a measure of 
the effective bandwidth for the signal f. It is a simple mathematical exercise to 
prove that 

(fit) (flv) '" 1/4~ 

This inequality corresponds exactly to Heisenberg's inequality (AP) (flq) '" h!4~, 

and says that we cannot arbitrarily limit bandwidth and duration of a signal. This 
inequality is much older than the celebrated Heisenberg inequality. The fact that 
a signal which is confined to a small time interval cannot be confined to a small 
frequency interval, was used by Sommerfeld (1914) to discuss the coherence length 
of wave-trains, and by Kiipfmiiller (1924) for an inequality between the settling 
time and the band width of a band-pass filter. According to a private communication 
of Norbert Wiener to Barnes (1964, 1970), Wiener had given a mathematically precise 
formulation of the variance-type time/frequency inequality at a Gottingen mathemat­
ics seminar in 1924, with Heisenberg present. 

Apart from inequalities of the Heisenberg type, modern mathematical system theoary 
also makes use of the Heisenberg-Weyl canonical commutation relations. For example, 
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to every regular (Le. purely nondeterministic), wide-.sense stationary stochastic 
process there is as.sociated an energy operator H (generating the time evolution 
of the process) and a time operator T, fulfilling rigorously the commutation re­
lation HT-TH=i (compare Hanner, 1950; Tj¢stheim, 1975, 1976; Gustafson and Misra, 
1976) • 

The mathematical analysis of signals and stochastic processes therefore leads in 
a natural way to the basic mathematical tools used in pioneer quantum mechanics. 

Mathematical system theory combined with the related theory of 

stochastic processes correlates a set of experimental observations with 

the results of other observations; it searches for phenomenological cor­

relations rather than for the essential properties of matter. In view 

of the progress these theories have made in recent times, the epistemic 

interpretation of quantum mechanics as advanced by Bohr has to be con­

sidered as inadequate and obsolete. It is true that denying the exis­

tence of underlying realities, we can get rid of all philosophical dif­

ficulties of quantum mechanics. However, nowadays the task of represent­

ing the world is dealt with by mathematical system theory and related 

phenomenological theories - here we do not need quantum mechanics. As 

opposed to system theory, a fundamental theory of matter not only must 

represent it must also explain. In order to fulfill this task, quantum 

mechanics must be more than a theory of relations between observable 

quantities. The ultimate referent of a fundamental theory has to be 

matter and radiation, and not experiments or experience. That is, from 

a fundamental point of view the only adequate interpretation of quantum 

mechanias is an ontic interpretation. 

Regulative principles 

Pioneer quantum mechanics has brought about two new aspects of 

profound philosophical importance: 

(i) Quantum events are indeterminate. Pioneer quantum mechanics was the 

first theory in which primary probabilities played a crucial role. 

(ii) In classical theories, the possibility of assigning sharp values to 

all observables is the basis for the objeatifiability of physical 

properties. Due to the existence of complementary quantities, the 

traditional association of a value to every observable (measured 

or not) is no longer possible. 

No interpretation of quantum mechanics can abstain from dealing with the 

philosophical problems of determinism and realism. Of course, an inter­

pretation which is logically inconsistent or which contradicts accepted 
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empirical facts must be rejected. Yet, the mathematical formalism togeth­

er with the empirical facts are not sufficient to determine the interpre­

tation. The normative rules needed in addition are called reguZative 

principZes (cf. Korner, 1957). By definition, normative rules are not 

susceptible of experimental proof or disproof; they are concerned with 

the beautiful, the true and the useful (cf. Naville, 1920). 

The fact that regulative principles are of metaphysical nature does 

not mean that we can eliminate them. Everybody does adopt some regulative 

principles. Not stating the regulative principle adopted does not imply 

that one has a scientific theory free from metaphysics. The positivistic 

doctrine that metaphysical propositions are meaningless is itself a meta­

physical regulative principle. Regulative principles express the philo­

sophical prejudices we adopt. They are important since they function as 

rules of conduct (say for the creative activity of theory construction) 

and since they playa crucial role in our reasoning and explications. 

No particular regulative principle. is logically or empirically 

necessary, we can reject it if we wish to do so. The adopted regulative 

principles can answer the question whether a particular scientific theo­

ry gives a "better explanation" of empirical facts than another. The vi­

tal spark of a theory depends very much on the regulative principles 

adopted. Convincing regulative principles inspire scientists to specula­

tive theoretical developments that can be corroborated experimentally. 

Since the natural sciences cannot be isolated from human thought and 

culture, we are always guided by our past experience and by the way of 

thinking induced by our cultural basis so that we are not entirely free 

in adopting or rejecting normative rules. On the other hand, it is not 

too astonishing that the interpretation of a scientific theory should 

change in the course of history. We may realize that some of the re­

gulative principles adopted in earlier times are no longer compelling 

for us. What was a necessity of thought for Kant may be an inconvenient 

choice of a regulative principle for us. 

In the early days of quantum theory the regulative principle of 

Kantian causality seemed to be the main obstacle to a proper un­

derstanding of quantum mechanics. Nowadays, the reconciliation of pri­

mary probabilities with our cultural basis no longer is an essential 

problem for the younger generation. On the other hand, the proper for-
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mulation of regulating principles relating to the idea of realism has 

become more and more an urgent problem. 

ReaZism as a phiZosophy of science 

Pioneer quantum mechanics was the first scientific theory 

to seriously question the philosophical idea that the world exists 

and has definite properties independently of any observer. The 

orthodox interpretation of quantum mechanics seems to deny that 

quantum systems are objectifiable. According to many text-books, 

a quantum system has no state until a state has been determined 

experimentally. This is a disquieting situation since most scientists 

explore nature in order to find out what reaZZy is, and not in 

order to find out what the effect of their exploration is. 

A realist holds that a world of things exists independently of 

people, and that science is an intellectual and experimental activity 

aiming at an understanding of this world. Scientific realism is the 

view that an external world exists and that theories describe entities 

having reality beyond the observing mind and independently of it. The 

idea of an objective reality is not a hypothesis that can be verified 

or disproved experimentally but a regulative principle. We cannot ask 

whether scientific realism is true or false, but we have to investigate 

whether and in which form it is possible to adopt realism as a regula­

tive principle. Realism is as much a problem of philosophy as of sci­

ence. The crux of any interpretation of pioneer quantum emchanics is 

that it is impossible to take over all the regulative principles gen­

erally accepted for classical theories. 

In the older literature on the interpretation of quantum mechan­

ics it is claimed that adopting the regulative principle of realism leads 

to epistemological contradictions. This view is not correct. epistemolog­

ical contradictions occur only if one uses hidden assumptions which are 

taken to be trivially or evidently true. For example, one gets a contra­

diction if one assumes the validity of Boolean logic for the temporal 

propositions about properties. 

We speak of an ontic intepppetation of quantum mechanics if the 

framework of this theory permits us logically to assume that matter 

and radiation have a reality beyond the observing mind and independently 
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of it. Even if this realism is possible, its rejection is logically in­

contestable. It is sterile but possible to assume that all our experi­

ence "is but a dream within a dream". The crucial point is which compat­

ible regulative principles are better suited to our understanding of 

phenomena. 

Digression: The problem of reality is splendidly discussed in Bertolt Brecht's 
Turandot: 
DER LEHRER Si Fu, nenne Un4 die Haupt6~agen d~ Phito~ophie. 
S1 FU S.ind die V.inge aM~~ U~, 6Wt ~.ic.h, auc.h ohne U~, od~ ~.ind die V.inge .in 
U~, 6Wt U~, n.ic.ht ohne u~. 

DER LEHRER wetc.he Me.inung ~t die ~c.hti.ge? 
S1 FU E~ ~t k.une EnUc.hudung ge6aUen. 
DER LEHRER Zu wetc.h~ Munung neJ.gte zuietzt die MeMheU Un4~~ PhitoMphen? 
S1 FU V.ie V.inge ~.ind auM~ u~, 6Wt ~.ic.h, auc.h ohne u~. 
DER LEHRER Wa.twm blieb die FMge ungeto~t? 
S1 FU V~ Kong~eM, d~ die EnUc.hUdung b~ngen Mme, 6and wie ~eU zwUhun­

dm laMw hn Klo~t~ M.i Sang ~tatt, wetc.hu am U6~ du Getben FtUMU liegt. 
V.ie FJta.ge hiu~: l~t d~ Getbe FtUM ~k.Uc.h, od~ exv.,tim ~ nM .in den 
Kop6en? WaMend du Kong~u~u ab~ gab u e.ine Sc.hneuc.hmetze hn Geb.iJtg, und d~ 
Getbe FtuM ~tieg iib~ ~e.ine U6~ und ~c.hwemmte dM Kto~t~ Mi Sang mil aUen 
Kong~u~teilnehm~n weg. So ~t d~ &eww, dM~ die Vinge aM~·~ u~, 6Wt 
~.ic.h, auc.h ohne u~ ~.ind, n.ic.ht ~bJta.c.ht woMen. 

DER LEHRER Gut. Vie Stunde ~t zu Ende. 
(quoted from the werkausgabe Edition Suhrkamp, Brecht, 1967). 

Everyone believes in some kind of rea.lism. The world of the ex.,.. 

perimenter is realistic and materialistic. It would be very disturbing 

and inconsistent to expect that a scientist believes in the existence 

of an external reality in the world of everday experience and in the lab­

oratory but not when he is working on his theories. It is the duty of 

the theoretician to make such a choice of regulative principles that 

the reasonable requirements of realism are fulfilLed. Neither the Copen­

hagen interpretation nor the von Neumann-London-Bauer interpretation are 

acceptable as a fundamental theory of matter. 

The missing link is a quantum theory of classical systems 

Pioneer quantum mechanics in any of the proposed interpretations 

has an agonizing shortcoming: it cannot describe classical systems. The 

basic trouble with every enlargement of the domain of pioneer quantum 

mechanics is that it preserves the linearity of the equations of motion 

and the superposition principle. This is not the fault of the interpre­

tations; it is a built-in feature of the formalism of pioneer quantum 

mechanics. 



156 3. Pionee1' Quantum Meahanias 

In the pioneer time, quantum mechanics was considered as con­

taining classical mechanics in the limit n+o. Besides conceptual and 

mathematical difficulties with the existence of this limit, it should 

not be forgotten that in Bohr's view the classical concepts are p1'e1'e­

quisites for establishing quantum mechanics. 

In the framework of the von Neumann-London-Bauer interpretation 

the central problem is the description of measurements within the for­

malism of pioneer quantum mechanics. This measu1'ement p1'obZem of quantum 

meahanias can be solved if and only if we are able to de1'ive the exis­

tence of classical properties from quantum mechanics. The problem is in­

soluble for pioneer quantum mechanics of systems having only finitely 

many degrees of freedom. 

The basic concepts of the Everett interpretation are the b1'anahes 

and the spZitting into branches. These notions refer to aZassiaaHy i"n­

equivaZent states, a concept that has no solid foundation in the formal­

ism of pioneer quantum mechanics. 

CZassiaaZ p1'ope1'ties are defined as properties for which incom­

patible properties do not exist. A quantum system can have classical 

properties if and only if its algebra of observables has a nontrivial 

center, that is if there exist observables that commute with aZZ observ­

abIes of the system. These observables span an Abelian subalgebra of the 

algebra of all observables, they are called aZassiaaZ obse1'vabZes. The 

innocently looking irreducibility axiom introduced by von Neumann (1932) 
implies that pioneer quantum mechanics has no (nontrivial) classical 

observables. This assumption is empirically wrong. Every molecule 

possesses at least two classical properties: the mass and the electric 

charge. More complicated and more interesting classical observables 

emerge in complex molecules. Chirality is an example of a classical ob­

servable that can emerge already in small molecules, the tertiary struc­

ture of biomolecules is a classical property requiring a rather complex 

molecule. But note that the largeness of a system has a priori nothing 

to do with the existence of classical properties. There exist very small 

systems having classical properties (e.g. the charge of the elec-

tron) and very large systems exhibiting typical quantum phenomena (e.g. 

super fluids and superconductors). 
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Fortunately, these difficulties are restricted to the tradition­

al formulation of pioneer quantum mechanics and fade away if we give up 

von Neumann's irreducibility postulate. The development of a theory of 

quantal systems that possess both quantal and classical properties is a 

problem of the formalism and not a problem of the interpretation of the 

formalism. In order to inaugurate such a theory, we have to explain what 

we mean when we claim that a large system can be isolated from its sur­

roundings. Because large molecular systems are as a rule strongly coupled 

with their surroundings (Zeh, 1970, 1971, 1973; Baumann, 1970, 1972), we 

have to investigate the stability of any isolation procedure. We can no 

longer assume that a large system is isolated and is in a pure state; the 

state concept has to be discussed in connection with. the dynamical inter­

actions of the system with the external world. This is an exceedingly 

difficult mathematical problem, since it has to be proved by a stability 

analysis that the weak coupling to the environment (which is a system with 

infinitely many degrees of freedom!) leaves the qualitative behavior 

of the molecular system unchanged. If a stability analysis validates 

the behavior expected by ab-initio quantum chemistry, we call the molec­

ular system a robust one. A thorough analysis shows that there are both 

robust as well as nonrobust molecular systems. The qualitatively new 

behavior of nonrobust systems can be summarized by introducing super­

selection rules and classical observables. In particular, large mo­

lecular systems can acquire classical properties by their residual inter­

actions with the rest of the world. Such. a derivation goes beyond the 

scope of pioneer quantum mechanics of systems with finitely many degrees 

of freedom; we must use the methods of modern algebraic quantum mechan­

ics. 

Comment: The reason is that the von Neumann-Stone uniqueness theorem for the represen­
tations of the canonical commutation relations by operators on a Hilbert space is 
valid only for systems with finitely many degrees· of freedom. There are uncountably 
many unitarily inequivalent representations of the canonical commutation relations 
for systems with infinitely many degrees of freedom (as the electromagnetic radi­
ation field of a molecule). In each of these inequivalent representations the molec­
ular system shows qualitatively different features. 

To conclude, we repeat: the nonexistence of classical properti'es 

within pioneer quantum mechanics is a problem of the formalism only, no 

epistemologi'cal questions are involved. The measurement problem can be 

solved, classically inequivalent branches can be introduced, and a con­

sistent ontic interpretation of quantum mechanics is possible if and only 
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if von Neumann's irreducibility postulate is given up. We shall have 

to say more about this in the following chapters. 

Summing up and outZook 

o The correspondence principle is outdated. The fundamental laws 

of nature are invariance principles. The success of quantization 

is due to a common kinematical symmetry of classical mechanics 

and pioneer quantum mechanics. The proper way to handle this 

common group structure is the representation theory of groups. 

In pioneer quantum mechanics the space-time structure is intro­

duced by the Galilei group, the internal symmetries are given 

by an Abelian gauge group leading to the electromagnetic inter­

action between elementary Galilean objects. 

o The great success of pioneer quantum mechanics is due to the 

fact that practitioners hardly worry about logical inconsisten­

cies and unsettled philosophical problems. 

o The limitations of pioneer quantum mechanics are related to many 

open conceptual problems which go deep into the logic and phi~ 

losophy of science. 

o The operationalism adopted in many presentations of pioneer 

quantum mechanics is a pseudo-philosophy and fails as a basis 

for a theory of matter. Age-old philosophical problems can­

not be settled by operationalistic definitions. 

o Classical mechanics and pioneer quantum mechanics are incompat­

ible. Yet, classical physics is indispensable for establishing 

a relation between theoretical quantities and empirical data. 

Pioneer quantum mechanics is not a fundamental, unified theory 

of molecular matter explaining why nature with all its complex­

ity is the way it is. 

o The Copenhagen interpretation in the strict version of Niels 

Bohr has no measurement problems and therefore avoids the pro­

found consistency problems of the orthodox or the Everett inter­

pretation. But Bohr's epistemic interpretation expresses merely 

states of knowledge and misses the point of a genuine scientific 

inquiry. Chemists never haye adopted Bohr's view that microphys­

ica1 objects do not exist. 

o If we suppose that science investigates the nature of things, 
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and that matter and radiation exist and have properties, we 

have to use an ontic interpretation of quantum mechanics. 
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o If we assume that pioneer quantum mechanics is a universal 

theory of molecular matter, then an ontic interpretation of 

this theory is impossible. In the framework of pioneer quantum 

mechanics of systems having finitely many degrees of freedom, 

there exist no measurement instruments for the so-called ob­

servables. There exist no classical records since in pioneer 

quantum mechanics every observable is accompanied by incompat­

ible observables. 

o The regulative principles for a consistent interpretation of 

the formalism of pioneer quantum mechanics cannot be chosen to 

reproduce scientific realism. This fact leads to a grave dilem­

ma, for a chemist and a biologist should be permitted to assume 

that they are investigating something that has a real existence 

independently of their investigations. 

o Fortunately, these difficulties are restricted to the tradition­

al formalism of pioneer quantum mechanics. The modern investiga­

tions into the foundations and the axiomatics of quantum mechan­

ics have resulted in a generalized quantum meahanias which con­

tains in a natural way both pioneer quantum mechanics as well 

as classical mechanics. It is now possible to choose the regu­

lative principles in such a way that in the case of a classical 

theory the interpretation of generalized quantum mechanics is 

identical with the generally accepted'interpretation of class­

ical theories. There is universal agreement that classical 

physical theories refer to objectively existing, individual 

systems. It is not a trivial matter that such an ontic inter­

pretation is possible for quantum mechanics as well; indeed it 

was rejected as inconsistent in the early years of the develop­

ment of pioneer quantum mechanics. We know today, that the 

obstacle was the unfounded belief in the unrestricted validity 

of the superposition principle, formalized in von Neumann's 

irreducibility postulate. 



4. BEYOND PIONEER QUANTUr1 MECHAN r CS 

"It must be emphMized that it it, not a qUeAtion 06 accepting 

the COkAect theo~y and ~ejecting the o~e one. 

It it, a maU~ 06 accepting that theMY which f.>hOW6 g~eat~ 60~a1 

adaptibiUty OM a COkAect ex.ten.f.>ion. Thi!.> it, a 60~a1if.>tic, 

eAthetic MUeUon, with a highly oppotiun.if.>tic 6lavo~". 

John. A. von Neumann (19556) 

4.1 I NTRODUCT ION 

The new era of quantum theory began around 1932, and witnessed 

a maturation, many extensive developments, and a striking turn to an ab­

stract structural approach. Important results of modern quantum theory, 

although easily accessible, are as yet not very well known. In spite of 

its urgency, the conceptual recasting of pioneer quantum mechanics has 

been slow. Even slower is the transference of successful reformulations 

into our textbooks' wh.ich are still full of archaisms and inconsistencies; 

they hardly reflect the important progress made in the last two decades. 

In this chapter we shall attempt to give a brief outline of the main 

trends in the development of quantum theory since 1932. In this period, 

the new results have been so voluminous that it is necessary to limit 

our discussion and to select a few topics which are of special impor­

tance for the theory of molecular matter. Naturally the selection is 

in part guided by my prejudices, so my apologies are due to all those 

whose work has been ignored or insuffiCiently discussed. 

The logical and ph.ilosophical foundation of quantum mechanics 

has interested many writers and has been the subject of hundreds 

of articles. These discussions were mainly critical and had but a small 

influence on the evolution of quantum theory. What scientists prefer is 

a creative approach, not just a critical one. The works that changed rad­

ically our basic point of view came not from philosophy but from mathe­

matical physics. 

One ot the most notable features of the new era is the trend to 

higher levels of abstractions. There is a distinct tendency to move away 

from specitic problems and to prefer comparative studies of the structure 

of physical theories. Nowadays, physical theories are characterized by 
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their abstract structural components. Quantum theory has become more 

abstract, hence simpler (for the initiate). The abstract of yesterday 

is the concrete of today. The classical pictorial models have been re­

placed by algebraic mathematical concepts, so that abstract algebra and 

functional analysis have become highly influential in modern quantum 

theory. Mathematics is no longer a mere tool for solving specific prob­

lems but the basic weapon to generate deep structurally based insight. 

Clearly, the increasingly mathematical character of science draws our 

attention again to the philosophical and practical aspects of the con­

nection between science and mathematics. Moreover, there are important 

educational and sociological problems. According to Wightman (1969), 

":.the. OldVL ge.n.eJttt:UoYl aim0.5t aiwa.ys Jt.e.9aJu:U; tJie. youngVL M 1:too ma:.the.ma.:Uc.al'''. 

Certainly, there are no a priori reasons to assume a fundamental 

parallelism between mathematical and scientific concepts. Nevertheless, 

the concubinage between physics and mathematics has never been an un­

happy one. Probably the most important result of this joint undertaking 

is the gradual emergence of the idea that science is a symboZic constl'UC­

tion of man: " ••• aYL6tatt UYtU Jt.e.aie.Yl ltii.umUcn-zUtUcn-mlLtvr.ieU.e.n. SUYL6 be.hctUe.Yl 

w4 n.uJt. une. KOYlStJt.ulit-ioYl -i'Yl 1te.-iYle.n Sym6oie.Yl u.61t-ig" (Weyl, 1949al. If there 

is any unifying concept, it is very likely to be connected with symme­

tri.es. According to the modern point of view, we always should look for 

the underlying symmetry of a theory and amplify on the role played by 

the relevant group. More and more, theoretical scientists connect the 

ultinJate reality to the underlying group itself. 

The modern versions of quantum theory have been developed not 

out of a mere desire for greater generality but they have become impera­

tive for a better understanding of thermodynamics and of the clas.si-

cal aspects of molecular matter. Recall that 

(j.) pioneer quantum mechanics cannot describe classical systems, hence 

it cannot deal in a proper way with experiments, 

Cii) pioneer quantum mechanics is not appropriate to deal with systems 

having infinitely many degrees of freedom. 

Several attempts have been made to analyze quantum mechanics by axiom­

atization. The basic aim of any axiomatization is to elucidate the log­

ical foundation of the theory and to find the basic structures of phys­

ical theories like classical mechanics, pioneer quantum mechanics and 

thermodynamics. Not all of the currently popular approaches to an axiom-
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atia quantum theory are conceptually well-founded but most of them have 

produced deep insight into the mathematical structure of a future funda­

mental theory of matter. 

The choice of an appropriate set of axioms for a generalized 

quantum mechanics is not a well-posed problem, there are many different 

feasible possibilites. One would like the axioms to be independent and 

their number to be small. More importantly, one would like every axiom to 

have a clear intuitive ~eaning which desideratum may contradict the 

mathematician's requirement of independence. There are three main ap­

proaches to an axiomatic quantum theory: 

(i) the algebraic approach, 

(ii) the quantum-logic approach, 

(iii) the convex-state approach. 

These three axiomatizations are pairwise distinct but each one leads 

to a very general theoretical framework that contains both Newtonian 

mechanics and pioneer quantum ~echanics as special cases. In spite of 

the fact that class'ical ~echanics and pioneer quantum mechanics are 

extreme views, they can be treated in every version of modern general­

ized quantum theory on an equal footing. 

It mus·t be emphasized that there is no question of accepting 

one of these axiomatizations as the correct one and rejecting the others 

as false ones. Notwithstanding, it is gratifying that we have not to 

make an arbitrary decision. The intersection of the three main approaches 

is nonempty and gives rise to a conceptually well-defined and .mathemati­
cally rich, theoretical framework: the so-called theory of w*-systems 

which will be discussed in greater detail in chapter 5. There are 

good reasons to believe that the theory of W*-systems contains the best 

ideas. of the algebraic approach, of the quantum-logic approach and of 

the convex-'state approach. 

Remark: On the impo~DiZity' of fuZZ axiomatizations 
It may be helpful to recall that it is impossible to characterize the system ot nat-· 
ural numbers axiomatically. That is, given any consistent countable system of axioms' 
satisfied by the system of natural numbers, there always exists. another linearly or­
dered system satisfying all these axioms' but which. is' not isomorphic to the system 
of natural numbers as an ordered system (Skolem, 1934). This example shows'the limi­
tations of the formalist's method and should warn us to expect too much from axiom­
atics. Nevertheless, to formulate some (never: aZZ) physical principles as axioms 
in clean mathematical form and to explore their cons~encesmay' be an extremely help­
ful strategy to get some control over our intuitive ideas'. ifowever, complete formal-· 
ization never can be the aim of modern axiomatic scientific theories. 
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4.2 ALGEBRAIC QUANTUM MECHANICS 

Observables form a Jordan algebra 

Algebraic quantum mechanics studies the algebraic structures as­

sociated with observables. It starts with a remark by Pascual Jordan 

(1932a, 1933a-b, 1934) to the effect that the statistics of measurements 

can be understood in terms of a nonassociative algebraic structure which 

nowadays is called a Jordan algebra (compare e.g. Braun and Koecher, 1966). 

Jordan noted that in pioneer quantum mechanics the sum of the two observ­

abIes is again an observable but that in general the product AB of two 

observables A and B has no conceptual meaning. The product AB is an ob­

servable if and only if the two observabels A and B commute (otherwise 

AB is not self-adjoint). However, the combination AOBd~f(AB+BA)/2 always 

is meaningful and expressible in terms of sums and squares, 

Jordan posed the problem of finding an algebraic characterization of the 

bilinear mapping AoB independently of an underlying associative algebra. 

In pioneer quantum mechanics, this Jordan product AoB is commutative, 

AoB=BoA, and distributive, Ao(B+C)=ApB+AoC, but in general non-associa­

tive, Ao(BoC)~(AoB)oC. However, the observables of pioneer quantum me­

chanics satisfy the weaker relation AoA.(BoA)=(AoAoB)oA, which implies 
the power associativity A(m)oA(n)=A(m+n), where A(m)=AoAo .• oA (m times). 

Abstracting this algebraic structure of the observables of pioneer quan­

tum mechanics, one defines: a real algebra J is called a Jordan algebra 

if the following three conditions are satisfied for every A,B,C in J: 

(i) AoB = BoA 

(ii) Ao(B+C) = AoB+AoC 

(iii) AoAo (BoA) = (AoAoB)oA 

A Jordan algebra J is called formally real if A2+B2=O implies 

A=B=O for every pair A,BEJ. A Jordan algebra which. arises from an as­

sociative algebra A by defining AoB=(AB+BA)/2 is called a special Jordan 

algebra. A Jordan algebra that is not special is called exceptional. 

Jordan, von Neumann and Wigner (1934) showed that with one exception, 

every formally real simple finite-dimensional Jordan algebra is special, 

arising from the ordinary associative matrix algebras. The exception is 

at least mathematically interesting, it is the Jordan algebra ML the 

algebra of all hermitean 3x3-matrices over the Cayley numbers. Albert 
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(1934) proved that this Jordan algebra cannot be represented be any as­

sociative matrix algebra, so that M~ is: the only finite-dimensional excep­

tional Jordan algebra,and in principle it could be used for a new kind 

of quantum mechanics. The idea that some internal degrees of freedom 

could be associated with the exceptional Jordan algebra M~ has never 

been settled but is still intriguing contemporary theoreticians trying 

to unify weak, electromagnetic and strong interactions (compare e.g. Hor­

witz and Biedenharn, 1979). 

While all finite dimensional Jordan algebras with the single 

exception of M~ lead to the same results as pioneer quantum mechanics, 

the introduction of Jordan algebras in quantum mechanics was an impor­

tant step towards algebraic quantum mechanics. Jordan's idea that a non­

associative but commutative algebra should supersede the associative 

but noncommutative algebra of observables of pioneer quantum mechanics 

is rich in consequences even in the case of special Jordan algebras. Dif­

fering assumptions on the structure of the algebra of observables affect 

the size of its automorphism group which describes the symmetries of the 

system. Since the Jordan-algebra structure is weaker than the associative 

algebraic structure of pioneer quantum mechanics, the automorphism group 

of a special Jordan algebra is Larger than the automorphism group of its 

associative algebra. The additional symmetries allowed in a Jordan system 

correspond to the anti-unitary transformations of pioneer quantum mechan­

ics. 

d h · II. Jor an morp ~sms 
A linear mapping a:J~lbetween two Jordan algebras J and J is called a Jordan 

homomorphism if (i) a.(AoA) =a.(A)o a. (A) for every A in J, and (ii) Cl.{AoBoA)=a.(A)oa.(B)oa.(A) 

for every A,B in J. A bijective Jordan homomorphism (i.e. if CI. is one-to-one and onto) 
is called a Jordan isomorphism. A Jordan isomorphism of a Jordan algebra onto itself 
is called a Jordan automorphism. 

ObservabLes form a Banach space 

Jordan's original approach was restricted to finite-dimensional 

algebras. It is plain that for infinite-dimensional algebras (like the 

ones used in pioneer quantum mechanics) some topological conditions have 

to be added. Von Neumann (1936) started the study of infinite-dimensional 

Jordan algebras but never completed it. 

Remark II 
Von Neumann's paper of 1936 is truly remarkable and it is a pity that it re­

mained almost unnoticed. Von Neumann introduced an abs·tract Jordan algebra (without 
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any reference to a relization as an algebra of operators acting on a Hilbert space) 
and an abstract T-topology acting like the weak topology in the Hilbert-space case. 
Von Neumann's Jordan algebras resemble the JBW-algebras introduced recently by 
Shultz (1979). A JBW-algebra is a JB-algebra which is the dual space of a Banach 
space (the definition of a JB-algebra is given below). A JBW-algebra has the same 
relation to a JB-algebra as a w*-algebra to a c*-algebra. This implies that von Neu­
mann's Jordan algebras and JBW-algebras allow a quantum-logical interpretation while 
JB-algebras and C*-algebras in general do not. 

Irving Ezra Segal (1947) was the first to introduce the norm topology into 

Jordan algebras and to propose axioms for a Jordan-algebraic quantum me­

chanics, using the then developed theory of normed algebras (compare also 

Sherman, 1951). Segal assumed that the observables formed a real Banach 

space (i.e. a complete normed vector space) A such that if AEA, then the 

powers of A are well-defined and in A, AnEA for n=O,1,2, •• , and such that 

the usual rules for operating with polynomials in a single variable are 

valid. With this structure, one can define a Jordan product AoB between 

two observables by 

AoB = t{A+B) 2 - A2 - B2} 

In addition, Segal required three additional postulates describing the 

connection between algebraic and topological properties, namely: 

(il IIA2_B211 s; max{IIA 211, IIB21!} 

(ii) IIA211 = IIAI12 

(iii) A2 is a continuous function of A. 

An algebraic system having these properties is called a SegaZ system. 

Segal required neither a distributive postulate nor a weak topology, 

but he was still able to develop a spectral theory of observables of 

a Segal system. 

The most important examples of Segal systems are the so-called 

C*-systems. The set of all self-adjoint elements of a C*-algebra fulfill 

all axioms of a Segal system. In particular, pioneer quantum mechanics 

is a C*-system (hence a Segal system), whereby the C*-algebra is taken to 

be the algebra of all bounded operators acting on some Hilbert space. 

C*-aZgebras and W*-aZgebras: definition and historicaZ remarks # 

The algebra of all bounded operators acting on a Hilbert space is a Banach 
algebra with respect to the operator norm induced by the inner product of the Hil­
bert space. In addition, this algebra possesses an involution A+A* that satisfies (i) 
(A+B) *=A*+B*, (ii) (cA) *=c*A*, cEC, (iii) (AB) *=B*A*, (iv) (A*) *=A. A Banach algebra 
with an involution is called a Banach *-algebra. A routine computation shows that 
every norm-closed *-subalgebra of the algebra of all bounded operators on a Hilbert 
space fulfills the relations IIAII=IIA*II and IIA*AII=IIA*IIIIAII, hence IIA*AII=IIAI12. Such an 
algebra is called a concrete C*-algebra. 

Two famous papers by Gelfand (1939, 1941) initiated the investigations of the 
Russian school on abstract Banach algebras. Gelfand and Naimark (1943) succeeded in 
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characterizing C*-algebras of operators on a Hilbert space by an elegant system of 
intrinsic postulates. Gelfand and Naimark defined a B*-algebra as a Banach algebra 
with an involution A+A* which satisfies (i) iIAii=iiA*ii, (ii) iIA*AII=iiA*li IIAII, (iii) 
1+A*A has an inverse, and they showed that every B*-algebra is isometrically *-iso­
morphic with a C*-algebra of operators on some Hilbert space. Moreover, they con­
jectured that the axioms (i) and (iii) are redundant. Many mathematicians have tried 
to weaken the axioms for a B*-algebra but the final proof for the conjecture by Gel­
fand and Naimark had to wait for 24 years! Glimm and Kadison (1960) proved the re­
dundance of conditions (i) and (iii) for algebras having an identity, and Vowden 
(1967) the same for the general case. Since this question is now settled, the distinc­
tion between B*- and C*-algebras has become pointless, so that nowadays it is usual 
to define abstractly a C*-algebra as a Banach *-algebra satisfying the usual alge­
braic properties and in addition axiom (ii), or equivalently, the axiom IIA*AII=iiAII2. 

A W*-algebra is a C*-algebra which is the dual space of a Banach space. This 
Banach space is called the predual of the W*-algebra A and is denoted by A*, so that 
(A*)*=A. W*-algebras are the abstract versions of von Neumann algebras (defined as 
weakly closed sub-*-algebras of operators acting on some complex Hilbert space and 
containing the identity operator). Every von Neumann algebra is a W*-algebra, and 
every W*-algebra is W*-isomorphic to a von Neumann algebra. 

Standard reference works on C*- and W*-algebras: Dixmier (1957, 1964), Sakai (1971), 
Str~til~ and Zsid6 (1979), Pedersen (1979), Bratteli and Robinson (1979), Takesaki 
(1979). 

A Segal system is called special if it is isomorphic to the set 

of self-adjoint elements of a C*-algebra, otherwise it is called ex­
ceptional. Special Segal systems are distributive, but there exist many 

exceptional Segal systems which are nondistributive (Sherman, 1956; 

Lowdenslager, 1957). Nondistributive Segal systems do not seem to have 

any physical interpretation so that it is reasonable to exclude them by 

requiring that a Segal system forms a Jordan algebra under the Jordan pro­

duct. Jordan algebras fulfilling Segal's axioms are called JB-algebras. 

Every C*-algebra is a JB-algebra in the Jordan product AoB=(AB+BC}/2; 

such a JB-algebra is called a JC-algebra. Another example of a JB-algebra 
is M~, the hermitean 3x3-matrices over the Cayley numbers; it is not a 

JC-algebra. An important result by Alfsen et al. (1978) shows that every 

JB-algebra can be constructed from these two examples in a canonical way, 

but it is not true that every JB-algebra is a direct sum of a JC-algebra 
and a M~-type algebra. 

JB-and JBW-algebras" ~ 
In analogy with B*-algebras, a real Jordan algebra A is called a JB-algebra 

i"f it is also a real Banach space, the norm of which satisfies the condition 
IIAII2 = iiA211 s; IIA2+B211 for each pair A,BEA 

Every JB-algebra is formally real. In analogy with W*-algebras, a JB-algebra which 
is the dual space of a Banach space is called a JWB-algebra. EVery JBW-algebra A 
admits a unique decompoSition A=AspeAex into a special part Asp, and a purely ex­
ceptional part Aex. Here Asp is isomorphic to a weakly closed Jordan operator al­
gebra (a so-called JW-algebra), and Aex is isomorphic to the algebra C(x,M~) of the 
continuous functions from a hyperstonean space X into M~. 
References: Alfsen et al. (1978), Shultz (1979). 
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The C*-a~gebraic approach to genera~ized quantum mechanics 

Segal's axiomatization has acted as a seminal force for the de ... · 

velopment of the modern C*-algebraic approach. to generalized quantwn the­

ories, in particular for the theory of systems having an infinite number 

of degrees of freedom. The purely algebraic viewpoint where the nature 

of elements does not play any role has turned out to be most fruitful in 

mathematics and theoretical science. Since the norm of a C*-algebra is 

algebraically determined, Segal's approach has the appealing feature of 

being purely algebraic. 

The basic mathematical object of the C*-algebraic approach is an 

abstraat a~gebra A which, for technical reasons, is chos'en to be a C*-al­

gebra. The self-adjoint elements of A form a Jordan algebra, and are 

called observables. No reference is made to a realization as an algebra 

of linear transformations acting on some Hilbert space. Segal (1947) 

proposed to interpret the positive linear functionals on the algebra A 

of observables as statistical states and introduced the following matne­

matiaa~ notion of state: a state is defined as a normalized positive 

linear function on the C*-algebra A. That is, every state p assigns to 

each AEA a complex number peA) such that 

(i) p (1) 

(ii) P (A*A) ~ 0 

(iii) p (aA+bB) ap (A) +bp (B) 

(normalization), 

(positivi ty) 

(linearity) 

for every A,BEA and a,bEC. A state p is called mized if it can be 

written as 
p = c P 1 + (1 -c) P 2 

where Pl and P2 are distinct states and O<c<1. A state which is not 

mixed is called pure. 

Critiaa~ remark8 'on ·the termino~ogy 
Unfortunately, Segal's proposal to call a normalized positive linear functional 

(on a Jordan algebra or a C*-algebra) a state has been adapted universally by mathe­
maticians and mathematical physicists. This is bad since it prematurely identifies 
a mathematical notion with a physical concept. The notion of a state is a physical 
and not a mathematical one. Moreover, it is neither obvious nor established that a 
physical state has to be represented by a positive linear functional (for example: 
why should the functional representing a physical state be ~inear?). Indeed, the 
proponents of the C*-algebraic approach tacitly adopt a statistica~ ensemD~e in­
terpretation and claim that giving a state is synonymous with. giving the statistical 
ensemble expectation value for all observables. In mathematical system theory or in 
an ontic interpretation it is not true that every normalized positive linear form 
is a possible physical (or ontic) state. 

To call non-pure states mixed states is even worse. If the state space is a 
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simplex, each state is the resultant of a unique measure supported by the pure states. 
However, the state space is: a simplex if and onl¥ if the algebra of observables is 
commutative, i.e. in classical theories. In a non-cOlIIDIUtative C*~system (e.g. in 
pioneer quantum mechanic), the knowledge of a non-pure statistical state does not 
imply the knowledge of the kind of ensemble to which it refers'. There exist infini­
tely many different ensembles having the same non-pure state, so that the use of the 
name "mixed state" is conceptually confusing because in nonclassical systems one does 
not know what the components of the mixture are. 

However, this terminology has become so common that we will accept it in spite 
of its foolishness. Since its inception, quantum mechanics has been plagued by a mis­
leading terminology. No end of this disease is in sigh,t. 

Even in the familiar case 9j pioneer quantum mechanics, Segal's 

C*-algebraic approach brings out some new features. In pioneer quantum 

mechanics the algebra of observables is taken as the algebra 8(H} of all 

bounded linear operators acting on some complex Hilbert space, so that 

A is a concrete C*-algebra, A=8(H}. Every normalized vector ~EH defines 

a state P~ by p~(A}=<~IA~) for every AEA. Such a state P~ is called a 

vector state. More generally, every density operator DEB(H} defines a 

state PD by Pn(A}=tr(DA} for every AEA. Such states are called norma~ 

states. A normal state is pure if and only if D is a projection, D2 =D, 

hence if and only if it is a vector state. Note that there exist non­

normal states, even pure ones. An example of such non-normal states can 

be given as follows. Let AEA be a self-adjoint operator with a purely 

continuous spectrum. Segal (1947) has shown that for every point A of 

the spectrum of A there exists a pure state PA such that PA (A)=A. Since 

A has no eigenvectors in H, the pure state PA cannot be a vector state, 

hence PA is not normal. The traditional version of pioneer quantum me­

chanics does not admit non-normal states, so that the C*-algebraic ver­

sion of pioneer quantum mechanics leads to a sensible generalization of 
the mathematical framework. 

The existence of superselection rules finds a natural description 

in the algebraic approach. A pure state P is said to be coherent with 

another pure state p', if there exists an element B in the algebra of 

observables, such that 

P' (A) = p(B*AB) for all A€A 

The set of all mutually coherent states is called a 8uperse~eation sector 

(or, for short, a sector). If two states are not related in this way, 

then we say that they are separated by a superse~ectio'11 r,u~e. 
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Coherent superposition of pupe states ~ 
A aoherent superposition of two pure states is defined as follows (Roberts 

and Roepstorff, 1969). Let p be a pure state from some sector, and let Jp be the 
left ideal in A generated by p, 

J p d~f {A:A€A, p(A*A) = O} 

For any B€A, B(Jp. the normalized linear· functional PB defined by 

(A) d~f P (B*AB) AEA 
PB p(B*B) for all 

is a pure state of the sector chosen. Let B, C be two modulo J~ linearly independent 
observables from A, then p is defined to be the aoherent superposition of ~B and 
Pc' According to this defi~tEion, coherent superpositions- are poss'ible only between 
pure states of the same superselection sector, Any coherent superposition is again 
a pupe state which lies in the same sector. 

It may be worthwhile to exemplify this definition for the Hilbert-space model of 
pioneer quantum mechanics. In the traditional Hilbert-space formalism, a pure state 
PIA) equals (~IAI~) with a normalized state vector ~. If we define: 

~B=B~/IIB~II , ~c=c~/lIc~1I , ~B+C=(~A+~B)/II\+~BII 

we have PB(A)=(~BIAI~B)' Pc(A)=(~cIAI~c) 

and PB+c(A);(~B+cIAI~B+C) 

C*-AZgebras for infinite systems 

C*-algebras appear naturally ~n the representation theory of the 

canonical commutation relations. Already in the very first papers on pi­

oneer quantum mechanics, Heisenberg's canonical commutation relation 

QP-PQ=ih between the position observable Q and the momentum observable 

P was used to characterize the kinematics of the system. The formally 

equivalent Weyl commutation relations 

U(p)V(q) = V(q)U(p)exp(ipq/h) p,q€1R 

in terms of the unitary operators U(p)=exp(ipQ!h) and V(q)=exp(-iqP/h) 

are nowadays considered as the mathematically proper formulation of the 

canonical commutation relation. For systems having finitely many degrees 

of freedom, Stone (1930) and von Neumann (1931) have shown that up to 

trivialities (that is, up to unitary equivalence and multiplicity) there 
f is one and only one system of unitary operators U(p), V(q) (p,q€R , f<~) 

fulfilling Weyl's canonical commutation relations. It took quite some 

time before theoretical physicists realized that for systems having 

an infinite number of degrees of freedom the canonical commutation re­

lations do not specify the kinematics uniquely. In fact, there is a 

striking difference between systems of a finite number and infinite num­

ber of degrees of freedom: there e~ist unaountabZy many unitariZy in-
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equivaZent irreduaibZe representation8 of WeyZ's aommutation reZations 

for f=oo. This fact :makes a C*-algebraic approach_ indispensible. 

HistoriaaZ remarks 
The existence of a representation of the canonical (anti) commutation rela.tions 

for systems of an infinite number of degrees of freedom was: ,1!irst shown in a heu:ris~­

tic way by Pock (1932) and in a mathematically rigorous form by Cook (1953). The Pock 
representation (or, more precisely, the Fock~Cook representation) is the only repre~ 
sentation having a total number operator and a no-particle state (vacuum). In the 
old formulations of quantUlJl field theories (like quantum electrodynamics), this Pock 
representation was considered exclusively. 

The occurrence of inequivalent representations is: implicitly contained in the ,1!unda­
mental paper by yon Neumann (1938.) on infinite tensor p.roducts o,f Hi-lhert spaces. 
Later, Cameron and Martin (1947) proved the singularity of trivial scale transfor­
mations in Wiener space which implies the non-implementability of the corresponding 
canonical transformation by a unitary map. However, these works were not appreciated 
by physicists; non-Fock representations were regarded as pathological phenomena 
of no physical interest. To the surprise of the pyhsicists, Friedrichs (1951), Miya­
take (1952a, 1952b), and van Hove (1952) discovered that there exist several tangible 
unitarily inequivalent representations of the canonical commutation relations for 
fields. These non-Fock representations were called "strange representations", while 
Friedrichs used the term "Myriotic fields". Both, Miyatake and van HOve pointed out 
that the Hilbert space spanned by the eigenvectors of the free Hamiltonian HO of a 
neutral scalar field is perpendicular to the Hilbert space spanned by the eigen­
vector of the total Hamiltonian HU+V of the meson field interacting with a fixed 
point. Therefore the states of HO+V cannot be expanded in terms of the eigenstates 
of HO so that perturbation theory with respect to V breaks down (i.e. gives diver­
gent results). Accordingly, the algebra of the (anti)commutation relations is not 
sufficient to specify the kinematics. In addition one has to specify a Hilbert space, 
or equivalently, an appropriate irreducible representation. GArding and wightman 
(1954a, 1954b) and Wightman and Schweber (1955) proved the existence of uncountably 
many unitarily inequivalent irreducible representations of the canonical (anti)com­
mutation relations. The work by Haag (1955) and by Hall and Wightman (1957) has made 
it plain that inequivalent repres-entations must appear in any- nontrivial relativistic 
field theory. At least some of the divergences- appearing in the old ,formulatiqn of 
quantum field theory are definitely connected with an incorrect choice of the re­
presentation. The first general criteria for the unitary implementability of an im­
portant class of canonical transformations were given by Segal (1958). 

In the C*-algebraic approach, one considers the objects U(p)V(q) 

(p,q€A, where A is a finite-dimensional or infinite dimensional real 

inner product space) as abstract elements of a C*-algebra, fulfilling the 

relations 

U*(p) O(-p) 

V* (q) V(-q) 

U(p)V(q) = V(q)U(p)exp(ipq!h) 

The abstract C*-algebra generated by {U(p)V(q) Ip,qEl\} is called the WeyZ 

aZgebra over A, it is simple so that every of its representations is 

faithful. 

Representation of C*-aZgebras # 
If a C*-algebra A is abstractly given, then it can be represented as an algebra 

of operators acting on a Hilbert space. A representation 'IT of an abstract C*-algebra 
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A in a Hilbert s~ce H is a ~ap A+rr(A) assigning a bounded operator neAl acting on 
H to each. element AeA suc~ that: 

(i) n(A*) ~ n(A)* , 
(ii) n(cIAl+C2A2) ~ cln(Al)+c2n(A2) Cl,C2EC 
(iii) n(AIA2) ~ n(Al)n(A2) 

A famous theorem by Gelfand, Naimark and segal (the so-called GNs-theoreu0 says 
that every state p on a C*-algebra A generates a representation np on a Hilbert 
space Hp (whic~ can be constructed), such that there is a cyclic vector npEHp with 

peA) ~ (nplnp(A)np) for every AeA 

This representation is called the GNS representation of the C*-algebra A with. re­
spect to the state p. The triple (Hp,np,np) is unique up to unitary· equivalence. 
The GNS representation is irreducible if and only if p is pure. 

Referenaes: Dixmier (1964), Sakai (1971). 

An abstract C*-algebra A of observables can be represented by· a 

C*-algebra of bounded linear operators acting on some Hilbert space. In 

the simplest possible case, all faithful representations of A are uni~ 

tarily equivalent, so that the traditional Hilbert-space formalism of 

quantum mechanics can be recovered. However, most C*-algebras have an 

uncountable number of unitarily inequivalent representations. In par-· 

ticular, for systems with infinitely many degrees of freedom, an entire­

ly new situation occurs which is not covered by pioneer quantum mechanics. 

Every representation of the Weyl algebra is faithful. If the con­

figuration space A of the Weyl system {U(p)V(q) !p,qEA} is finite-dimen­

sional, then the uniqueness theorem of Stone (1930) and von Neumann (1931) 

implies that all representations of the Weyl algebra are unitarily equi­

valent. However, if the configuration space A is infinite-dimensional, 

there are uncountably many unitarily inequivalent representations of the 
weyl algebra. Since the canonical commutation relations are not of type I 

(in the sense of Mackey, ~963b), these representations cannot be fully 
classified with the presently known techniques. 

C*-algebraic quantum mechanics has been contrived in order to 

eliminate the need for this myriad of inequivalent representations. Ori­

ginally it was hoped that physical theories could be formulated indepen­

dently of any representation. In particular, Haag and Kastler (1964) em­

phasized that only the C*-algebraically invariant properties should have 

a physical meaning. They adopted the view that no actual experimental 

arrangement can prepare a statistical state precisely, but only specify 

a weak neighborhood in the space of positive linear forms on the algebra 

of all observables. From this pOint of view, all faithful representations 
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of the algebra of observables are physically equivalent, no matter wheth~ 

er these representations are unitarily equivalent or not. Unitarily in­

equivalent but faithful representations- have states that behave diffently 

with respect to observations made infinitely far away, what is considered 

as physically irrelevant by Haag and Kastler. However, it has proven to 

be extremely useful to distinguish unitarily inequivalent faith£ul re­

presentations as different models for idealized physical systems. Choos~ 

ing different inequivalent faithful representations amounts' to making 

different idealizations. 

The reZevanae of inequivaZent representations 

One may object that all actual systems are finite. Even if this 

were true, there are great advantages in considering infinite systems as 

idealizations of finite systems. The best known example is equilibrium 

statistical thermodynamics. In the thermodynamic limit, 

number of particles 

volume 

density 

n + co 

v + t» 

n/V finite 

the systems considered become infinite systems. The use of the thermo­

dynamic limit is an idealization which permits a rigorous mathematical 

characterization of such properties as phase transitions which would 

otherwise be masked by finite-size ettects. Jt is only in the thermo~' 

dynamic limit that phase transitions exhibit a dt:s:cont:i:nui:.ty- or singu~ 

larity in the thermodynamic functions. Moreover, the thermodynamic limit 

is an essential ingredient to describe coexisting pure phas'es properly. 
Rather than performing the thermodynamic limit at some intermediate 

stage, it is conceptually more appealing and mathematically more rigo~ 

rous to study thermodynamic systems directly as systems of an infinite 

number of degrees of freedom. 

Furthermore, there are simple molecular systems having only a 

few manifest degrees of freedom but which require for their proper de­

scription either the introduction of ad hoc phenomenological concepts, 

or, in a strictly fundamental approach, the use of infinite systems. 

Most molecular systems are strongly entangled with their surroundings. 

Even a so-called free molecule is interacting with the res,t of the world 

by the unavoidable coupling to the electromagnetic radiation field, Due 

to the peculiar nature of this coupling, the effect of this coupling can 
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be of qualitative importance. In order to discuss such effects we are 

forced to include the electromagnetic quantum field so that the model 

for the molecular system is an infinite system. The inclusion of the 

surroundings can have dramatic effects, even if the individual inter­

action constants are extremely small. The resulting molecular state may 

be well disentangled from the environment; nevertheless it is not the 

same state one would get by neglecting the effects of the environment. 

The actually realized molecular state (the "dressed state") is accompanied 

by an infinite number of photons whose degrees of freedom are hidden, 

manifesting themselves only by a few parameters which can be described 

either by phenomenological concepts or the corresponding theoretical 

notions (like "classical observables", "molecular superselection rules"). 

From a fundamental point of view, the crucial phenomenon is a change of 

the equivalence class of the representing Hilbert space of the total 

system and its environment. 

From a mathematical viewpoint, the theory of infinite systems is 

quite different from the corresponding theory for finite systems. So we 

have to ponder the difference between a finite system having very 

many degrees of freedom and an infinite system. First of all, a very 

large but finite system is as a rule extremely complicated. From a phys­

ical point of view, the finite accuracy of any feasible experiment im­

plies that we can never distinguish empirically between an infinite sys­

tem and a system having sufficiently many degrees of freedom. For a given 

experimental situation one can always approximate an infinite system by 

a sufficiently large finite system. On the other hand, an expedient way 

to avoid the unobservable complexity of a large but finite system is to 

introduce an appropriate limi.t to a system having infinitely many degrees 

of freedom. The limiting procedure is appropriate if and only if the 

corresponding finite and infinite systems are physiaaLLy equivaLent in 

the sense that all theoretical predictions observable under the given 

airaumstanaes coincide for the two systems. As &tated already by Fried­
richs (1951, in the book of 1953 on page 142), "d.i66eJteltt Umi.;t pJWC.e66e6 ma.y 

be a.ppJWpJUa,te. 6M d.i66eJteltt e.x.peJUmentai. 6.i.:t:uatio/Ui". The uniqueness of the ahar­

aaterization of the kinematias via the WeyL group ~e find ~ith finite 

systems does no Longer hoLd due to the different possibiLities of passing 

from finite to infinite systems. 

Infinite systems are in many respects much simpler than finite 
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but very large systems. The enormous complexity of very large systems is 

replaced by myriads of physically inequivalent infinite systems. The 

equivalence classes of infinite systems are a useful tool for describing 

complex systems in whlch entirely new properti~s can emerge. Infinite 

systems display a new level of complexity, a change of the equivalence 

class of the representation corresponds to a change in the qualitative 

behavior of the system. 

The qualitatively different behavior of infinite systems is re­

flected in the algebra of observables and in the symmetry of the system~. 

Infinite systems have new symmetries not possessed by the corresponding 

finite systems. For example, in an infinite thermodynamic system, the 

total energy E and the total number n of particles are infinite so that 

both the Hamiltonian and the total number operator are global operators 

not belonging to the algebra of actually measurable observables. Accord­

ingly, such a system is invariant with respect to a finite change in ener­

gy or particle number. This is a new symmetry unkown in finite systems; it 

implies the existence of new physically relevant quantities, the temper­

ature T and the chemical potential ~. In a thermodynamic sense, the pairs 

(E,T) and (n,~) define conjugated quantities. The new quantities T and ~ 

have full physical significance only when the conjugated quantities E 

and n have lost their usual meaning. In fact, the existence of global 

operators implies the decomposability of the algebra of observables; in 

thermodynamic systems the new quantities T and p are necessary to label 

the continuously many unitarily inequivalent representations. Another 

example for the emergence of a fundamentally new physical quantity is 

provided by the Josephson effect in superconductors and superfluids. 

The algebra of observables generated by the quantal state of a super­

conductor or a superfluid does not contain the particle number operator 

but its canonically conjugated operator, the phase operator. As the modern 

measurements of the Josephson effects show (cf. Parker et al. 1969), the 

phase operator is one of the most precisely measurable physical quanti­

ties. 

Infinite systems are an important tool to investigate complex 

systems in an asymptotic limit. Any asymptotic analysis tends to simpli­

fy the system considered. The many inequivalent representations of an 

infinite system correspond to a decomposition of the system of interest 

into many independent autonomous subsystems. To select a particular re-
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presentation means to concentrate the attention to a particular phenom­

enon and to forget effects of s~condary importance. With such. a choice 

(which is possible if we adopt an appropriate topology in our ~athemat­

ica1 formalism) we lose irrelevant information so that the system becomes 

simpler. To decide which representation one has to use is the same as to 

decide what is relevant for the problem at hand. This cannot be done a 

priori but only when the relevant patterns have been decided upon. 

Symmetries and broken symmetries of C~-sy8tem8 

A symmetry of a C*-system is a transformation leaving all con­

ceptually significant features of the system invariant. In the C*-a1ge­

braic approach symmetries are represented by Jordan automorphisms. A 

Jordan *-automorphism of a C*-a1gebra A is a bijection a:A+A such that 

for all A,BEA and all a,bEe, we have 

(i) a (aA+bB) 

(ii) a (A*) 

(iii) a (AoB) 

aa{A)+ba(B) 

a{A)* 

a (A) oa (B) 

where AoB denotes the Jordan product (AB+BA)/2. Particularly important 

Jordan *-automorphisms are the *-autornorphisms: ex: A+A which pres:erve the 

",hoZe structure of the C*"'a,lgebra A, i.,e, 

(i I) a{aA)+a{bB) 
(iii) a{A*) 

(iii I) a (AB) 

aa(A)+ba(B) 

a.{A) * 
a{A)a{B) 

However, not every Jordan *-automorphism of A is a *-automorphism of A. 

If we reverse the order of the terms in the product (iii'), we get a 

Jordan automorphism which is not an automorphism, but is called a*~nti­
automorphism of A: 

(i" ) a {aA)+a(bB) 

(ii") a{A*) 

(iii") a (AB) 

aa{A)+ba{B) 

a(A)* 

a{B)a(A) 

As shown by Kadison (1951), every Jordan *-automorphism is the direct 

sum of a *-isomorphism and a *-antiisomprphism (for a simple proof, see 

Simon, 1976). This theorem is the appropriate generalization of the the­

orem by Wigner (1931) and Uhlhorn (1962), saying that in pioneer quantum 

mechanics every symmetry is implemented by a unitary or antiunitary trans­

formation. 
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If a is a symmetry of an abstract C*-algebra A of observables, 

and if 7f is a representation of A, then one cannot guarantee that a in­

duces a symmetry of the concrete algebra 7f(A). Nowadays, this mathemat­

ical pos.sibili ty is considered as physically uninteresting. However, 

even if a induces: a symmetry' of 7f(A), it need not be implementable by a 

unitary or antiunitary operator acting on the repres'entation space. Haag 

(1962) has suggested that a breakdown of symmetry is characterized by an 

automorphism group of the algebra of observables that is not i~plementable 

in the repres.entation of :i:.nteres±.. 1\.ccQrdi~n9'ly', one says: tllat a s:ymmetry 

is spontaneousZy broken if a symmetry of the C*-algebra of observables 

does not define a symmetry in Wigner's sense, i.e. if in the representa­

tion 7f there exists no unitary or antiunitary operator U acting on the 

representation space K7f such. that 

7f{a(A)} = U7f(A)U- 1 for all A€A 

Examples of spontaneously broken symmetries are provided by crystals, 

ferromagnets, superfluids, superconductors, and phase transitions in 

thermal equilibrium systems. 

TeahniaaZ remark 
If p is a state invarial'lt under the automorphism a, i.e. if 

p{aCA)}=p{A} for all AEA , 
then a is unitarily implemented in the Hilbert space Hp in the GNS-representation 
7fp. 

Time evoZution of C~-systems 

The proper formulation of dynamiCS is the principal headache of 

C*-algebraic approach to generalized quantum mechanics. Originally, it 
was assumed that the time evolution is given by a one-parameter 

group t+a t of automorphisms at of the C*-algebra A of observables (~aag 

et al., 1967). This assumption implies that the time evolution should be 

specified in the Heisenberg picture where the dynamics is. given by the 

map A+At=at(A) for all A€A. Foor some simple systems (like lattice sys-

tems with short range interactions, non-interacting fermions), it is 

well-established that the dynamics is given by a one-parameter group of 

automorphisms of the algebra of observables. But there exist examples 

demonstrating the opposite, for example the ideal Bose gas and the BCS­

model of superconductivity (Dubin and Sewell, ~ 9.70.). Even very simple Hamil­
tonians of pioneer quantum mechanics of finite systems do not necessari-

ly induce a *-automorphism of the Weyl algebra (Fannes and Verbeure, 

1974). In general, the time evolution is an automorphism of an algebra 
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Larger than the C*-algebra of observables. (Ruskai, 1971). One may hope 

that the time evolution always is an automorphism of some natural en­

largement of the c*-algebra of observables, however, the general situa­

tion is not yet clear (compare also Sewell, 1973; Rudin, 1973; Maksimov, 

1975, 1976,a,b; Bratteli and Robinson, ~976; Narnhofer, 1978; Roos, 1978). 

The time evolution can always: be described as an automorphism of the von 

Neumann algebra generated by the GNS-representation or as an automorphism 

of an enveloping W*-algebra so that in a W*-algebraic formulation the 

time-evolution is always an automorphism. 

Instead of enlarging the C*-algebra of observables, one can equal­

ly well restrict the state space. This point of view has been introduced 

in a basic paper by Kadison (1965; compare also Haag et al., 1970). A 

Kadison-type dynamical C*-system is 

C*-algebra A of observables, a full 

A and a weakly continuous dynamical 

a triple (A,So,t+l1 t ) consisting of a 

set S cA* of distinguished states on 
o 

group t+l1 t acting on So. The self-

adjoint elements in A are supposed to represent the bounded observables 

of the system, the elements of So represent the statistical states, and 

t+llt (p) represents the motion of the state PESo. Thi.s description corres­

ponds to the Schrodinger picture in pioneer quantum mechanics. Kadison 

(1965) has given necessary and sufficient conditions that Il t is given by 

a Jordan *-automorphism Ct t of A, i.e. conditions for the equivalence of 

the Schrodinger and the Heisenberg pictures. Important examples of 

Kadison systems are the W*-systems CA,t+Ct t ) where A is a W*-algebra and 

t+Ctt is a a-weakly continuous one-parameter automorphism of A. A W*-al­

gebra is a C*-algebra wfiich. is' the dual of some Banach space, called the 

predual A* of A. If we put So=A* and Pt(A)=P(At ) with Pt =l1t (p) for every 

pEA*, and At=Ctt(A) for every AEA, then (A,So,t+ll t ) is a Kadison system. 

Remark: Time evoLution and measurement process 
The measurement problem of quantum mechanics is not soluble in the framework 

of pioneer quantum mechanics. In a very interesting paper, Hepp (1972) has rephrased 
the measurement problem in the C*-algebraic framework. The main result is, that if 
the time evolution is indeed an automorphism of the algebra of observables, then it 
cannot destroy coherence in any finite interval of time. That is, if Ct EAut(A), and 
if P and p' are two mutually coherent states, then for every Itl<oo th~ two states 
poCtt and p' oCtt are mutually coherent. However, in the limit t+oo, coherent states 
may converge weakly towards incoherent states. - a necessary condition for the solu­
tion of the measurement problem of quantum mechanics. 
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Critique of the C*-aZgebraia approaah 

C*-algebraic quantum mechanics presupposes a statistical inter­

pretation. However, an exalusively statistical interpretation of a quan­

tum theory is not well founded. In any nonclassical system (with a non­

commutative algebra of observables), a mixed statistical state cannot 

determine the ensemble, since the convex set of the states is not a sim­

plex. 

Furthermore, C*-algebraic quantum mechanics uses unashamedly an 

entirely unjustified operationalistic language. Segal (1959) character­

izes observables as quantities that in principle can be measured direct­

ly. Such an explanation is necessarily naive since in the framework of 

the postulated theory actual measurements are not discussed at all. The 

alleged connection between algebraic quantum mechanics and operationaliSm 

does not exist. In fact, it is not at all clear how the self-adjoint 

elements of a C*-algebra should be related to experimental measurements. 

Jauch (1971) reports that "toda.q Segal doe1i no icmgeJt. mainta.in :tful.t :the. dementi. 

06 the algeb.lU1 have a.ny:tJU.ng to do w.Uh o~eJt.va.ble1i" • 

For the development of practically all of the impressive results 

of algebraic quantum mechanics it is crucial that the statistical ex­

pectation functional on the algebra of observables is Zinear (i.e. a so­

called "state" in the mathematical sense). This far-reaching assumption 

is not motivated at all, it is just required by an axiom which is not as 

innocent as it looks. 

Of course, these severely weak points of C*-algebraic quantum 

mechanics do not impair it as a most powerful tool which can take full 

advantage of the highly developed theory of C*-algebras. Fortunately, 

algebraic quantum theory can be linked with the conceptually much higher 

developed quantum logic (compare section 4.4). 
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4.3 ~. ALGEBRAIC STATISTICAL MECHANICS 

General set-up of statistical mechanics 

Equilibrium thermodynamics (whose proper name is, of course, 

"thermostatics") is a self-contained logical structure. The aim of sta­

tistical mechanics is to explain the thermodynamic behavior of macro­

scopic systems, one of its main tasks is the characterization of equi­

librium and near-equilibrium states of thermodynamic systems. Such 

states can be described by means of a small number of parameters, like 

the temperature and the chemical potential. These parameters describe 

new symmetries and are in one-to-one correspondence with one-parameter 

groups of automorphisms. In equilibrium thermodynamics, the number of 

such parameters is small since there are few one-parameter groups of 

automorphisms commuting with the time-evolution automorphism - a fact 

which is related to the alleged ergodic nature of macroscopic systems. 

According to the traditional view, a macros tate is an equivalence 

class consisting of a vast number of microscopically different states. 

Those observables that characterize the equivalence class of a macro­

state are called macroobservables. Temperature and chemical potential 

are examples for such macroobservables. In order to be in agreement with 

phenomenological thermodynamics (which is a classical theory), all macro­

observables have to be represented by classical observables. A macro­

state is considered as macroscopically pure if all macroobservables take 

dispersionfree values with respect to this state. The goal of any macro­

scopic kinetic theory is the specification of an appropriate set of macro­

states and macroobservables such that every valuation of the macroobserv­

abIes determines a macrostate, and that the change of the macroobservables 

in time is described by means of a dynamical equation that contains only 

macroquantities. 

The traditionaZ approach to statisticaZ mechanics 

Traditional statistical mechanics is neither conceptually nor 

mathematically adequate. It requires for its mathematical formulation 

that the system is enclosed in a finite box of volume V. In the frame­

work of pioneer quantum mechanics, one chooses as Hilbert space Kv the 

Lebesgue space of square-integrable functions haytng support in a bounded 

region VdR 3 • The algebra Av of observables is taken to be the algebra of 

all bounded operators acting on Hv' The time evolution is given by 
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A~A{t) = exp(itff ) A exp(-itH) , tE~, AEA 
V V y 

where Ry is the Hamiltonian. The thermodynamic equilibrium state of a 

finite-volume system is defined via a Gibbs-ian statistical ensemble and 

is taken to be given by the Gibbs state Py ' defined by 

Py{A) = tr(DyA) AE~ 

with 

DV = exp{-BRy)/tr{exp(-BRy)} 

where B=1/kT with the Boltzmann constant k. and the absolute temperature T. 

We cannot avoid the use of a box since in general exp(-BH) is not 

a nuclear operator, so that tr{exp(-BH)} is not well-defined and a Gibbs 

state does not exist. Moreover, for an infinite system, in general there 

exists no operator H associated to the algebra of observables such that 

the time evolution A~A(t) is given by A(t)=exp(itH)Aexp(-itH). Again, one 

cannot use Gibbs states directly to describe thermodynamic equilibrium 

states of infinite systems. The intensive thermodynamic quantities have 

sharp values with vanishing fluctuations around the ensemble average 

only in the limit of infinite systems. Moreover, typical thermodynamic 

properties like phase transitions, ergodic behavior, approach and return 

to equilibrium exist only in the limit of truly infinite systems. 

The traditional way out of this dilemma is to calculate expecta­

tion values for finite systems, and subsequently to take the thermodynam­
ic: Limit where the volume V and the number n of particles go to infinity 

while the density n/V is kept finite and nonvanishing. 

The Kubo-Martin-Schwinger boundary conditions 

The Gibbs states of pioneer quantum mechanics enjoy a character­

istic analyticity property first discovered by Kubo (1957) (fluctuation­

dissipation theorem), and extensively used by Martin and Schwinger 

(1959) as a periodic boundary condition in imaginary time for thermody­

namic Green functions. The invariance of the trace under cyclic per­

mutations of its arguments implies that for every Gibbs state Pv 
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for all A,BEAv. Moreover, it is easy to show that there exists a function 

GAB(z) which is holomorphic in the open strip O<Im(z)<S, continuous and 

bounded on the closed strip O,;Im(z),;S and which satisfies the boundary 

conditions 

and 

for all tE~. These boundary conditions are referred to as Kubo-Martin­

Schwinger conditions, or for short as the KMS conditions. 

The rise of algebraic quantum statistical mechanics 

Algebraic quantum statistical mechanics has been growing out of 

the highly developed formalism of imaginary-time Green functions (com­

pare e.g. Bonch-Bruevich and Tyablikov, 1961; Kadanoff and Bayrn, 1962; 

Abrikosov et al., 1962). The characterization of thermodynamic equilib­

rium states by the KMS condition was inspired by the corresponding prop­

erty of finite-volume Gibbs states of pioneer quantum mechanics. In a 

most important pilot study on the thermodynamics of the infinite free 

boson gas, Araki and Woods (1963) established th.e importance of the KMS 

conditions for infinite systems, and discovered the relevance of non­

Fock representations of the canonical commutation relations for statist­

ical mechanics. This work marked the turning point in the resistance 

against non-Fock representations in nonrelativistic quantum mechanics. 

It made clear that the occurrence of inequiva.lent representations is by 

no means a mathematical pathology but of great physical relevance. Non­

Fock representations give us a new powerful tool for the investigation 

of complex molecular systems. Nowadays it is generally accepted that for 

infinite systems a fundamentally new situation occurs which is not cov­

ered by the formalism of pioneer quantum mechanics. 

In the C*-algebraic approach, the role of Green's functions is 

taken over by the time correlation functions p{AB(t)} where p is a state 

on the C*-algebra A of observables, A,BEA, and B(t)=atCB) is generated 

by the dynamical one-parameter group t ... atEAut(A). For finite volume-sys­

tems it is easy to prove that the Gibbs states can be characterized by 

their KMS property. In a fundamental paper, Haag, Hugenholtz and Winnink 

(1967) proved that in the thermodynamic limit th.e limiting state still 

satisfies the KMS condition. For the special case of lattice systems, 



182 4. Beyond Pioneer Quantum Meohanios 

Araki and Ion (1974) have established the equivalence of the Gibbs and 

KMS conditions. It seems to be an open question whether every KMS state 

is the thermodynamic limit of Gibbs s-tates, but nowadays it is widely 

accepted that equilibrium states should be characterized by states ful­

filling the KMS condition. The C*-algebraic approach together with the 

KMS conditions avoids the involved limiting procedures of traditional sta­

tistical mechanics and brings with it a great descriptive simplification. 

Additional, referenoos 
The work of Haag, Hugenholtz and Winnink (1967) and the rein:torcement boy Kast­

ler, Pool and Poulsen (.1969) have provided a rigorous mathematical framework for the 
study of thermodynamiC systems. For a lIIOre recent review of the state of the art, 
compare Kastler (1976). The te~ts by Ruelle (1969), Emch (1972a), Dubin (1974) and 
Rratteli and Robinson (Ili7g.) axeoutstandin!J hut certainly not elementary-.As an in­
troduction we recommend the fine textbook by Thirring (1980). 

Properties of EMS states on C*-al,gebras 
A state pEA* of a C*-algebra A is said to he a 6-KMS state for the inverse 

temperature 6 and with respect to a dynamical group t~tEAut(A) if for every pair 
of elements A,BEA there is a function GAB(z) which is holomorphic in the open strip 
O<nn(z)<8, continuous and bounded on the closed strip Osnn(z)sB, and which satis­
fies the KMS boundary conditions- GAB(t) =p{AClj; (B) } and GAB(t+iB)=p{Clj;CB)A} for all 
tER. 

Let (~,H,n) be the GNS-representation of the C*-algebra A on the Hilhert space 
H with respect to the 8-KMS state p, so that P(A)=wj,r<A) 1m, where n.E1I. The von 
Neumann algebra generated by ~ (A) will be denoted by N, N={ ~ (A) I AEA}". If N is a 
factor (i.e. if N has a trivial center), then p is called a factor state. 

KMS states have a numeer of remarkable properties (tor stmple proofs, compare 
Hugenholtz, 1972). The follOwing properties are of particula1! i'mportance for sta­
tistical mechanics: 
(i) Every KMS state is time-translation invariant, i.e. we have p{at(A)}=p(A) :tor 

all AEA (Winnink, 1968). 

(ii) The center of N is elementwise time-translation invariant, so that the central 
decomposition yields again invariant KMS-states (Araki, 1968). 

(iii) Any decomposition of a KMS-state finer than the central decompoSition yields 
states which are not KMS (Araki and Miyata, 1968). 

(iv) For 13<"", the von Neumann algebra N is reducible, and N is in a one--to-one 
correspondence with_ its commutant N' (Haag et al. 1967). More precisely: There 
exists a conjugation J (i.e. an antiunitary operator J:H~ with J 2=1) such 
that JNJ=N' and Jo=n. 

(v) There exists a family of unitary operators UtEB(H), strongly continuous in t, 
which implements the time automorphism, and such that uto=n and UtJ=JUt. If 
we define a state ~ on N by ~(N)=(nINn), NEN, and an automorphism group by 
~(N)=UtNUt, NEN, then ~ is a normal state on the W*-algebra N satis:tying the 
KMS condition with respect to the dynamics t~. 

(vi) A 8-KMS state p with 0<8<00- and corresponding to a pure phase of an infinite 
system generates a factor N of type rn (HUgenholtz, 1967). The limiting case 
6=0 of infinite temperature represents a maximally chaotic state; in this 
case p is: lUl inva:t"iant trace and N is a factor of type rIl. If the limit o:t 
KMS states when the temperature goes to zero exists, then the algebra N is of 
type I and the Ume automorphism is implemented by a post tive Hamiltonian 
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(Sirugue and Testard, 1971). For finite systems, the algebra N is of type I 
for all temperatures:, 

(vii) Two type III-KMS states on the same C*-algebra A but referring to different 
temperatures generate ilisjoint GNS"-representations CTakesaki, 197Ob). Since 
disjoint representations' have orthogonal central supports th.is result implies 
the existence of a self-adjoint operator affiliated to the center of Nand 
taking the dispersionfree value 6 for a 6-KMS state. That is, the temperature 
is repres'ented by a classical observable. 

(viii) There exists a continuous family of KMS' s·tates for temperatures 0<'1'<00, giving 
rise to a continuous family of non-isQmorphlc type III factor representations 
(Herman and Takesaki, 1970). 

(ix) To every faithful normal state p of a W*-algebra there exists a unique one­
parameter automorph.ism group with respect to which. p satisfies the KMS condition 
for 6=1 (Takesaki, 1970a). 

These properties show that the KMS condition says a good deal about the struc­
ture of the algebras involved. This is due to the fact th(\t thermodynamic equilibrium 
states are modular states in the sense of the theory of modular automorph.isms of von 
Neumann algebras. After many years of effort, Tomita (1967) succeeded in generalizing 
the theory of Hilbert algebras for general von Neumann algebras. Tomita's theory was 
further developed by Takesaki (1970al. The new tool was the introduction of the modu­
lar automorph.ism group - equivalent to the KMS conditions -. whic~measures the non­
trace like behavior of a state. The KMS condition for a state wand a one-parameter 
automorph.ism t-+at implies the existence of a well-behaved map W{Aat (Bl }->w{at (Bl A}. 
This Tomita-Takesaki theory gave rise to an enormous progress in the purely mathe­
matical structure theory of W*-algebras. The astonishing connection between Tomita's 
theory of modular Hilbert algebras and the KMS condition of statistical mechanics. 
was first recognized by Winnink (1968) in hls thesis. 

PhysicaZ deduction of the KMS condition8 

An important problem for algebraic statistical mechanics is the 

deduction of the KMS condition from first principles, without recourse 

to the Gibbs states of finite systems. It is instructive that there are 

several different ways to do so. 

A notable result of modern algebraic quantum mechanics is. the dis­

covery of the role the KMS conditions playas a stability criterion for 

dynamical systems. Consider any C*-dynamical system, that is a pair 

(A,t+at ) consisting of a C*-algebra A and a one-parameter group t+a t of 

automorphisms at of A. Araki (1973) has shown that KMS states on a C*-dy­

namical system (A,t+a t ) are not only stationary but also stabZe under 

small changes of the dyna.m:i.cal .law. A dynamics. t+f\ is called a ZocaZ per­

turbation of the dynamics t+<lt if the perturbation 

o = {a(at 1 St)/at}t=O 
is inner, that is if ,HA) =i [V ,A] _ tor all A€A, where the perturbing Hamil­

tonian V is a self-adjoint element of the algebra A itself. Araki's re­

sult implies that KMS states are stable in the sense that for each small 
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local perturbation ot the dyna:rn.ics there is' another state close to the 

original one which is a KMS state with respect to the perturbed dynamics. 

In a basic paper, Haag, Kastler and Trych-Pohlmeyer (1974) have shown 

that the converse is also true, so that one can use the stability property 

of KMS states as the defining properties of thermodynamic equilibrium 

states. 

These results show that a thermodynamic equilibrium state of a 

physical system can be characterized by the following three requirements: 

(i) a thermodynamic equilibrium state p shall be stationary with re­

spect to the dynamical group t->C1 t of the system, Le. P{C1 t (A) }=p CA) 

for all AEA, 

(ii) a thermodynamic equilibrium state p shall have sharp values on all 

macroscopic observables, that is p shall be a factor state, 

(iii) a thermodynamic equilibrium state shall be stable under all local 

perturbations of the dynamics by a perturbing Hamiltonian v=v*EA. 

The results of Haag et al. (1974) imply that a state p of a C*-system 

(A,t->C1 t ) fulfilling the conditions (i), eii) and Ciii) is a KMS state. 

Additional references 
For further developments and refinements, compare Kastler, (1975, 1976), Bratteli 
and Kastler (1976), Haag and Trych-Pohlmeyer (J977). A lUore dynamical stability 
theory has been initiated by Robinson (J973) by investigating the return to 
equilibrium; compare also Narnhofer and Robinson (1975) and Bratteli et al. 
(1978) • 

There is another characterization of KMS states using the following 

formulation of the second law of thermodynamics: no work can be obtained 

from an adiabatically isolated system in thermodynamic equilibrium by vary­

ing external parameters. In system theory, an input-output system that 

only can absorb and not generate energy is called a passive system. For a 

linear system with input t->u(t) and output t->y(t), the -total energy E(tQ,t) 

supplied by the input during the time interval (to,t) is positive. If the 

system is initially empty, then E(to,t) equals the sum of the stored energy 

and the dissipated energy and is given by 

t 

E(to,t) = JU(T)Y(T)dT 

to 

so that the condition of passivity can be written as 

t 

JU(T)YCT)dT ;,: a 
to 
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This characteristic property of a passive linear system was first intro­

duced by Meixner (1954) (compare also Konig and Meixner, 1958; Dolph, 

1963). In an important new approach to nonequilibrium thermodynamics, 

Meixner (1969) proposed to replace the Clausius inequality dS;e~Q/T and 

the Clausius-Duhem inequality of traditional thermodynamics by the weaker 

passivity condition. The reason for this proposal is that in the frame­

work of classical thermodynamics no definition of an entropy in nonequi­

librium ever has been given. Meixner (1969a,b) has developed an entropy­

free thermodynamics based on the passivity condition as replacement of 

the traditional formulation of the second law of thermodynamics. 

In the theory of dynamical C*-systems, a state is called passive 

if energy cannot be extracted from the system in any cyclic proces:s. 

effected by the application of local perturhations during a finite in­

terval of time. Pusz and Woronowicz (1978) have shown that KMS-states 

are uniquely characterized by a passivity condition. Consider a dynam­

ical C*-system (A,t+ut ) whose free dynamics t+ut=exp(to) is perturbed 

by a time-dependent external force u(t). The perturbed dynamics t+Bt is 

then given by 

for every AEA, where V is a self-adjoint operator in A. A state p of the 

dynamical C*-system (A,t+u t ) is called passive if the work done by the 

external force t+u(t) is positive. The energy E(to,t) transmitted to the 

system is given by 

t 

J u(T)P{f\(V)}dT 

to 

A dynamical C*-system (A,t+ut ) is called passive with respect to the 

state P if E(to,t);eO for every cyclic change of the external force t+u(t), 

VEA. It follows (Pusz and Woronowicz, 1978) that every passive state of 

a dynamical C*-system is stationary, and that all KMS-states are passive. 

Since every mixture of KMS-states of different temperature also is pas~ 

sive, the condition of passivity alone does not characterize KMS-states. 

However, for pure phases, the physically relevant states are the factor 

states so that we have the following characterization: a factor state is 

a KMS-state if and only if it is passive. 

Yet another characterization of ~1VlS-states has been given by Kossa-
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kowski et al. (1977) by showing that the property of detaiZed baZanae 

is characteristic of dynamical semi groups acting on a W*-algebra de­

scribing the relaxation to thermal equilibrium. 

The ZoaaZ struature of ahemiaaZ thermodynamias 

The science of thermodynamics is primarily concerned with trans­

formations of various forms of energy. The crucial concepts of phenome­

nological thermodynamics are the inner energy and the avaiZabZe energy. 

Available energy is that part of the system's inner energy which can be 

converted (under the given constraints) into useful work (e.g. mechan­

ical work or electrical work). The first law of thermodynamics expresses 

the conservation of energy in a closed system, while the second law of 

thermodynamics can be viewed as the fact of inevitable degradation of 

available energy in real processes. The thermodynamic entropy is,' a 

measure of the mechanical unavailability of energy. 

This general framework of thermodynamics is entirely independent 

of the molecular structure of matter, it does not even need an elaborate 

notion of physical space. A fortiori, thermodynamias is in generaZ not 

a theory of infinite systems (since "infinite" refers either to the 

number of particles or to the spatial extension of the system, that is 

to concepts that are not even defined in general thermodynamics). For 

example, in the framework of mathematical system theory one can intro­

duce in a natural way the concepts of free energy and entropy for dissi­

pative input-output systems such that the rules of general thermodynam­

ics are fulfilled (compare Willems, 1972a,b. 1974). 

ChemiaaZ thermodynamias is a special case of general thermodynam­

ics and has an additional rich structure. First of all, we have to dis­

tinguish between the various ahemiaaZ aonstituents of a chemical system. 

A macroscopic description of a chemical system can be made in terms of 

the mass densities of the various species together with the energy and 

entropy densities. In order to know what these concepts mean we have to 

introduce a ZoaaZ struature into thermodynamics, say via the Euclidean 

group which describes the 3-dimensional physical space. In the simplest 

case, one considers macroscopically homogeneous regions, called phases, 

so that one needs infinitely extended systems. 

In infinite systems, the distinction between ZoaaZ and gZobaZ 



4.3 II Al,geb1'O.ic Statistical, Mechanics 187 

aspects becomes important. Chemical thermodynamics deals with systems 

in which one can distinguish finite subsystems. In algebraic statistical 

mechanics these finite subsystems are put into evidence by a family of 

local subalgebras of the algebra of observables. 

Since measurements can be made simultaneously for disjoint re­

gions, one assigns each. bounded region VcR 3 of the 3-dirnensional phys­

ical space 1R3 a W*-algebra A(V) of observables in such a way that 

if 

This condition is called l,ocal,ity. The algebra A(V) is generated by the 

observables having support in V, so that the local algebras have the 

property of isotony, that is 

if 

The isotony implies that the union VA(V) of all algebras A(V) (where 

the union is performed over all finite regions of R3 ) is again a normed 

*-algebra, called the algebra AL of strictly local observables. For 

mathematical convenience, one adds its limit points and obtains a C*-al­

gebra A, called the al,gebra of quasi-l,ocal, observabl,es of the infinite 

system. 

Remark: Quasi-l,ocal, C*-etructures 
A C*-algebra A is said to have a quasi-local structure if A possesses a family 

{A (V)} of W*-subalgebras A(v), where V are bounded subsets of ~(n=1,2, ••• ) such. that 
(i) each A(V) contains the identity, 
(ii) the elements of A(Vl) commute with all elements of A(V2) whenever VI and V2 

are disjOint, 
(iii) for every disjoint Vl, V2, A(V 1 UV2) is the smallest W*-algebra containing both 

A(Vl) and A(V2), 
(iv) A=limA(V) as C*-inductive limit. 
An important consequence of the condition (ii) is the fact that every quasi-local 
C*-algebra A is asymptotically Abelian with respect to space translations, i.e. 

II<Xa (A) g - saa (A) U-+{) for I a 1--
for all A,BEA, where <xaEAut(A) means a spatial translation by the vector aEJRIl. More­
over. physically' relevant quas:i:-local algebras are s:imple (compare lkatteli: and Robin­
son, 1979" p.134-135), so that all nontrivial representations of A are faithful. 

The typical classical observables of a thermodynamic system do 

not belong to the quasi-local algebra, but they can be generated from 

it. Consider the algebra A~(V) of strictly local observables outside V, 

A~(V) = {AIA€(~), vlnv = 9l} 

.L .L The norm closure of AL(V) is a C*-algebra, called the al,gebra A tV) of 

quasi-l,ocal, observabl,es outside V. Let n be a *-representation of the 
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C*-algebra A of all quasi-local observables on a Hilbert space H')f. The 

weak closure of ')f(A) in H')f is a von Neumann algebra, called the algebra 

N')f of global obserJ1ables'. Denote the weak closure of ')f{Al. (V)} in H')f by 

Nl.(v). The intersection of all von Neumann algebras Nl.(V) is the algebra ')f ')f 
of global observables outside of every bounded open set, it is called the 

algebra N; of ooservables' at infin1:'ty in the representation ')f. The local 

commutativity implies [Al.(v) ,A(V)] =0, so that [N°O,N ] =0. Since N°O')fcN')f' - ')f ')f-
it follows that all observables at infinity belong to the center Z')f of 

the algebra N')f of global observables in the representation ')f, 

The typical classical observables of a thermodynamic system appear as 

self-adjoint elements of the algebra N;, where the representation ')f is 

generated by the thermodynamic equilibrium state via a GNS-construction. 

References: 
Haag et al. (1967), Lanford and Robinson (1968), Lanford and Ruelle (1969), 

Nandts (1970), Ruelle (1970), Hepp (1972), Robinson (1975). 

The quasi-local structure relevant for statistical mechanics is 

further restricted by the fact that thermodynamic systems have in each 

finite subsystem only a finite number of particles. That is, thermodynam­

ic states must correspond to finite particle densities, or in the tech­

nical jargon, to locally normal states. A state p over a quasi-local 

C*-algebra A is called locaHy normal if its restriction to a W*-,subalge~ 

bra A(V) of strictly local observables can be represented by a normal 

s.tate Pv 

p CA) = Pv CA) AEA(v) 

The representing Hilbert space determined by locally normal states in the 

GNS-construction is always separable (Hugenholtz and Wieringa, 1969). 

Every thermodynamic limit-state is locally normal (Sakai, 1957; Dell' 

Antonio, 1967). On the other hand, Takesaki and Winnink (1973) have 

shown that on practically all C*-algebras of interest to statistical 

mechanics the KMS states are locally normal. 

Additional references 
The concept of locally normal states has been introduced in a study on the 

canonical commutation relations of infinite systems by Dell'Antonio, Doplicher and 
Ruelle (1966). Their importance for quantum statistical mechanics has been investi-
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gated by Ruelle (1966), Lanford and Ruelle (1967, 1969), Hugenholtz and Wieringa 
(1969) and Robinson (1970, 1975). An important generalization of locally normal 
states to C*-inductive limits of nets of von Neumann algebras is due to Haag, 
Kadison and Kastler (1970). 

Temperature and chemicaL potential are classical observables 

Thermodynamic states are never pure states, but they are "macro­

scopically pure" in the sense that every macroscopic thermodynamic quan­

tity has a sharp value. In technical terms, this means that thermodynam­

ic states representing a pure phase are KMS factor states (also called 

primary KMS-states). The parameters which distinguish. disjoint KMS factor 

states are the equilibrium parameters like temperature and chemical po­

tential. In algebraic quantum statistics these parameters are given by 

the sharp values of the corresponding classical observables in the ther­

modynamic equilibrium state. 

The C*-algebraic theory of the chemical potential has been devel­

oped by Kastler (1976), Araki and Kishimoto (1977) and by Araki et al. 

(1977). Before describing the algebraic background of the chemical po­

tential, let us recall the description of a grand canonical ensemble in 

the statistical mechanics of finite systems. The traditional grand canon­

ical Gibbs state Pv to the temperature 1/kS and the chemical potential ~j 

of the j-th species is defined by 

where HV is the Hamiltonian, and NjV the particle number operator of 

the j-th species of the system enclosed in a box of volume V. The state 

Pv does not satisfy the KMS condition relative to the time translation 

group generated by the Hamiltonian fiv. But it is easily shown that Pv 
is a S-KMS state with respect to the one-parameter automorphism group 

t .... T t , where 

We write 
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where t-+Ilt represents the time-translation group, 

Ilt(A) = exp(it~)Aexp(-itHV) 

and ~-+Jj) represents the circle group T, 
~ 

y(~) (A) = exp(-i~Njv)Aexp(i~NjV) 

tER 

The conservation of the number of particles of each kind implies that 

HV and NjV commute, hence we have 

tER j=1, •• ,k 

The transformation ~-+y(~), ~ET, is called a gauge transformation (of the 

first kind) with respect to the j-th species. 

For a chemical system with k different chemical components, the 

group of generating all possible gauge transformations is the direct 
k 

product of k circle groups T, i.e. the k-dimensional torus group T , 
k def G = T = TxTx· •• xT (k times) 

Accordingly, a system with k different chemical components is charac­

terized by a compact and Abelian k-parameter Lie group acting as a (gen­

eralized) kinematical group. This group G is called the gauge group of 

the system. 

In order to describe processes that do not cons'erve the particle 

number of the various species of a chemical system, the algebra A of 

observables has to be extended to the so-called field algebra F. The 

field algebra F is a C*-algebra generated by the creators a~(f) and the 
-+ -+ J 

annihilators aj(r) of the j-th species, j=1, .• ,k, rER3. These operator~ 

valued distributions are characterized by their behavior under the gauge 

group of the system, 

y {a'l"(f)} 
g J 

-+ 
Yg{aj(~)} exp (-i~.) a. (r) 

J J 

where g = (~l '~2' •• ,l~k) E(f! 

The algebra A of observables is the gauge-invariant part of the field 

algebra F 

A = {A!AEF , y (A)=A g for all gEG} 
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The algebraic description of the grand canonical ensemble is made 

in terms of a C*-system {F,tg-+a t yg } where axy is a continuous representa­

tion of the direct product of the time trans-Iation group IR and the gauge 

group G by *-automorphisms 1R3t-+at EAut (F) and G3g-+y gEAut en. The require­

ment that a stationary factor state p should be stable under local per­

turbations VEF of the dynamics t-+atEAut(F) implies (as in the cas.e of 

the canonical ensemble) the condition 

fdtp{[at(v) ,Al_} = 0 

IR 

which characterizes p as a KMS state with ~espect to t-+a t (Haag et al., 

1974). A grand canonical equilibrium state is characterized by the ad­

ditional requirement that the local perturbation does not cause a change 

in the number of particles of each kind so that V has_ to be gauge in­

variant, i.e. VEAcF. Since every gauge--invariant operator V can be writ­

ten in the form 

V = f\y(F)dgEA 

G 

FEF 

the stability condition relevant for the grand canonical ensemble can 

be written as 

fdtfdgp{[atYg(F),Al_} 0 

IR G 

which is a KMS condition for the one-parameter group t-+T t , tEIR, where 

again Tt=aty~1)ty~2;t··y;k)t (Kastler, 1976). In the GNS-construction asso­

ciated with p~ this autlkorphism group is unitarily implemented by the 

infinitesimal generator 
k 

G = H-j~1IljNj 

where H is the Hamiltonian and Nj the particle number operator of the 

j-th species. For infinite systems, the infinitesimal generators Hand 

Nj are no longer associated to the von Neumann algebra of the GNS-repre­

sentation of the algebra of observables, so that neither H nor Nj can be 

considered as observables. 

Instead of the commutative gauge group, more general kinematical 

groups can be considered. Araki et al. (1977) has discus:sed the case of 

an arbitrary compact group. For example, an equilibrium superfluid in a 

rotating container, or a superconductor in a constant magnetic field 
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(which is by Larmor's theorem equivalent to the same system in a rotat­

ing frame of reference) has the space rotation group SO(3) as an addi­

tional symmetry. In these examples, an angular momentum can be introduced 

by a parametrization of the KMS condition with respect to the compact 

group SO(3), similar to the chemical potential (Loupias and Mebkhout, 

1979). 

To summarize: Thermodynamic equilibrium states are KMS factor 

states which are labelled by the inverse temperature B and additional 

macroscopic variables which are directly related to the corresponding 

kinematical group. KMS states with different temperatures, and B-KMS 

states with different additional labels (such as the chemical potential) 

are disjoint, so that such states belong to different superselection 

sectors. Since disjoint representations have orthogonal central supports, 

there exist self-adjoint operators affiliated to the center of the von 

Neumann algebra generated by the GNS-construction of the thermodynamic 

equilibrium state which take just the values of the labels of the KMS 

states as eigenvalues. Accordingly, there exist classical observables 

for the temperatures, for the chemical potentials etc. such that in a 

pure thermodynamic phase these classical observables take dispersion­

free values. 

Phase transitions and symmetry breakdown 

To get the historical perspective, we recall that the first stat­

istically derived example of a phase transition is due to Albert Einstein. 

In his two papers "Quantentheorie des einatomigen idealen Gas.es", Ein­
stein (1924, 1925) predicted that below a certain critical temperature a 

gas of noninteracting bosans would show a gradual condensation into the 

ground state. The phenomenon that a macroscopic number of particles of a 

quantum statistical equilibrium system occupies the lowest energy state 

is nowadays known as the Eins·tein condens-ation. Einstein (1925) did not 

call this condensation phenomenon a phase transition. Even as late as 

1937 doubts where raised as to whether phase transitions can be explained 

at all by statistical mechanics since phase transitions manifest them­

selves as singularities of thermodynamic functions. The elementary fact 

that sharp phase transitions can only occur in the thermodynamic limit 

n+oo , V+oo, n/V fixed (where n is the number of particles, V the volume of 

the container, and n/V the number density) seems. to have emerged in a 

debate at the van der Waals Centenary Conference in 1937 (compare Pais, 
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1979, sect. VI-D). London (1938a,b) has suggested the Einstein condensa­

tion as an explanation for the superfluid behavior in superconductors 

and liquid helium. Today, it is generally accepted that the Einstein 

condensation is a truly fundamental phenomenon whlch can serve as a ca­

ricatural prototype for many systems exhibiting broken symmetry. The 

A-point of liquid He 4 , the critical point of a superconductor, the 

threshold of a laser are thought to be the onset of a,n Einstein condensa­

tion in an interacting many-particle system. 

Rigorous discussion of the Einstein condensation 
Einstein's argument was simple, sound and convincing, hut from a mathematical 

point of view, his demonstration was not rigorous. The seemingly simple problem 
of a proper mathematical treatment of a system of noninteracting particles proved 
to be rather tricky. Most of the older literature is marked by a sloppy mathemat­
ical analysis. The first convincing analysis is due to Lewis (1972) and Lewis and 
Pule (1974), and is based on the pioneering work by Araki and WOods (1963). Compare 
also Robinson (1965), Cannon (1973), Dubin (1973, 1974), Davies (1973), Moya (1975). 

Since finite systems have a unique KMS state at a given tempera­

ture, there are no phase transitions in finite systems. l'n contrast, in­

finite systems may have a plurality of 6-KMS states. The set of all 6-KMS 

states of a given dynamical C*-system form a Choquet simplex so that 

every j3-KMS state has a unique barycentric decomposition in terms of ex­

tremal elements of this set. A 6-KMS state that cannot be written as a 

nontrivial convex combination of two different 8-KMS states is called an 

extrema~ j3-KMS state. Extremal KMS states are factor states and corre­

spond to pure thermodynamic phases. 

Re /erences 
For many models it has been rigorously established that the extremal KMS states 

correspond to.pure thermodynamic phases, and it appears that this correspondence 
holds generally. Compare: Ruelle (1966, 1969), Kastler and Robinson (1966), Dopli­
cher et al. (1967), Lanford and Ruelle (1967), Robinson and Ruelle (1967), Doplicher 
and Kastler (1968), Araki and Miyata (1968), Knops and Verboven (1969), Emch et a1. 
(1970), Emch and Knops (1970), Emch (1972a,c). 

The KMS states which are obtained by the traditional limiting pro­

cedure need not be extremal. The extremal decomposition of such a KMS 

state amounts to a reconstruction of pure thermodynamic phases. The ex­

tremal decomposition of a KMS state can break a symmetry the original 

KMS state possessed. If an extremal KMS state has a lower symmetry, we 

say that the equilibrium system undergoes a symmetry breakdown in this 

state. Breaking the symmetry is a typical feature of a phase transition. 
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The best known examples of such states with broken symmetry are given 

by crystals, ferromagnets', superfluids and superconductors. The symme­

tries which are broken may be the spatial translation symmetry (crys­

tals), the spin-rotation symmetry (ferromagnets), the gauge symmetry 

(superfluids and superconductors). These broken-symmetry states are 

distinguished by the emergence of a maorosoopio ordel' pal'ametel'. Since 

states with different order parameters are disjoint, the order para­

meters obey the laws of classical physics. The fact that algebraic quan­

tum statistics offers a conceptually transparent and mathematically ri­

gorous way to describe phase transitions with an associated spontaneous 

symmetry breaking is one of the most important results of the modern de­

velopment of quantum mechanics. 
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4.4 HiE DEVELOPMENT OF QUANTUM LOGtCS 

The disaovepy of quantum logia 

John von Neumann has suggested that the revolutionary character 

of quantum mechanics' involves even the level of logic. He has called at­

tention to the striking analogies between the algebraic relations of the 

projectors on the Hilbert space of pioneer quantum mechanics and the pro­

positional connections of classical logic (von Neumann, 1932). 

Classiaal logia: Onae ovep lightly 
Every historical language has its grammar and many exceptions. Synthetic lan­

guages are less' colorful, very specialized and of restricted applicability, but they 
are precise. The language used to talk about scientific theories is called a meta­
language, it is a formal language cons'isting of a syntax (i.e. the grammar) and a 
logic (i.e. a theory of conclusive reasoning). Logic in thia sense is a theory 0;1; 

inference, it regulates the ways in which one reasons from given propositions, ir­
respective of their truth or falsity. Note that the task of logic is not to deter­
mine what is true. 

The history of formal deduction goes back to Aristotle (384 R.C.-322 R.C) but 
only around 1850 the logicians George Boole (1815-1864) and Gottlob Frege (1848-
1925) gave a definitive form to what formal deduction actually is. Boole gave us 
an algebraic model of Aristotle's propositional calculus; this algebra of logic 
(in its definite form due to Ernst SchrOder) is' called a Boolean algebra. The ex­
tension of Boole's "Laws of Thought" leads,to rules for making deductions in al­
gebraic logic; his theory is called the predicate calculus, and is the logical 
basis for all of today' s mathematics .• 

A basic doctrine of classical logic is that every propos~tion is either true or 
false. Such propositions are s'aid to have one or the other (but not both) of two 
truth-values. Hence classical logic is' a two-valued logic. Propositions can be com­
bined by means of sentential connections, the most illlpOrtant being "not", "and", 
"or", "if-then", and "if and only if". Let .L be the sign for "not", II the sign for 
"and", v the sign for "or", and = the sign for "if and only if". Let J!' and G be any 
two propoSitions, then F~ is the proposition which is true whenever P is false, FAG 
the propoSition which is true if F and G are true, FvG the proposition which 
is true if F or G is true. F=G means that F is true if and only if G is true. If the 
relation FIIG=F holds, then we write FSG and say that F logically entails G. A set of 
propositions which is closed under the operation .L and the two binary operations II 
and v, and fulfilling the standard rules of classical logic is called a Boolean al­
gebra (synonym: Boolean lattice). 

Boolean logic is the basis of mathematical logic, but it does' not apply to every­
thing. To say that classical logic is universally valid is' stupid; it is clearly re­
stricted to a right and proper application (whatever this precisely means). 

Reference: The study of logic is rendered complicated by' the various notational 
systems currently used by mathematicians, logicians, computer scientists and engi­
neers. The dictionary of logical terms by Greenstein (1978) may be helpful in this 
respect, it includes also a glossary of logical terms and a useful bibliography. For 
a vivid introduction into mathematical logic on a sophisticated level, try Manin 
(1977) • 

Classical logiC uses a Boolean algebra of propositions in wh.ich the 
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Boolean lattice operations A (called meet), v (called join) and ~ (~alled 
orthocomplementation) correspond to the logical operations of conjunction, 

disjunction and negation, respectively. The partial ordering in this 

Boolean algebra is interpreted as the logical relation of implication 

between the propositions. 

In pioneer quantum mechanics observables are represented by self~ 

adjoint operators. Observables whose spectra consist of at most the two 

values 1 and 0 are called projectors-, they represent yes-no questions, 

indicating whether or not some event has occurred. The spectral theorem 

says that every observable can be recovered from its spectral projections, 

that is from yes-no questions. 

Quantum logic originates with the seminal work of Birkhoff and von 

Neumann (1936). They pointed out that in pioneer quantum mechanics the 

projectors describe the empirically verifiable propositions about the sys.,. 

tem, but that they do not form a Boolean algebra. Both classical the­

ories (like Newtonian mechanics) and pioneer quantum mechanics have 

a natural lattice structure with a meet operation A, a join operation 

v, an orthocomplementation ~, and a partial order relation ~ defined by 

F~G if and only if FAG F 

or, equivalently, by 

F~G if and only if FvG G 

In pioneer quantum mechanics, there is a one-to-one correspondence 

between projectors and closed subspaces of the Hilbert space H of state 

vectors. A linear operator F acting on the Hilbert space f{ is said to be 

a projector from H onto a closed subspace feH if F':!'Ef and ':!'-F':!'Ef~ for 

every ':!'EH, where f~ denotes the orthogonal complement of f. Recall that 

F~ is defined as the set of all ~EH such that <':!'I~)=o for all ':!'EF, that 
~ ~ ~ l' is a closed subspace of H, and that (1' ) =1'. From this it follows that 

every projector is self-adjoint and idempotent, F=F*=F 2 • The collection 

of all subspaces of a Hilbert space is partially ordered by inclus.ion and 

forms a complete lattice L(H) under this ordering so that one can define 

the lattice operations A and v in the usual way. The meet fAG is the 

largest subspace contained both in l' and G, and equals the set-theoret­

ical intersection, 

FAG = FnG 
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The join FvG is the smallest subspace of H containing both F and G. The 

lattice L(H) admits an orthocomplementation F+F~ induced by the inner 

product of H, where F~ is th.e orthocomplernent of F, FeF~=H. With this 

one can express the join by the relation 

The one-to-one correspondence between the projectors acting on a 

Hilbert space H and the closed suhspaces of Ii implies that the lattice 

structure of H can he transferred to the projectors acting on H. Let F 

be the projector from H onto the closed subspace l' of H, and G the pro­

jector from H onto the closed subspace G. Then we define 

F,;G iff FkG 

FAG iff FAG 

FvG iff FvG 

F=G iff F=G 

so that we have 

F~ = E-F 

where E is the identity operator. The set of all projections: acting on 

the Hilbert space H is denoted hy P (If); clearly P (H) and L (1:1) are ortho­

isomorphic lattices. The largest projector in P(H) equals the identity 

operator, the smallest projector equals the zero operator. 

Some notion of tattice theory # 
Recall that a lattice L is a partially ordered set (L,,;) which has a least ele­

ment (called zero and denoted by Q), a greatest element (called unity and denoted 
by E), and in which every pair of elements has: a supremum and infimum. A lattice is 
said to be complete if every nonempty subset of it has a supremum and infimum. We 
write FAG=inf(F,G), FVG=sup(F,G), o=AL, E=vL, and we have F';G iff FAG=F or equiva­
lently F:s;G iff FVG=G. Clearly we have O:s;F:s;E for every FEL. A lattice is called fi­
nite if the number of its elements is finite. 

An element Afo in a lattice L such that F:s;A implies either F=O or F=A is called 
an atom. A lattice is called atomic if every nonzero element has an atom under it. 
A lattice containing no atoms is called atom-free. Note that there are lattices 
which are neither atomic nor ato~-free. 

A lattice L is called complemented if for every FEL there exists a complement 
GEL such that FAG=O and FvG=E. An involution is a map F+F' satisfying (F')'=F, 
(FAG)'=F'VG' and (FVG) '=F'AG'. An orthocomplementation is an involution p+pL such 
that F~ is a complement of F. 

An orthocomplemented lattice L is characterized by the following properties: 
(1) The commutative law holds for meet and join, that is: FvG=GVF and FAG=GAF for 

all F ,GEL. 
(ii) The associative law holds for meet and join, that is: FV(GVH)=(FVG)VH and 

FA (GAH) = (FAG) AH for all F ,G,HEL. 
(iii) The absorption law holds between meet and join, that is: FV(GAF)=F and dually 
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FA(GVP)=F for all F,GEL. 
(iv) The element oEL fulfills OVF=F for all FEL, and the element EEL fulfills 

EAF=F for all FEL. 
(v) The orthocomplementation F-+'F.L satisfies: 

(a) F= (pol).L (double negation) 
(b) if F,;;G then ~ (contraposition) 
(c) FAF.L:O (noncontradiction) 
(d) FVF.L:E (excluded middle) 

Two elements F,G of an orthocomplemented lattice L are said to be orthogonal, 
written FlG, if F,;;G.l. This is equivalent to G~.L 50 that F.LG if and only if GlF. 
Two elements F,GEL are said to form a modular pair if 

(HVF)AG = HV(FAG) for every H,;;G 
A lattice is called modular if every pair of elements is a modular pair. A lattice 
is called semimodular if the fact that (F,G) is a modular pair implies that (G,F) 
is a modular pair. An or tho complemented lattice is called orthomodular if every 
orthogonal pair is modular. Equivalently, an orthocomplemented lattice L is ortho­
modular if and only if F,;;G implies· FV(F~G)=G for all F,GEL. A lattice L is distri­
butive if the distributive law FA (GVH) = (FAG) V (FAK) holds for all F,G,REL. An ortho­
complemented distributive lattice is called a Boolean lattice (synonym: a Boolean 
algebra). Every distributive lattice is modular but not the other way round. Every 
Boolean lattice is orthomodular but not the other way round. 

In a general orthoiDodular lattice, the distributive law does not hold globally 
but there are many Boolean sublattices so that there is some local disttibutivity. 
This local distributivity can be studied through a compatibility relation. Two ele­
ments F,G of an orthomodular lattice .L are called compatible, written FMG, if the 
sublattice generated by F,pol,G,Gl is distributive, i.e. 

FMG iff F = (FAG)V(FA~) 
In a Boolean lattice, all elements are mutually compatible. The set of all elements 
in an orthomodular lattice L which. are compatible with. every element in L is called 
the center of L; it is a Boolean algebra. If L represents a nonclassical logiC, the 
center of L represents its classical part. 

An orthocomplemented lattice L is orthomodular if and only if the compatibil­
ity relation * is symmetric, that is, if FMG implies GNP for every F,GEL. In an 
orthomodular lattice FMG implies GNP, ~, FlMp and FlMGl. Moreover, in an ortho­
modular lattice comparable elements are compatible, that is P,;;G implies FMG. 

Refepences: 
The comprehensive monograph. by lUrkhoff (1940) is the standard reference work., 

the modernized third edition of 1967 can be highly recommended. 0:1: the mO;J;"e S'De-. 
cialized monographs, the treatises on Boolean algebras by Sikorski (1960), o~~modu­
lar lattices and continuous geometries by Maeda (1958), and on modular and ortho­
modular lattices by Maeda and Maeda (1970) are of special importance. A fas.cinating 
review of the theory of orthomodular lattices - which are of crucial importance for 
quantum theory - has been given by Holland (1970). 

The stzouatuPe of the projection lattice Pt/:/J II 
The set of all closed subspaces of any topological vector space forms a com­

plete lattice under set-theoretical inclusion. A deep theorem due to Kakutani 
and Mackey (1946) states that the possibility of an orthocomplementation of the 
lattice of all closed subspaces of a Banach space is a necessary and sufficient con­
dition that the topology of the Banach. space coincides with a Hilbert space topology. 

Both. the lattice L(/:/) of all closed stibspaces of a complex Hilbert space /:/ and 
the lattice p(/:/) of all projectors acting on /:/. are complete, irreducible, atomic, 
orthomodular and semimodular (Kaplansky" 1951; Topping, 1967; Holland, 1970). Both 
L (H) and P (H) are modular if and only if f:l is fini te-dimensional; they are distrib­
utive if and only if f:l is one-dimensional, i.e. ff=C. 
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Birkhoff and von Neumann (1936) postulated that every measure­

ment of every physical quantity can be reduced to experiments which de­

cide the truth or falsehood of certain statements, called experimental 

propositions. They proposed to choose a closed subspace F of the Hil-

bert space H of state vectors, or, equivalently, the projector F from H 
onto F as the mathematical representative of an experimental proposition. 

of pioneer quantum mechanics, the projection F is an observable, and has 

the value one if and only if the state vector 'I' lies in the range of F, 

'l'EF, or equivalently if F'I'='I'. We say that in the state 'I' the proposition 

F is true if F'I'='I', and we say that F is false if F'I'=O. Since F~G and 

F'I'='I' implies G'I'='I', the relation F~G means that the proposition F implies 

the proposition G in the sense that whenever one can predict F with cer­

tainty, one can predict G with certainty. Generalizing this result, Birk­

hoff and von Neumann (1936) !;,>os:tulated that "tfte plifjf.lieat qaaUtiu at.-VUbLLtaU.e 

:to any phYbic.a1. bybte.m 60Jtm a paJt.t,ia,Uy oJuieJLed bY5te.m". 

In pioneer quantum mechanics this partially ordered system equals 

the lattice P(H) of projections on the Hilbert space H. The orthocomple-
. idef 

mentat~on F-+F = E-F of P(H) corresponds to the passage from an experi-

mental proposition to its negation: the proposition F is true if and only 

if the proposition Fi is false, and F is false if and only if Fl is true, 

so that the same measurement which is used to decide the validity 

of F is also used to decide the validity of Fl. Unlike the Boolean 

lattices associated with classical theories, the lattice of the experi­

mental propositions of pioneer quantum mechanics is not di~tributive so 

that the relation 

FA (GvH) = (FAG) v (FAR) 

is not generally valid. The non-distributivity of the propositional cal­

cul-us of pioneer quantum mechanics refl-ects the fact that quantum mechan­

ics all-o!J)s incompatibl-e experiments. Therefore one cannot proceed as in 

classical mechanics where "one ean ea6ily de6-£ne .the meet OIL join 06 any ;two ex­

peJLimentat plWpMilion5 M an expeJtimental pJto pObitio n - bimpiy by luwing inde­

pendent ob!>eJLVe!L5 Mad 066 the mea6uJte.ment5 which e.itheJL p!lopo£Uion involve, and com­

bining .the JtuuU.s logieaUy" (Birkhoff and von Neumann, 1936). In quantum 

mechanics, the sentential connectives "or" and "and" can be defined only 

in special cases, i.e. only when the corresponding experiments are compat­

ible. If F and G are two compatible propositions, then FvG is the 
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proposition which is true whenever F or G is true, and FAG is the pro­

position which is true whenever F and G are true. 

To summarize, the main idea of Birkhoff and von Neumann was to 

associate to every physical system an orthocomplemented partially or­

dered set (L,~,~) where the members of the set L correspond to the ex­

perimental propositions concerning the system, the ordering ~ in L cor­

responds to the relation of implication, and the orthocomplementation ~ 
corresponds to the relation of negation. For classical systems, L is a 

Boolean algebra, while for quantum systems L is a nondistributive 

lattice resembling a projective geometry. Such lattices are non-Boolean 

but they contain many different interlocking Boolean algebras. A specif­

ic Boolean sub lattice of L can be singled out by specifying a specific 

experimental arrangement. 

Modular logic 

In the special case of pioneer quantum mechanics with a finite­

dimensional Hilbert space, the lattice L of propositions is modular. 

Although pioneer quantum mechanics with an infinite-dimensional Hil­

bert space has a non-modular projection lattice, Birkhoff and von 

Neumann (1936) suggested to rephrase quantum mechanics in terms of 

a lattice that fulfills the axiom of modularity. In an important but not 

widely known paper, Husimi (1937) took up the problem of founding a mod­

ular logic directly on empirical facts. This program has been pursued by 

Watanabe and has led to a generalization of empirical logic and proba­

bility theory based on a modular lattice (Watanabe 1961, 1965, 1966, 

1969a,b) • 

Modularity is" a continuity condition ~ 
The fact that the lattice L(H) of closed subspaces of a Hilbert space is in 

general not modular is connected with the fact that in infinite-dimensional vector 
spaces there always exist closed subspaces f,G whose algebraiC sum f+G is not closed. 
In fact, modularity is a continuity condition (Kap1ansky, 1955) and is essentially 
the same as the condition that the sum of clos"ed subspaces is closed (Mackey, 1950). 
Of course, if H is finite-dimensional, then every subspace of f( is closed, hence 
L(H) is modular. 

Birkhoff and von Neumann (1936) did not regard Hilbert spaces as 

an indispensable tool for quantum mechanics. The projection lattice of 

pioneer quantum mechanics generates a W*-algebra of type I, while the 

proposal of Birkhoff and von Neumann leads to a lattice which is iso-
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morphic to the projection lattice of a type III W*-algebra and which is 

closely related to a continuous geometry (von Neumann, 1960). Von Neu­

mann speculated that continuous geometries might be the proper arena 

for quantum mechanics or related theories (compare von Neumann 1937a,b, 

1942, 1961; Murray and von Neumann, 1936; Birkhoff, 1961). This sugges­

tion is attractive since every orthocomplemented modular lattice is a 

continuous geometry, and the dimension funct~on in a continuous geometry 

has all formal properties of a probability. 

The further development of quantum logics did not follow' this 

idea of John von Neumann. Though Birkhoff and von Neumann argued in fa­

vor of the modular law as a replacement of the distributive law, sub­

sequent researchers have rejected modularity in favor of the yet weaker 

axiom of orthomodularity. 

The Logia of aompLementapity 

Independently of Birkhoff and von Neumann, Martin Strauss (1936) 

also suggested that pioneer quantum mechanics requires a modification 

of classical logic. His proposal differs from that of Birkhoff and von 

Neumann insofar as he admits the distributive law but denies that the 

logical connectives "F and Gil and lip or Gil are meaningful whenever P and 

G are meaningful. strauss suggested to associate dispositional, ppopep­

ties with the projectors of pioneer quantum mechanics, and proposed a 

predicate logic with. a paptiaL BooLean aLgeopa as a logical codifica­

tion of Bohr's ideas on complementarity (compare also 5trauss' 1938, 1967, 

1970, 1973). In classical theories, propositions refer to ordinary prop­

erties whose predicate calculus is a Boolean algebra. A dispositional 

property, however, is a mode of peaation that manifests itself only in 

an appropriate interaction process. According to strauss, dispositional 

properties are as a rule not subject to classical Boolean logic but gov­

erned by a quantum logic with. restricted sentential connectivity whose 

propositional calculus is given by a partial Boolean algebra. 

Plhat is a paPtiaL BooLean al,gebPa? # 
A partial Boolean algebra is given by a set L, a binary relation .. ,;LxL (called 

compatibility), a unary relation .1:L+L (called orthocomplementation), a partial bi­
nary function v whose domain Dom(v) is contained in LxL, v:Domev)+L. In addition, an 
element EEL is distinguished (called the unit of the partial algebra). There are the 
following axioms (F,G,HEL): 
(i) The binary relation - is symmetric and reflexive, 
(ii) EMF for every FEL, 
(iii) if ~, then ~ 
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(iv) if F,G,H are mutually compatible then FV~, 
(v) if F,G,H are mutually compatible, then the Boolean polynomials from F,G,R 

form a Boolean algebra with the unity E. 

Every partial Boolean algebra is made up of a collection of maximal compatible sub­
sets each of which is a Boolean algebra. Of course, every Boolean algebra is also 
a partial Boolean algebra. 

Referenaes: Kochen and Specker (1965a, 1967). 

Strauss' important contribution remained hidden to most 

scientists for a long time. Nowadays Strauss' work is easily ac­

cessible in a volume collecting his most important papers, all in En­

glish translation, some wi.th new postscripts (Strauss, 1972). The cal­

culus of partial propositional functions based on partial Boolean al­

gebras has been investigated in detail by Specker (1960), Kamber (1964), 

and by Kochen and Specker (1965a,b; 1967). The interrelations of the 

lattice approach and the partial-Boolean algebra approach to quantum 

logics have been investigated by Czelakowski (1974, 1975). For an im­

portant and large class of quantum logics both approaches coincide. 

Is quantum logia really logia? 

Bi"ir:khoff's and von Neumann's (1936) suggestion that the system 

of logic is not determined by a priori conSiderations, and that pioneer 

quantum mechanics is best formulated in terms of a logic in ~ch the 

distributive law fails, has led to extensive philosophical discussions 

about the status of classical and quantum logics. Birkhoff and von Neu­

mann have suggested a revision of the system of logic on which science 

is based, but they have given no indication how quantifiers might be in­

troduced so as to get an adequate theory of inference. 

Some logicians claim that "in 01UieJr. to ba.6:e. a 6Ju1ncli.- 06 pny.&.i.CJi on a 
non-cia1;.&ic.a.t log.(;c., i.t would be. ne.cUStVLY to p1I..e4.e.n-t a comple.tely 601rmaUze.d &01Uj, 
which. would .s'e.t 601Lth the. logic.a.t a.nd ma.tlieJlltLti.c.a.t, M wd.l M the. pfujtsic.a.t, pJLi.nc.i.ple.-s 
to be U6 e.d. ••• TfLus i.t would by no me.a.n.6:. be. .su66.(;c.i.e.n-t meJr.e.ly to give. a.x..i.om& and /J.IJle..s 

06 :the. 601UlJa.l .&y.&tem; i.t would ahio be. ne.Ce.41ia.IUJ to .&pe.cl6y which ~e.n-te.n;ti;a1. conne.cti.ve.-s 
WeJr.e. to be. U6e.d in de.6.<JU:ng .(;de.nt.i.ty, wne.tlieJr. mOILe. tIia.n one. fund 06 ide.n;Uty lAW: to be. 

tJr.e.a.te.d, a.nd.so on. We. .&fwuld be. con6Mn-te.d w;i;tlt:the. 60.lOlJUla,t(;on 06 a "aM: numbeJr. 06 
de.6bri.:ti.on4, and :the. plLo06 06 an e.noILmOU4' numbeJr. 06 the.OILe.m4, 06 cia1;.&.i.c.a.t ma:t:fwaa.UC6.; 

:thU paM 06 fu p1r.Oje.c.:t would be. liomew/ia,t ana.logoU4 to the. WIIiling 06 PlLincipiQ. 
mathe.matica, tfwugh vM:ti.y mOILe. one.MU4,1I (McKinsey and SUppes, 1954). 
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The critique by McKinsey and Suppes reflects Russell's Peanesque 

logic which incorporates the metatheory of the sys'tem. In such a sys­

tem it is strictly impossible to talk about the logical system. For 

example, if we reject the law of excluded middle, we cannot deduce that 

it is false, for such a deduction would illegimately move outside the 

bounds of logical discourse. Or in Bertrand Russ'ell' s words, "we. c.a.l1Ywt 
c.onctude, oJtom the. pMpo,sW;on that the taw 06 exc.tuded mtdcLee ,fA not ;(Jw.e, tha;t U -iA 

6a.Ue., wLthout u.s.tng U" (in a conversation with Philip Jourdain on April 20., 

190.9; quoted in Grattan-Guiness, 1977, p.112). Russell's' conception of 

logic precludes the use of metatheoretical inves,tigations. Recall that a 

metalanguage is the language used to talk about an object language, and 

that a metatheory of a theory is concerned with the analysis of the the~ 

ory itself. However, it has never been the intention of quantum Zogic to 

embrace the metatheory of quantum theory. Moreover, the mathematical 

deductions used in a theoretical framework of a natural science do not 

belong to the scientific theory itself but to its metatheory. Since 

there is no reason to assume that a theory and its llIetatheory have to 

use the same logie, the remark that quantum logic is (as yet) without 

a fully developed system of quantifiers is not a relevant criticism. 

Quantum logic refers to the properties of the systems discussed in quan ... 

tum theory, it is non-Boolean. The metalogic of quantum theory is still 

the traditional Boolean logic (together with the usual but informal dia­

lectical handling of different contexts). 

Unfortunately, it has become common llIathematical usage to apply 

the term "logic" to any orthomodular lattice or orthomodular partially 

ordered s'et, whether or not its elements are interpreted as sentences. 

Jauch and Piron (1970.) have argued that a partially ordered set should 

be called a logic only if it admits the algebraic counterpart of a modus 

ponens (which is a mode of reasoning from a hypothetical proposition 

stating that if the antecedent is confirmed the consequent is af-
firmed) .Doubts have been raised by Jauch and Piron (1970.) and by Greechie 

and Gudder (1971) whether it is possible to define such a conditional as 

a logical proposition of a quantum logic. Their claim that a quantum 

logic does not admit an implication operation by llIeans of whicli an i.n­

ference scheme can be incorporated does not seem to be justified. The so­

called Sasaki hook F.lV (FAG) on an orthomodular lattice s'atisfies the 

axioms of an implication algebra as given by Fincli (197Q), so that the 

implication F2:G turns out to be the Sasaki hook CPiziak, 1974). Accord..,.. 
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ingly, the binary operation + 

F+G = F1V (FAG) 

can be interpreted as material implication in such. a way that F+G is a 

proposition of the logic. Independently, Mittelstaedt (1970, 1972, 1973) 

has shown that the Sasaki hook allows· an interpretation of the lattice 

of quantal propositions as an operative logic. 

Additional references 
Kotas (1963) has shown that the Birkhoff-von Neumann quantum logic allows 

us to define six operations which in a Boolean algebra are identical with the 
classical implication relation. The various admissible candidates for the role 
of an implication connective are discussed by Kalmbach (1974). The material implica­
tion connective in orthomodular logics has been discussed by Kunsemuller (1964), 
Herman and Piziak (1974), Herman et al. (1975), Hardegree (1974, 1975a,b) and 
Bugajski (1978). 

Is logic empirical? 

According to the traditional view, logic is an a priori disci­

pline. Traditional logicians assume they can know the laws of logic 

through pure reflection, and assert that logical principles, there­

fore, cannot be confirmed or rejected by experiments. They say that 

principles of logic are necessarily true when true, and necessarily 

false when false. Consequently, the realm of logic should be indepen­

dent of the results of empirical research. This traditional view has 

been challenged by many mathematicians, philosophers and scientists 

on the basis of widely different reasons. 

Aristotle (384-322 B.C.) defended the principles of identi-

ty, of contradiction, and of excluded middle as "laws of thought". How­

ever, according to ~ukasiewicz (1951) the identification of two-valued 

logic with Aristotelian logic is not correct and the principle of two­

valuedness of propositions was probably formulated for the first 

time by the Stoic philosopher Chrysippus (279-206 B.C.). 

Classical Boolean logic is a two-valued logic, it accepts the 

doctrine that every proposition is either true or false. It is admitted 

that there are intermediate possibilities between being known to be 

true and being known to be false, but it is claimed that there are none 

between truth and falsehood themselves. This law of excluded middle 

(or: tertium non datur) has been vigorously discussed from the time of 

the Greeks; many eminent philosophers (including Aristotle) have enter-
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tained the view that there may be other possibilities. 

Even in mathematics the law of excluded middle has to be called 

in question. The founder of mathematical intuitionism, Luitzen Egbertus 

Jan Brouwer (1881-1966) defended the thesis that no mathematical propo­

sition is true unless we can know it to be true in a nonmiraculous way. 

According to Brouwer, a proposition is true if and only if it can be 

proved. But a proof of the negation F~ of a proposition F is a con­

struction which obtains an absurdity from the assumption that there 

is a proof of F: the mere fact that F cannot be proved does not yet 

imply the falsity of F. Since we have no reason to suppose qUite gener­

ally that we shall ever be in possession either of a proof of an arbitra­

ry proposition F, or of the deduction of an absurdity from F, the dogma 

of the universal validity of the principle of the excluded middle has to 

be rejected. Brouwer also stressed that the thoughtless use of the prin­

ciple of excluded middle leads to the erroneous idea that every mathe­

matical problem can be solved. 

Brouwer's critique of the principle of excluded middle in 

classical logic led to a nonclassical logic, called the intuitionist-

ic Zogic. While according to Russell mathematics is to be reduced to 

logic which is taken as fundamental, the intuitionists take mathematical 

thought to be primary and think of logic as a form of inference con­

structed by an a posteriori investigation. More radically, Quine (1953) 

has suggested that the laws of logic are not analytic, and according to 

Putnam (1969, 1975) logic is a natural science rather than a body of a 

priori necessary truth. Watanabe (1961) also takes the view that classi­

cal logic has to be modified in order to categorize empirical facts in a 

comprehensive form, and points out that many forms of human inference do 

not fit into Boolean logic (Watanabe, 1969a). He claims that the struc­

ture of ordinary language is essentially given by a non-Boolean modular 

lattice, and that a Boolean language is not sufficiently comprehensive 

to tell the "whole story". It is an empirical fact that the propositions 

of human experience cannot be fully comprehended by the rules of classi­

cal logic, and Blau (1973, 1977) has shown that the syntax of colloquial 

speech is not Booolean. Von Weizsacker (1971a,b; 1973) has reminded us 

of an old lacuna of classical logic, namely its insufficient description 

of temporal statements, and he has suggested that temporal propositions 

might obey logical laws different from those of classical logic. 
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Since the two-valuedness of the truth functional of a proposi­

tional calculus implies the distributive law, a logic with a nondistrib­

utive lattice cannot have just the two truth values "true" and "false". 

For this reason, Reichenbach (1944, 1951) proposed a three-valued 

logic. (Compare also the critique by Hempel, 1945, and the commentary 

by Putnam, 1957). Reichenbach's proposal never became popular, just 

as little as Weizsacker's idea to use a complex-valued logic for quantum 

mechanics (Weizsacker, 1955, 1958; Weizsacker et al. 1958). Finkelstein 

(1962, 1969, 1972) proposed not to change the classical meaning of 

A, v, and .i, so that it is not the law of excluded middle that breaks down 

but the distributive law FA(GvH)=(FAG)V(GAH). Similarly, Putnam (1969) 

claims that if the operations v, A and 1 of quantum logic "aJte not the OpeJl.­

atiOI16 On diAjunction, conjunction and negation, then no OpeJl.atiOI16 aJte". However, 

this claim is unsubstantiated; for example, Finch (1969a, 1970) has pro­

posed with good reasons the operation (FVG1)AG as the appropriate oper­

ation of logical conjunction between F and G (compare also Clark, 1973). 

Predicates in quantum togics 
For the definition of binary predicates in quantum logics, compare also Rich­

ter (1964), Kunsemuller (1964), Kamber (1964, 1965), Mittelstaedt (1970, 1973), 
Moroz (1971), Goldblatt (1974). 

The idea that quantum mechanics uses a revised logic has been 

criticized harshly. Bunge (l967b, p.241) thinks that "the ~ta.fze tcegaJtcUng 

the M-c..a..U.ed qua.n:twn iog.<.c hM. Deen peJl.petua.ted only fiecau.6e .<.t WM .<.nbl.Oduced and en­

dOMed by a 6ew emtnent peop.te". In a rather arrogant paper, Sir Karl Raimund 

Popper (1968) severely criticized the Birkhoff-von Neumann (1936) 

paper claiming that it "eu£m.<.na.:tu.in a pftOpMa..t wliieh. c1..cu,hu w..t:th each 06 a 
numbeJl. 06 a.6.wmpuol16 made by the aLLthoM". Popper' 5 paper is trivially wrong; 

it is an amUSing exercise to find all the technical errors of this paper 

(the reader may find some help in Jauch and Piron, 1970, footnote on page 

171; and in Scheibe, 1974). 

Additionat references 
For critical investigations of the logical approach to quantum mechanics, com­

pare also: Bohill and Bub (1966b), Lenk (1969), Heelan (1970a,b), Gardner (1971), Fine 
(1972). For the view that quantum logic finds a rightful place among modal logics, 
compare Fraassen (1972, 1973, 1979), Herman and Piziak (1974), Dalla Chiara (1977), 
Dishkant (1977, 1978). However, as BUb (1973) stresses, the modal interpretation "h, 
no motce than a plU.e.o~opheJl.'~ tlotcmu.e.a.tion 06 the ~~uca..t .<.nteJl.pILeta.Uon. It ~ .<.11. 
no ~el16e a JUIJa..t qua.n:twn .tog.ic.a1 inteJl.pILeta.Uon". But even some proponents of quantum 
logic claim that the logical approach to quantum mechanics does not embody a deviant 
logic (Piron, 1964; Jauch 1968a on p.77). A systematic study of the structure and 
philosophical implications of deviant logics has been given by Haack (1974). 
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To summarize: As usual, there is no agreement about the most 

fundamental questions. Since every view depends on the interpretation of 

the concepts used, no simple answer can be expected. A simple-minded yes­

no answer cannot be a good answer. One reason for the confusion is the 

prevailing dogma that logic has to be univers"al, applicable to all prop­

ositions, propositions about logic included. Once it is recognized that 

this dogma is a metaphysical prejudice, we can adopt the view of Pau­

lette Destouches-Fevrier (1951) that there is no logic which works for 

every subject matter. Adopting this point of view makes many differences 

of opinion fade away. 

Empirical logic 

In order to straighten out the muddle of the meaning of quantum 

logics we have to know the conceptual characterization of their proposi­

tions. It is often not clear whether the propositions of a partic-

ular quantum logic are to be understood as contingent or a priori, as 

temporal or timeless, as ontic or epistemic. Sometimes, theoretical prop­

ositions are confused with empirical ones'. It is, of cours-e, an undisputed 

;J;act that the closed subspaces: of a Hi.lbert space form a non-distributive, 

complete orthomodular lattice. Clearly, the elements (also called proposi­

tions) of such a lattice obey a nonclassical logic. Sticking to the 

(baseless) operationalistic jargon of pioneer quantum mechanics, Birk­

hoff and von Neumann (1936) called such propositions experimen ta l ones. 

In a large part of the modern literature, the propositions of quantum 

logics are directly identified with yes-no experiments" (Jauch and Piron, 

~963, ~969; Jauch., 1968a), with experimental yes-no questions (Mackey, 

1963a), or with experimentally verifiable statements (Varadarajan, 1968). 

According to this view, the theoretical propozitions of pioneer quantum 

mechanics (represented by projection operators, or equivalently by closed 

linear subspaces) are identified with empirical propositions (represented 

by yes-no experiments). However, these two notions are conceptually very 

different. According to Heelan (1970a), yes-no experiments are not iso­

morphic to theoretical propositions, and Foulis and Randall (1978) 

stressed that quantum logic is not a faithful image of laboratory pro­

cedures. 

Birkhoff (1961) has. put forward the view that the logic of quan­

tum mechanics should draw its authority directly from experiments. This 

goal has not been achieved by contemporary quantum logics. A large part 
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of the investigations on quantum logics is based on an extreme operation­

alistic view which is philosophically untenable. This fact has not in­

fluenced the mathematiaal development of quantum logic; nonetheless the 

claim that quantum logic is empirically founded comes from a confusion 

of theoretical and empirical concepts, and from the failure to distin~ 

guish between the meaning of a statement and the method of testing it 

empirically. Some clarification can be achieved by using the concepts 

of operative logia developed by Lorenzen (1955, 1962). This approach 

uses protological properties of propositions only; all we have to know 

is the availability or nonavailability of propositions in a dialogue 

between two partners. If the dialogue between the proponent and the op­

ponent is restricted to the available propositions, then the calculus 

of these propositions is called an operative logia. A proposition is 

called empiriaal if it is related to an experiment. An empirical prop­

osition is called available if we have performed an experiment which 

resulted in the empirical event claimed by the proposition. For classi­

cal systems all empirical propositions are supposed to be available, 

while for quantal systems the availability of empirical propositions is 

severely restricted. The operative logia of quantum meahanias is a re­

striated logia. 

Referenaes: on empiriaal and operative logias 
The empirical logic of general physical systems has been discussed by Grawert 

(1953), Suppes (1965), Finkelstein (1969) and PUtnam (1%9). 

A detailed investigation of the operative logic of quantum mechanics has been 
given by Mittelstaedt (lg59, 1960, 1962, 1963, 1970, 1972, 1973, 1977, 1978, 1979), 
Mittelstaedt and Stachow (1974), and Stachow (1976,1978). From the context it is 
clear that Mittelstaedt uses a strictly epistemic interpretation of quantum mechan­
ics in terms of an intuitionistic operative logic. Unfortunately, experimental and 
theoretical propositions" are identified without any deeper dis"Cussions (assuming 
the validity of dis"Continuous state transitions associated with the measuring pro­
cess of pioneer quantum mechanics). 

A genuine empiriaal logi"a has been developed by ;Fouli:s, Eandall 

and their coworkers. They did" not attempt to advocate a particular 

physical theory, rather they conceived empirical logic as a language 

which allows to discuss any empirical science with great precis.ion. By 

a physiaal operation they mean a collection of instructions which. de­

scribe a well-defined, physically realizable and reproducible procedure, 

including the specification of what must be observed and recorded. These 

actual physical operations are taken as the unanalyzable primitives. The 

collection of admissible physical operations is represented mathematical­

ly by a formal structure called a manual, which defines an empirical uni-
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verse of discourse. All other concepts are defined in terms of the phys­

ical operations of the manual. OperationaL propositions are by definition 

propositions that can be confirmed or refuted by the evidence available 

from a sequence of experiments. Foulis and Randall neither require nor 

discourage a realistic view of the world, they intend to give a universal 

mathematical foundation for all empirical science, independent (as far as 

possible) of any particular philosophical point of view. 

The empirical logic of Foulis and Randall can be regarded as a 

generalization of traditional statistics whereby the notion of a sample 

space is generalized from the classical Kolmogorov setting to a set X to­

gether with a symmetric and irreflexive relation ~. Two outcomes f and g 

are said to be orthogonaL, writteri f~g, if f and g reject each other op­

erationally in the sense that the execution of an operation which yields 

the outcome f cannot yield the outcome g, and vice versa. The pair (X,~) 

is referred to as an orthogonaLity space. While Kolmogorov's probability 

theory produces only classical Boolean logic, the generalized approach 

of Foulis and Randall produces generalized logics. The operational logic 

of a manual forms a so-called orthoLogic: a bounded partially ordered set 

together with an orthogonality relation. Every orthogonal partially or­

dered set (hence every orthogonal lattice) is an orthologic. 

Empirical logic is sufficiently general to allow a description of 

every quantum experiment, but empiricaL Logic cannot be identified with 

generaLized quantum mechanics. Under reasonable conditions, the operation­

ally accessible empirical propositions form an orthomodular lattice Lemp' 
However, the a-completion of Lemp is not the lattice of the proposition 

of quantum mechanics. The reason is that L of Foulis and Randall is emp 
defined truly and strictly operationally while the propOSitions of gener-

alized quantum mechanics refer (in spite of the operationalistic jargon 
of pioneer quantum mechanics) to a theory. Since no theory can be derived 

from empirical data only, we cannot expect that the completion of Lemp 

is isomorphic to the lattice of theoretical propositions of quantum me­

chanics. However, there are some similarities. For example, the lattice 

of theoretical propositions of pioneer quantum Eechanics is non-Boolean, 

and the empirical logic (in the sense of Foulis and Randall) of quantum 

experiments is also non-Boolean. The empirical logic approach by Foulis 

and Randall includes any empirical-statistical procedure such as psycho­

logical testing or opinion polling. In comparison to general empirical 



210 4. Beyond Pioneer Quantwn Mechanics 

logic, Wright (1978b) considers pioneer quantum mechanics still as "v~ 

d.aM..[c.al" • 

References on the FouZis-RandaZZ approach 
The basic papers of the empirical logic approac~are hyRandall (1966), Randall 

and Foulis (1970, 1973, 1976) and Foulis and Randall (1972). The connection betw:een 
empirical logic and quantum mechanics has been discussed by Randall (1966), Foulis 
and Randall C1974a,h, 1978) and Randall and Foulis (Ef79). A dis:cussion of the Stern­
Gerlach. experiment in terms of spin manuals has been given by· wright (1978a). For 
applications to fields having a structure very different from quantum mechanics, 
compare Wright (1978b). Fischer and Riittimann (1978) have shown that the empirical 
logic approach is closely connected with the convex-state approach. 

Axiomatic quantum logic 

Quantum logic takes propositions (synonyma: events, questions) 

as primitive elements. States and observables enter as derived concepts. 

General treatises on axiomatic quantum logic 
Useful sourcebooks on the development of the quantum logic approach are the 

anthologies edited by Hooker (1975, 1979a-b). Additional material concerning the 
historical development can be found in chapter 8 of Jammer (1974). In his excellent 
text, Jauch (1968a) bases the foundation of pioneer quantum mechanics on quantum 
logic. The two-volume text by Varadarajan (1968, 1970) gives a thorough development 
of quantum mechanics from a quantum logical and group theoretical point of view. 
Reviews of quantum logic from diverse positions have been given by Gudder (1970c, 
1977c), Beltrametti and Cassinelli (1973, 1976), van Fraassen (1974), Bub (1974), 
Ruttimann (1977b), and Mittelstaedt (1978). A rather ambitious program to under­
stand the unity of physics on the basis of the logic of temporal propositions has 
been initiated by Weizsacker (1971a-b, 1973), carried on by Drieschner (1979). 

In axiomatic quantum logic it is assumed that the propositions 

form at least an orthomodular partially ordered set L (often called a 

logic). An observable quantity A is represented by a a-homomorphism 

EA:~~~L from the a-algebra E~ of Borel sets of the real axis into the 

logic L. For every Borel set BE~~, the element EA(B)EL is interpreted 

as the proposition that a measurement of A produces an outcome in B. 

A statistical state is represented by a a-orthoadditive map p:L~[O,1] 

of the logic L into the closed unit interval. The value of p at the 

proposition EA(B) is interpreted as the probability p(B) that a measure­

ment of the quantity A on a system in the state p gives an outcome in 

the Borel set B, 

p(B) = p{EA(B)} 

The expectation value (A) of the observable quantity A with respect to 

the statistical state p is then defined as 

(A) = JAP(dA) 
~ 
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If L is a Boolean algebra then one obtains Kolmogorov's (1933) 

formulation of classical probability theory which among other things is 

the basis of classical statistical mechanics. If one takes L as iso­

morphic to the lattice of all projection operators on a Hilbert space, 

then one recovers the logical structure of pioneer quantum mechanics. 

This scheme has been proposed and axiomatized by Mackey (1957, 

1960, 1963a). His first six axioms apply to classical mechanics as well 

as to pioneer quantum mechanics. Mackey's seventh axiom singles out pio­

neer quantum mechanics by requiring that L be isomorphic to the lattice 

of all closed subspaces of an infinite-dimensional separable Hilbert 

space over the complex numbers. Clearly this axiom (later referred to 

as Mackey's Hilbert space axiom) is entirely ad hoc, so that Mackey 

posed the problem of deriving this axiom from plausible and physically 

meaningful axioms. 

References on Mackey's axiomatization 
Improvements of Mackey's axiomatic system have been discussed by Gleason 

(1957), Varadarajan (1962), Ramsay (1966), Ma~zynski (1967, 1971, 1972, 1973b, 
1974), Deliyannis (1971a), Guz (1971, 1975, 1978a,b, 1979). 

The first realization of Mackey's program is due to Zierler (1961, 1966) but 
it has been objected by Bugajska and Bugajski (1972a) that Zierler's axioms are 
not independent and have little physical justification. 

Generalizations of the approach by Mackey, and axioms for a Hilbert-space 
model of quantum mechanics have been discussed by: 

McLaren (1964), Kamber (1964, 1965), NikodYm (1966) [consult the review of 
D. Babbitt in Mathematical Reviews 36, ~7382], Gunson (1967, 1972), Gudder (1965, 
1966, 1967a,b,c; 1968c, 1969a,b; 1970b,c,d; 1972b, 1973a), Pool (1968a, 1968b), 
Varadarajan (1968, 1970), Finch (1969b,c), Gudder and Mullikin (1973), Beltrametti 
and Cassinelli (1973), Greechie and Gudder (1973), Bugajska and Bugajski (1972a, 
1973a. 1973b. 1973c). 

One of the best known axiomatizations of pioneer quantum mechan­

ics is due to Piron (1964). Piron's main contribution to axiomatic quan­

tum theory was his characterization of the logic of pioneer quantum me­

chanics within the category of all logics. He made the physically plau­

sible assumption that the set of events is given by an orthomodular 

complete lattice L, and established that if L is also irreduCible, 

atomic and fulfills a covering law, then L can be represented by the 

closed linear subspaces of a vector space over a division ring with in­

volution. This approach leads to the interesting question, how far the 

logical structure of quantum mechanics singles out the familiar choice 

of complex numbers as a number field for the carrier space of physical 

states. The investigations by Eckmann and Zabey (1969), Beltrametti and 
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Cassinelli (1972) and by Ivert and Sjodin (1978) have shown that any 

algebraic extension of p-adic fields and finite fields have to be ex­

cluded. Accordingly, the admitted fields have to be algebraic extensions 

of the unique Archimedean, non-p-adic valuation of the rational field. 

One is, therefore, left to choose between the real numbers, the complex 

numbers, and the quaternions. In pioneer quantum mechanics, the complex 

numbers are chosen as number field. Quantum mechanics over the field of 

real numbers turns out to be equivalent to traditional quantum mechanics 

if one introduces an antisymmetrical classical observable J with J2=-1 

(Stueckelberg, 1960; Stueckelberg and Guenin, 1961, 1962; Stueckelberg 

et al., 1961). The feasibility of a generalized quantum mechanics over 

the quaternions has also been investigated (Jordan, 1934; Finkelstein 

et al., 1962, 1963; Emch, 1963, 1965; Jauch, 1968b). The fact that there 

is no natural tensor product of quaternion Hilbert spaces has the in­

teresting consequence, that a generalized quantum mechanics with a 

quaternion Hilbert space as a state space exhibits a complementarity 

between the qualities of different noninteracting subsystems. Since 

such a strange phenomenon is empirically unknown, the quaternion field 

can be excluded. 

References on embedding quantum togics in Hitbert space 
Piron's (1964) proof of his representation theorem is incomplete, a correct 

proof has been given by Amemiya and Araki (1966). An excellent exposition of re­
presentation theorems of quantum logics in Hilbert space can be found in the text 
by Varadarajan (1968). Compare also the related work by Ruttimann (1970), Gudder 
and Piron (1971), Ing1eby (1971), Toyoda (1973), Chen (1973), Magzynski (1973a, 
1976), Cirelli and Cotta-Ramusino (1973), Bugajska (1974), Jones (1976), Wilbur 
(1977), Gudder and Michel (1979), Aerts and Daubechies (1979). 

Jauch and Piron (1969) have inaugurated a new motivation for 

Piron's (1964) axiomatic formulation of quantum logics. In this version, 

states are defined without recourse to probabilistic statements. Accord­

ingly, there are no difficulties in discussing individuaZ systems. 

References on the Jauah-Piron approach 
Jauch and Piron (1963, 1968, 1969), Piron (1964, 1969, 1971, 1972, 1976), 

Jauch (1968a, 1968b, 1970, 1971), Emch and Piron (1963), Emch and Jauch (1965), 
Guenin (1966), Amemiya and Araki (1966), P1ymen (1968b), Pool (1968b), ochs (1972a, 
1972c), Jen6 (1972), Bugajska and Bugajski (1973b), Hellwig and Krausser (1974a, 
1974b, 1977), Pulmannova (1975, 1976), Zabey (1975), Ruttimann (1977a), Aerts and 
Daubechies (1978,a,b). 

Note that there is no unique Jauch-Piron axiomatic system, and that the view 
of Jauch and the view of Piron are not identical. 

Jauch and Piron (1969) have given a set of axioms which imply 
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that the system of propositions of a physical system forms a logic L 
with the following properties: 

(i) L is a lattice, 

(ii) L is complete, 

(iii) L is orthomodular, 

(iv) L is semimodular, 

(v) L is atomic. 

They have dropped the earlier postulate that L has to be irreducible 

since this requirement would imply that there are no superselection 

rules. 

Jauch and Piron have regarded their axioms as intuitively well 

motivated. However, they provide too strong a justification for their 

postulates since we know nowadays that there are reasonable physical 

theories not fulfilling all their axioms. For example, in the algebraic 

approach to thermodynamics L is given by the projection lattice of a 

type III W*-algebra which is not atomic. Moreover, there exist simple 

but reasonable logical systems that cannot be described in terms of a 

Hilbert space model (Mielnik 1968, 1969; Davies 1972b). To assume that 

the axioms of Jauch and Piron are necessary would therefore be a 

premature conclusion. For this reason it is worthwhile to discuss the 

evidence for each of their postulates. 

Orthomodular logics # 

With a few exceptions (e.g. Mielnik, 1976; Guz, 1980), most the­

orists agree that the system of proposition of any physical system is at 

least an orthocomplemented partially ordered set (L,~,l), where L is the 

set of all propositions of the system, the relation ~ the partial 

order of logical implication, and F+Fl the orthocomplementation of L 
induced by the logical negation. If the supremum of two elements F,GEL 

eXists, it is unique and we denote it by FvG; if the infimum exists, it 

is unique and we denote it by FAG. The basic presupposition that the 

logic is an orthocomplemented partially ordered set means that for every 

proposition FEL there exists a unique proposition F1EL that is false 

whenever F is true, and furthermore fulfills the law of double negation, 

(Fl}l=F, the law of excluded middle, FVF1=E, and de Morgan's law 

(FAG}1=p1vG1.The last relation implies that the orthocomplementation is 
1 1 

compatible with the partial order in L, that is, if P~G, then G ~F . 
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A fundamental problem of axiomatic quantum logic is whether L is 

a Lattice, that is: does FvG and FAG exist for aLL F,GEL? Sometimes it 

has been tried to justify the lattice structure of L phenomenologically 

(compare e.g. JaUch, 1968a) but a closer analysis shows that it is not 

possible to defend the lattice structure in terms of experimentally re­

alizable operations. For this reason, some theoreticians do not assume 

that L is a lattice (compare the reviews by Gudder, 1970c; and by 

Greechie and Gudder, 1973). 

In their new approach, Jauch and Piron (1969) have introduced 

propositions as classes of empirically equivalent yes-no experiments. It 

is remarkable that Jauch and Piron have been able to derive the existence 

of arbitrary suprema and infima, so that their logic L is a complete 

lattice. However, not everybody finds Jauch and Piron's definition of the 

infimum of a set of experimental statements convincing (compare e.g. Va­

radarajan, 1977); moreover their reasoning is not conclusive either (com­

pare for example the critique by Ochs, 1972c). In particular, their claim 

that L is even a compLete lattice is much too strong since it excludes 

classical statistical mechanics which uses only a a-compLete Boolean 

lattice (recall that a lattice L is called compLete if every nonvoid sub­

set has a supremum and an infimum in L; a lattice L is called a-compLete 

if every countabLe set has a supremum and an infimum in L). Hence the 

lattice postulate of quantum logic should be weakened by requiring that 

L is a a-compLete Lattice (Plymen, 1968b; a less attractive alternative 

defines statistical states only on a a-sublattice of a complete lattice, 

as proposed by Guenin, 1966). 

We shall adopt the view that it is not reasonable to consider the 

lattice of a logic as conceptually inevitable but that it is mathemati­

cally convenient to construct a natural extension of the conceptually 

motivated logic into a lattice such that the extended logic possesses 

all the essential features of the original one (Bugajska and Bugajski, 

1973c). In what follows we shall assume that L is a a-complete ortho­

complemented lattice. The logic of every cLassicaL system is a a-com­

plete BooLean lattice (recall that a Boolean lattice is by definition 

an orthocomplemented distribution lattice). In order to find the proper 

substitute for the distribution law characteristic for classical systems, 

we introduce the notion of compatible propositions. Two elements F,GEL 

of an orthocomplemented lattice are said to be compatible if the ortho-
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complemented sublattice generated by {F,F~,G,G~} is Boolean. We denote 

the relation of compatibility by the symbol ... The following character­

ization is equivalent 

F .. G iff (FAG)V(FAG~) = F. 

The compatibility relation is obviously reflexive and symmetric, i.e. 

F .. F 

F .. G iff G .. F 

Furthermore we have: 

F .. F~ 

F .. E 

F .. 0 

F .. G iff F .. G~ 

F ~ G implies F" G 

In his axiomatics, Piron (1964) made the intuitively most rea­

sonable postulate that comparable elements are compatible, i.e. that 

F s G implies F .. G 

The class of orthocomplemented lattices fulfilling this relation are 

called orthomodular Zattices (synonyma: weakly modular lattices, CROC= 

canoniquement relativement orthocomplemente) . 

Additional references on the postulate of orthomodularity 
There are many different but equivalent definitions of an orthomodu1ar 1attiae; 

compare Pi ron (1964), Rose (1964), Fay (1970), Maeda and Maeda (1970). For further 
motivations for the postulate of orthomodu1arity in quantum logics, compare Finch 
(1969a-c, 1970), MaGzyOski (1970), Fay (1970), Mittelstaedt (1970), Guz (1971, 
1979). 

Orthomodular lattices are non-distributive generalizations of 

Boolean lattices. Clearly, every Boolean algebra is an orthomodular 

lattice. Non-Boolean orthomodular lattices are of particular importance 

in the decomposition theory of operator algebras. The self-adjOint and 

idempotent elements of an arbitrary W*-algebra form an orthomodular 

lattice. According to Holland (1970) "von Neumann algeb/f.a. theolLY .u, the MotheIL 

TheolLY, c.on;(;£nu.olL6 geomwy .u, the 6ill.t bOM Mn, and olL.thomoduialt .ea.t:Uc.e theolLY ,u, 

the -bec.ond Mn". 

Orthomodular logics provide a very broad framework, but for phys­

ical applications additional restrictions are certainly necessary. For 

example, there exist finite orthomodular lattices not admitting a full set 

of states (Bennett, 1970). Furthermore, there exist orthomodular lattices 
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admitting no states at all (Greechie, 1971), and orthomodular partially 

ordered sets with a full set of states which cannot be embedded in the 

lattice of all closed subspaces of a complex Hilbert space (Greechie, 

1969). There are orthomodular lattices that make sense as an orthomodu­

lar logic in the framework of the empirical logic of Foulis and Randall 

(and which could be of interest in the social sciences) but which support 

states that cannot be interpreted in a Hilbert-space projection lattice 

(Wright, 1978b). Hence the problem is to find physically plausible axioms 

so that the resulting axiomatic system is useful for physics and chemistry. 

All presently known physical theories fall into a rather special 

class of orthomodular logics, having a considerably richer logical struc­

ture. For example, the well-examined w*-systems (which encompass 

among other theories also classical mechanics, pioneer quantum mechanics 

and quantum statistical mechanics) have an orthomodular logic which is 

in addition also semimodular. Orthomodular lattices and semimodular lat­

tices are distinct generalizations of modular lattices. Recall that two 

elements F,G of a lattice L are said to form a modular pair (F,G) if 

(HvF)AG=Hv(FAG) for every HsG. A lattice L is called modular if every 

pair of elements in L is a modular pair. A lattice is called semimodular 

if the fact that (F,G) is a modular pair implies that (G,F) is a modular 

pair. An ortholattice (L,s,~) is orthomodular if every orthogonal pair 

is a modular pair, i.e. if F,GEL and F~G implies that (F,G) is a modular 

pair. Clearly, every Boolean lattice is both orthomodular and semimodu­

lar. 

Since Newtonian mechanics, pioneer quantum mechanics and statist­

ical mechanics are all governed by semimodular orthomodular logics,' it 

would be interesting to have an intuitively well-motivated justification 

for an axiom of semimodularity. All we know at present is that semimodu­

larity in pioneer quantum mechanics is closely related to the possibility 

of so-called "measurement of the first kind" (Pool, 1968b; Jauch and Piron, 

1969; Ochs, 1972a; Bugajska and Bugajski, 1973b; Cassinelli and Beltramet­

ti, 1975). A measurement of a proposition FEL is said to be of the first 

kind if the answer "yes" implies that F is true immediately after the 

measurement. A measurement of F is said to be ideal if every true prop­

osition compatible with F is also true after the measurement of F. If L 

is a complete, atomic orthomodular lattice (as in pioneer quantum mechan­

ics) and if for every proposition FEL there exists an ideal measurement 

of the first kind, then it follows that L is semimodular. 
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Remark: The "covering law" of Jauch and Piron 
Piron and Jauch postulated the following covering law: "If FEL is an atom, then 

the relation G~~GVF implies either H=G or H=GVF. The following formulation of the 
covering law is equivalent: "If FiL is an atom, and GEL a non-absurd proposition 
(G~O) such that G±AF=O, then (FVG )AG is an atom. In an atomic orthomodular lattice L, 
the covering law is equivalent to the semimodularity of L (Pool, 1968b). Originally 
the covering law was introduced by Piron (1964) as a highly technical axiom in order 
to prove the isomorphism between his quantum propositional system and the lattice 
of closed subspaces of a Hilbert space. 

Since pioneer quantum mechanics has an atomic logic, it is often 

assumed that the logic of any physical system is atomic (Piron, 1968a; 

Jauch and Piron, 1969; Jen6, 1972, 1974). Recall that a logic is called 

atomic if every non-zero proposition has an atom under it. In an atomic 

logic every non-absurd proposition is implied by an atomic proposition 

(which by definition, is not implied by any other non-absurd proposition) • 

There is no general agreement on the question whether or not classical 

mechanics has an atomic logic. For example, Jauch claims that "oltty the 

atomic. fat.tic.o. ftepfte6 ent.6 ftealiy c1.it6-6-ic.al mec.ha.iUc.-a it6 -it alwa.Y-6 hit6 been undeJt-6tood" 

(Jauch, 1968a, p.80), while Birkhoff and von Neumann (1936) say that it 

is unrealistic and absurd to identify each subset of the phase space of 

classical mechanics with a proposition. Von Neumann proposed to use the 

Lebesgue-measurable subsets of the phase space modulo sets of Lebesgue 

measure zero as representants of experimental propositions. This proposal 

is closely related to Kolmogorov's (1933) foundation of mathematical pro­

bability theory and leads to an atom-free logic for classical mechanics 

(for more details, compare Primas, 1980, sect.2). For the purpose of 

classical statistical mechanics atomic lattices are not appropriate 

(Varadarajan, 1977). Moreover, the postulate of atomicity would exclude 

type III W*-systems which are a main tool of modern algebraic quantum 

statistical mechanics. It seems to be fair to admit that historically 

atomicity has been required in order to obtain the formalism of pioneer 

quantum mechanics from quantum logiC. For these reasons we consider an 

axiom requiring the atomicity for the logic of an arbitrary physical 

system not as a reasonable assumption. 

Additional remark: Dynamics in atomic Boolean lattices 
There is an additional grave difficulty with classical dynamical systems having 

an atomic logic. Every classical system with a Boolean logic L can be embedded into 
a commutative W*-algebra A. If L is atomic, then A is atomic. The time evolution of 
a dynamical W*-system is represented by a one-parameter automorphism group 
t~tEAut(A), t8R. The weakest reasonable continuity assumption for the dynamics is 
that t~t is a-weakly continuous. It is easy to show that every a-weakly continuous 
dynamics leaves every atom of a commutative W*-algebra invariant. Hence the time 
evolution of a classical dynamical system with an atomic logic cannot be represented 
in the usual way by differential equations of motion. 
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The lattice of propositions of pioneer quantum mechanics is 

irreducibZe. This additional structure reflects the fact that pioneer 

quantum mechanics does not take superselection rules into account. In 

a general orthomodular logic L, the set of those propositions that are 

compatible with every proposition of L is called in the center Z(L) of L, 

Z(L) d~f {zIZEL Z~F for all FEL} 

The center of an orthomodular lattice is a Boolean algebra. A system is 

called cZassicaZ if its logic L is Boolean, i.e. if L=Z(L). A system is 

entirely nonclassical if there are no nontrivial compatible propositions, 

i.e. if the center consists only of the two trivial elements 0 and E. 

Such a system is called irreducibZe. A system with an irreducible and 

atomic logic L satisfies the superposition principZe which can be ex­

pressed as follows (Jauch, 1968a): "For every pair of distinct atomic 

propositions F,GEL there exists a third atomic proposition HEL, H~F, 

H~G, such that FvG=Gvli=livF". The atomic proposition H plays the role of 

a superposition of F and G, it can never be compatible with both F and G. 

An immediate consequence is that the sublattice generated by F,G and H 

cannot be Boolean, so that the superposition principZe impZies the irre­

ducibiZity of the Zogic. Furthermore, Gudder (1970b) has shown that if 

a superposition principle holds, then the logic is a complete atomic 

lattice. The logics of general physical systems are in general reducibZe. 

In this case the superposition principle has only a restricted validity, 

and with Wick, Wightman and Wigner (1952) we say that the system allows 

superseZection ruZes, a concept introduced into quantum logic by Paulette 

Destouches-F{!vrier (1951). 

To sum up, it seems to be a sound procedure to formalize the 

logics of physical systems by a-aompZete orthomoduZar and semimoduZar 

Zattiaes. However, the logic of a physical system is not necessarily 

Boolean, atomic or irreducible. Boolean logics, atomic logics and irre­

ducible logics represent important speciaZ cases of general quantum logic. 

Two orthomodular a-complete logics Ll and L2 are considered to 

be logically equivalent if there exists a bijective map ~ from Ll into 

Lz which preserves the partial ordering (Le. the logical implication), 

the orthocomplementation (i.e. the logical negation), and countable 

suprema and infima. Such a map ~:Ll+L2 from a a-complete orthomodular 

lattice Ll onto a a-complete orthomodular lattice Lz , fulfilling 
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(i) tp (0) 0 

(H) tp(F) ,;; tp (G) , iff F,;;G 

(Hi) tp (F.L) tp(F).L for every FELl 

(iv) tp (vF i) Vtp(Fi ) for every disjoint sequence {Fi}cL l 

is called an ortholattice a-isomorphism. Every ortholattice a-isomor­

phism maps semimodular lattices into semimodular lattices, atomic 

lattices into atomic lattices, and irreducible lattices into irreduc­

ible lattices. An ortholattice a-isomorphism of an orthomodular a-com­

plete lattice L onto L is called an automorphism of L. Speaking intu­

itively, a logical symmetry of a system is a transformation which leaves 

all significant logical features invariant; in the theory of orthomodu­

lar logics such a transformation is represented by an automorphism of 

the lattice L of propositions (Emch and Piron, 1963; Pulmannova, 1977). 

The kinematical and dynamical symmetries of physical systems 

are given by locally compact groups. In quantum logic, a representation 

of a group G is defined as a homomorphism a from G into the group Aut(L) 

of automorphisms of L. The mathematical problem of representing topo­

logical groups continuously as automorphisms of an orthomodular lattice 

has been discussed by Gudder (1971), Gallone and Mania (1971), and 

Leveille and Roman (1975). However, this theory is not yet as well de­

veloped as the theory of unitary group representations in Hilbert spaces, 

or as the theory of automorphic group representations on W*-algebras. 

This fact is one important reason why in practical applications ortho­

modular logic is often restricted to the more limited context of pro­

jection logics of W*-algebras where more powerful analytical tools are 

available. 
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4.5 # NON-B.OOLEAN PROBABI LI TY THEORY 

Ensembles and collectives 

The concept of probability is of central importance for quantum 

theory. Classical statistical decision theory is often used to deal 

with experiments that can be repeated many times under similar and 

well-controlled conditions. Although we are often interested in 

individual phenomena, the emphasis of every statistical theory is 

shifted to the distpibution of individual events. The pefepent of statis­

tical ppobability theopy is a family consisting of an extpemely lapge 

numbep of nonintepacting, uncoppelated and identically ppepaped individ­

ual systems. We must clearly distinguish between theory and experi-

ment, and the corresponding notions "ensemble" and "collective". An 

ensemble is a concept of statistical theopy, it refers to an infinite 

family of noncorrelated individual systems, and is theoretically charac­

terized by a statistical state. With von Mises (1931, in the English 

version of 1964 on p.1l-12), "we 6haf.l apply the tvun c.ollec.tive to a lOYlg 

6equeYlc.e 06 identic.ai Ob6e.JtvilioYl6 Oft ex.pe.Jt.£meYlt6, eac.h ex.pe.Jt.£meYlt leadiYlg to a de6,£­

rtUe rwme.Jt,£c.ai fte6u.U, pItOvided that the 6equeYlc.e 06 fte6u.lU 6u.l6ill6 the .two C.Oyl­

ditiOYl6: ex.i6teYlc.e 06 ~Ylg 6ftequeYlue6 aYld JtaYldOmrteM". The notion of ppoba­

bility belongs to statistical ensemble theory, it is a measure on the 

lattice of theopetical propositions. The concept of pelative fpequency 

is operationally defined and refers directly to empipical propositions. 

Some scientists take it for granted that theories can be either refuted 

or verified by comparison with experimental data. However, the frequen-

cies resulting from experiments on the individual systems of a collec-

tive have to be infepped from the probabilities of a statistical ensemble 

theory. Here one must employ again a theory. It is usually assumed that 

the classical statistical estimation theory and statistical decision 

theory (compare e.g. Lehmann, 1959) provide the necessary techniques. 

Remark: ModePn views on Randomness 
Von Mises' condition of the "ed6teYlc.e 06 ~Ylg 6ftequeYlue6 aYld JtaYldom­

Yle66" has led to many and often discussed difficulties. However, the use of a 
precise concept of an algorithm has made it possible to overcome the inadequacies 
of the traditional foundations of statistical theories. The most exciting new 
result of these developments is the feasibility of a conceptually simple and 
mathematically rigorous definition of the notion complexity which provides an 
enthralling alternative to the well-established measure-theoretic approach. to 
probability. According to algorithmic probability theory, high complexity is the 
same as randomness. 

The roots of the new developments can be traced to the pioneering work of 
von Mises (1919) where he proposed his principle of excluded gambling systems. 
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The formalization of this principle as proposed by von Mises turned out to be math­
ematically untenable. The further investigations by Wald (1937) were brought to their 
culmination by Church (1940). Von Mises wanted to exclude "all" gci.mhl.ing systems 
but he did not properly specify what he meant by "all". Church pointed out that a 
gambling system which is not effectively calculable is of no practical use. 
Accordingly, a gambling systeI!l'. has: to be represented not by an arbitrary 
function but by an effective algorithm for the calculation of the values of a func­
tion. In accordance nth.von lIis.esc' intuitive ideas: and Church's, refinement, a se­
quence is called random if no player who calculates his pool by effective methods 
can raise his fortune indefinitely when playing on this sequence. 

The computational complexity of a mathematical object reflects the difficulty 
of its computation. Kolmogorov (1965) proposed a measure of complexity based on the 
"size of a program" which, when processed by a suitable universal computing machine, 
yields the desired object. An adequate formalization of the notion of a universal 
computing machine is that given by Turing (1936). A Turing machine is essentially an 
automatic computer having an infinitely expandable memory; it can be taken as a pre­
cise definition of the concept of an algorithm (for texts discussing computability 
by means of Turing machines compare e.g. Boolos and Jeffrey, 1974, or Brainerd and 
Landweber, 1974). ,According to Kolmogorov (1963, 1965) and Chaitin (1966) the ran­
domness of a finite binary sequence is measured by its complexity, which is defined 
as the length of the shortest binary program that produces this sequence in a given 
Turing machine. A finite sequence of maximal complexity has no patterns and the ba­
sic idea is to xegaxd patternless finite s:equencea as' finite random sequences. 

A slightly different but more powerful variant of algorithmic probability the­
ory is due to Schnorr (1969). According to Schnorr (1971a) a sequence fails to be 
random if and only if there is an effective process in which this failure becomes 
evident. The tests considered by Schnorr (1970a-c, 1973) are cQnstructive to such 
an extent that it is' possible to approximate infinite random sequences to an 
arbitrary degree of accuracy by computable sequences of high complexity (so-called 
pseudo-random s:equences). The approximation will therefore be better the greater 
the effort required to reject the pseudo-random sequence as being truly random. 

For an excellent review of modern algorithmic probability theory, compare 
Schnorr (1971b). 

BooZean probabiZity theory 

Because of its significance for almost all aspects of modern 

SCience, as well as its important historical pOSition, we give a short 

account of classical mathematical probability theory. Probability the­

ory is based on three fundamental notions: event, probabiZity of an 

event, and random variable. 

The outcome of a repeatable experiment is called an event. The 

8ure event E is the event that occurs whatever the outcome of the ex­

periment. The impossible event 0 is the event that never occurs. 

By definition, both. E and 0 are observable events. The non-occurence 

of an event. F is itself cons.idered as an event, and called the 
J. aompZementary event F of the event F. The event of realizing at 

least one of the events F,G is the event "F or Gil, written 
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as the jOin FvG. The event of realizing both F and G is the event 

"F and Gil, written as the meet FAG. Two events F,G exclude each other 

if FAG=O, in this case F and G are called disjoint events. An event F 

impLies the event G, written FsG, if F=FAG. If F implies G, and G implies 

F, then F and G are called equivaLent events, and we write F=G. The na­

ture of two equivalent events may be different but they' are identified 

w;:j:thin the abstractions: of probability theory. 

In the framework of classical probability theory it is assumed 

that f0r every F and every G, F.i, O.i, FAG. FvG are also observable 

events, and that these combinations of events are governed by the rules 

of classical logic. Accordingly, the family L of all events associated 

with an experiment is closed with respect to the operations of disjunc­

tion v, conjunction A, and negation .i, so that L is a complemented dis­

tributive lattice, i.e. a BooLean aLgebra. 

If the number of possible events is infinite, an additional char­

acterization of L is necessary. A lattice L is called complete if every 

subset of L has a supremum and an infimum. If L has more than countably 

many disjOint elements, the requirement of completeness is too strong. 

In probability theory it is replaced by the weaker requirement of a-com­

pleteness. A lattice L in which every countabLe subset has a supremum 

and infimum is called a-compLete. In classical probability theory, the 

family L of all events is assumed to be a a-compLete BooLean aLgebra 

(synonyma: a-complete Boolean lattice, Boolean a-lattice, or a-algebra). 

In Boolean probability theory, probabiLity is defined as a 

countably additive normed measure on a Boolean lattice L. 

Warning: 
It is not claimed that a normed measure can be introduced int~ every Boolean 

lattice. There exist Boolean a-algebras without any n~ntrivial probability 
measure. 

The probability is therefore a real-valued function p:L~1R on the elements 

of L satisfying the following three conditions 

(il p is strictLy positive, i.e. p(F)~O for every FEL, and p(F)=O 

implies F=O, 

(ii) p is normaLized, i.e. p(E)=1, 

(iii) p is a-additive, i.e. p(VFj)=Ep(F j ) for every finite or countably 

infinite sequence {F.} of pairwise disjOint events in L. 
J 
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These postulates imply Osp(F)s1 for every FEL. 

To summarize: Classical probability theory is based on classical 

Boolean logic, and from a mathematical pOint of view it is fully char­

acterized by the pair (L,p), where L is a a-complete Boolean lattice, 

and p:L+[0,1] is a a-additive probability measure. This abstract lattice­

theoretical approach to classical probability theory is conceptually 

transparent and makes it clear that classical probability is based 

on the propositional calculus of classical logic where every proposition 

is either true or false. For the further mathematical development and for 

applications it is nevertheless convenient to consider isomorphic embed­

dings of this basic structure into richer structures s.uch as: sets or alge­

bras. Of course, such embeddings are not necessary. A detailed study of 

the abstract lattice-theoretical approach to classical probability can 

be found in the monograph by Kappos (1969). 

Following Kolmogorov (1933), traditional Boolean probability the­

ory represents events by sets. This representation is possible without 

restricting the generality since every Boolean algebra can be realized 

by an algebra of subsets of a certain set Q. The main advantage of such 

a set-theoretical realization of Boolean probability theory is that the 

study of mathematical probability is linked to the highly developed 

framework of measure theory with its powerful analytical techniques. The 

fundamental representation theorem is due to Loomis (1947) and Sikorsky 

(compare Sikorsky, 1960, §29), and says that every Boolean a-algebra is 

a-isomorphic to a a-algebra ~ of point sets of some set Q modulo a 

a-ideal. For every Boolean probability system (L,p) there exists a Kol­

mogorov probability space (Q,~,~) such that L is abstractly identical 

with a a-algebra ~ of subsets of a set Q (called the samp~e spaae), re­

duced by identification according to sets of measure zero, and such that 

p(F)=~(F) for every event FEL and the corresponding subset FE~. The prob­

ability measure ~:~+[O,1] is defined for every subset of ~, and normal­

ized such that ~(Q)=1. Note that the points wEQ need not have a prob­

abilistic significance. In the basic Boolean probability system (L,p), 

the only event of zero probability is the impossible event. In the set­

theoretical realization (n,~,~) every element of ~ of ~-measure zero is 

an event of zero probability. Therefore, equality or convergence in the 

set-theoretical formulation is always understood up to a set of events 

of measure zero. 
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Intuitively, a random variab~e is a quantity whose numerical 

values are determined by chance. The principal concern of probability 

theory are quantities which take on values depending on the out-

come of an experiment. Such quantities describing a stochastic experi­

ment which measures certain numerical quantities are called real-valued 

(or complex-valued) random variables. In Kolmogorov's formalization of 

classical probability theory random variables are defined as measurab~e 

funotions on some probability space. More precisely, a random variable 

on the probability space (Q,~,~) is an equivalence class of measurable 

functions on Q, the equivalence relation being equality almost every­

where with respect to ~. For example, a complex-valued random variable 

can be represented by a function x:Q+C on Q which is ~-measurable on 

(Q,~). The mean value or mathematical expectation E{~(x)} of a Borel 

function ~ of a random variable x is defined by 

E{~(x)} = J~{X(W)}~(dW) 
Q 

insofar the integral exists. The expectation E{xP} is called the p-th 

moment of the random variable x. The set of all equivalence classes of 

complex-valued ~-measurable functions with finite absolute p-th moment 

is called the Lebesgue space Lp(Q,~,~), 

where 

LpW,~,~) d~f {xix(w)EC,x is ~-measurable, iixiip<ex>} 

Ilxllp d~f {J I x (w) I p~ (dw) } 1 /p 

Q 

1,,;p<ex> 

and II· I lex> is the supremum norm, 

Ilxll d~f inf{cl Ix(w) Is;c for ~-almost all wEQ} ex> 

For 1,,;p,,;ex> the Lebesgue space Lp(Q,~,~) is a Banach space with the norm 

11·11 • For a probability space W,~,~), the measure ~ is finite, hence 
p 

we have 

L ~L ~L ~L1 for ex> p q 

In many respects it is advantageous and also more natural to base 

classical probability theory on the family of all random variables to­

gether with an expectation functional E rather than on Kolmogorov's 

probability space (compare Segal, 1954). Taking random variables as the 

primary notion, it is convenient to assume that all moments exist. The 
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restriction to bounded random variables xELoo(~,L,~) is not severe since 

unbounded random variables can be treated in terms of bounded ones. If 

we take (Loo,E) as a starting point, the probability measure ~:L~[O,1] 

can be recovered by ~(A)=E(XA) where XA is the indicator function of the 

subset AEL (defined by XA(w)=1 if wEA, and XA(w)=O if w~A). Moreover, 

the set of all characteristic functions in Loo(~,L,~) is isomorphic to 

the Boolean lattice L of the Boolean probability system (L,p). 

The Banach space Loo(~,L,~) of all complex-valued, essentially 

bounded measurable functions on ~ is a commutative algebra with respect 

to ordinary linear operations and multiplications of functions. Under 

the supremum norm 11.1100 ' Loo (~, L,~) is a Banach algebra, and with the in­

volution x~x* defined by x*(w)={x(w)}*, the algebra Loo becomes a Banach 

*-algebra. Since the supremum norm fulfills the relation Ilx*xlloo=llxll:', 

Loo is a C*-algebra. Moreover, the dual space of the Banach space 

Ll (~,L,~) of all integrable functions equals Loo(~,L,~) so that Loo is 

the dual of a Banach space, Loo=L 1 *. Recall that a C*-algebra which is 

the dual of a Banach space is called a W*-algebra. Accordingly, the 

space Loo(~,L,~) of all essentially bounded complex-valued random vari­

ables on the probability space (~,L,~) is a commutative W*-algebra. On 

the other hand, every commutative W*-algebra A with a separable predual 

A* is *-isomorphic to a W*-algebra Loo(~,L,~) on some probability space 

(~,L,~). Due to this isomorphism, Kolmogorov's probability theory can 

be rephrased in an abstract algebraic way in terms of a probability al­

gebra (A,E) where A is a commutative W*-algebra and E an expectation 

functional on A. The expectation E can be characterized without recourse 

to the Kolmogorov formalism as a normal state on A (i.e. a cr-additiv~, 

normalized positive linear functional). 

Remark: Separability and L*-algebras 
If the sample space ~ is not separable, the W*-algebraic formulation does not 

give a perfect correspondence with K0lmog0rov's ap~roach~ The reason is that the lat­
tice of projectors of every W*-algebra is complete. In general completeness is too 
strong a requirement and has to be weakened to a-completeness. In this case, the 
appropriate algebraic tool is a L*-algebra, introduced by Davies (1968, 1969a). 
Every W*-algebra is a L*-algebra, but not the other way round. The projection lat­
tice of a L*-algebra is only a-complete. Since a W*-algebra with separable predual 
contains at most countably many mutually orthogonal projectors, the notions of 
W*-algebras coincide with that of L*-algebras in this important special case. 

In all applications of physical interest, the measure space (~,L,~) is separ­
able (for more details and references, see Primas, 1980), so that the Boolean lat­
tice L of classical physics contains at most countably many mutually orthogonal 
elements. This implies that both the Hilbert space L2(~,L,~) and the predual 
Ll(~,L,~) of the W*-algebra Loo(~,L,~) are separable. Accordingly, every classical 
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system of physical interest can be represented either by a separable Kolmogorov space 
(n,L,~) or, equivalently, by a commutative W*-algebra A having a separable predual 
A. . 

Quantum meahanias is not a aZassiaaZ stoahastia theo'l'Y 

The scope of classical probability theory is restricted to cases 

where the usual Boolean logical combinations of statements have a meaning. 

In quantum theories, the domain of validity of Kolmogorov's probability 

theory has to be restricted to sets of aompatibZe events which may always 

be assumed to form a Boolean a-algebra. As stressed by Koopman (1957) "the 

nec.ulIUy 06 lIuc.h a lLu:tJr-<.c;tWn Uk14 implic.U .in c1aAlI-i.c.a.l lIc.ienc.e, weU be60ILe quantum 

phYllic.4". Since quantum mechanics deals also with incompatible events, 

classical probability theory is not general enough to encompass all the 

situations which arise in quantum mechanics. Nevertheless, KoZmogo'l'ov'S 

mathematiaaZ p'l'obabiZity theo'l'Y is an inbuiZt featu'l'e of pionee'l' quantum 

meahanias (compare sect.3.3). Let A be the commutative W*-algebra gen-
A 

erated by some observable A=A*EA, where A is the noncommutative algebra 

of observables of pioneer quantum mechanics, and let PA be the restric­

tion of any normal state pEA. to the algebra AA' then (AA'PA) is a W*-al­

gebraic realization of classical probability theory. Therefore, the prob­

ability distribution of every single observable with respect to any nor­

mal state is well-defined in pioneer quantum mechanics. The same is true 

for W*-algebraic generalized quantum mechanics. 

Remark: What is the meaning of expeatation vaZues in quantum meahanias? 
Clearly, the probabilities of quantum mechanics are conditioned by measurements 

of the first kind, and it is clear that these conditional probabilities fulfill Kol­
mogorov's axioms of classical probability theory. Unfortunately, many philosophers 
have difficulties underatanding phys.ics. textbooks;, and write hundreds: of pages' about 

the most elementary concepts. For example, Stegmuller (1974, p.462) claims that 
viewing quantum probabilities as conditional probabilities is anew proposal due to 
Sneed (1910)! It is strange how often even eminent philosophers are unable to un­
derstand the language of scientists. In his standard text, Dirac (1930, in the fourth 
edition on p.47) states: "We ••. lIPe.ak 06 the pMbab.i1.Uy 06 [an obllelLvablel having 
any lIpec.iMed value 601L the lI.ta.te, mean.i.ng the pMbab.i1.Uy 06 :t.h-U lIpec.iMed value 
be.i.ng ob.ta.i.ned when one mallu a meMUlLemen.t 06 the obllelLvable". I think this is a 
ve~y clear characterization of a aonditionaZ probability. 

Quantum mechanics has a new feature that distinguishes it from 

classical probability theory. While in Kolmogorov's probability theory 

any two random variables have always a unique joint p'l'obabiZity dist'l'i­

bution, joint probability distributions (with. the usual properties) 

for two quantum mechanical obs-ervables exist if and only if the ob­

servables. are compatible. Since incompatible observables depend on 
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mutually exclusive measurements of the first kind, we have no 

reason to expect that probabilities associated with incompatible observ­

ables should be the marginal probabilities of a common joint probability 

distribution. 

Remark: A theorem by Nelson 
There exists a vast literature (not worth reviewing) on the alleged problem of 

the simultaneous measurement of incompatihle observables, and on the s1!pposed existence 
of joint probability distributions of noncommuting observables. Certainly, one cannot 
base such a discussion on the so-called Heisenberg uncertainty relations. Using 
neither concepts from measurement theory nor a particular interpretation, the 
following theorem by Nelson (1967) shows that in general classical joint probability 
distributions do not exist in pioneer quantum mechanics. 

Theorem: Let (AI, .• ,An) be an n-tuple of operators on a Hilbert space H such 
that for all x~ the operator x'A=XIAI+"+xnAn is essentially self-adjoint. Then 
either AI, •• ,An commute pairwise, or there exists a state vector 'JIEH with il'JIII=1 such 
that there do not exist random variables al, •. ,an on some Kolmogorov probability 
space with the property that for every xeRn and AeR 

probability {x'a~A} = ('JIIEA'JI) 
where EA are the spectral projectors of the closure of x'A (Nelson, 1967, p.117). 

Nelson's theorem says that n observables of pioneer quantum mechanics may be 
regarded as classical random variables, in all states, if and only if they commute. 
Note that Nelson's theorem does not claim that there are no states having a joint 
probability for incompatible observables. Such states exist and are of special im­
portance in quantum communication theory. Nelson's theorem asserts that such states 
are exceptional and not the rule. 

Non-Boolean probability structure 

Since the probability structure of quantum mechanics is not 

Boolean, Kolmogorov's probability theory is not sufficiently general 

to encompass the non-Boolean situations that are possible in quantum 

theory. It has long been recognized that Kolmogorov's formulation of 

classical probability can be expressed in a way which emphasizes the 

mathematical structures used in pioneer quantum mechanics (Segal, 1953, 

1954; Mackey 1957, 1960, 1963a). 

A mathematically straightforward generalization is a probability 

theory on orthomodular lattices. Here, the classical Boolean lattice 

of events is replaced by an appropriate nondistributive orthomodular 

lattice L. Since the definition of a probability measure p on a Boolean 

lattice makes no reference to the distributivity of the underlying lat­

tice, the generalization for a general orthomodular lattice is trivial. 

A probability measure p:L+R on an orthomodular lattice L is characterized 

by the following three postulates: 

(i) p is strictly positive, i.e. p(F)~O for every FEL and p(F)=Q 

implies F=O, 
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(ii) p is normaZized, i.e. p(E)=1, 

(iii) p is a-additive for compatible and disjoint events, i.e. 

p(vF.)=~p(F.) for every countable sequence {F.} of pairwise 
J J J 

orthogonal elements F.EL , F.1Fk=O for j#k. 
J J 

Remark: 
In an orthomodular lattice, the relations FMG and FAG=O imply orthogonality 

of F and G, defined by F1G iff F~l. 

From these postulates it follows that O~p(F)~1 for all FEL, and 

that F~G implies p(F)~p(G). For the further development of generalized 

probability theory on abstract orthomodular lattices, compare Kappos 

(1974, 1976), Hackenbroch (1976), and Kalmar (1978). 

Another generalization of Kolmogorov's probability is the non­

commutative probabiZity, where the commutative W*-algebra Loo(n,~,~) is 

replaced by a noncommutative W*-algebra, and the expectation with re­

spect to ~ is replaced by a normal state on A. The self-adjoint elements 

of A correspond to the bounded random variables of Kolmogorov's theory, 

and are called observabZes. The expectation value of an observable AEA 

in a state pEA* is given by p(A). The set of all projectors in A forms 

an orthomodular lattice L, 

Every normal state p on A defines a semidefinite probability measure pon L 

by p (F) = p (F) for every FELcA 

Does every probability measure on L arise in this way? Using the spec­

tral theorem, it is a matter of routine to extend a probability measure 

on a projection lattice L to the selfadjoint operators of the algebra A. 

However, if A is not commutative, it is highly nontrivial to show that 

this extension is additive. Hence the crucial question is whether all 

probability measures on a projection lattice of a W*-algebra A are gen­

arated by Zinear functionals on A. 

A classical result by Gleason (1957) says that every a-additive 

measure p on the lattice of all projectors acting on a separable Hilbert 

space H of dimension >2 has the representation p(F)=tr(DF) for every 

projector F=F 2 =F*EB(t(), where DEB(H) is a density operator (Le. a linear, 

positive, self-adjoint, nuclear operator of trace 1). Gleason's theorem 

implies that if A is an atomic W*-algebra of type I having a separable 
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predual A*, and if A has no type 12 factor as a direct summand, then 

every probability measure p:L~[O,1l on the projection lattice L of A 

has a unique extension to a normal state p on A, that is p has the form 

p(F)=p(F), FELcA, with pE(A*)~. It is remarkable that the assumptions 

of this theorem refer to compatible propositions only, a very desirable 

situation from an intuitive viewpoint. Gleason~s theorem settles the 

question of the additivity of the expectation functional in pioneer 

quantum mechanics; its generalization to arbitrary W*-algebras is a 

cornerstone for the conceptual foundation of noncommutative probability 

theory. 

Remark: Generalizations of Gleason's theorem 
Gleason's theorem has been extended to type I w*-factors with nonseparable 

preduals by Eilers and Horst (1975); compare also Drisch (1979). For a hyper-
finite factor A of arbitrary type, Gunson (1972) has shown that every probability 
measure on the projection lattice L of A is the restriction of a normal state onAto 
L. A generalization of Gleason's theorem for type I W*-algebras is due to Tischer (1980). 

Lodkin (1974) claimed that Gleason's theorem is true for every W*-algebra 
having a separable predual (and no direct summand of type 12) but there is a gap 
in his proof so that this generalization is not yet settled. 

From a slightly different point of view, the linearity problem of the expec­
tation functional on a noncommutative algebra of observables has been discussed 
by Aarnes (1969, 1970), and Akemann and Newberger (1973). 

The development of a viable noncommutative probability depends 

crucially on the possibility of introducing concepts of conditional ex­

pectation entropy and information. The investigations concerning the 

possibility of a noncommutative probability theory on W*-algebras are 

closely connected with the study of general physical theories which 

include pioneer quantum mechanics (in its statistical ensemble inter­

pretation) and classical statistical mechanics as special cases. 

References on noncommutative information and probability theory 
In the development of a noncommutative probability theory on W*-algebras the 

generalized Radon-Nikodym theorem for finite W*-algebras by Dye (1952) and the non­
commutative integration theory (in which the measure is required to be unitarily 
invariant) by Segal (1953) played a decisive role. Extensions and simplifications 
of Segal's integration theory are due to Nelson (1974). Using Gleason's theorem, 
Gudder and Marchand (1972) extended Dye's Radon-Nikodym theorem to W*-algebras of 
type 100 , and discussed sufficient statistics and coarse-graining for semifinite 
W*-algebras. 

W*-algebras of finite (and sometimes even of semifinite) type provide a rather 
straightforward extension of classical probability and information theory. In this 
framework, the important concept of conditional expectation has been discussed by 
Umegaki (1954, 1956, 1959, 1962), Nakamura and Turumaru (1954), Nakamura et al. 
(1960), and Nakamura and Umegaki (1961b). A general entropy concept for normal 
states on semifinite W*-algebras has been introduced by Segal (1960), and has been 
further investigated by Nakamura and Umegaki (196la), Umegaki (1961, 1962), Davis 
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(1961), Raskai (1973), Chen (1977), Lieberman (1978), Qchs and Spohn (1978). Many 
basic theorems of measure theory and the laws of large numbers have generalizations 
in noncommutative W*-algebraic probability theory; compare for example Gootman and 
Kannan (1976), Batty (1979), Driessler and Wilde (1979), Padmanabhan (1979). 

The generalization of probability theory to arbitrary W*-algebras (including 
typeI!I algebras) is 'closely related to the famous Tomita-Takesaki theory of modular 
automorphisms (compare: Takesaki, 1970a). The Radon-Nikodym theorem - a fundamental 
building block of any probability theory - has various generalizations to 
arbitrary W*-algebras. A positive linear functional p on a W*-algebra A is said to 
be absolutely continuous with respect to ~, written pgp, if for every AEA the rela­
tion ~(A*A)=O implies p(A*A)=O. The first general result is due to Sakai (1965) and 
says that for every positive normal linear functional p on a W*-algebra A such thatpgp, 
~., there exists a positive element TEA, with O~s1, such that p(A)~(TAT) for 
every AEA. If P is faithful, then T is unique. If A is commutative, then the Sakai 
operator T coincides with the positive square root of the measure-theoretical Radon­
Nikodym derivative dp/d~. Another formulation says that there exists a positive 
element DEA, with Osns1, such that P(A)=~(DA+AD) (Sakai, 1971, p.77). This theorem 
has been generalized· to weights by van Daele (1975). The operator D is called a 
Radon-Nikodym derivative, it is unique if p is faithful. If p is a faithful normal 
state and ~ is a faithful semi finite and normal trace, then:the Rci.don-Nikodym deriva­
tive D equals the modular operator so that the modular automorphism group {OtP:teR} 
associated with p is given by 0tP(A)=DitAD-it, AEA, taR, (Takesaki, 1973, theorem 
8.1). Accordingly, the logarithm of the Radon-Nikodym derivative D is related to 
the canonically associated Hamiltonian of the state P (relative to the trace ~). 
for the speCial case where P is invariant under the modular automorphism group 
associated with ~, the Radon-Nikodym derivative D also is invariant, so that 
p(A)=p(DA)=p(AD) for every AEA, a special case of a different Radon-Nikodym theorem 
by Pedersen and Takesaki (1973) (compare also Tischer, 1979). The Pedersen-Takesaki 
theorem does not require that p is majorized by ~ but assumes that p is invariant 
under the modular automorphism of ~. for related work on Radon-Nikodym theorems 
compare also Takesaki (1972), Araki (1974), Gudder (1979a). 

The concept of sufficient statistics has been generalized to W*-algebras by 
Blai et al. (1979); they have shown that the concept of sufficiency characterizes 
the KMS-states with respect to a modular automorphism group. 

A qui.te general noncommutative probability theory in which no boundedness, 
finiteness or tracial conditions are imposed, has been developed by Gudder and 
Hudson (1978). 

Quantum measurements as statistical inference 

The measurement process of pioneer quantum mechanics can be con­

sidered from the viewpoint of information theory. Nakamura and Umegaki 

(1962) proposed to consider a measurement of the first kind as a con­

ditional expectation, conditioned by the commutative W*-algebra generat­

ed by the observables measured. According to this viewpOint, the density 

operator is nothing but the Radon-Nikodym derivative of the expectation 

functional with respect to the trace, where the trace is interpreted as 

an a priori state reflecting the information about the system prior to 

a measurement of the first kind. With this, the measurement process can 

be related to atatistical inference. 
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Statistical inference is a mathematical technique which allows 

to estimate the most probable statistical state of a stochastic system 

about which some partial information is available. In generalized quan­

tum theories this situation can be discussed as follows. The observables 

of the system are given by the self-adjoint elements of some W*-algebra 

A. Assume that we perform a partial measurement (for example, a measure­

ment of a set of pairwise compatible observables, or a measurement of 

macroscopic observables in statistical mechanics), and let S be the 

smallest W*-subalgebra of A containing these selected observables. Let 

pEA* be a normal state on A reflecting our a priori information about 

the system prior to the measurement of the observables in S, and let 

VSES* be a normal state on S representing the information obtained from 

a measurement of the observables in S. What is the most likely state of 

the system which is compatible with new partial information, and 

does not contain more information about the system than the a priori 

knowledge and the knowledge of the outcome of the partial measurement? 

In the classical case (i.e. if A is commutative) the answer can be ex­

pressed in terms of a Radon-Nikodym derivative. In the general case, we 

have to assume that the state Vs is dominated by the restriction PH of 

p to S, V~Ap(A~O) (that is, VS(B*B)~APS(B*B) for every BEB). Then a gener­

alized Radon-Nikodym theorem for W*-algebras (compare Sakai, 1965) says 

that there is a unique positive operator TES, with O~T~1, such that 

PB(TBT) for every BEB 

With this, we can define a normal state vEA* by 

def v(A) = p(TAT) for every AEA 

This state v on the originaL aLgebra A is caLled the statistical in­

ference from the partial measurement vB with respect to the a priori 

state P (Marchand, 1977; compare also Benoist et al., 1977; Marchand 

and Wyss, 1977; Benoist and Marchand, 1979; Gudder et al., 1979). Since 

statistical inference is an information-theoretical concept, the state v 

is an epistemic state (i.e. it describes the state of our knowledge of 

the system rather than its real state). 

If A is a commutative W*-algebra, we can write V(A)=p(T 2 A) where 

T2 =dv!dp is the classical Radon-Nikodym derivative of v with respect to 

the a priori state p. 

If A equals the algebra of all bounded operators on a separable 
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Hilbert space H, then the normal states p and v admit density operators 

Dp ' Dv such that p(A)=tr(DpA) and v(A)=tr(DvA) for all AEA. In this 

case D is given by D =TD T. Conversely, if D -I exists (perhaps as an v v p p 
unbounded operator), then the Sakai operator T of v relative to p is 

given by the unique continuous extension of D -lh (D1hD D1/2) 1/2D-1/2 from p p v p p 
the domain of D-1/2 to H (Pedersen and Takesaki, 1972). 

P 

Quantum statisticaZ communication theory 

With the advent of lasers and optical communication systems it 

has become important to investigate quantum effects in communication 

systems. While thermal noise as a rule dominates other noise sources in 

the microwave range, the maximum amount of information transmissible by 

an electromagnetic field in the optical range is given by quantum noise 

(since the quantum energy hw is larger than the thermal energy kT). In 

this case classical estimation and detection theory cannot be applied 

to design an optimaZ communication system. "06 c.OUMe, i..6 we Me c.onc.eJtned 

wi..:th the data a1.Jtea.dy ob.;tcUned by a gi..vert meaowwnent, then the c.laJ.,f.,i..c.ai. theOJty 06 

f.,tati..f.>ti..c.f.> M 6u.Uy appUc.abR.e; but the quuti..on 06 an opfuai. c.hoi..c.e 06 f.,uc.h a mea­

f.,Wtement M out 06 the f.,c.ope 06 c.laJ.,f.,i..c.a1. f.,tati..f.>ti..c.f.> and need;., f.,pec.i..a1. quantum-mec.han­

i..c.ai. c.oYL6i..deJtati..on" (Holevo, 1973a). 

References on quantum statisticaZ signaZ detection theory 
The development of a quantum mechanical detection and estimation theory was 

initiated by Helstrom (1967, 1968, 1969). Compare also the review by Helstrom et 
al. (1970) and the textbook by Helstrom (1976). The theory has been extended on 
a sound mathematical basis by Holevo (1972a-c, 1973a-c, 1974, 1975a-b, 1978). This 
treatment necessitates the use of generalized quantum measurements where the ortho­
gonal projectors of orthodox measurement theory are replaced by positive operator­
valued measures. This generalization of the concept of an observable was intro­
duced by Davies and Lewis (1970). 

There exists a voluminous literature on the problem of the simul­

taneous measurability of incompatible observables; since it is mostly 

neither really correct nor plainly wrong but just dull, we will not re­

view it. Quantum statistical estimation theory solved this alleged phil­

osophical problem in an imaginative and constructive manner. Neither 

Heisenberg's' inequality nor any first prinCiple of quantum mechanics ex­

cludes the possibility of simultaneous measurement operations of incom­

patible observables (warning: do not confuse so-called "measurements of 

the first kind" with laboratory measurements:). What is interesting in 

engineering are never measurements of the first kind but statistical 

estimations of the state of the system. Of particular importance is the 

estimation of a state through the optimal estimation of parameters within 
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a class of parametrized states. The question of a simultaneous measure­

ment of the coordinate Q and its canonically conjugate momentum P, ful­

filling QP-PQ=ih, was already discussed qualitatively by von Neumann 

(1932, sect. v.4), where he also noted the role the coherent states 

play in simultaneous measurements of P and Q. The simultaneous measure­

ment of noncommuting observables has become an engineering problem of 

great practical importance in quantum electronics. It is known that the 

technique of heterodyning is equivalent to an optimal statistical mea­

surement of the Schrodinger pair (P,Q) or, equivalently, to an optimal 

measurement of the photon annihilation operator Q+iP (compare Arthurs 

and Kelley, 1965; Gordon and Louisell, 1966; She and Heffner, 1966; 

Personick, 1971). Holevo (1973a-c) has shown that the optimal joint 

estimation of the canonical observables (P,Q) can be effected by a mea­

surement of the first kind of the commuting observables P®1+1®Po and 

Q®1-1®Qo, where (Po,Qo) is a canonical pair of an auxi~iary system re­

lated to the measuring apparatus performing the heterodyning (compare 

also the related work by Helstrom 1973, 1974a-c, and by Helstrom and 

Kennedy, 1974). More generally, Holevo (1975, 1977, 1978) has shown 

that every optimal joint estimation of incompatible observables can be 

described by a positive operator-valued measure in the sense of the 

operational approach of Davies and Lewis (1970). 

Quan~um statistical system theory 

Interest in communication and information theory has been 

stimulated by radio engineers. A system-theoretic description of a gen­

eral communication system distinguishes an information source together 

with an encoder (called input), a system through which information is 

conveyed (called channeZ), and a receiver together with a decoder 

(called output). If the transmitting channel alters the signal by noise, 

the channel is called a noisy channel, otherwise it is called a noise­

less channel. In a noisy channel it is possible that two different in­

put states are mapped to the same output state. 

In the classical case, a statistical communication system is 

described by a measurable space (nl'~l) of input messages, a measurable 

space (n2'~2) of output messages, and a transition probability 

T: (nl'~2)+~+' For every fixed wEnl, B+T(w,B) is a probability measure 

on the output space (n2'~2)' while for every fixed BE~2' w+T(W,B) is a 

measurable function of wEn l . If ~l:~l+~+ is a probabiliy measure on the 



234 4. Beyond Pioneer Quantum Mechanics 

input space, then the transition probability T defines by 

Ilz (B) = J T (w, B) III (dw) 

!"I 1 

a probability measure 1l2:L2+R+ on the output space. Accordingly, the 

transition probability uniquely defines an operator T from the convex 

set of all probability measures on (!"Il,Ll) into the convex set of all 

probability measures on (!"Iz,Lz) , 

This affine mapping T characterizes the channel of the communication 

system. 

These concepts can be generalized to noncommutative probability 

theory. Since probability measures can be considered as the normal 

states on the commutative W*-algebra of all bounded measurable functions 

on the output and input spaces, a quantum channel can be defined as a 

linear transformation which maps every normal state on an input W*-al­

gebra into a normal state on an output W*-algebra. Echigo and Nakamura 

(1962) have shown that a positive linear mapping T: (A l )*+(A 2)* maps the 

normal states of a W*-algebra Al into the normal states of a W*-algebra 

A2 if and only if the dual mapping T*:A2+Al is a positive normal linear 

mapping of Az into Al preserving the identity. Recent work has shown 

that for general W*-systems one should require a stronger positivity 

condition, namely that a dual channel T*:Az+Al is a completely positive 

normal linear mapping (Holevo, 1972c, 1975b, 1977b). 

Remark: Completely positive mappings 
Recall that a linear mapping ~ of one W*-algebra Az into another W*-algebra 

Al is called positive if ~(A) is positive for all positive AEA. Let Mn denote the 
W*-algebra of all complex nXn-matrices. A linear mapping ~:AZ+Al of one W*-algebra 
A2 into another W*-algebra Al is said to be n-positive if the linear mapping 
~d:Az®Mn+Al®Mn is positive, where id denotes the identity mapping of Mn. The 
mapping CLis called completely positive if it is n-positive for every n=1,2, ... 
Note that there exist n-positive mappings that fail to be (n+1)-positive (Choi, 
1972). Two important classes of completely positive mappings are the homomorphisms 
and the projections of norm one (for a review, compare St¢rmer, 1974). 

Completely positive linear mappings are the natural generalization of positive 
mappings of commutative algebras. Stinespring (1955) has shown that on a commutative 
C*-algebra every positive linear mapping is completely positive. In the noncommuta­
tive case, complete positivity is an essential restriction. For example, every 
*-antiautomorphism of a noncommutative W*-algebra is positive, but not 2-positive. 
(Gorini et al., 1976). Another example of a positive mapping which is not complete­
ly positive in the transposition of a complex matrix. 

Complete positivity of operations is a necessary consistency requirement for 
composite systems (Kraus, 1971). Consider two non interacting systems whose algebra 
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of observables is given by the W*-tensor product AI~2. Since the tensor product 
of two positive mappings is not necessarily positive, positivity is not a suf­
ficient requirement. On the other hand, Stinespring (1955) has shown that the 
tensor product of completely positive mappings is again completely positive. 

A mapping T: (A I)*7(A2)* is called completely positive if the dual mapping 
T*:A27A I is completely positive. 

A W*-communication system can be characterized by three W*-al­

gebras A I, A2 , A 3 and three channels T 13, T 33, T 32, where T jk: (Aj) * -+ (Ak ) * 

is a completely positive normal linear mapping which preserves the nocm 

of positive elements. The algebra AI refers to the observable of the in­

put system, A2 refers to the output system, and A3 refers to the trans­

mitting system. The input-output mapping T: (A I )*-+(A 2)* can be represented 

as T=T 13 0 T 33 0 T 32 where T 13 is the encoding mapping, T 31 is the decoding 

mapping while T33 describes the dynamics of the transmitting system. 

Inputs. and outputs must have some characteristics demanded by 

human nature, cultural tradition and engineering common sense. Since ex­

perimental data are supposed to be unambiguous (at least in principle) , 

they have to be expressible in terms of a two-valued Boolean logic. This 

requirement leads to the choice of a commutative W*-algebra A2 for the 

output system. In order to investigate a system by external stimuli we 

must be able to create well-defined input signals. Experimentally useful 

stimuli must again fulfill the requirements of two-valued Boolean logic, 

so that the input algebra Al has also to be a commutative W*-algebra. 

All scientific experiments can be subsumed under this classical input­

output scheme which is typical for contemporary mathematical system the­

ory (compare Kalman et al., 1969). As a paradigmatic example for a modern 

scientific experiment we can take a nuclear magnetic resonance experiment 

where the input is given by a classical time-varying magnetic field while 

the output is given by the voltage induced in the receiver coil by the 

spin magnetization. If we observe a system without stimuli due to the 

experimentalist (as with telescopic observations in astronomy), we speak 

of a free system. 

While the input algebra AI and the output algebra A2 of every 

W*-communication system are commutative, the transfer algebra A3 is non­

commutative in a quantum communication system. In a nuclear magnetic 

resonance experiment, the algebra A3 is generated by the spin operators 

(i.e. A3 is a factor of type In with n<oo), it describes the system under 

investigation. In a laser communication system A3 is related to the al-
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gebra of quasi-local observables of the electromagentic field (a factor 

of type Ioo or of type III1), in this case A3 describes the inevitable 

noise of the transmission channel. As Davies (1977) remarked, "u iJ., JuttheA 

amlLb-ing to note that, .{Jl an -i.n:teApla.netaJz.!J weJt communicctUon .6!J.6tem, the cla.6.6icaU.!J 

dUcJUbed input and output dev.tcu have cWneM.tOYl.6 06 II new me:teJl.6, while the cha.Me.t, 

Which iJ., the ILe.teva.n:t pa.Jtt 06 the qua.n:t.i..6ed e.tec:tJtomagne;t.i.c Meld, hM cWneYl.6.toYl.6 06 
olLdeA 1011 m". 

The encoding mapping t13:(A l )*+(A 3)* transforms the classical in­

put signal into a quantum signal. The commutative input algebra Al can 

be taken as Lebesgue space Loo(nl'~l'~l) where (nl'~l'~l) is some Kolmo­

gorov space, so that (Atl*=L1Wl'~1,~tl. Let XsEL1Wl'~1,~tl be the in­

dicator function of the set BE~l' and define a ~l-measurable family 

{PW\W€Ql} of normal states pwE(Al)* by 

fpW~l(dW) =t13(X s ) for every BU l 

B 

With this, the encoding mapping can be represented as 

tdf) 

The decoding mapping t~:(A3)*+(Az)* converts the transmitted 

quantum signal into a classical signal. If we take the classical output 

algebra Az as Loo(nz,~z,~z), where (nz,~z,~z) some Kolmogorov space, we 

have (A 2)*=L l (nz,~z,~z). Consider the dual channel t;:A z+A 3, and define 

a positive operator-valued measure F:~z+A3 by F(B)=t~(XB)' where 

XBELoo(nZ'~2'~2) is the indicator function of the set BE~z. We have 

F(Qz)=1, and the dual decoding mapping can be represented as 

t~z(x) = J x(w)F(dw) 

n2 

Hence, the decoding mapping t~ is uniquely determined by a positive 

operator-valued measure on the spectrum nz of the commutative output 

algebra Az • That is, the dual channel t; is a generalized quantum mea­

surement in the sense of Davies and Lewis (1970) and Holevo (1973b). 

The class of decoding mappings is considerably larger than the class 

of "measurements of the first kind" (considered in pioneer quantum me­

chanics), but in the special case when F:~z+A3 is a projection-valued 

measure, t~ represents an ideal measurement in the sense of von Neumann 

(1932) • 
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The input-output mapping T: (Arl*+(A 2)* can be described by ct.as­

aical mathematical system theory, even if the transmission algebra As 

sandwiched between the input algebra Al and the output algebra A2 is 

nonclassical. An example for such a classical system-theoretical de­

scription of a quantum system is Bloch's equation for nuclear magnetic 

resonance experiments on single-spin systems (Bloch, 1946; Bloch et al. 

1946). Since such classical system-theoretical descriptions are highly 

successful, one may ask why we do not use always the classical input­

output description (A j )*+(A 2)* instead of the apparently more compli­

cated quantum-theoretical description (A I )*+(A s)*+(A 2 )*? There are many 

reasons, probably the most cogent one being that sometimes we would like 

to understand a system and not only to describe it. Classical mathemat­

ical system theory is a general theory of model building (compare Kal­

man, 1968a-b), it is a powerful tool for homo faber, the tool mak-

ing animal. Since it does not use any specific physical laws it cannot 

give the more detailed insight homo sapiens (man the thinker) likes 

to have. Important problems of natural science cannot even be stated 

within the purely classical system-theoretical description (A I )*+(A 2)* 

since they refer to the quantum observables (i.e. the elements of As) 

which are not amenable to a classical system-theoretical representation. 

A full description of the transmitting system assumes that the 

transmission algebra As is a W*-subalgebra of some W*-algebra A of a 

large closed w*-system (A,t+at ) whose dynamics is given by a a-weakly 

continuous group {atltE~} of automorphisms atEAut(A). Such a full de­

scription includes possibly unobserved quantities (like thermal re­

servoirs, noises etc.), and may be unreasonably involved. If one prefers 

to focus on the evolution of some observables of special interest (by 

definition: the elements of A3 ), the transmitting system has to be con­

sidered as an open system whose dynamics can be obtained by reducing 

the assumed dynamical group of the transmitting system together with 

its relevant environment to the transmitting channel proper. Such a 

reduced description can be obtained via a conditional expectation 

E:A+As from A onto As. 

Remark: Conditional expectations in operator algebras 
By a conditional expectation in an operator algebra A, conditioned by a 

certain fixed subalgebra B~ we mean a projection of norm one from A onto B. A 

projection of norm one from a W*-algebra A to a W*-subalgebra B is a mapping 
TI:A+B fulfilling the conditions 
(il TI(Al = B 
(iil TI2 = TI 
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(iii) [l7T1I == 1 

where [l7T11 d~f sup{ U7T (A) III AEA , IIAII==1} 

A conditional expectation 7T:A~B is called normal (synonym: a-weakly continu­
ous) if SUPa{7T(Aa)}==7T(SUPa{Aa}) for each uniformly bounded directed set {Aa} of 
positive elements Aa of A. A conditional expectation 7T:A+B is called faithful if 
7T(A*A)==O implies A==O, AEA. 

A classical result by Tomiyama (1957) says that with exception of normality 
a projection of norm one enjoys all properties which characterize the classical 
probabilistic concept of a conditional expectation (as characterized by Moy, 1954), 
namely: 
(i) 7T(~IAB2) == BI7T(A)B2 for every Bl,B2EB, AEA 
(ii) 7T(A*) == 7T(A)* for every AEA 
(iii) [l7T (A) II ,;; IIAII 
(iv) 7t(A*A) ~7T(A)*7T(A) 2: 0 
(v) 7T is order preserving 
Moreover, every conditional expectation is completely positive. 

Let (A,t+at ), tE~, be a reversible dynamical W*-system and E:A~A3 

a normal conditional expectation such that E{at (A)}EA 3 for every t~O. 

Then the W*-system (A 3, t~8t) with 8t =E O at , t~O, describes an open system, 

or what is the same, a quantum stoahastia proaess. A system-theoretical 

description requires that the dynamics t~8t of the transmission system 

is given by a semigroup {8tlt~O} with 8s 8t =8 s+t for all s,t~O. Since auto­

morphisms and conditional expectations are completely positive, the map­

ping 8t:A3~A3 is completely positive. In the theory of quantum communica­

tion channels, the dual channel ,~ equals the dynamical mapping 8t • 

Remark: Quantum stoahastia proaesses 
There is a large literature concerned with the extension of the theory of clas­

sical stochastic processes to a theory of stochastic processes over noncommutative 
C*- or W*-algebras. Pioneering investigations are due to Davies (1969b, 1970a-b, 
1971, 1972a); for an introductory account compare Davies (1976a). Important further 
work on quantum stochastic processes are due to Accardi (1975, 1976, 1978, 1979), 
Lewis and Thomas (1975), Chen (1976), Emch (1975, 1976), Evans and Lewis (1977~), 

Cycon and Hellwig (1977), Cockroft and Hudson (1977), Emch et al. (1978), Hudson 
(1979), Ekhaguere (1979), Lindblad (1979a-b). 

In the further development of the theory of quantum stochastic processes the 
concept of a dynamical semigroup has emerged as the central mathematical object. A 
dynamical semigroup on a W*-algebra A is a a-weakly continuous one-parameter semi­
group {~tlt~} of completely positive, normal identity preserving mappings of A into 
itself. The infinitesimal generator 0 of a dynamical semigroup {~t} is given by 
~t==exp(to); an important problem is to find some canonical representation for o. 
The first result is due to Gorini et al. (1976) who proved that for a factor A of 
type In' n4» , the derivation 0 of any dynamical semigroup admits the representa­
tion Q (A)==KA+AK*+1:nKnAKA, AEA, where K,KnEA. This result has been generalized to 
norm-continuous semigroups on factors of type loa by Lindblad (1976a). The general 
case is not yet settled but important progress has been made by Lindblad (1976b), 
Evans and Lewis (1976, 1977a-b) and Davies (1979a). 

As a paradigmatic example for an open system we can take the 
Markovian relaxation of a system consisting of a single spin one-half. 
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The W*-algebra A3 of this system is generated by the three Pauli matri­

ces LI, L2, L3, so that A3 equals a factor of type 12. The semigroup 

t~St can be derived from a Hamiltonian dynamics of the spin and its en­

vironment by a normal conditional expectation onto A3 • It is given 

uniquely by Bloch's equations of motion which can be taken in their 

standard form 

{d/dt + 1/Tl.} 0' I (t) - WO'2 (t) 

{d/dt + 1/T.l} 0'2 (t) + WO'I (t) 

{d/dt + 1/T II } O'3(t) 0 

where m is the equilibrium value of L3, -1 <m<1 • The constant w is real 

and represents the Zeeman frequency. The relaxation times T.l and Til 

satisfy the relation O<T.ls2T11sCO (compare Emch and Varilly, 1979). 

The convex-state apppoach to genepaZized ppobability 

Many mathematical models used in the behavioral, social and nat­

ural sciences have a common feature: there is a natural notion of mixtupe. 

The appropriate mathematical structure unifying such an investigation is 

the notion of an abstpact convex stpuctupe, first introduced in 1949 by 

Marshall Harvey Stone. Note that the convexity has a theory in its own 

right, quite independent of the theory of linear spaces. According to 

the traditional view, however, the state spaces of classical mechanics 

and of quantum mechanics are linear spaces which acquire a convex 

structure with the usual convex combination of statistical states. 

In the convex-state approach, the statistical states of a phys­

ical system are taken as undefined primitive elements. It is assumed 

that the set of statistical states permits the formation of statistical 

mixtures. The statistical states are taken as elements of an abstract 

convex structure in which no linear structure is presupposed but only 

the operation of forming convex mixtupes has a meaning. A fundamental 

representation theorem by Stone (1949) says that every convex structure 

can be represented as a convex set. 

Convex structures have been used by von Neumann and Morgenstern 

(1944, p.26) in their theory of games and economic behavior. For in­

teresting applications of the abstract concept of convexity to the study 

of color vision and decision theory, compare Gudder (1977). 
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The convex-state approach to statistical physical theories uses 

the set of normalized stCitistical states as basic mathematical object. 

Observables are defined by means of operations on states. This formalism 

unifies the operational methods of axiomatic quantum mechanics, general­

izes the traditional approach, and leaves open the possibility of non­

linear structures for generalized theories. 

References on the convex-state approach 
Axiomatic statistical physical theories based on the affine and topological 

structure of an abstract state space have been introduced by Ludwig (1964, 1967a-d, 
1968, 1970, 1972), Gunson (1967), Pool (1968a-b) and Haag (1969). Developing a the­
ory of quantum stochastic processes (compare Davies, 1969b, 1970a-b, 1971), Davies 
and Lewis (1970) introduced an abstract formulation of the operational approach to 
statistical physical systems where the set of states is represented by a generating 
cone in a real vector space. This approach has been further developed by Edwards 
(1970, 1971a-b, 1972a-b, 1974, 1975) and by Edwards and Gerzon (1970). A generaliza­
tion of the operational approach by Davies and Lewis is due to Gudder (1973b, 1977a-b, 
1979b) and Cornette and Gudder (1974); compare also the related work by Giles (1970), 
Guz (1977b-c), and Cook (1978). The relation between the structure of the convex­
state space and the structure of transition probabilities has been investigated by 
Mielnik (1968, 1969, 1974), Krause (1974), Woiciechowski (1975), Cantoni (1975, 1976, 
1977), Belinfante (1976) and Gudder (1978). 

Important mathematical tools for the convex-state approach are reviewed in 
Alfsen (1971) and in the lecture notes edited by Hartkamper and Neumann (1974). 
From the newer mathematical literature, the characterization of the state spaces 
of orthomodular lattices by Shultz (1974), of Jordan algebras by Alfsen and Shultz 
1978), and of C*-algebras by Alfsen, Hanche-Olsen and Shultz (1980) are of par­
ticular importance. Furthermore we would like to mention the important work byAlfsen 
and Shultz (1976, 1979) on a noncommutative spectral theory for affine functions. 

The axiomatic approach has been further investigated by Dahn (1968, 1972a-b, 
1973), Hellwig (1969), Hellwig and Kraus (1969, 1970a), Stolz (1969, 1971) Neumann 
(1971, 1972, 1974), Cycon and Hellwig (1977). A synoptic but elementary presentation 
of Ludwig's approach is contained in the text by Ludwig (1976). An elementary intro­
duction in the operational approach of Davies and Lewis can be found in the text by 
Davies (1976a). 

The mathematical structure of convex-state approach 

In the convex-state approach to statistical physical theories 

the set S of statistical ensemble states is assumed to be a-convex (i.e. 

countable convex combinations of elements in S exist and lie in S). The 

real vector space V generated by taking the a-convex set S to be the 

base of a generating cone V+ is a Banach space with respect to the natu­

ral base norm (Edwards and Gerzon, 1970). The cone V+ defines a partial 

ordering on V if u~v (u,vEV) is defined to mean that v-uEV+. With this, 

V becomes a partially ordered real Banach space, called the state space 

of the system. A separable complete (V,S) is the axiomatic framework of 

the so-called operational approach to generalized quantum mechanics, in­

dependently proposed by Davies and Lewis (1970) and Ludwig (1970). The 
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Banach-space dual V* of V 1S a complete order-unit space (V*,e) with an 

order unit e (compare Alfsen, 1971, chapt.2). The order unit is a dis­

tinguished linear functional on V which on V+ coincides with the norm 

in V so that the set S of statistical states is given by 

S = {pIPEV+, e(p)=1} 

The vectors in the cone V+ are interpreted as describing statistical 

ensembles, and the order unit e as strength functional such that for 

each PEV+ the number e(p) is proportional to the number of copies of 

the system in the statistical ensemble represented by p. 

An operation T on the system is represented by a positive norm­

increasing linear operator T:V+V. An operation is supposed to represent 

some kind of physical process effecting the ensemble of copies of the 

system in a given state. For each state PEV+, the expression e{T(p)}/T(p) 

is interpreted as the probability that the new state of the system is 

T(p) when before the operation the system was in the state p. 

Each operation T gives rise to an element TEV*, defined by 

T(p)=e{T(p)} for every PEV+, and fulfilling (relative to the partial or­

dering in the dual cone V:) the relation O~T~e. Conversely, every func­

tional in the dual order interval [O,e] arises in this way. Such func­

tionals are called simple observables by Edwards (1970), effects by Lud­

wig (1964), and tests by Giles (1970). The probability of measuring an 

effect T in a statistical ensemble state p is given by the value T(p) 

of the functional T on p. The extreme points of the order interval [O,e] 

are the decision effects of Ludwig, they correspond to the propositions 
of quantum logic. If some additional conditions are fulfilled, the set 

of decision effects is a complete orthomodular lattice with respect to 

the ordering induced by the ordering of V*. In this formalism, observ­

ables can be introduced as effect-valued measures A:L~+[O,e], defined 

on the a-algebra L~ of Borel sets of the real axis R. 

With every system characterized by the Banach space V there is 

associated a alassical system which is represented by the Banach space 

Z(V*)*, the predual of the center Z(V*) of the dual space V* of V 
(Edwards, 1974, 1975). 

Since a symmetry of a system is a transformation leaving all 

significant features invariant, a symmetry v acting on the statistical 
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stCltes, and commutin9' with_ the operation of mixing (Kadison, 1965): 

where O~cs1 and Pl,P2ES. That is, a symmetry is an affine bijection of 

the convex set S of all statistical states. 

First exampZe: pioneer quantum meahanias 

As a first example for the convex-state approach we discuss the 

standard model of pioneer quantum mechanics where the vector space of 

state vectors is a separable infinite-dimensional complex Hilbert space 

H. The statistical states are represented by density operators, i.e. as 

self-adjoint nonnegative nuclear operators of trace one, so that 

S = {OIOEB1(H), O=O*~O, tr(O)=1} 

where B1 (H) is the Banach space of all nuclear operators acting on H, 

with the trace norm IiAI11=tr{(A*A)l/z}. The span ofS is the real, partial­

ly ordered base-normed space of self-adjoint nuclear operators on H, 

v = {VIVEB 1 (H), V=V*} 

The norm of V is given by Ilvlll =tr{ I V I}, while the ordering is defined 

by 

V~O iff (~IV~)~O for every ~EH 

where (. I,) is the inner product in H. The dual V* of V is order-iso­

metrically identified with the Banach space of all bounded self-adjoint 

operators on H, 

V* {AIAEB(H), A=A*} 

where B(H) is the algebra of all bounded operators on H. The order unit 

e is identified with the identity operator 1 in B(H). An effect is re­

presented by an operator FEV* fulfilling OsFs1. The bilinear pairing 

of V and V* is given by the trace, so that tr(OF) is the probability 

for measuring the effect FEV* in an ensemble characterized by the den­

sity operator, OEV. Since the center of B(H) equals the complex numbers, 

the classical system associated with pioneer quantum mechanics is triv­

ial. 

Seaond exampZe: aZas8iaaZ probabiZity theory 

The basic mathematical structure of classical probability theory 

is Kolmogorov's probability space (Q,E,ll) where n is the set of elementa-
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ry events, L is a a-algebra of subsets of Q, and ~ is a countably addi­

tive probability measure. Let Q be a metrizable compact Hausdorff space 

so that the Baire and Borel a-algebras coincide and every Borel measure 

on Q is regular. The generating cone V+ equals the set of positive bound­

ed Borel measures on Q so that the state space V is given as the space 

of real bounded Borel measures on Q. The strength functional e is given 

by 

e(v) = v(Q) vEV 

Instead of using the abstract dual space V· it is more convenient to use 

the space S(Q) of all real-valued bounded Borel functions on Q. There is 

a natural embeddding of S(Q) into V· defined by 

(fiv) = Jf(W)V(dW) 
Q 

vEV fEB(Q) 

This embedding takes positive functions f to positive elements of V·, 
and takes the function v~f(w)=1 to the order unit eEV·. The observables 

of classical probability theory are the bounded Borel functions (for 

more details compare Davies and Lewis, 1970). 

Third exampLe: W*-systems 

If the generating cone V+ is chosen to be the cone of 

positive normal linear functionals on a W*-algebra, then the theory of 

W*-systems is obtained. Let A be a W*-algebra and A. its predual. Then 

the state space V is the space of real elements of A., while V+ is the 

set of positive elements of A., and S equals the set of normal states 

on A. The norm in S is given by 

\\pll = sup{ i p (A) \ : AEA , IIAI\';1}, pES 

With this, (V,S) is a complete base normed space with closed generating 

cone V+. Let V* be the set of self-adjoint elements of A, then (V*,e) is 

the order-unit space dual to (V,S). The order unit interval [O,e] equals 

the set of positive elements A of A such that A,;1, where 1 is the iden­

dity of A. An effect A is a decision effect if and only if A is a pro­

jection. 

In the C*-algebraic approach, a W*-system is just a special case 

of a C*-system. In the framework of the convex-state approach, however, 

a C*-system is a special case of a W*-system. Let C be a C*-algebra with 

identity, and consider C as an algebra of observables in the sense of 
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C*-algebraic quantum mechanics. With this, the state space S is given by 

the set (C*)! of normalized positive linear functionals on C, 

S = (C*)l 
+ 

so that the generating cone V+ of the state space V is given by (C*)+' 

V = (C*) 
+ + 

The real Banach space V is the space C~ of bounded hermitean linear func­

tionals on C 

v = C* 
H 

where C* = C*+iC* H H 

Since the dual C* of the C*-algebra C can be identified with the predual 

A. of the W*-envelope A=C**, a C*-system with the C*-algebra C is a par­

ticular case of a W*-system obtained by choosing the W*-algebra A to be 

the W*-envelope C** of C. As an example, take again pioneer quantum me­

chanics. Considered as a C*-system, pioneer quantum mechanics is charac­

terized by the C*-algebra B~(H) of compact operators on some Hilbert 

space H, C=B~(H). Then the dual C* of C can be identified with the Banach 

space B1 (H) of nuclear operators acting on H, while the second dual C** 

may be identified with the Banach space B(H) of all bounded operators on 

H (Schatten, 1960, chapt.IV). With this, pioneer quantum mechanics can 

also be considered as a W*-system whose W*-algebra A of observables is 

the algebra of all bounded operators on some Hilbert space H, A=B(H). 
References: Edwards (1970, 1971b). 

Remark: Not every W*-8Y8tem i8 al80 a C*-8Y8tem 
In the framework of the convex-state approach every C*-system is a W*-system, 

but not every W*-system is also a C*-system. The reason is that the second dual C** 
of a C*-algebra C is always a W*-algebra containing atoms. Hence the predual A* 
of an atom-free W*-algebra A cannot equal the dual C· of a C*-algebra C. For example 
a W*-system whose algebra A of observables is a factor of type III is not a C*-system 
in the sense of the convex-state approach. 
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4.6 INTERRELATIONS AND SYNTHESIS 

GeneraZized quantum mechanics 

The approaches to axiomatic quantum mechanics we have reviewed 

do not exhaust the current range of extensions of pioneer quantum me­

chanics but they are suffic.iently representative and diverse to show 

that both classical mechanics and pioneer quantum mechanics arise from 

an oversimplification of physics. 

The various frameworks for studying generalized quantum theories 

are based on different primitive elements. Each approach stresses another 

aspect and with this adds new insight into the structure of the theory of 

matter. A common feature of all generalizations of quantum mechanics is 

that nowadays the adjective "quantum" no longer refers to Planck's 

quantum of action but to the existence of incompatible properties. More­

over, all these generalizations are no longer "mechanical", their basic 

concepts do not even refer to the notion of a three-dimensional physical 

space. Spatial notions can be introduced later, if necessary, by an ap­

propriate kinematical symmetry group. 

The three main frameworks are: 

(i) Quantum Zogic, where the primitive elements are called proposi­

tions, and are postulated to be elements of a separable G-com­

plete orthomodular lattice. The logical symmetries are the lat­

tice orthoisomorphisms. 

(ii) Al-gebraic quantum theory, where the primitive elements are called 

bounded observablesj they are postulated to be the self-adjoint 

elements of a C*-algebra. The logical symmetries are given by the 

Jordan *-automorphisms. 

(iii) The convex-state approach, where the primitive elements are the 

epistemic statesj they are postulated to be positive and normal­

ized elements of a Banach space. The logical symmetries are 

given by the affine bijections on the set of all epistemic states. 

References to papers dealing with the interconnections between the various general­
izations of quantum theory 

The relation between C*-algebraic quantum mechanics and Mackey's approach has 
been investigated by Gunson (1967), Plymen (1968a-b), Davies (1968), Deliyannis 
(1969, 1975), Gudder and Boyce (1970), Rlittimann (1970), and Shultz (1977). 

The convex-state approach by Davies and Lewis (1970) has been compared with 
the quantum logic axiomatic scheme by Guz (1978b) and with the algebraic approach 
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by Edwards (1970, 1971b). Chen (1971) has shown that a C*-algebra with identity 
satisfies Ludwig's (1964) axiom of sensitivity increase of effects if and only if 
it is a W*-algebra. 

W*-systems fulfill the axioms of quantum logic, of algebraic quantum theory 
and of the convex-state approach; they have been investigated by Jauch (1960), Jauch 
and Misra (1961), Pool (1968a-b), Cirelli and Gallone (1973), Cirelli et al. (1975), 
Primas and Muller-Herold (1978), and Primas (1980). 

wit-systems 

The three main approaches to generalized quantum theories are 

not equivalent but they have a most interesting and rich intersection: 

the theory of W*-systems. The basic mathematical structure of W*-systems 

is a W*-algebra A with a separable predual A*. w*-systems have a lattice­

theoretical, an algebraic and a state-space characterization: 

(i) A quantum logic is a W*-system if and only if the lattice of 

propositions is given by the projection lattice of a W*-algebra. 

(ii) An algebraic quantum system is a W*-system if and only if the al­

gebra of observables is a W*-algebra. 

(iii) The Banach space generated by the epistemic states of a quantum 

system is the state space of a W*-system if and only if it is 

the predual of a W*-algebra. 

W*-systems not only fulfill all proposed axiomatic schemes, 

they also provide the paradigmatic examples for physical systems. CZass­

iaaZ meahanias is represented by an atom-free commutative W*-algebra, 

while pioneer quantum meahanias is represented by a factor of type I. 

Quantum thepmodynamias is represented by a W*-algebra of type III whose 

center contains the typical observables of phenomenological thermodynam­

ics (like temperature and chemical potential). 

Because of the scarcity of projections in general C*-algebras, 

general C*-systems cannot be connected with quantum logic. On the other 

hand, every W*-algebra is generated by its projections; moreover, the set 

of all projections of every W*-algebra is a complete orthomodular and 

semimodular lattice (Kaplansky, 1951; LoomiS, 1955; Topping, 1967). (Note 

that not every complete orthomodular and semimodular lattice is iso­

morphic to the projection lattice of a W*-algebra, there is not yet a 

purely lattice-theoretical characterization of the projection lattices 

among general orthomodular lattices; compare also sect.5 in Holland, 

1964) • 
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The decisive link between the logical and the W*-algebraic 

approach is given by an isomorphy relation due to Dye ·(1955): every 

lattice-orthoisomorphism of the projection lattice of a W*-algebra 

(without type 12 direct summands) is implemented by a Jordan *-isomor­

phism on the W*-algebra. That is, for a W*-system the symmetries of quan­

tum Logics are exactLy the symmetries of aLgebraic quantum mechanics. 

The convex-state approach assumes that the state space is a 

Banach. spacei it coincides with the algebraic approach if the dual of 

the state space equals the C*-algebra of observables. According to 

Sakai's (1956) characterization of W*-algebras, this is the case if and 

only if the algebra of observables is a W*-algebra. The link between 

the convex-state and the algebraic approach is given by xesults due 

to Kadison (1965) which imply that the Jordan *-automorphisms of a 

W*-algebra A are in one-to-one correspondence to the affine bijections 

of the predual A, which acts as a state space of the epistemic states 

(compare also Bratteli and Robinson, 1979, theorem 3.2.8). That is, for 

a W*-system the symmetries of aLgebraic quantum mechanics are exactLy 

the symmetries of the convex-state approach. 

The reZation between the aLgebraic and the ZogicaZ approach 

The algebraic approach to generalized quantum theory has been 

frequently criticized on the grounds that it has a weak conceptual foun­

dation. Quantum logic, on the other hand, is conceptually well-founded 

but it lacks the powerful mathematical tools of the al~ebraic approach 

Hence it is worthwhile to investigate under what conditions these two 

approaches can be related. 

The self-adjoint and idempotent elements of a C*-algebra are 

called projections. In every C*-algebra one can partially order the pro­

jections by specifying that F~G means FG=F (dr, equivalently, GF=F). 

However, it is known that a C*-algebra may possess no projections at 

all. Moreover, even if a C*-algebra possesses many projections they do 

as a rule not form a lattice. In order to connect the C*-algebraic 

approach with the lattice theoretical approach, the following two 

minimal requirements for the C*-algebra A of observables have to be 

fulfilled: 

(i) each maximal commutative C*-subalgebra of A is generated by its 
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projections, 

(ii) in the partially ordered set of projections of A, every collec­

tion of mutually orthogonal projections has a supremum. 

A C*-algebra fulfilling these two conditions is called an AW*-algebra 

(Kaplansky, 1951). Postulate (i) guarantees a large supply of pro­

jections such that every observable can be interpreted in terms of the 

elements of a Boolean algebra. Postulate (ii) is a necessary condition 

for the projections of A to form a complete lattice, In fact, Kaplansky 

(1951) proved that the projections in every AW*-algebra form a complete 

lattice. Moreover, the projection lattice of every AW*-algebra is ortho­

modular, whereby the orthocomplementation F+F~ is given as usual by 

F~=1-F (compare Maeda and Maeda, 1970; Berberian, 1972). 

Every W*-algebra is an AW*-algebra but the converse is false. 

There exist commutative AW*-algebras which are not W*-algebras, and 

there exist type III AW*-factors which are not W*-algebras. However, 

every type I-AW*-factor is a W*-algebra. 

In the commutative case the difference between AW*-algebras and 

W*-algebras is familiar from the theory of Boolean algebras. The pro­

jection lattice of an AW*-algebra A is a complete Boolean algebra which 

is a measure algebra if and only if A is a W*-algebra. This situation 

generalizes to noncornrnutative AW*-algebras. Pedersen (1972) has shown 

that an AW*-algebra with a separating family of completely additive 

states is a W*-algebra (compare also Pedersen, 1979, sect.3.9). An AW*­

algebra is said to be wild if the only positive functional on A that is 

normal on projections is the zero functional. Wright (1979) has shown 

that every AW*-algebra can be decomposed (by a unique central projec­

tion) into a wild AW*-algebra and a W*-algebra. In particular, every 

AW*-factor is either wild or a W*-factor. If we insist on the possibil­

ity of a statistical interpretation of quantum logic, we need probabil­

ity measures (in the sense of Kolmogorov), hence normal states. Accord­

ingly, the only AW*-algebras that admit a statistical interpretation in 

terms of Kolmogorov's probability theory are the W*-algebras. In this 

sense, the C*-algebraic approach coincides with the quantum-logical 

approach if and only if the C*-algebra is a W*-atgebra. 

An appealing motivation for the use of orthomodular lattices in 
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quantum logics: IS that It perlllits us to cOlllb.I.ne the cOlllpatIble Boolean 

algebras of the various possible classical theories into a transitive 

partial Boolean algebra (compare the summary given in Primas, 1980, 

sect.4.2). This approach can be phrased in terms of the following 

characterization of a W*-algebra due to Pedersen (1972; 1979, sect. 

2.8): a C*-atgebra A is a W*-atgebra if and onty if every maximat 

commutative C*-subaZgebra of A is a W*-atgebra. In a given universe 

of discourse every set of mutually compatible propositions defines a 

context amenable to a classical description. A maximal context (given 

by a maximal set of mutually compatible propositions) is represented 

by a Boolean measure algebra. Every such Boolean measure algebra is 

orthoisomorphic to the projection lattice of a W*-algebra. The smallest 

W*-algebra containing all the commutative W*-algebras of the maximal 

contexts of the universe of discourse is the algebra of observables. 

Conversely, every minimal commutative W*-subalgebra of the W*-algebra 

of observables characterizes a feasible maximal context in the uni­

verse of discourse. 
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An;to.{.ne de Sain:t-Exup~y, 1939 

5.1 REEVALUATION OF THE PARADIGMS OF THEORETICAL CHEMISTRY 

For decades, the presuppositions of pioneer quantum mechanics 

have served as paradigms for theoretical chemistry. Numerical quantum 

chemistry has become the natural way of looking at problems for most 

theoretical chemists. As stressed by Ludwik Fleck (1935) and Thomas 

S. Kuhn (1962), a paradigm on the one hand acts as a method by means of 

which facts are observed, interpreted and organized. On the other hand 

every paradigm acts also like a blinder. The snag is that the rules im­

posed by a paradigm are implicit and not recognized as tentative work­

ing hypotheses. In contemporary chemistry, the rules of pioneer quantum 

mechanics operate automatically, and a good theoretical chemist has be­

come a person who feels that he is doing the obvious thing when using 

pioneer quantum mechanics to solve a chemical problem. 

Since we are emotionally attached to things with which we are 

familiar and which give us pleasure, it is understandable that the re­

peated failure of a paradigm has as a rule little effect on the tenacity 

of our expectation that the failure is just apparent and caused by, say, 

obscure data or confused thinking. For example, not many contemporary 

theoreticians admit that we do not have a coherent theory of molecular 

structure. Most chemists just refuse to see that the Einstein-Podolsky­

Rosen correlations predicted by pioneer quantum mechanics compellingly 

exclude any classical concept of molecular structure. The paradigms of 

contemporary quantum chemistry keep the researcher on a productive 

course by preventing him from wasting time with the hard problem of the 

omnipresence of Einstein-Podolsky-Rosen correlations. Nevertheless, 

these correlations do not cease to exist because the current paradigms 

play them down. 

In spite of all the efforts, pioneer quantum mechanics fails 

to explain classical phenomena. This is one reason why there is 



5.1 ReevaZuation of the Paradigms of TheoretiaaZ Chemistry 251 

much more to chemistry than pioneer quantum mechanics can explain. As a 

result of the rise of generalized quantum theories which have overcome 

the dualism between pioneer quantum mechanics and classical mechanics, 

we are provided with new tools permitting a new approach to theoretical 

chemistry. The various approaches to generalized quantum theories (re­

viewed in chapter 4) should make it clear that there is no unique formal­

ism generalizing both pioneer quantum mechanics and classical mechanics. 

Every consistent generalization presumably can be used as an improved 

theoretical foundation for the natural sciences. There is no question of 

accQpting "thQ OOrrQO~ ~h~ory", and rejecling "lhe false ones". Since no 

theory can be inferred from empirical data, there is an element of choice 

and invention l:.nvolved. We certainly use, among other things, pragmatic 

and aesthetic criteria, so that human creativity plays an important role 

in choosing the basic theoretical structures. 

Moreover, the generalized quantum theoretical formalisms which are 

at our disposal are not enough by themselves, they have to be interpreted. 

A generalized quantum theory without an interpretation is a theory with­

out sense. We have to know what our theories are about. Technically speak­

ing, we should know the referent of our theories. We should not forget 

that science is fundamentally related to philosophy. Not worrying about 

philosophical questions in science is too cheap a solution. 

Naturally, a chemist would like to have a theory about substances 

and molecules, a theory which gives a correct account of typical phenome­

na in the realm of chemistry (among many other things such a theory would 
include chemical taxonomy, chemical thermodynamics, chemical kinetics and 

chemical system theory). The interpretation should provide a language which 

t.5. appropriate to the phenomenology of chemical reality. Contemporary quan­

tum chemistry is not such a theory for it is neither good chemistry nor 

good physics, The fact that contemporary quantum chemistry has an impres­

sive empirical corroboration does not mean too much since every theory 

can be compared with experiments only by using the theory's own inter­

pretative framework. The problem with contemporary quantum chemistry is 

not that it is false (nowadays, that would be no problem at all) but that 

often it is not appropriate. In theoretical science we are looking for 

explanations, and explanations are answers to questions. But these 

questions must make sense within the chosen theoreticaZ framework. 

We have to respect the fact that chemistry has its own legitimate 
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area of activity and that it has autochthonous concepts. It cannot be 

the task of theoretical chemistry to narrow down the scope of scientific 

inquiry by eliminating all genuine chemical concepts. 

Contemporary quantum chemistry is based on pioneer quantum mechan­

ics and reflects the dogmas of this approach. Many of the difficulties 

associated with the interpretations of pioneer quantum mechanics are 

created by philosophical preconceptions which we are free to discard as 

inconvenient ideologies. For example, we are free to give up operation­

alism (i.e. the view that the concepts used in scientific statements must 

be defined in terms of identifiable and repeatable operations), and we 

are free to give up logical monism (i.e. the view that there is only one 

kind of logic, and, more particularly, the assumption that the logical 

structure of a theory must be the same as that of its metatheory) . 

We are free to reject many preconceptions but we cannot avoid to 

adopt some regulative principles to fix the interpretation of generalized 

quantum theory. Regulative principles are normative rules of a metaphys­

ical nature, hence not susceptible of experimental proof or disproof. 

However, the vital spark of a theory is closely linked with the regula­

tive principle adopted. For example, there exist neither an empirical nor 

a logical necessity to adopt realism, i.e. the metaphysical view that 

some entities are real in their own right and exist independently of 

their being known. But are we really allowed to treat theories in iso­

lation from the rest of science and our culture? If we give up realism, 

we get into trouble. There is no clear-cut transition from micro-

physics to macrophysics, so it would be inconvenient to use different 

regulative principles when speaking of electrons, atoms, molecules, macro­

molecules, enzymes, biological cells, bacteria or crystals. We all think 

that it is sensible to speak of chairs, books and animals as objectively 

existing entities, existing independently of our knowledge of them. Hence 

a reasonable and consistent unified language for theoretical chemistry 

will have to choose its regulative principles in such a manner that the 

fair requirements of a moderate realism are fulfilled. That is, every­

thing which is practically real should appear as objectively real in the 

theory. 

We shall therefore arrange our theoretical discussion in such a 

way that it is about objectively existing entities. In a more technical 
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language this means that we adopt an ontia interpretation of generalized 

quantum theory. Many physicists and philosophers have claimed that a 

consistent ontic interpretation of quantum mechanics is impossible. This 

view is wrong. The main problem in adopting realism as a regulative 

principle for quantum mechanics was pointed out already by Einstein, 

Podolsky and Rosen in 1935 (compare sect.3.?). The existence of Einstein­

Podolsky-Rosen correlations implies that nature is holistic so that the 

class.ical mode of investigating nature by compartmentalization is no 

longer defensible. 

We accept the existence of Einstein-Podolsky-Rosen correlations 

as experimentally confirmed (compare sect.3.?). Hence we cannot anymore 

adhere to the old dream of a s.ingle frame of reference that permits 

us to eliminate the pluralism of physical, chemical and biological 

theories. We can break the holistic symmetry of the world only if we 

abstract deLiberateLy from some Einstein-Podolsky-Rosen correlations. 

Without such an abstraction there are no phenomena. There are no 

entities in our world which have observable attributes independently of 

any abstraction. ObservabLe phenomena are created by abstracting from 

some Einstein-PodoZsky-Rosen correLations. Using different abstractions, 

one observes different phenomena. Each abstraction creates its own reality. 

This concept of reality is objective since it is intersubjective: every­

body who makes the same abstractions gets the same observable phenomena. 

The idea that experienced reality is conditional and abstraction­

dependent is hardly new but is in fact part of our culture. It is true 
that this idea has been tacitly suppressed by the theoretical framework 

of nineteenth century physics (which still dominates present scientific 

thought) so that its. reappearance :i:.n a new quantum-theoretical dress:i:.ng 

is perceived as a radical change in our attitude toward science, as a 

paradigm shift. 
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5.2 THE LOGIC OF PROPERTIES 

Primitive concepts 

Innocent theories of natural phenomena begin with entities whose 

existence is assumed to be indubitable since they are supposed to be 

given in immediate experience. This approach haa been superseded, 

we challenge the alleged primacy of facts inasmuch. as there are 

no bare facts. Moreover, we know that modern science presents us with a 

much richer reality than we are familiar with from everyday life or 

classical physics. We are looking for a theoretical framework which is 

suitable for any system of whatever size and complexity, which encom­

passes all genuine results of classical physics and pioneer quantum me­

chanics, and which can be conditioned by a variety of contexts. 

Every theoretical framework must start with some undefined con­

cepts which need no further explanation and can be taken as granted 

without proof, definition or analysis. Such concepts are called primitive 

concepts. Outside the theoretical framework considered, we may have 

an intuitive understanding of primitive concepts and we may discuss them 

in terms of a metalanguage. Within the framework itself, primitive con­

cepts have no concrete a priori meaning, but we hope that in the course 

of the further development of the theory they will give rise to a mean­

ingful structure and to operationalized concepts. This situation is dif­

ficul t but unavoidable. "Ju.ot go on., a.n.d 6aith w.i:.U SOon. Jte:tllJtn.", as Jean Le 

Rond d'Alembert (1717-1783) is supposed to have assured a hesitating friend. 

We take the notion of property as a primitive concept. On a non­

formal intuitive level, we imagine that properties represent inherent 

traits of the universe of discourse. Instead of "universe of discourse" 

we often use the linguistically more convenient (but philosophically 

dangerous) term system. In the following discussion, the notion "system" 

always includes a "definite way of looking" and never means a Kantian 

transcendental "system-in-itself". Nevertheless, we try to adopt a real­

istic and objectivistic view by relating the concept of a property to 

elements of an objective reality. That is, we associate properties to 

entities having (in an appropriate sense) real being. As a guiding rule, 

we require that whenever we are able to derive a cZassical theory from 

the basic theoretical framework, we use this subtheory in its almost 

universally accepted traditional realistic interpretation. 
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In the technical jargon, we say that we adopt an ontic interpre­

tation. Such an interpretation may not satisfy the extreme operational­

ists or positivists, but we do not care. All we care about is that an 

ontic interpretation is a logically permissible albeit not necessary 

way of talking. No doubt other strategies are available. All we claim 

is that the ontic interpretation is a sound and viable option. 

Propositions about properties 

To every property f we associate a proposition F such that 

if Fist true, we say the system has the property f, 

if F is false, we say the system does not have the property f. 

This normative rule will lead to a realist interpretation. What is de­

cisive, is that we do not assume that every proposition is either true 

or fal-se. That is, in a terminology introduced by Healey (1979), we re­

ject a "naive realist interpretation". 

If g is a generic term subsuming the property f, we say that the 

property f implies the property g (compare also Kanthack and Wegener, 

1976). If a property f implies a property g, we write for the correspond­

ing propositions FsG, 

FsG iff "F is true" implies "G is true" 

Two properties which imply each other are called equal-, and we write 

F=G iff FsG and GsF 

A property which is not implied by another property of the system is 

called an atomic property, and the corresponding proposition is called 

an atom. 

To every proposition F we associate another proposition F~ such 

that whenever F is true then F~ is false, and if F is false then F~ is 

true, 

"F is true" implies "F~ is false". 

Logic and time 

The feasible propositions of the universe of discourse constitute 

the raw material for the logic of properties. We have to distinguish two 

kinds of propositions: temporal propositions and timeless propositions. 

Temporal- propositions stand for tensed statements, they refer to a par­

ticular time and their truth-values may vary with time. TimeLess prop­

ositions are true or false without any reference to time. The timeless 
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propositions characterize the system, whereas the truth-values of the 

temporal propositions characterize the state (at a particular time) of 

the system. 

We cannot help but use an unreflected concept of time. The notion 

of time is mysterious and our understanding of it is inadequate. More­

over, in all Indo-European languages verbs are tensed hence we have the 

fundamental difficulty - already stressed by St.Augustine (354-430) -

that we cannot discuss time without referring to time. 

References: The nature of time 
Many results of the research on the nature of time can be traced from the 

surveys edited by Fraser (1966, 1975), Gold (1967), Zeman (1971), Fraser et al. 
(1972, 1978), Fraser and Lawrence (1975). Compare also the monographs by Reichen­
bach (1928, 1956), and by Grunbaum (1964). 

Salecker and Wigner (1958) claimed that no accurate clock can be 

of microscopic size. In the following, we naively assume the existence 

of macroscopic clocks outside our universe of discourse, and our no­

tion "time" always refers to such external clocks. That is, we consider 

historical time not as an observable within our theoretical framework 

but as a fundamental trait of the external world. In order to formulate 

"if - then" relations, we need an "earlier - later" relationship. We 

assume that the relations "earlier than" and "later than" have a signif­

icance apart from any human conscious awareness of events coming into 

being, and define the "past" as the image of earlier time as remembered 

by a memory. That is, we presuppose the existence of memories so that we 

can give a mind-independent definition of the anisotropy of time as 
follows. If any memory M contains an event El but not the event E2, and 

if the memory M is contained in a memory M' that contains both events El 

and E2, then we define the event El as being earlier than the event E2• 

Aside: Time and oonsoiousness 
The concepts "event" and "temporal order" are reCiprocally related, each being 

essential to the other. The one-sideness of time is akin to the coming into being 
of events. Becoming is a change from the status of being potentially possible to 
the status of being factual, but becoming is also the passage from the future to 
the past. While Newton proposed the idea that "time" exists in its own right, Kant 
(in his Critique of the Pure Reason) came to the conclusion that our idea of time 
is merely a part of our mental apparatus for imagining the world. There exists a 
notion of time that is derived from introspection! this introspective notion of 
time exists on a subjective level, as a category of our conscious mind. Furthermore, 
the "awM.ene.6.6 06 wha.t:. we. today c.a.U .time. .6e.em6 to be. de.pende.nt on the. 6Wic..ti.0tU.ng 
06 OUlt C.OY!.6c..i.oUA mind" (Franz, 1966). It seems to be difficult not to agree with 
Denbigh (1972) who regards "the. ClUteM.C}y! 06 be.60lte. and a6te.1t whic.h .iA 066e.Jte.d 
by c.0Y!.6c..i.oUAne..64 £l4 having pJUma.c.y ove.Jt any ClUte.Jt.ion 066e.Jte.d by 4c..ie.nc.e.". Hermann 
Weyl has put forward the thesis that physical events are already there and do not 
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happen; when we speak of "coming into being" we refer to something which depends 
on the presence of a conscious awareness. "Orr1.y the COI1.6UOU.MtU.6 :tha;t pa.6.6U on 
in one poM;.i.on 06 .thM wodd expeJLiencu the detached piece which comU to meet 
U, and pa.6.6U behind U M h.i..6tolLY" (Weyl, 1922, p.127). 

The crucial issue which we have to face is as follows: is time constitutive 
in the sense that it regulates the rate of natural processes, or is time relational, 
i.e. are events prior to time so that time is a concept derived from events? In 
quantum mechanics, the answer to this question depends on the interpretation 
adopted. From an external point of view (e.g. in Bohr's interpretation of quantum 
mechanics), time has to be considered as constitutive. In a fundamental theory the 
relational view sounds quite allw;ing. As: a non~B'oolean theory·, quantum theory 
makes a distinction between the potentially possible and the actual. The existential 
status of future events is that of the potentially possible, whereas past events are 
factual. In the Everett interpretation of pioneer quantum mechanics, an event is 
the same as the splitting of a state into classically inequivalent states; coming 
into existence means to be on one of several possible branches. In the 
Everett interpretation, coming into existence is the same as becoming aware 
of being on a certain branch in the Everett world. consciousness is a classical 
property, coherent superpositions of observers' consciousness in different branches 
are impossible. My consciousness labels my branch in the Everett world. A conscious 
being travels along his branch in the Everett world. In this sense, consciousness 
and events imply time. 

In the follOWing we do not adopt the illuminating but exorbitant Everett in­
terpretation. Yet the above discussion indicates that quantum events define a tempo­
ral order. There could be no historical time if they were no happenings. Adopting 
an external point of view we have to make assumptions that amount to a distinction 
between future and past since no external observation of a system is possible with­
out introducing a time asymmetry. Every deep analysis of the "earlier - later" re­
lationship has to be related to s~e fundamental theory· of observations (such as the 
notorious "measw;ement process" of pioneer quantum mechanics). 

DifficuLties ~ith Einsteinian reLatiVity 

In the following we will base the theoretical framework on the 

temporaL Logic of the propositions about th.e properties of a system. 

The philosophical merit of a temporal logic lies in the fact that it 
accounts for the incompatibility of potential properties of quantum 

systems in a fundamental way. In such an approach to physical theories, 

there is no longer any deep-seated connection between quantum logic and 

Newtonian mechanics. A priori, there is not even any connection be­

tween quantum logic and the three-dimensional physical space. Yet, the 

Galilean space-time structure can easily be introduced into temporal 

quantum logic by declaring the Galilei group to be a k.inematical group 

which has to be represented by the symmetries of the theory. 

Einsteinian space-time is conceptually much more difficult. While 

Galilei transformations only lead to a dynamization of space, Lorentz 

transformations lead in addition to a spatiaLization of time. If the 

space coordinates are represented by nonclassical observables (as is 
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the case in pioneer quantum mechanics), then a spatialization of time 

turns time into a physical quantity which is not compatible with every 

other physical quantity. Such a time cannot be used as an ordering pa­

rameter in a temporal logic. 

The Einsteinian relativistic viewpoint is in harmony with any 

classical temporal logic (represented by some Boolean lattice), 

but it is at odds with temporal quantum logic (represented by some non­

distributive lattice). That is, the amalgamation of Einsteinian relativ­

ity with quantum theory is an unsolved aonaeptuaZ problem. Contemporary 

quantum logics shows no holistic effects connecting events at different 

instants of time. 

Is a gZobaZ temporaZ Zogia of properties possibZe? 

Recall that an epistemia interpretation of a theory refers to 

our knowledge. As opposed to that, an ontia interpretation refers to 

real being, it asserts that the propositions of the theory refer to 

properties of the object system itself. While an epistemic interpreta­

tion deals with the relationship between object and subject, an ontic 

interpretation agrees with the view that fundamental theories should 

deal with the objective world rather than with our knowledge of 

it. 

The referent of a theory stands for that which a theory is about. 

If the referent of a theory is an individual object, we speak of an 

individuaZ interpretation. If the referent is a fictitious ensemble of 

replicas, we speak of a statistiaaZ interpretation. One can always turn 

from an individual interpretation to a statistical inter~retation by 

applying the individual interpretation to a Gibbsian ensemble. 

If we want to represent the world, then a statistical and epi­

stemic interpretation may be adequate. If we want to understand the 

world in terms of imaginative and intuitive concepts and finally to 

explain it, an individual and ontic interpretation of the basic the­

oretical framework seems to be indispensable. 

Question: Is it possible to choose an individual and ontic inter­

pretation of generalized quantum theory? Answer: Yes, provided we accept 

that the temporal logic of properties is non-Boolean. 
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Question: Is it possible to des.cribe individual objects in spite 

of the unbroken wholeness of nature? Answe~: Essentially yes, but the 

existence of Einstein-Podolsky-Rosen correlations gives us a hard nut 

to crack. We are forced to break with an old tradition: the idea that 

nature can be investigated by compartmentalization. The classical notion 

of the analyzability of nature into separately exist:):n9" parts has. to be 

replaced by the notion of the context-dependence of every description 

so that theory and experiment cannot any longer be separated. 

Question: Is it possible to deduce the phenomenological theories 

of physics ahd chemistry from some fundamental theory? Answe~: Yes and 

no. Certainly chemistry cannot be derived from physics. Yet, there is 

a more general theoretical scheme than physics in which all know non­

relativistic physical theories and all formalized chemical theories can 

be embedded in a natural way as subtheories. At present the precise 

embedding function can in most cases be only guessed at. 

In the following sections we sketch a purely algebraic formulati~n 

of a univers.al theoretical framework for nonrelativistic phySiCS and 

for chemistry which is completely independent of any Bohrian correspon­

dence considerations. We will adopt an individual and ontic interpreta­

tion, and posit that every system is in a definite ontic state even if 

no information about the system is available. 
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5.3 ORTHOMODULAR TEMPORAL LOGIC AND ITS ONTIC INTERPRETATION 

The partial Boolean structure of temporal logic 

Quantum logic provides a unified and explicitly formulated frame­

work for the scientific study of nature, it is a mode of description 

which takes the wholeness of nature into account in a natural way. It 

can be developed in an abstract way which owes little to the historical 

development of quantum theory. 

As discussed in section 4.4, orthomodular logic generalizes the 

Boolean logic of classical theories and the Hilbert logic (given by the 

lattice of all closed subspaces of a Hilbert space) of pioneer quantum 

mechanics. Algebraically, an orthomodular logic is characterized by a 

separable. complete and orthomodular lattice L (compare also Primas, 

1980, sect.4.2). In a temporal logic, the elements of L are interpreted 

as temporal propositions pertaining to the properties of the system. The 

partial order ~ in L is interpreted as the implication (i.e. F~G iff 

"F is true" implies "G is true"), while the orthocomplementation F-+F.l 

in L is interpreted as negation (i.e. "F is true" iff "F.l is false"). 

Recall that two elements F,G in L are called orthogonal if F~G.l. The 

lattice L is called separable if every subset of mutually orthogonal 

elements in L is countable. 

A more detailed interpretation of an orthomodular temporal logic 

L is induced by the interpretation of the partial Boolean structure of 

L (compare also Primas, 1980, sect.4.3). Every Boolean sublattice of the 

orthomodular lattice L is considered as a feasible Boolean frame of ref­

erence which admits the usual ontic interpretation of classical theories. 

In the ontic interpretation of a classical theory one stipulates 

that the system always is in a state with respect to which every tempo~ 

ral proposition is truth-definite (i.e. every proposition is either true 

or false). Clearly s,uch a "principle of excluded middle" for the temporal 

propositions of an a.rb.itra.ry system is, no logical necessity. The view 

is possible for classical systems since the logic of temporal pro­

positions is Boolean and all propositions are mutually compatible. 

For a general orthomodular logic one says that two propositions 

F,G are compatible, written F~G, if the orthocomplemented sublattice 
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generated by {F,F1,G,G1 } is Boolean. Two propositions which are not com­

patible are called incompatible. 

With any two propositions F,GEL of an orthomodular logic L we asso­

ciate a proposition C(F,G}EL by 

C(F,G} d~f (FAG) v (FAG1 )v (FLAG) v (F1AG1 ) 

Piron (1964) has shown that the proposition C(F,G} has the following re­

markable properties: 

(i) C(F,G} E if and only if F*G 

(ii) C(F,G} ~ F and C(F,G}*G 
def 

(iii) Fc * Gc where FC = FAC(F,G} , GC=GAC(F,G} 

If FAG~O, then there exists a state p with p(FAG}=1, so that p(F}=p(G}=1. 

That is, there exist states in which F and Gare simultaneously 

truth-definite in spite of the fact tnat they are incompatible. In such 

states the proposition C(F,G} necessarily has to be true and that is possi­

ble if and only if C(F,G}~O, where 0 denotes the absurd proposition 

which is always false. With this, the proposition C(F,G} measures the 

degree of incompatibility of the two propositions F,G (compare also 

Emch and Jauch, 1965). In particular, we call two propositions F,G maxi­

mal incompatible if C(F,G}=O, so that there is no state with respect to 

which F and G can be simultaneously truth-definite (compare also Harde­

gree, 1977). Hence, if r,G are maximally incompatible and if r is 

truth-definite with respect to some state, then G is neither true nor 

false with respect to this state. It easily follows that two proposi­

tions F,G are maximally incompatible if and only if they are "in posI­

tion p" in the sense of Dixmier (1948), i.e. if 

FAG FAGl = FLAG = F1AGl = 0 

Note that in the terminology of pioneer quantum mechanics, compatible 

properties aJ;e a lolay'S. simultaneously measurable, maximal incompatible 

properties never, while incompatible (but not maximally incompatible) 

properties sometimes are and sometimes are not simultaneously mea­

surable. 

The crucial difference between classical and quantum theories 

is the existence of incompatible properties in quantum systems though 

the existence of incompatible properties is by no means a discovery of 

quantum physics. Incompatible properties have a priori nothing to do 
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with Planck's constant of action, they are all about us if we only care 

to look. A system possessing incompatible properties exhibits a holistic 

behavior. On the other hand, the wholeness of nature implies that its 

temporal logic is not Boolean. Since the Hilbert logic of pioneer 

quantum mechanics admits no homomorphism into any Boolean algebra, 

there exists no single Boolean description of nature but only mutually 

complementary classical descriptions of some aspects of nature, each 

being given by a Boolean logic. 

Our thinking is hardly independent from our biological evolution. 

The evolutionary development seems to have had a preference for clear­

cut yes-no decisions so that we are in some way biased in favor of Bool­

ean reasonings. If we want to understand nature properly, we must free 

ourselves from unfounded Booleanizations which lead to a simple-minded 

black-and-white account of nature. On the other hand, it would be unwise 

to believe that we can jump over our own shadow. Fortunately, a non-Bool­

ean orthomodular logic still has a strong partial Boolean structure which 

allows us to transfer the familiar ontic interpretation of the classical 

theories to nonclassical theories with an orthomodular temporal logic. 

Quantum logic provides a global description which in case of an 

orthomodular logic L can be represented by structured families of loca~ 

Boolean descriptions, called Boolean atlases (Domotor, 1974). Any local 

Boolean description is given by a Boolean sublattice 8 of the temporal 

logic L. Two Boolean sublattices 8 1 , 8 2 of L are said to be compatib~e 

if either 81~82 or 82~Bl' otherwise they are called incompatible. Two 

Boolean sublattices BI , 8 2 whose intersection is trivial (i.e. equals 

the Boolean algebra consisting of the minimal element 0 and the maximal 

element E only) are called maximaUy incompatible. A Boolean sublattice 

of L which is not properly contained in any other Boolean sublattice of 

L, is called maximally Boolean.Note that two different maximal Boolean 

sublattices of L are not necessarily maximally incompatible. An orthomod­

ular logic is not a disjoint collection of Boolean logics but there is a 

strong coherence between its Boolean sublattices. The intersection of 

two incompatible, but not maximally incompatible Boolean sublattices 8 1 , 

8 2 is always a Boolean sublattice which is compatible both with 8 1 and 

with 8 2 • With this the orthomodular logic L becomes a partial Boo~ean 

algebra. In a partial Boolean algebra the Boolean operations are not 
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defined between every pair of propositions, but when they are defined, 

they have their usual classical interpretation. 

Conversely, one can start to describe the universe of discourse 

locally,'with the help of classical descriptions. Every classical de­

scription is characterized by a separable and complete Boolean algebra. 

Since such Boolean descriptions are incomplete, we need a whole family 

of complementary descriptions, given by mutually incompatible Boolean 

algebras. The various descriptions overlap so that a partial ordering 

can be introduced into the family of all feasible Boolean partial de­

scriptions of the universe of discourse. If in this family the relations 

F~G, G~H imply that F~G hence F~H, then it is called a transitive partial 

Boolean algebra (a concept introduced by Kochen and Specker, 1965a). 

This assumption guarantees the needed coherence between the various 

Boolean atlases. In this case it can be shown that the family of all 

feasible Boolean partial descriptions of the universe of discourse 

forms in fact a separable complete orthomodular lattice (for more de­

tails and references, compare Primas, 1980, sect.4.2). 

The ontic interpretation of temporal logic 

In classical theories it is formally consistent to make the onto­

logical claim that these theories are about objects of a certain kind, 

each of which has an autonomous status and can be described exhaustively 

in terms of its properties. An ontic interpretation of a classical the­

ory with a Boolean temporal logic B stipulates that all propositions of B 

are truth-definite so that at every instant every proposition of B is 

either true or false, tertium non datur. With this, there exists at every 

instant of time t a truth-function Tt which says for every proposition 

FEB whether it is true or false. Using the convention 

iff F is true at time t 

o iff F is false at time t 

we call the truth-function Tt:B~{0,1} the ontic state of the classical 

system at time t. 

By definition, a truth-function complies with the rules of clas­

sical logic. That is, in a classical theory an ontic state is a Boolean 

homomorphism Tt:B7B2 from the Boolean algebra B of the temporal propo­

sitions of the system into the Boolean algebra B2 ={0,1} consisting of 

the truth values 0 and 1. It is a mathematical fact that in general an 
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orthomodular lattice L admits no homomorphism into the Boolean lattice 

B2 of the two truth values. This circumstance makes the formulation of 

an ontic interpretation of non-Boolean theories more cumbersome but by 

no means impossible. 

In holistic theories we can. no longer assume that every 

potential property of the universe of discourse is truth-definite. Pro­

positions which are true at time t correspond to actuaZized properties 

the system has at time t. Properties which are neither true nor false 

at time t correspond to potential properties not actualized at time t. 

Consequently, a truth~function is not defined for all propositions 

of a temporal logic L but only for those propositions of L which corre­

spond to actualized properties. 

A function on some subset V~L is called a partiaL functionaZ on 

L. A partiaL truth function on L assigns the truth-value 0 or 1 to pro­

positions corresponding to actualized properties but assigns no value 

to a proposition associated with a potential but not actualized property. 

The set of all propositions to which a truth-function assigns values is 

called the domain V of this truth-function. Since a truth-function is an 

assignement of the truth-values 0,1 to the propositions in V such that 

the rules of classical logic are fulfilled, the domain V has to be at 

least an orthomodular lattice (but neither necessarily distributive nor 

a-complete). Accordingly, a partial truth-function on an orthomodular 

logic L is a pair (V,l) consisting of an orthomodular sublattice V~L and 

an ortholattice homomorphism 1:V~B2 from the domain V onto the Boolean 

algebra 8 2 of the two truth-values 0 and 1. 

Since every Boolean lattice admits an everywhere defined truth 

function, it seems to be reasonable to expect that the domain V of a 

partial truth-function on an orthomodular logic L always contains a 

maximal Boolean sublattice B of L, B~L. But there are no reasons to think 

that the maximal domain of a partial truth-function cannot be larger than 

a maximal Boolean sUblattice. In fact, as a rule the domain of a partial 

truth-function can be extended to a nondistributive orthomodular lattice 

containing a maximal Boolean algebra. Let 11, 12 be partial truth-func­

tions on L with the domains VI, V2• If V2~VI' and if 12 coincides on VI 
with 11, then we say that 12 is an extension of 11. A partial truth-func­

tion is called maximaL if there exists no proper extension of it. 
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The ontic interpretation of an arbitrary orthomodular temporal 

logic L posits that at every instant t the actualized propositions of 

L equal the domain Vt of a maximal partial truth-function Tt on L. The 

ortholattice homomorphism Tt:Vt~82 is called the ontic state of the sys­

tem at time t. The domain Vt of the ontic state Tt consists of those 

propositions which correspond to properties actualized at time t. 

Remazok: Unsolved mathematical problems 
For every partial truth-function there exist (in virtue of Zorn's lemma) ex­

tensions to maximal domains, however the characterization of conditions warranting 
the uniqueness of an extension is very difficult. For the special case of a projec­
tion lattice L of a W*-algebra, it is known that if T is a a-lattice-orthoisomorphism 
from a maximal a-complete Boolean sublattice BeL to 82 , then there is a unique ex­
tension of T toa maximal partial truth-function. If an ontic state Tt is a a-homo­
morphism, we speak of a normal ontic state, if Tt is not a a-homomorphism, we say 
that Tt is a singular ontic state. The case of singular ontic states is conceptually 
important but mathematically far more difficult than the case of normal ontic states. 
These problems are presently under detailed investigation (Raggio, 1981). 

The intersection of all Boolean sublattices of a a-complete ortho­

modular lattice L is called the center Z(L) of Li it is a a-complete 

Boolean algebra. The elements of the center Z(L) of a temporal logic L 
are called classical propositions, they correspond to the classical prop­

erties of the system. A system whose temporal logic L is identical with 

its center, Z(L)=L, is called a classical system. A system with trivial 

center (consisting of only the absurd and the trivial propositions) is 

called purely quantal. The center of any temporal logic is contained in 

the domain of every maximal partial truth-function, so that in the 

ontic interpretation classical propositions are truth-definite at every 

instant. Two ontic states on a temporal logic L are called classically 
equivalent if their restrictions on the center of L are equal. That is, 

the ontic statesTt and Tt are classically equivalent if and only if 

Tt(F)=Tt(F) for every classical proposition FEZ(L). 

The concept of an ontic state applies to quantum systems as well 

as to classical systems, it refers to individual systems (e.s opposed 

to an ensemble of systems) and is independent 0f any pr0babilistic no­

tion. An ontic state is attributed to every closed sys·tem, and it is 

irrelevant whether we know this state or not. Ontic states relate to 

properties having real being, hence they have no a priori operational 

meaning. The states which refer to our knowledge are called epistemic 

states, they can be characterized by the information we obtain from a 

well-designed experiment intended to determine the probability that the 
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system is in a given ontic state. The relations between ontic and epi­

stemic states will be discussed in greater detail in section 5.4. 

Symmetries 

We have characterized the structure of temporal logic by a sepa­

rable, complete orthomodular lattice L, together with its ontic inter­

pretation. A logiaal symmetry (or symmetry for sho;J;t) of a theory 

is a mapping of L onto L which preserves the logical structure of the 

temporal logic L together with its interpretation. 

It is useful to consider symmetries as special cases of struc­

ture-preserving mappings from a temporal logic L to another temporal 

logic L. A mapping ~:L~L is called an ortholattiae homomorphism from 

the orthomodular lattice L (with maximal element E) onto the orthomod­

ular lattice L (with maximal element E) if 

(i) ~(E) = E 
(ii) q>(F.L) = q>(F).L , 

(iii) F~G implies q>(F)~q>(G) 

If q> is a bijective homomorphism from L onto L, then it is called an 

ortholattiae isomorphism, and L is said to be isomorphia to L. In the 

special case L=L an ortholattice isomorphism from L onto L is called an 

automorphism of L. The set of all automorphisms of L ferms a group, called 

the automorphism group Aut{L) of L. With this we can say that the logical 

symmetries of a temporal logic L are given by the elements of the auto­

morphism group Aut(L). 

The relation of an external observer to a system is given by 

a kinematiaal group G, usually a Lie group (such as, for example, the 

Galilei group). In order to introduce kinematical symmetries into a sys­

tem with the temporal logic L, the kinematical group G has to be real­

ized faithfully by a subgroup {agigEG} of automorphisms agEAut(L). Since 

the physically interesting kinematical groups are topologiaal groups 

with a physically relevant topology, we are looking for aontinuous real­

izations of arbitrary Lie groups by automorphisms of orthomodular lat­

tices. In general, this is an unsolved mathematical problem; in what 

follows we therefore consider only a class of topologically well-behaved 

orthomodular lattices: the projection lattices of a W*-algebra. This 

class is very large and includes all known physically relevant systems. 
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Projection lattices of W*-algebras 

There exist quite pathological orthomodular lattices so that it 

seems likely that the general orthomodular temporal logic overgeneral­

izes the logical systems useful in physics and chemistry. we therefore 

restrict our further discussion to logics whose lattice of propositions 

is given by the projection lattice of a W*-algebra. Recall that a W*-al­

gebra A is an abstract C*-algebra which is the dual space of some Banach 

space, called the predual A* of A. This special class of orthomodular 

logics will be called W*-logics. 

In the following A denotes a countably decomposable W*-algebra, 

i.e every family of mutually orthogonal non-zero projections in A is at 

most countable. This is for example the case if A has a separable pre­

dual A*, or if A is a weakly closed self-adjoint algebra of operators 

acting on a separable Hilbert space. The set of all projections in A 
will be denoted by P(A), 

P(A) d~f {PjPEA , p=p*=p 2 } 

For every countably decomposable W*-algebra A the set P(A) is a separa­

ble, complete, orthomodular and semimodular lattice. We call P(A) the 

ppojeation lattiae of the W*-algebra A, and a temporal logic whose lat­

tice of propositions equals P(A) is said to be a W*-logic. 

From a conceptual point of view all fundamental notions of a 

W*-logic have to be related directly to the lattice P(A). We consider 

the embedding of the lattice P(A) into the algebra A merely as a most 

convenient technical artifice of no conceptual import. Unfortunately, 

there is as yet no purely lattice-theoretical characterization of 

the projection lattices of W*-algebras so that we cannot avoid to char­

acterize the basic mathematical structure P(A) of W*-logic via the 

W*-algebra A. 

W*-algebras have a rich topological structure which is of crucial 

importance to W*-logic. Firstly, every W*-algebra is a C*-algebra with 

its norm topology defined by the norm 11·11 on the C*-algebra A. Secondly, 

a W*-algebra A is the dual space of a Banach space A* which induces the 

weak *-topology a(A,A*) on A, called the a-topology on A. The set 
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of all norm-continuous linear functionals over A is called the dual A· 

of A, while the set of all a-weakly continuous linear functionals over 

A equals the predual A •• Clearly we have A.~A·, and A.=A* if and only 

if the algebra A is finite-dimensional. Both the norm topology and the 

a-topology are of great conceptual significance for temporal logic. 

The peppesentation of ppopepties by ppojeations 

We consider a temporal logic L whose lattice of propositions is 

given by the projection lattice peA) of a W*-algebra A, L=P(A). Accord­

ingly, the propositions in L are projection operators which are in a 

natural way embedded in the richer algebraic and topological structure 

of A. This is a technical advantage since some of the lattice-theoret­

ical relations can be written in a simpler way as algebraic relations. 

For every FEP(A), the opthoaomplement F~EP(A) is given by 

F~ = 1-F 

where 1 denotes the unit in A and equals the maximal element in the lat­

tice P(A). The partial ordering in peA) is characterized algebraically 

by 

F:s;G iff FG=F F,GEP(A) 

Two propositions F,G in peA) are aompatible if and only if they commute, 

FttG iff FG=GF 

If F and G are compatible, the lattice operations have simple algebraic 

expressions: 

if FttG 

if FttG 

then FI\G=FG 
then FvG;F+G-FG 

Let ll·ll be the norm of the W*-algebra A, then the distance be­

tween two propositions F,GEP(A) can be defined by !IF-GU, and it can be 

shown that 

lIF-Gll :s; 1 for every F,GEP(A) 

For F'i'G, the relation IIF-GII<1 implies that F and G are incompatible. 

Moreover, Maeda (1977) has shown that 

lIF-GlI< 1 iff FI\G~ = F~I\G ; 0 

Since two propositions F,G are maximally incompatible if and only if 
~ ~ ~ ~ . FI\G=FI\G =F I\G=F I\G =0 (compare sect.5.3), it follows that two ppopos~-

tions F,G ape maximaHy inaompatiHe if and only if IIF-GII<1 and 
lIF-G~1I<1. 
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Araki et al. (1971) have shown that two projections F,G with 

IIF-GII<1 are not only unitarily equivalent but that they can even be con­

tinuously deformed into each other on a projection-valued norm-continuous 

path A+P(A)EP(A), O~A~1, such that P(O)=F and P(1)=G. That is, there 

exists a self-adjoint operator SEA such that 

PtA) = exp(iAS)Fexp(-iAS) O~A~1 

This result implies that it makes sense to speak of neighboring incom­

patible properties and that the norm of the difference of their propo­

sitions is a measure of their closeness. We can therefore extend the inter­

pretation of the projections in A as propositions about potential prop­

erties of the system by a continuity argument (Primas, 1975): we say 

that two maximally incompatible properties f,g are similar if the angle 

~(F,G) between the corresponding projections F,GEP(A) is small, where 

def 
sin~(F,G) IIF-G[I 

With this, the norm topology acquires a conceptual meaning: it 

is that topology which controls the likeness of properties. The norm 

closure of the algebra generated by the elements of the temporal logic 

PtA) equals the W*-algebra A and is traditionally called the algebra of 

observables. 

Observables in W*-systems 

Every family of mutually compatible properties can be put to­

gether into a feature. Every feature can be represented by a spectral 

measure, say E:r~+p(A), where r~ is the a-algebra of the Borel sets of 

the real axis ~. Instead of the spectral family {E(B) IBl:~} one can in­

troduce a particular observable A related to this feature by spectral 
synthesis 

A = Ja(A)E(dA) 

~ 

where the integral is a Radon-Stieltjes integral with respect to the strong 

topology on A. The real-valued Borel function a:~+~ gives a valuation of 

the feature. If a is an essentially bounded function then A is a self­

adjoint element of A and is called a bounded observable. Unbounded ob­

servables (which are said to be affiliated to A) can be introduced as 

unbounded functions of bounded observables in A. Conversely, for every 

self-adjoint element in A there exists a unique spectral resolution with 

a spectral measure E:r~+p(A) (compare Sakai, 1971, p.26). Accordingly, 

there is a one-to-one correspondence between valuated features and ob-
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servables. 

Remark: ObservabZes in C*- and in VI*-systems 
The reader probably has noticed that quantum theory is cursed with the worst 

possible terminology, and 50 he will not be surprised to learn that an algebra 
of observables is conceptually something very different in the theory of C*- and 
of W*-systems-. 

In the theory of w*-systems, the algebra of observables is the smallest W*-al­
gebra containing all the propositions' of its' temporal logic. The interpretation 
of observables 0:1; W*-systems' is simply taken over from the basic interpretation 
of projections' as propositions about properties. 

This interpretation of observables as features is not possible in C*-systems 
which, are not W*-systems, since in general a C*-algebra has' far too few projec­
tions. For example, if we cons1der pioneer quantum mechanics as' a W*-system, its 
W*-algebra of observables' is given by the algebra BUO of all bounded operators 
acting on the separable Hilbert space H of state vectors. If we consider the very 
same pioneer quantum mechanics as a C*-system, then the 50-called C*-algebra of 
observables is given by the C*-algebra of the compact operators on H. For con­
venience, we enlarge this C*-algebra to a unital C*-algebra by adjoining the 
identity 1. This C*-algebra is distinguished by the fact that every one of its 
irreducible *-representations is equivalent to the given one (Rosenberg, 1953). 
Hence the weak closure of every representation of this C*-algebra on a Hilbert 
space equals' the algebra BeH), the algebra of observables' in the sense of the 
theory of W*-systems. However, this example is not typical. In general, a C*-al­
gebra (even if it is' simple) admits very many inequivalent representations whose 
weak closures' realize inequivalent W*-systems'. 

Experts in C*-algebraic quantum mechanics carefully avoid to give any con­
ceptual characterization of the C*-algebras they use 50 that the following account 
should be taken with caution. Conceptually important is' some kinematical group 
which describes our relation to the system. In the framework of C*-algebraic quan­
tum mechanics one has to us'e a minimal and simple C*-algebra, defined as the smal­
lest C*-algebra containing the set of unitary operators representing the kinemati­
cal group. This minimal C*-algebra generates (via GNS-constructions) all feasible 
W*-algebras' of observables that are in harmony with the kinematical symmetry de­
scribed by the unitary operators of the minimal C*-algebra. However, this minimal 
C*-algebra does not represent features or properties (it cannot, since it does 
not contain enough projections~). The attribution of properties to a system al­
ways amounts to the admiss'ion of ignorance on our part. As a rule, there are many 
possibilities, hence many feasible viewpoints. The fact that (as a rule) a minimal 
C*-algebra is not uniquely embeddable in a W*-algebra of observables (in the sense 
of the theory of W*-systems) corresponds to the fact that there is a multiplicity 
of viewpoints'. Every W*-embedding (say by a GNS-construction via some reference 
state) reflects a particular point of view. It is remarkable that the generating 
minimal C*-algebra can be recovered from every particular W*-embedding. This im­
plies that every particular viewpoint (represented by a particular W*-algebra) 
contains enough information to adopt a different viewpoint which is compatible 
with, the same basic kinematical structure. 

In order to avoid conceptual confusion, we shall call the minimal C*-algebra 
the kinematical algebra. In our terminology, the algebra of observables is a 
W*-algebra, it describes' the properties and the features of the system which can 
be studied from a chosen point of view. It may be obtained by a particular W*-em­
bedding of the kinematical algebra. 
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The kinematical algebra of a mechanical system over some symplectic phase space 
is given by the minimal Weyl-C*-algebra in the sense of Manuceau (1968) and Slawny 
(1972). The corresponding kinematical group is the Weyl group over the symplectic 
phase space, consisting of unitary operators fulfilling the canonical commutation 
relations. 

In every ontic state T in which a feature is truth-definite, every 

observable AEA related to the spectral measure E:LR+P(A) of this feature 

f def f by A= Ra(A)E(dA) has the value T(A) = Ra(A)~(dA), where ~(B)=T{E(B)} for 

every Borel set BELR• 

If a feature belongs to the classical part of the system, i.e. if 

E(B)EZ{P(A)}, the associated observables are called classical observables. 

Bounded classical observables are self-adjoint elements of the center 

Z(A) of the algebra A of observables, 

ZA=AZ for all AEA} 

The center of a W*-algebra is a commutative W*-algebra, and represents 

a classical sub-W*-system. A center is called trivial if it is just the 

complex numbers; a W*-algebra with trivial center is called a factor. 

A system whose algebra of observables is a factor has no classical ob­

servable and is called a purely quantal W*-system. If the algebra A is 

commutative, we have Z(A)=A, hence all observables are classical so that 

we speak of a classical w*-system. Classical features are truth-definite 

in every ontic state, hence classical observables have a value in any 

ontic state. Since the ontic interpretation stipulates that a classical 

system is always in s.ome ontic state, we can say that every classical ob­
servable always has a definite value. It is logically consistent to 

assume that classical observables in principle are measurable to an ar­

bitrary (though finite) accuracy without thereby introducing perturba­

tions which would invalidate predictions based on this observation. 

Ontic states in W*-systems 

Recall that an ontic state Tt is a maximal partial truth-function 

on the temporal logic. The domain Vt of Tt is the smallest orthomodular 

lattice containing all propositions which correspond to properties actu­

alized at time t. It is an important problem whether or not this concept 

of an ontic state can be extended to features, observables, or even to 

the W*-algebra A of all observables. 

Unfortunately, the mathematicians have plagiarized the state con-
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cept of physics and presented it as a purely mathematical notion in the 

theory of *-algebras. According to the mathematicians, a state on a 

C*-algebra A simply is a normalized positive linear functional on the 

algebra A. 

Memento: States on W*-algebras 
A state p (in the sense of the mathematicians) on a W*-algebra A is an element 

of the dual A* which is positive (i.e. p(A*A)~O for every AEA) and normalized (i.e. 
p(1)=1). The set of all states is convex, its extremal points are called pure states. 
A state p is said to be normal if it belongs to the predual A* of A. Normal states 
on A are countably additive on the projection lattice PeA) of A. A state p is called 
singular if for each FEP(A) with p(F»O there exists a GEP(A) , with G~O, GSF and 
p(G)=O. Every state pEA* has a unique decomposition into a normal state PnEA* and 
a singular state Ps' p=cPn+(1-c)ps' O~c~1. Pure states are always either normal or 
singular. 

A projection FEP(A) is called truth-definite relative to a state pEA* if p(F)=1. 
If F is truth-definite relative to p, then we have P(AF)=p(FA)=p(A)P(F) for every 
AEA. 

A state pEA* is called dispersion-free on some W*-sub~lgebra M of A if 
P(M2)=P(M)2 for all M=M*EM. A dispersion-free state on M~ is;a pure state on M, 
and has a (not necessarily unique) extension to a pure state on A. 

A state pEA* is said to be a factor state if the weak closure of the GNS­
representation 7fp (A) is a factor. For every factor state pEA* we have 
W(AZ)=W(A)W(Z) for every ZEZ(A) and every AEA. Every pure state is a factor 
state. Factor states' having different values for some elements of the center 
are called disjoint. 

This terminology is so firmly established that we have to live 

with it despite the confusion it generates. The identification of 

physical states with mathematical states is premature since it is one of 

the important conceptual problems in the foundation of generalized 

quantum theories whether every ontic state can be extended uniquely 

to a pure state on the algebra of observables, and conversely, whether 

every pure state on the algebra of observables defines a unique ontic 

state. A priori, it is by no means clear that every state has an exten­

sion to a linear functional on A, and whether such an extension is 

unique. 

For the special case of normal ontic states these questions have 

been settled by Raggio (1981). Every normal ontic state on PeA) has a 

unique extension to a normal pure state (in the sense of the mathemati­

cians) on the algebra of observables. On the other hand, every normal 

pure state on the W*-algebra of observables defines a unique ontic state 

on PtA) (i.e. a a-homomorphism from a maximal truth-definite a-complete 

orthomodular sublattice of PtA) onto the Boolean algebra B2 of the two 

truth values) • 
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It seems to be likely that similar conclusions can be drawn for 

singular ontic states. It is known that every ontic state on peA) has 

extensions to tinear states on A but the conditions for uniqueness are 

not yet settled. In the case of Boolean temporal logics (i.e. for com­

mutative W*-algebras), Raggio (1981) has shown that the extension of 

every ontic state to a pure state on the algebra of observables is 

unique. 

Ontic states of temporal W*-logics are always represented by pure 

states on the W*-algebra A of observables, they refer to the actualized 

properties the system has. If pEA* is a pure state and FEP(A) a proposi­

tion about the potential property f, then the relation p(F)=1 implies 

that in the ontic state p the system has the property f. If the ontic 

state p is dispersion-free for some observable AEA, p(A2)=p(A)2, then we 

say that this observable A has the value peA) in the state p. Since every 

ontic state is pure, it is a factor state, hence dispersion-free on the 

center Z(A). That is, every classical observable has at every instant a 

definite value. 

The ontic states of a W*-system have a conceptually important 

continuity characteristic. Two properties f,g are similar if the norm­

distance IIF-GII between the corresponding propositions F, G is small. 

Since states are norm-continuous, it is possible to attribute a certain 

degree of "f-ness" to an ontic state pEA * for which p (G) =1 and IIF-GII is 

very small. For an arbitrary proposition FEP(A), we can consider the 

number p(F), O~p(F)~1, as representing the grade of "f-ness" the system 
has in the ontic state p. The nearer the value of p(F) is to unity, the 

higher is the grade of "f-ness" the system has; p(F)=1 implying that the 

system has the property f in the strict sense. Note that this concept of 

grade of "f-ness" is of nonstatistiaat nature, it fits precisely Zadeh's 

(1965) theory of fuzzy sets. Fuzziness has to be distinguished from ran­

domness. Randomness involves an uncertainty about membership or nonmem­

bership of an event in a Boolean yes-no classification. Fuzziness deals 

with the case where the object itself has an intrinsic indefiniteness, 

not allowing a Boolean yes-no classification. 

Epistemia states in W*-systems 

There is a sophisticated duality between observables and states. 

If we choose properties or features as primitive concepts, then the 
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state space is defined as the topological dual A* of the algebra A of 

observables. In the adopted ontic interpretation, A represents the fea­

tures of the system while A* carries the ontic states. If we turn to an 

operational view, we start from some space E of experimentally accessi­

ble states, c"alled the epistemia states. The features are then inferred 

from the epistemic states so that from an operational view the feature 

space equals the topological dual E* of the state space E of epistemic 

states. In the theory of W*-systems the feature space is a W*-algebra A 
which is the dual of the Banach space E of epistemic states, A=E*, and 

we write for convenience E=A*. Hence ontia states are arbitrary pure 

states in the dual A*, while epistemia states are arbitrary normaZ 

states in the predual A*. In general, the dual A* and the predual A* do 

not coincide; we have A*<;A*, and A*=A* if and only if the W*-algebra A 
is finite-dimensional (Le. isomorphic to a matrix algebra) . 

While the norm-topology of A determines the proximity of proper­

ties, the operationally relevant topology is the a-topology of A. This 

situation is well-known from classical mechanics and Kolmogorov's prob­

ability theory (for a review, compare Primas, 1980, chapters 2 and 3) • 

The results of any experiment can be represented mathematically by a 

probability space (n,~,~) consisting of a sample space n, a a-algebra ~, 

and a a-additive probability measure ~ on ~. A state pEA* on a W*-alge­

bra A induces a a-additive measure ~ on every spectral measure with 

values in P(A) if and only if p is normal, pEA*, or what is the same, 

if and only if p is continuous in the a-topology of A. 

Epistemic states refer to our knowZedge about the true state of 

the system. An epistemic state represents maximal knowledge if and only 

if it is a pure state. If this maximal knowledge is in addition free of 

errors, then the corresponding pure epistemic state is an ontic state. 

However, as a rule our knowledge is not maximal, either because of practi­

cal reasons or because the ontic state of the system is singular, (i.e. 

not continuous, hence not approximable in the a-topology). 

The outcome of an experimental investigation can be summarized by 

specifying an epistemic state ~EA*. The support of a normal state ~ is 

defined as the smallest true proposition S~ which implies every proposi­

tion which is true in the state ~, i.e. 

s~ d~f inf{F I FEP (A) , ~ (F) =1 } 
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We say that an epistemic state X contains more information than an epi­

stemic state ~ if every proposition which is true relative to the state 

~ also is true relative to the state X , that is if SX~S~. Equivalently, 

we can say that XEA. contains more information than ~EA. if x(S~)=1. 

Analogously, we say that a singular state pEA* contains more information 

than a normal state ~EA* if p(S~)=1. 

Every good experiment provides some information about the ontic 

state of the system. Either the experiment attempts to determine the 

actual state without essentially disturbing the system, or the experi­

ment attempts to prepare the system in the neighborhood of some ontic 

state. An ideaL experiment may give only partial information, but in­

formation without any errors. We call such an experiment state-deter­

mining. The outcome of a state-determining experiment is an epistemic 

state ~EA. such that the experimental knowledge is in harmony with the 

information given by the ontic state p, so that p(S~)=1 where S~ is the 

support of the epistemic state ~. If S~ is not an atom, then there 

exists a finer experiment, giving a more informative epistemic state, 

say XEA. such that S ~S and p(S )=1. If the ontic state is normal, 
X ~ X 

pEA., then there exists a most informative experiment whose outcome de-

termines a pure epistemic state which, in this case, coincides with the 

ontic state. This situation is possible if and only if the temporal 

logic P(A) contains atoms. The paradigmatic example for such W*-systems 

is pioneer quantum mechanics whose algebra of observables is an atomic 

W*-algebra. 

The pure states of atom-free W*-algebras ate all singular. Exam­

ples for W*-systems with atom-free algebras of observables are classi­

cal mechanics and thermodynamic type III-W*-sy~tems. In atom-free W*-sys­

tems every ontic state is singular, hence never coincides with an epi­

stemic state. If an ontic state p is singular then it is not carried by 

a true proposition, inf{FIFEP(A) ,p(F)=1}=O, so that for every epistemic 

state ~EA. with p(S~)=1 there exists a more informative state XEA. with 

p(S )=1 and S <S • 
X X ~ 

Singular ontic states are experimentally inaccessible. No actual 

experimental arrangement can determine or prepare a singular state. All 

we can do experimentally is to specify a distribution function that gives 

the probability that the system is in a given singular state. This prob-
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ability can be said to be due to our ignorance, but it has to be added 

that we cannot eliminate this ignorance even if we can reduce it as 

much as we like (or can afford). Since pioneer quantum mechanics dis­

cusses only normal states (represented by state vectors in the Hilbert 

space of the irreducible representation of its W*-algebra of observables), 

the existence of singular ontic states may seem embarassing. However, it 

should come as no surprise since this situation is well-known in class­

ical theories. 

E:campte: Temperature is aha'l'aaterized by a si~tar on#'a state 
Consider a classical system in which the temperature is an observable and 

whose ontic state is characterized by the temperature TeR+. In thermodynamics 
T is a classical observable and has at every instant a definite value, either a 
rational or an irrational positive number. Certainly, no experiment can determine 
whether the temperature is a rational or an irrational number, the best we can do 
is to specifiy a small but finite interval of ~ such that the temperature the sys­
tem has lies in the interval. For every temperature measurement there exists a 
finer one, specifying a smaller interval in which the ontic state lies. However, 
there exists no finest experiment giving the true value of the temperature. 

The fact that there are no pure epistemic states on some W*-al­

gebras provides a strong argument in favor of the view that even strict­

ly reversible and deterministic systems may require a probabilistic de­

scription (compare the example of the classical K-flow, e.g. in Primas, 

1980, sect.3.G). The old question whether the probabilities of physics 

are irreducible or due to our ignorance is not well put. The probabil­

ities arising in atassiaat physics are due to the hidden character of 

the ontic states. In every atom-free W*-system we have to deal with 

ignorance probabilities which are irreducible. The irreducible probabil­

ities of pioneer quantum mechanics have a different nature, they are not 

ignorance probabilities but arise from the non-Boolean structure of an 

atomic temporal logic (compare Primas and Muller-Herold, 1978, sect. IV) • 

In both cases the epistemic states can be used as a statistical expecta­

tion functional, interpreted as relative frequencies of a fictitious 

Gibbsian ensemble. 

Symmetries of W*-systems 

Isomorphisms of W*-systems are defined by the isomorphisms of 

their temporal logics (compare sect.5.3). Let A and A be the W*-algebras 

of observables of two w*-systems with temporal logics PtA) and P(A), re­

spectively. These two w*-systems are said to be isomorphia if there ex­

ists an ortholattice isomorphism from the orthomodular lattice PtA) onto 

the orthomodular lattice PtA) (recall that an ortholattice isomorphism 
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is a bijective mapping that preserves the partial ordering and the ortho­

complementation). If A has no direct summands of type Iz, a fundamental 

theorem by Dye (1955) says that every ortholattice isomorphism from P(A) 

onto P(A) is implemented by a Jordan-*-isomorphism from the W*-algebra A 

onto the W*-algebra A, which in turn can be represented by a direct sum 

of a *-isomorphism and a *-antiisomorphism from A onto A. That is, the 

logical symmetries of a W*-system are given by *-isomorphisms and *-anti­

isomorphisms of the algebra of observables. 

Memento: Morphisms of W*-algebras 
A mapping ~:AI+Az from a W*-algebra Al into a W*-algebra Az is called a *-homo­

morphism if it preserves the algebraic structure, that is for all ABEAI and AEC we 
have: (il ~(AA) =A<.p(A), (ii) ~(A+B) =<.p(A) -KjJ(B) , (iii) <.p(AB) =<.p(A)~(B), (iv) <.p(A*) =<.p(A) *. 
If (iii) is replaced by (iii') <.p(AB)=<.p(B)lP(A) , we call ~ an anti-*-homomorphism. A 
faithful *-homomorphism from Al onto Az is called a *-isomorphism. A *-isomorphism 
from A onto A is called a *-automorphism. A morphism ~:AI+Az is called isometric 
if [[<.p(A) [[=[[A[[ for all AEA I . A morphism lP:AI+AZ is called normal, if it is completely 
additive, i.e. if ~(SuPa{Ea})=l:a~(Ea) for each orthogonal family {Ea} of projections 
EaEAI. Algebraic *-isomorphisms of W*-algebras exhibit rather strange strong continu­
ity properties, in particular we have: Every *-homomorphism ~ is a contraction, i.e. 
[[<.p(A) [[S[[A[[. Every *-isomorphism ~ is isometric, i.e. ll~(A) ll=[[AIi. Every normal *-ho­
momorphism is a-weakly continuous. Every *-isomorphism is normal. Warning: not every 
*-homomorphism of a W*-algebra into a W*-algebra is normal. However, the image of a 
normal homomorphism is a W*-algebra. 

A Jordan-*-isomorphism of a W*-algebra Al onto a W*-algebra Az is a bijective 
mapping ~:AI+Az satisfying (i) lP(AA)=A~(A), (ii) (A+B)=<.p(A)-KjJ(B), (iii) <.p(AB+BA)= 
<.p(A)<.p(B)-KjJ(B)<.p(A), (iv) <.p(A*)=<.p(A)*. A Jordan-*-isomorphism of two W*-algebras is 
normal. Clearly, every *-isomorphism and every *-anti-isomorphism is a Jordan-*-iso­
morphism. A fundamental structure theorem by Kadison (1951) exhibits a Jordan-*-iso­
morphism as the direct sum of a *-isomorphism and a *-anti-isomorphism. In particu­
lar, every Jordan-*-isomorphism of a factor is either a *-isomorphism or a *-anti­
isomorphism. In general, the decomposition of a Jordan-*-isomorphism into a direct 
sum of a *-isomorphism and *-anti-isomorphism is quite involved (note that the de­
composition theorems given by Kruszynski, 1976, are wrong). 

Theories which use Jordan-*-isomorphic W*-algebras are conceptual­

ly indistinguishable. Every W*-system can be realized in various ways by 

W*-isomorphic Hilbert space models. Different spatial realizations of the 

same theory may look quite different, may have dif:!;erent technical 

advantages and difficulties. Hence it is sensible to make good use of the 

possibility to choose unitarily inequivalent but W*-equivalent Hilbert­

space realizations of a W*-system. 

Example: Unitarily inequivalent representations of pioneer quantum mechanics 
Pioneer quantum mechanics is a W*-system whose algebra A of observables is a 

type I factor. The traditional Schr5dinger representation is irreducible, it re­
presents A as the algebra of all bounded operators acting on some Hilbert space, 
in particular on the Hilbert space Lz(A,dq) of Lebesgue square-integrable functions 
on the configuration space. A very different looking but convenient representation 
of A is the so-called standard representation of the factor of type I, which is 
highly reducible. The Hilbert space of the standard representation can be taken as 
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L2(AxA,dpdq), the space of all Lebesgue square-integrable functions on the phase 
space AxA. These two representations of pioneer quantum mechanics are Unitarily 
inequivalent, have different technical advantages and disadvantages, but are never­
theless physically fully equivalent. 

Dynamiaa"l W*-systems 

The conceptually relevant time evolution is given by the time 

evolution of the states. A system-theoretic description requires that a 

state provide the mi.nimal amount of information such that any state 

uniquely determines the temporally subsequent states that develop from 

it. This requirement leads to a dynamiaa"l semigroup describing the time 

evolution of the states. Experience shows that at the most fundamental 

level the dynamics is even given by a group of symmetries. This dynamical 

group can most conveniently be discussed on the algebra A of observables. 

An invertib"le dynamiaa"l W*-system is defined to be a pair (A,t~at)' con­

sisting of a W*-algebra A having separable predual A*, and a a-weakly 

continuous one-parameter group {at!tER} of automorphisms atEAut(A), cal­

led the dynamiaaZ group. The dynamical automorphisms at:A~A corresponds 

to the Heisenberg picture for the time evolution of the observables. The 

conceptually more relevant Schrodinger picture for the time evolution of 

the states is given by the preadjoint group nt:A*~A*, defined by Pt(A)= 
~f d~ . P (At) for all pEA* and AEA, where Pt = nt (p) and At = at (A). Slnce t~at 

has been postulated to be a-weakly continuous, t~nt is strongly continu­

ous. By duality-, the Schrodinger dynamics is also well-defined on the 

dual A* but the time evolution of non-normal states is as a rule not 

blessed with nice continuity properties. 

Remark: Why i8 the- dynamias given by a-weakZy aontinuous groups of automorphisms? 
There exist a-weakly continuous groups t~t' taR, of Jordan-*-automorphisms 

on W*-algebras where for each non-zero t, the mapping at is neither a *-automor­
phism nor a*-ant~automorphism (G.A.Raggio, private communication). The reason why 
the physical dynamics has to be a group of *-automorphisms ~EAut(A) is that the 
map ~ has to be completely positive for each taR. 

The assumption that the dynamical group t~t is a-weakly continuous is fulfilled 
for every reasonable system since it follows from the measurability of the map 
t~p{at(A)} for every normal state p and for every AEA. Moreover, t~ is a-weakly 
continuous. Any stronger continuity assumption is physically not defensible since 
a flow t~t on a W*-algebra is weakly continuous if and only if it is uniformly 
continuous. Uniformly continuous flows have bounded generators; however, we know 
that most physically interesting systems have unbounded generators. 
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The lattice of sub theories 

In the ontic interpretation of W*-systems, the totality of all 

potential properties of a system are represented by the projection lat­

tice of some W*-algebra A. The self-adjoint elements of A are called 

bounded observables, they represent the potential features of the sys­

tem. Often not all potential features of a fundamental theory are re­

ally germane to a particular inquiry. The relevance of a feature is 

contingent on the abstraction we consider, and on how we choose to in­

teract with the system. That is, the relevant algebra of observables is 

never an intrinsic property of the system but it reflects our particular 

point of view. The presuppositions which determine the relevant algebra 

of observables can be represented by a process of abstraction in which 

a number of observables of the original system are excluded. A minimal 

requirement for such an abstraction is that the retained observables 

form again a W*-algebra. Hence it is natural to relate to any W*-subal­

gebra Aa of A a subtheory which corresponds to the viewpoint adopted 

in choosing Aa as the algebra of observables. 

We start with some basic theory T characterized by the W*-alge­

bra A. A theory Ta having Aa as its. algebra of c;>bservables is called a 

subtheory of T, written T ,;T, if the W*-algebra A is a subalgebra of 
ex a 

A, Le. 

T ,;T 
a iff A £;;A 

a 

This relation,; is reflexive, anti symmetric and transitive, so that it 

defines a partial order on the set T of all subtheories of the basic 

theory T. 

The set of all W*-subalgebras of some fixed W*-algebra A form 

a lattice where for Aa£;;A and AS£;;A the lattice operations v, A can be 

characterized as follows: 

is defined as the largest W*-subalgebra of A which is con­

tained both in Aa and AS. 

is defined as the smallest W*-subalgebra of A which contains 

both Aa and AS. 

If we define TaATS and TaVTS as the subtheories whose algebras of ob-
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servables are given by AaAAe and AavAe' respectively, then the partial­

ly ordered set (T,~) becomes a lattice with 

iff T a iff 

If the relation Ta~TS is valid, we say that TS dominates Ta' or equiva­

lently, that Ta is a subtheory of TS. To every pair (Ta,TS) of subthe­

ories Ta~T, TS~T, there exists a smallest dominating theory TavTS and 

a largest dominated theory TaATS' 

Ta ~ TavTS 

TaATS ~ Ta 

TS ~ TavTS 

TaATe ~ Te 

If n denotes the set-theoretical intersection, and U the set­

theoretical union, then we have AanAe=AaAAe' and AaUAe~AavAS but in 

general AaUAeFAavAso That is, subtheories of a non-Boolean theory 

cannot be brought into the usual Boolean relations of inclusion, ex­

clusion and overlap. Moreover, in a non-Boolean basic theory the hier­

archically different descriptive levels are in general not connected 

by a homomorphic map (Primas, 1977). Two subtheories of one and the 

same basic theory may be structurally comparable or incomparable. 

Comparable subtheories 

Before we can give a precise definition of comparable subthe­

ories we have to introduce the notion of a commutant of a subalgebra o 

For an arbitrary W*-subalgebra Aa of a W*-algebra A we define the 

commutant AC of A (relative to A) by a a 

c def { I } Aa = A AEA, AB=BA for all BEAa 

It easily follows that AC is a W*-subalgebra of A. The double commutant a 
(Ac)c of A is denoted by ACC 

a a a • 

Some properties of commutants 
Let A be a W*-algebra with the center Z, and let Aa' AS be arbitrary W*-sub­

algebras of A. Then the following relations are easy consequences of the defini­
tion of a commutant: 

(il 

(ii) Aa~AS implies Ag~& and A&C~BC 

(iii) (AgcnAgc)cc=AgcnA8c 

(iv) AgnA8 = (A&CUAgc)C ~ (AaUAS)c 
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(v) (A&cnA~c)c = (A&UA§)cC ~ (AanAe)c 

(vi) Ac = Z , ACC = A = ZC 

(vii) Z ~ A& ' Z ~ A~c • 
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If T is the basic theory having A as j:ts algebra ot observables, 

and if Ta is a subtheory having Aa~A as its algebra of observables, then 

the subtheory with AC as its algebra of observables will be denoted by TC • a a 
The relation TaST~ implies TaST~, and means that all observables of 

the sub theory Ta commute with all observables of the subtheory Ta' and 

vice versa. In this case, the ontic states of the W*-system Ta cannot 

be entangled (in the sense of section 3.7) with the ontic states of the 

W*-system Ta. For that reason, we say that two subtheories Ta' Ta are 
c c unentangled if TaSTa (hence TasTa ). 

unentangled theories and subtheories are two conceptually dif­

ferent examples of aomparable theories but these concepts coincide 

in the classical case. A theory T is classical if and only if T STc • a . a a 
If Ta and Ta are two unentangled classical theories, then the dominat-

ing theory TavTa is also classical, so that Ta and Ta are classical 

subtheories of a classical theory. On the other hand, if Ta ~s a sub­

theory of a classical theory Ta' then we have TaSTa and TaSTa' hence 
c TaSTa' so that Ta and Ta are classical unentangled theories. 

In the general case subtheories are entangled. But even in the 

nonclassical case it is appropriate to call a subtheory Ta of Ta com­

parable with Ta since anything that is true in Ta is also true in Ta 
(but not the other way round). If Ta is a subtheory of Te' we have 

TaSTa' or equivalently 

Ta Ta"Ta 
c If Ta and Ta are unentangled, we have TaSTe' or equivalently 

T a 

Combining these two cases, we arrive at the condition 

Ta (Ta"Ta) v (Ta"T~) 

Accordingly, we choose the following definition: 

Let Ta and Ta be subtheories of a basic theory T. 

The theory Ta is said to be aomparable with the 
c 

theory Ta' written Ta~a' if Ta (Ta"Ta)V(Ta"Ta). 
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As an easy consequence of this definition, the comparability 

relation ¢ satisfies the following relations: 

(i) T ¢ T a a 
(ii) T s TS implies Ta¢TS a 
(iii) T s TC implies Ta"T S and TS"Ta a S 

Note that in general the comparability relation .. is not symmetric, 

i.e. Ta¢TS does not imply TS"Ta • However, comparable classical theories 
c c are always mutually comparable: if Ta and TS are classical TasTa,TSSTS' 

then Ta¢TS implies TS¢Ta. 

Complementary subtheories 

Let r be the lattice of all subtheories T sT of some basic 
a 

theory T, 

T T "er Ta 
a 

The minimal element of r is called the trivial theory To' 

To = T~Er Ta 
.' 

whose algebra Ao of observables equals the complex numbers, Ao=C. 

Recall that a subtheory Ta is called comparable with TS if Ta= 
c 

(TaATS) v (TaATS) • If Ta is nontrivial, Ta~To' then this relation is 
c violated in a maximal way if TaATS=To and TaATS=To' so that we may say 

that Ta is maximally incomparable with TS if TaATS=To and TaAT~=To. 
Note that if Ta is maximally incomparable with TS' then Ta is also 

maximally incomparable with T~. In the extreme case where both Ta and 

T~ are maximally incomparable with TS (hence also with T~), we call 

the two theories Ta and TS complementary: 

Two subtheories Ta and TS of 

are called complementary if 
c c 

TaATS = TaATS TaATS 

Examples 

some basic theory T 

Let the algebra A of the observables of the basic theory be a factor of 
type I , and represent A by the bounded operators acting on the Hilbert space 
H=Lz(R7dq)®Lz(R,dq), A=B(H). Let (P,Q) be a Schrodinger pair acting irreducibly 
on Lz (R,dq) , 

{Q'¥} (q) = q'¥ (q) 
{p'¥}(q) = -id'¥(q)/dq 
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for all ~ of an appropriate domain in L2(~,dq). We define the following von Neu­
mann subalgebras in 8(H), where the double commutant with respect to B(H) is 
denoted by ": 

Al d~f {Q®1 , p®1 }" 

A2 
def {1®Q, 1®p}" 

A3 
def {Q®1+1®Q p®1+1®p}" 

A4 
def 

{Q®1-1®Q P®1-1®P} " 

As 
def {Q®1 , 1®Q}" 

A6 d~f {p®1 , 1®p}" 

A7 
def {Q®1+1®Q p®1-1®p} " 

As 
def {Q®1-1®Q p®1+1®p}" 

The subalgebras AI, A2, A3 and A4 are factors of type 100, while the subalgebras 
As, A6, A7 and As are maximal commutative W*-algebras. Clearly we have the follow­
ing relations 

Al A~ A2 AI 

A3 A~ A4 A1 

As A~ A6 A~ 

A7 A9 A8 A'i 

Let C be the trivial W*-algebra consisting of the multiples of the identity, then 
the two relations 

and 

are valid for the following pairs (j,h): 

(j,h) = (1,2), (1,3), (1,4), (1,7), (1,8), (2,3), (2,4), 

(2,8), (3,4), (3,5), (3,6), (4,5), (4,6), (5,6), 

(2,7), 

(7,8) • 

Let T be the basic theory having A as its: algebra 0;1; obs:ervables and let To 
be the trivial theory having C as its algebra of observables. Denote the subtheory 
with Aa (a=1, •• ,8) as algebra of observables by Ta. Then the following relations 
are valid: 

Tl is comparable with T2, and T2 is comparable with Tl 
Tl is not comparable with Ts but Ts is comparable with Tl 
Tl is not comparable with T6 but Ts is comparable with Tl 
Tl is complementary to T3, to T4, to T7 and to Ts 

The pairs (Ts,Ts) and (T7,Ts) are examples for complementary classical theories. 
The classical theories Ts and T7 are examples of classical theories which are 
neither comparable nor complementary. 

Aside: Coherent superpositions of theories 
The superposition principle of quantum mechanics is closely related to the 

existence of complementary properties. Three properties are said to form a co­
herent triple if their representing projections Fl, F2, F3 fulfill the relations 
FIAFZ=F2AF3=F3AFI=O and FIVF2=F2VF3=F3VFI. These relations cannot be fulfilled 
if any two of the three projections are compatible, hence there are no coherent 
triples of properties in classical theories. These concepts of quantum logic 
(which is represented by an orthomodular logic) can be applied in like manner to 
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the lattice T of subtheories in spite of the fact that T is (in general) not 
orthomodular. 

Three nontrivial subtheories TI, T2, T3 of a common basic theory T are said 
to form a coherent triple if 

and TIAT2 = T2AT 3 = T3 AT I = To 
TI VT2 = T2VT3 = T3VTI 

If the basic theory T is classical, there exists no coherent triple of sub­
theories of T. 

The simplest example of a coherent triple of theories is generated by the 
Pauli (2x2)-matrices 01, 02, 03. Let Aj be the commutative W*-algebra generated 
by OJ. Then we have A1AA2=A2AA3=A3Ml = C, and Al VA2=A2VA3=A3VAI = A, where A is 
a factor of type 12. The three classical theories TI, T2, T3 form a coherent 
triple of subtheories of T. 

Another interesting triple of classical theories is generated by Al={Q}", 
A2={p}", A3={p2+Q2}, where (P,Q) is a Schrodinger pair acting irreducibly on a 
Hilbert space H. Again we have AIM2=A2M3=A3MI = C, and Al VA2=AzvA3=A3VAI = A, 
where A=8(H) is a factor of type 100. The three classical theories Tl, T2, T3 
form a coherent triple of subtheories of T. 

In the previous example the triples (Tl ,T2,T3), (Tl ,T2 ,T4), (Tl ,T3 ,T4) , 
(T2,T3,T4) are coherent triples conSisting of three factors of type 100' the 
triples (TI,T2,T7), (TI,T2,Ta), (T3,T4,Ts), (T3,T4,Ts) are coherent triples 
consisting of two factors and one classical theory, while the triples (TI,T7,Ta), 
(T2,T7,Ta), (T3,Ts,Ts), (T4,Ts,Ts) are coherent triples consisting of one factor 
and two classical theories. 

CZassification of W*-subtheories 

The examples we have given should explain the concepts of com­

parable theories and complementary theories, but they cannot give an 

idea of the incredible richness of the family of all W*-theories. The 

classification of W*-theories is in one-to-one corresp0ndence to the 

classification of W*-algebras so that every result in the theory of 

classification of W*-algebras has a counterpart in terms of classifica­

tions of W*-theories and their subtheories. 

We begin by collecting some basic facts regarding the classifi­

cation of W*-algebras. The most important algebraic characterization 

of an algebra refers to its center. The center Z(A) of an algebra A is 

defined as the set of all those operators in A which commute with every 

operator in A, 

Z(A) d~f {ZIZEA , ZA=AZ for every AEA} 

The center Z(A) of a W*-algebra A is a commutative W*-subalgebra of A, 

the corresponding subtheory is classical, it is called the cZassicaZ 

part of the theory with A as the algebra of observables. If the W*-al­

gebra A of observables is commutative, then it equals its center, A=Z(A), 
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and the corresponding theory is called a classical theory. A W*-algebra 

is called a factor if its center is trivial (i.e. if the center consists 

of the scalar multiples of the identity only), the corresponding W*-the­

ory has no classical part and is therefore called a pure quantum theory. 

General W*-theories are mixed, they are nonclassical but have a classi­

cal part. There is a decomposition theory (cf. Sakai, 1971, sect.3.2) 

saying that every W*-algebra A with a separable predual A* can be essen­

tially uniquely expressed as a direct integral 

of factors FA' such that the center Z(A) of A is W*-isomorphic to the 

commutative W*-algebra Loo(A,~). This decomposition of an arbitrary 

W*-algebra into factors is referred to as the central decomposition, 

it reduces the study of general W*-algebras to the study of factors 

and commutative W*-algebras. Hence we do not lose much generality by 

studying classical theories and pure quantum theories. 

Examples of central decompositions 
The simplest (and perhaps most important) example of a mixed W*-theory uses 

as algebra A of observables the W*-tensor product A=F®C, where F is a factor and 
C is a commutative W*-algebra. The classical part of the corresponding W*-theory 
is given by the center Z(A)=~, where C denotes the trivial algebra consisting 
of the multiples of the identity. 

Since the central direct-integral decomposition is technically rather awk­
ward, it is important to know that the observable algebra F®C has a most con­
venient L -representation. Every commutative W*-algebra C with separable pre­
dual C* i~ W*-isomorphic to the algebra L (A,~) of complex-valued essentially 

00 

bounded measurable functions on some probability space (A,~). The predual of the 
W*-algebra Loo(A,~) is given by Ll(A,~). The W*-tensor product A=&gC of a commuta­
tive W*-algebra C (isomorphic to Loo(A,~» with another W*-aLgebra B (having a 

separable predual B*) is W*-isomorphic to the algebra L (A,~,B) of all weakly 
*-measurable B-valued functions on A, with pointwise multiplication. The predual 
of Loo(A,~,B) is given by Ll (A,~,B*) (compare Sakai, 1971, sect.3.2). 

Virtually all important W*-theories have W*-algebras A which can be repre­
sented by the W*-tensor product A=F®C, or more generally by a direct sum of such 
expressions:, i.e. by A=4hFn®Cn, where {Fn} is a countable family of factors and 
{Cn} is a family of commutative W*-algebras. However, this is not the most general 
situation: there exist truly global W*-algebras (with separable preduals) which 
cannot be expressed as a countable direct sum of nonisomorphic W*-algebras of the 
form Fn®Cn (cf. Sakai, 1971, sect.4.S). To the best of our knowledge there are 
no physically relevant theories with such truly global W*-algebras of observables. 

The central decomposition reduces the classification of W*-al­

gebras to the classification of factors which is based on the properties 

of their projection lattices. In the projection lattice P(A) of a W*-al­

gebra A there is a natural equivalence relation: two projections F,G are 
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called equivalent (written F~G) if th.ere exists in A an operator T 

such that T*T=F and TT*=G. A projection F is said to be finite if ~F 

and GsF imply G=F. If F is not finite, it is called infinite. A W*-al­

gebra with the unit 1 is called 

(i) finite if for every FEP(A) F~1 implies F=1 

(ii) infinite if A is not finite 

Recall that an element FEP(A) is called an atom if F~O and if for every 

GEP(A) the relation GsF implies either G=O or G=F. The factors of W*­

algebras are classified into three major groups, those of type I, II 

and III. A factor is said to be 

(i) of type I if it contains an atom, 

(ii) of type II if it is atomfree and if it contains some nonzero 

finite projection, 

(iii) of type III if it does not contain any nonzero finite projec­

tion. 

Clearly, the type of a factor is preserved under *-isomorphisms. 

A factor of type I is said to be of type I n (n=1,2, ••• ) if it is *-iso­

morphic to the W*-algebra of nxn-matrices, and of type I~ (usually 
o 

written as 100 ) if it is *-isomorphic to the algebra B(H) of all bounded 

operators acting on some infinite-dimensional separable Hilbert space H. 
A factor of type II is said to be of type III if all its projections 

are finite; it is called type IIoo if it contains also infinite projec­

tions. Every type 1100 factor can be realized as the W*-tensor product 

of a type III factor and a type 100 factor. 

With this, the classification of type I factors is complete. 

However, there are uncountably many nonisomorphic factors of type Ill, 

1100 and III whose complete classification is altogether out of reach. 

Open questions: The role of injective W*-algebras 
There are reasons to believe that the category of W*-algebras with separable 

preduals is much too large and not necessary for the theoretical description of 
nature. First of all, the known examples of physically relevant W*-systems all 
belong to a small subclass: the class of systems whose algebras of observables 
are approximately finite-dimensional W*-algebras. A W*-algebra A with a separable 
predual A* is called approximately finite-dimensional (synonym: hyperfinite) when 
it is generated by an increasing sequence of finite-dimensional W*-subalgebras of 
A. The class of approximately finite-dimensional W*-algebras is closed under 
direct sums and direct integrals; it contains all commutative W*-algebras and all 
factors of type I. There exist uncountably many mutually nonisomorphic factors 
of type II and of type III which are not approximately finite-dimensional but 
none of them ever occurred in a physically relevant model. Therefore it is not 
unreasonable to conjecture that the W*-algebras occurring in the theory of W*-sys­
tems are approximately finite-dimensionalo 
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Approximately finite-dimensional W*-algebras have many remarkable properties. 
For a von Neumann algebra A acting on a separable Hilbert space H, the following 
properties are equivalent (Connes, 1976; Choi and Effros, 1976; Bunce and Paschke, 
1978) : 
(i) A is approximately finite-dimensional, 
(ii) A is injective, 
(iii) there exists a quasi-expectation from B(H) on A, 
(iv) A is semidiscrete. 

A von Neumann algebra A~B(H) is called injective if there is a projection 
of norm one from the algebra B(H) of all bounded operators on H onto A. A quasi­
expectation from B(H) on A is a bounded linear projection E:B(H)~ such that 
E(XAY)=XE(A)Y for every X,YEB(H) and every AEA. A von Neumann algebra A is called 
semidiscrete if for arbitrary AnEA and BnEA' one has IIEnAnBnll~IIEnAn4!Bnll. 

W*-algebras of observables are often generated by representations of Lie 
groups. For this situation the following characterization is relevant: Any represen­
tation of a connected locally compact separable group in a Hilbert space generates 
an approximately finite-dimensional von Neumann algebra (Connes, 1976). 

The complete classification of approximately finite-dimensional W*-algebras 
is essentially known. Murray and von Neumann (1936, 1943) showed that there is 
(up to *-isomorphisms) exactly one approximately finite-dimensional factor of 
type III, and forty years later Connes (1976) proved that there is exactly one 
approximately finite-dimensional factor of type lIoo. The Tomita-Takesaki theory 
of modular automorphisms (reviewed in Takesaki, 1970) achieves a major breakthrough 
in the classification of type III. In this thesis Connes (1973) introduced a one­
parameter classification of type III factors into factors of type IlIA with O~A~1, 
and showed later (Connes, 1976) that there is (up to isomorphisms) only one ap­
proximately finite-dimensional factor of type IlIA for each A with O<A<1. Approxi­
mately finite-dimensional factors of type IHo are classified exactly in terms 
of so-called Krieger factors. In case III1, the only known approximately finite­
dimensional factor is the factor Roo of Araki and Woods (1968) which is the relevant 
algebra of observables for an infinite free boson gas above the critical tempera-. 
ture (Araki and Woods, 1963). The question of the unicity of the approximately 
finite-dimensional factor of type IIIl is of great physical interest, however, 
this important mathematical problem is still open. Note that Golodec's (1977) 
proof of unicity is wrong! (compare Golodec's withdrawal added in the English 
translation by the American Mathematical Society). 

The richness of the category of W*-theories 

W*-theories having nonisomorphic W*-algebras are called inequi­

valent; they represent inequivalent viewpoints. The explanatory power 

and the general intellectual appeal of the category of W*-theories de­

pends to a considerable extent on its capacity to describe inequivalent 

theories in a uniform way. If we start with some basic theory T, we may 

derive from T subtheories T~,Ta' ••• showing entirely different aspects. 

We say a theory Ta can be reduced to a more fundamental theory Ta if 

there exists a basic theory T such that Ta and Ta are subtheories of T, 

T~~T,Ta~T, and such that Ta is a subtheory of Ta' Ta~Ta. (It is 

assumed that the dynamics in Ta and in Ta is induced by the dynamics 

of the basic theory T). 
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Comment: Theory reduction and dynamics 
The definition of theory reduction is essentially a kinematical condition. 

The dynamics is an intrinsic property of a system, it does not depend on the 
chosen point of view. A particular algebra of observables is determined by the 
adopted viewpoint so that there is no reason to expect that the dynamics of the 
system is given by a group of automorphisms. In general one chooses the basic 
theory T in such a way that it represents an autonomous W*-system. Nevertheless, 
the W*-system corresponding to some subtheory Ta$T will in general not be auto­
nomous but will exhibit phenomena which have to be interpreted as interactions 
with the environment. When we speak of "relaxation" or of "noisy communication 
channels" we refer precisely to such interactions. A subtheory is particularly 
interesting if the whole prehistory of the system can be absorbed into the speci­
fication of the initial state of this w*-subsystem. In this special case a (de­
terministic or stochastic) system-theoretic description of the subsystem is 
possible. 

Note that the concepts "atom", "pure state", "mixed state" al-

ways refer to a particular theory; these characteristics may change if 

we go to a subtheory. Whether a property is atomic, whether a state is 

ontic, and to what degree an epistemic state is mixed - all this de­

pends on the chosen point of view. A more fundamental theory is not 

necessarily a truer theory than any of its subtheories for the sub­

theories may give a totally different description of the world. If the 

basic theory is non-Boolean, then its subtheories contain genuinely 

new phenomena which have no counterparts on the level of the basic 

theory. As a rule, a more fundamental theory does not provide any 

words for describing the things we see in a subtheory. In order to 

understand and give a meaning to what happens in the subtheories, it 

is necessary to create a new language, corresponding to the autoch­

thonous languages of the various empirical sciences (for an example, 

compare sect.6.4). Each. subtheory has its own language constituting 

the essence of what we can discuss within the chosen viewpoint. 

The universal enveloping theory 

All phenomenological and many fundamental theories contain pa­

rameters which should in principle be considered as particular values 

of classical observables. Examples for such parameters are the force 

constants or the chemical shift in phenomenological molecular Hamilto­

nians, the temperature in many macroscopic theories, or the mass and 

the electric charge in the Hamiltonians used in quantum chemistry. One 

may argue that a truly fundamental theory should not contain any para­

meters, and that classical observables arise always by a restriction 

of the universe of discourse. If we accept this as a plausible argument, 
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then it is reasonable to require thCl,t the most J;undamentCl,l theory T 

should have no classical observables so that its W*-algebra of ob­

servables is a factor. In this case we have TC=T , TC=T, hence T=TcC 
o 0 

and T =Tcc, where T is the trivial theory having the complex numbers o 0 0 

C as algebras of observables. 

Past experience has shown that a factor of type roo is the only 

reasonable candidate for the algebra of observables of a truly funda­

mental theory. In fact, every W*-algebra with a separable predual is a 

W*-subalgebra of the unique factor of type 100 with a separable predual. 

Accordingly we do not lose any generality if we assume that the algebra 

A of the observables of the basic theory T for all feasible chemically 

relevant theories is the factor of type I~ • This choice has the follow-
o 

ing important consequences: 

(i) every approximately finite-dimensional subtheory of T arises 

via a projection of norm one, 

(ii) every subtheory TN~T is normal, i.e. Tcc=T • 
~ a a 

Remark: Norma~ay of W*-a~gebra$ 
Let A be a W*-algebra with center Z. A W*-subalgebra B of A whose double 

commutant BCC relative to A coincides with B is said to be normal in A. A W*-al­
gebra A is called normal if every W*-subalgebra B~ which contains Z is normal 
in A, i.e. A is normal if and only if B=BcC for every B~A with Z~B. 

The question which W*-algebras are normal has a long history (compare Kadi­
son, 1962); the final answer is very simple: A W*-algebra with separable predual 
is normal if and only if it is of type I (Willig, 1974). Hence every W*-subalgebra 
of a type I factor with separable predual enjoys the double commutant property. 

An interesting characterization of the normalcy of a commutative W*-subal­
gebra is due to Kadison (1962): A commutative W*-subalgebra B~ is normal in A 
if and only if B is the intersection of maximal commutative subalgebras of A. 

If the algebra of observables of the basic theory T is a factor 

of type I (hence normal), the commutant operation Ta+T~ is an involution 
. . cc c c c c c c 

sat1sfY1ng Ta =Ta, (TaATS) =TaVT S' and (TaVTS) =TaATS for all subtheories 

Ta,TS of T, so that the family T of all subtheories of T becomes an in­
vo~utive ~attiae. In this case, every subtheory Ta is comparable with 

its commutant TC 
a' 

If Aa is a W*-algebra of type I, II or III, we call the cor­

responding theory Ta a theory of type I, II or III, respectively. If 

Aa is a factor, we call Ta a factor theory. If the basic theory is a 
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c factor theory of type I, then the commutants T of a type I, II or III a 

subtheory Tn are themselves type I, II or III subtheories, respectively. 

Type I subtheories are well-known and easy to discuss (compare the 

following division). Subtheories of type III playa crucial role for 

the description of thermodynamic systems. All known examples of phys­

ically relevant thermodynamic systems (with nonzero finite temperature) 

have an approximately finite-dimensional w*-algebra of type 1111 as al­

gebra of observables. The only known case of a type II theory is the 

somewhat pathological case of thermodynamic systems at infinite temper­

ature. 

The success of pioneer quantum mechanics (which is a factor 

theory of type I) can be understood if it is regarded as the universal 

enveloping theory which dominates all chemically relevant theories. 

The drawbacks of pioneer quantum mechanics are due to a confusion of 

the basic theory with its subtheories. 

Theory reduation ~ithin the famiZy of type I theorie8 

Dirac (193Q, §14) introduced into quantum mechanics the postu­

late of the existence of complete sets of commuting observables. In a 

mathematically rigorous form Jauch (1960) interpreted Dirac's postulate 

to mean that the algebra of observables contains at least one maximal 

commutative algebra. t.'{e therefore say that a subtheory Ta of a factor 

theory T of type I represents a Diraa 8y8tem if its W*-algebra Aa of 

observables contains at least one commutative subalgebra which is maxi­

mal with respect to the basic type I factor A. This condition is ful­
filled if and only if the center Za of Aa equals the commutant A~ with 

respect to A, 

To. is a Dirac system iff Zoo A~ 

Since A~ is commutative, the algebra Aa is of type I, so that every 

Diraa 8Y8tem i8 a type I theory. The relation Z =Ac implies A AAc=Ac , a a a a a 
hence T~STa. Since To. is classical if and only if Ta~T~, a classical 

Dirac system is characterized by the condition Ta=T~, that is by a 

maximal commutative W*-algebra. Dirac systems together with classical 

subtheories exempli.fy' theories of type I. 

The traditional concept of theory reduction can be described 

as follows. The basic theory is taken to be a classical theory Tcl ' 
c Tcl=Tcl ' so that all subtheories of Tcl are again classical. If TOo' TB 
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are subtheories of the classical basic theory Tcl with Tn~Ta' then Ta 

is simply an enlargement of the theory Tn such that Tn gives a cruder 

description than Ta which has a richer theoretical structure and more 

factual properties. This situation corresponds to the traditional case 

of homogeneous theory reduction as discussed by Nagel (1961). Within 

this Boolean framework the growth of scientific knowledge can be de­

scribed by the cumulative process T ~TQ~T ~ ••• with T ~TQ~T s •• ~T 1. n ~ y n ~ y c 
This process eventually will be complete when we reach the basic class-

ical theory Tcl • If we adopt a non-Boolean framework, take as basic the­

ory T a factor theory of type I, and choose Tcl as one of its maximal 

commutative subtheories, T l=Tcl~T, then the relations T ~TQsT ~ •• ~T 1 
c c n ~ y c 

describe the cumulative growth of knowledge within a fixed point of 

view which is given by the maximal classical theory Tcl~T. However, in 

the basic factor theory T there exist many complementary Boolean frames 

of reference (each described by a maximal classical subtheory) so that 

the growth of knowledge is no longer cumulative if the frame of refer­

ence is changed. 

Theory reduction within a classical dominating theory is quite 

trivial. A nontrivial and diametrically opposite behavior under theory 

reduction is displayed by the Dirac subtheories of a basic factor the­

ory of type I. If Tn and Ta describe Dirac systems, T~~Tn~T, T~STa~T, 
such that Tn is a subtheory of Ta' Tn~Ta' then we have T~~T~ or Za~Zn. 

Since the center describes the directly perceptible features of a sys­

tem, we have the following important (though at first sight counterin­

tuitive) result: if a Dirac theory Tn can be reduced to a more funda­
menta1 D~rac theory TS' then the Less fundamental theory Tn iB phenom­

enoZogiaaZly riaher than the dominating theory Ta. Within the family 

of Dirac theories, abstraction in the theoretical domain means creation 

of new phenomena in the factual domain. As opposed to classical the­

ories, the reduction of a Dirac theory Tn to a more fundamental the­

ory Ta does not allow us to consider the dominated theory Tn as super­

seded by the dominating theory Ta since there are factual features in 

Tn which are not factual but only potential in Ta (compare also Primas, 

1977; Primas und Gans, 1979). 
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5.6 OBJECTS I N A QUANTUM W.ORLD 

Some preliminary remarks: What are objects? 

Are there molecules? This seems to be a silly question. For a 

contemporary chemist, nothing is more obvious than the existence of 

molecules. Likewise, quantum chemistry regards the existence of mole­

cules as being beyond any doubt and does not touch the question wheth­

er or not this assumption emerges from the principles of our most 

fundamental theories. Clearly, we can speak of a molecule only if we 

can distinguish. it from its environment. It is one of the basic tenets 

of chemistry that molecular systems can be separated from th.eir en­

vironments. The doctrine of the existence of molecules is so widely re­

ceived and so respectable that we may have some difficulty to discuss 

it seriously. However, if our intention is to arrive at a proper under­

standing of the situation then we certainly cannot take the notion of 

an "object" for granted. The omnipresence of Einstein-Podolsky-Rosen 

correlations (cL sect. 3.7), makes it far from clear how to define an 

object in quantum theories, meaning something with an individuality 

and intrinsic properties. 

As it is usually rather difficult to produce good definitions 

for very general concepts, we have to let examples guide us on our 

way. Thus we should choose the definition in such a way that planets, 

stones, crystals and dust particles are objects. The question whether 

we can find a th.eoretically sound definition that turns also single 

molecules and electrons into objects, is much more delicate. To set 

the stage for our discussion, we quote a dictionary definition of the 

word "object" as ".60mething 06 whieh the mtnd by any 06 ili aeUviliu .ta.ku 

eogn.i.zanee, whetheJL a &ng exteJLYta£. in J.ipaee and time 0fL a eoneepilon 60Jtmed by the 

mtndilie£.6" (Webster, 1961, p.1555, 3b2). For the time being we shall 

accept this as a heuristically useful characterization but we shall be 

more precise and more technical later on. 

Note that we do not restrict the notion of an "object" to con­

crete things (as some philosophers like Franz Brentano have proposed 

to do) or to spatiotemporal entities. Objects may be quite abstract 

individuals. We consider "object" as the most general ontological term 

of something having individuality and properties. In the framework 

of quantum theory, objects will be described by certain W*-systems 

but we do not assume that these systems correspond to isolated systems. 
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The only es's'ential point i~s that ohjects do not loae thet.r identity 

in the course of time. 

Remm'k: Sys·tems· Zocalized in space and time 
Many of the phys'ically interesting systems are (at least approximately) 

localized in space-time. If such a localized system is arbitrarily far from 
another localized system, the two systems' may still be entangled by Einstein­
Podolsky-Rosen correlations'. In this case the localized systems cannot be con­
sidered as objects. 

A definition of an "object" can be given in a very general framework (such 
as the category of W*-systems), no concept of space is necessary for this. The 
concepts "object" and "localization in space" are therefore independent of each 
other. There are localized systems which are not objects, and there are objects 
which are not localized in space. 

The question of localization in time is conceptually much more difficult. 
If quantum logic is considered as a temporal logic, then time is: a parameter 
specifying the order of occurence of states. If time is: regarded as: a variable, 
then we have a fundamental superselection rule with respect to time. We restrict 
our discussion to this case, hence assume that objects are strictly localized 
in time. We do so not because we are convinced that it is correct but because 
it is traditional. But it would be interesting to break the superselection rule 
with respect to time and to discuss coherent superpositions of states having 
different times:. Such states seem to be unavoidable in a consistent Einstein­
relativistic quantum theory. 

We consider objects to be mind-independent. That is not to 

say that objects exist in an absolute sense, independently of any ab­

straction. The existence of objects in an absolute sense is a chimaera. 

No affront to common sense is implied but an explanation is certainly 

needed. The crucial point is the triviality that nothing can be said 

about nature unZess some abstractions have been made. Objects exist 

only by virtue of abstractions. The notion "object" is abstraction­

dependent but it can be taken as being mind-independent. 

ExampZe 
According to quantum mechanics the electrons of the moon are entangled with 

thei,r radiation field. If we are not willing to abstract from the quantum mechan­
ical structure of this radiation field on the grounds that it is' irrelevant for 
the problem under discussion, then the moon becomes entangled with the sun etc. 
and cannot be said to possess an individuality. So without abstracting from the 
quantum structure of the radiation field, the moon cannot be an object. 

The nonseparabiZity of nature 

Tacit premises are the basis of mental understanding between 

the members of any social group. One of the most fundamental precon­

ceptions of science is the assumption that we need not consider 

the whole universe at once but that in a reasonable approximation we 

can go ahead by compartmentalization. The view of classical science 

that "the analysis of nature in terms of approximately independent 
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parts is in accordance with nature" is an example of making an unsub­

stantiated assertion and then treating it as an established fact. The 

old objection against science that it destroys the universal interde­

pendence by separating parts which should remain united has vanished 

from the sight of the classical scientists. 

It is a mathematical property of classical mechanics that the 

states of subsystems of a system determine the state of the whole sys­

tem. This property is called separability. If a system does not possess 

this property, we call it nonspearable. Pioneer quantum mechanics is 

the first mathematically formalized theory of nonseparable systems, it 

exhibits holistic effects which can be described by the so-called Ein­

stein-Podol sky-Rosen correlations (compare sect.3.7). Adopting the ter­

minology introduced by Schrodinger (1935a,b; 1936), we call noninter­

acting systems having Einstein-Podolksy-Rosen correlations entangled 

systems (in German: "verschrankte Systeme"). Entangled systems have 

holistic features, they have properties which are absent from any of 

their subsystems. 

The existence of Einstein-Podolsky-Rosen correlations implies 

that nature is holistic. In contrast to classical theories, pioneer 

quantum mechanics predicts an entanglement of every system with its 

environment under the influence of even extremely weak interactions. 

This whole-part relationship of pioneer quantum mechanics casts severe 

doubts on the existence of isolated systems. 

The idea of the nonseparability of nature has been a shock to 

classical scientists. Even today some deep thinkers claim that a vio­

lation of the separability principle is impossible "u.ni.eA<I we Me pltepa!ted 

to give up ex.tJtemety geneJLai. .i.deiU that Me a.U deeply engJLa..i.ned w.Uhin OUlt mi.nd<I 

and that nobody hal, hUheJtto <lUggeAted dltopping.in thi<I eontert" (d'Espagnat, 1977). 

This of course, is, a matter of tradition and the adopted paradigm. Clas­

sical scientists are so accustomed to accept the separability of nature as 

something self-evident and so they find it hard to realize how artificial 

this doctrine really is. Outside the Newtonian world view, separability 

has hardly played a role in the development of human thought. Moreover, 

the compartmentalization of the analytical scientist has been condemned 

at all times, for example by Goethe in his famous passage of Faust: "The 

paJtt<l in hi<I hand he may hold and cl.aM I But the I.>p.uutu.al. link .i.J.> iOl.>t, a.f.M!". 
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The nonseparability implied by quantum mechanics is anything 

but an unsatisfactory feature: it is a triumph of theoretical science 

that it can grasp such an utterly counterintuitive phenomenon in terms 

of a conceptually sound and mathematically well-formulated theory. The 

Einstein-Podolsky-Rosen correlations predicted by quantum mechanics are 

genuine characteristics of nature and there is no valid reason for a 

universal validity of the principle of separability. This view implies 

a shift in paradigms and in our understanding of physical reality but 

it does not create any logical difficulties. 

The nonseparability of nature compels us to attach much more 

attention to the background than is necessary in classical theories. 

In a holistic theory like quantum mechanics an object cannot be inter­

preted as a subsystem determinate in itself but has to fulfill stringent 

self-consistency requirements concerning the interactions with 

its environment. Since every object (except the whole cosmological 

universe which we do not consider) interacts with its environment 

(e.g. via the electromagnetic radiation field), we always have to dis­

cuss the embedding of the object system into this environment. In clas­

sical theories, weak interactions lead to weak correlations so that it 

may be permissible to neglect the influence of weak background effects. 

The possibility of Einstein-Podolsky-Rosen correlations in quantal sys­

tems does not permit us to draw such a conclusion: as a rule, the small­

ness of the energetic interactions of a subsystem with its environment 

does not imply that the subsystem is even in an approximately ontic state. 

Since the concept of an object entails individuality, and individuality 

necessitates the existence of ontic states, we can characterize objects 

as (possibly open) subsystems that are at every instant in an ontic 

state. Equivalently, we define an object as a W*-subsystem that cannot 

have Einstein-Podolsky-Rosen correlations with its environment. 

Every description of nature depends on the division of the world 

into a part whose effects are to be considered, and another part whose ef­

fects can be ignored. Objects are created by abstracting from the Einstein­

Podolsky-Rosen correlations with their environments. The ontic state of 

an object depends on the state of the environment in which it is em­

bedded. The dynamics of an object is determined uniquely by a require­

ment of self-consistency: an object has to be a time-independent notion 

in a holistic theory of nature, objects have no longer an absolute sta­

tus, they are created by a particular point of view. But given the 
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viewpoint, objects have well-defined properties which are possessed 

independently of our knowledge of them. 

In the following we give a precise definition of an object in 

the framework of the theory of W*-systems. It will be shown that non­

classical objects exist if and only if their environment is classical. 

This result has far-reaching implications which will be illustrated 

by examples. 

Factorizations of W*-systems 

Before proceeding to the subject proper, we discuss the impor­

tant problem under what conditions a closed system can be decomposed 

into two (possibly open) subsystems. Recall that a system is called 

closed if all phenomena which can influence the system can be taken 

into account in the initial specification. A system is called open if 

the state of the system at time t>to is not a function of the state to 

alone. 

Given a W*-theory T describing a closed system, can we factor­

ize T into well-defined subtheories TI and T2 such that the correspond­

ing subsystems have sufficient individuality to consider the whole system 

as being composed of these two subsystems? We are very interested in the 

case where T represents the universe of discourse, while TI~T represents 

a subsystem of particular interest and T2~T represents its environment. 

The following two postulates are minimal requirements which have 

to be fulfilled by any sensible factorization of a theory T into two 

subtheories TI, T2: 

(i) Completeness 

No part of the environment of the subtheory TI should be ne­

glected, so that TI and T2 generate T, i.e. T=TIVT2. 

(ii) Unentangledness 

Every property of the subsystem TI has to be compatible with 

every property of the environment T2, so that TI and T2 have 

to be unentangled theories (in the sense of sect.5.5), i.e. 

TI~T~ and T2~T~. 

For technical reasons we add a third postulate demanding kinematical 

independence of the properties of the subsystem from the properties 



5.6 Objeats in a Quantum WorZd 297 

of the environment. For this we require the existence of a full set of 

experimentally independent states. A state P on the algebra A of the 

observables of T is said to be independent relative to (TI,T2) if the 

knowledge of its restriction PI to the algebra Al of observables of TI 

does not give any information about its restriction P2 to the algebra 

Az of the observables Tz. That is we postulate: 

(iii) KinematiaaZ independenae 

For every normal state Pion AI, and every normal state pz on 

Az, there exists a normal state P on A which extends both PI 

and pz, i.e. PI=pIA I and pz=pIA z • 

The postulates (i), (ii) and (iii) characterize the factoriza­

tion (TI,T2) as a tensor-produat faatorization in the sense that the 

W*-algebra A is *-isomorphic to the W*-tensor product AI®A2 (Bures, 

1968; Tomiyama, 1969). Without restricting the generality we can put 

A=B®C where Band Care W*-algebras such that A2=C®C represents the 

environment. The trivial W*-algebra (consisting of the multiples 

of the identity only) is here denoted by C. This result says that the 

rule for deaomposing a w*-system into kinematically independent and 

unentangled subsystems is the same as the traditional rule of quantum 

mechanics for aonstruating a composite system from simpler systems. 

While the composition rule leads to a unique jOint system, there is no 

reason to expect that the tensor-product factorization should be unique. 

Comment 
Note that postulate (iii) does not imply postulate (ii) nor is it implied 

by (i) (deFacio and Taylor, 1973). However, condition (iii) implies that 
AlAA2=C, so that the greatest dominated theory TIAT2 equals the trivial theory 
To' TIAT2=TO. If A is a W*-algebra_of type I, then T=TIVT2, Tl~c, and TIAT2=To 
imply that A is *-isomorphic to A1®A2 (Murray and von Neumann, 1936), so that 
postulate (iii) is automatically fulfilled. However, the postulate (iii) cannot 
in general be replaced by the requirement TIAT2=To. This situation is related 
to the fact that a W*-algebra with separable predual is normal if and only if 
it is of type I (Willig, 1974). 

In the following, we adopt postulates (i), (ii) and (iii), i.e. the tensor­
product factorization for technical convenience. However, it should not be 
forgotten that from a conceptual viewpoint postulate (iii) is not compelling 
for object factorizations. One should try to base object factorizations on 
postulates T=TlvT2, To=TIAT2 and Tl$T~, but this problem has not been investi­
gated. Such a factorization is of course only more general in the cases of 
type II and type III theories. In particular, thermodynamic W*-systems should 
be investigated from this point of view. 

For the discussion of a composite W*-system whose algebra A of 

observables is a W*-tensor product A=B®C of two arbitrary W*-algebras 
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Band C, the notion of product states is of crucial importance. Let P 

be a state (i.e. a normalized, positive linear functional) on A=B®C, 
and define the associated partiaZ states PBEB* and PCEC* by 

PB(B) 
def p(B®1) BEB 

and 

CEC 

If P is normal, then both PB and Pc are normal. A state P on a W*-ten­

sor product B®C is said to be a product state if p(B®C)=PB(B)PC(C) for 

every BEB and every CEC. Such a product state P will be denoted by 

PB®P C' Most states on a tensor product are not product states. This 

fact is of fundamental conceptual importance and the crux of the prob­

lem of nonseparability in quantum theories. 

Object factorizations 

We describe the universe of discourse by a basic theory T re­

presenting a closed W*-system having an arbitrary W*-algebra A of ob­

servables. If A can be written as a W*-tensor product A=B®C of two 

W*-algebras B, C where neither B nor C is the trivial factor C, then 

we speak of a factorization of the basic theory T into two subtheories 

Tl,T2 and write T=T 1®T 2. Here Ta is the subtheory having Aa as algebra 

of observables, where A1=B®C and A2=C®C. It is not assumed that T re-
a 

presents a closed system. 

If the two subsystems of the joint theory Tl®T2 are non inter­

acting, then the dynamics t~atEAut(A) of the joint system is given by 

at=Bt®Y t , with BtEAut(B) and ytEAut(C), so that the time evolution 

transforms product states into product states. If the product states 

are not the only pure states on A, then the slightest interaction be­

tween the two subsystems changes the situation dramatically. In such 

a case an automorphic dynamics still transforms pure states into pure 

states but not product states into product states. That is, even if 

the two subsystems are initially uncorrelated, the evolution of Ein­

stein-Podol sky-Rosen correlations is inevitable in the course of time. 

Such a factorization cannot be used to define an object system since 

the corresponding subsystems have (in general) no ontic states. 

It is remarkable that there is a distinguished class of factor­

izations of the universe of discourse not showing any Einstein-Podolsky-
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Rosen correlations between the subsystems. We call such factorizations 

object factorizations. 

Definition: Object factorization 

An object factorization of a theory T is a pair 

(T j ,T2) of subtheories of T with TjvT2=T and 

TjAT2=To such that the restriction of every ontic 

state of T to Ta is an ontic state of Ta' a=1,2. 

In an object factorization (T j ,T 2) we call one subsystem, say Tj the 

object system and the other subsystem T2 its environment. 

If a theory allows no object factorizations at all, we call it 

a holistic theory. If every factorization of a theory is an object fac­

torization, then we speak of a separable theory. Holistic and separable 

theories are extreme cases; if a theory is neither holistic nor sepa­

rable we call it a partially holistic theory. A separable theory 

has no Einstein-Podolsky-Rosen correlations, a partially holistic 

theory has Einstein-Podolsky-Rosen correlations although there are 

still factorizations which are free from these correlations. In a 

holistic system, every factorization is marred by Einstein-Podolsky­

Rosen correlations. 

For tensor-product factorizations T=T j®T 2, Raggio (1978, 1981) 

has proved that Tj®T2 is an object factorization only if one of the 

subtheories T j ,T 2 is classical (i.e. has a commutative algebra of ob­

servables). Accordingly, there exist only three kinds of objects: 

(i) cl.assical. objects embedded in a classical environment, 

(ii) classical objects embedded in a nonclassical environment, 

(iii) nonclassical objects embedded in a classical environment. 

Note that there exists no nonclassical object having a nonclassical 

environment. If T is a theory of type I, II or III, then every object 

associated with T is given by a type I, II or III subtheory Tj, respec­

tively. If we assume that the universal enveloping theory is of type I, 

then no object factorization of this theory can give a type II or type 

III object (like thermodynamics). 

Remark: Open problems 
Is every W*-tensor product A=A j ®A2, where Aj or A2 is a commutative W*-al­

gebra, an object factorization? We do not know but conjecture yes. If A is com­
mutative, or if all ontic states of A are normal, we know that the answer is yes. 
We know that every normal ontic state is represented uniquely by a normal pure 
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state, and that the restriction of every pure normal state on AI®A 2 to AI®C 
or to C®A 2 is again a pure normal state (Raggio, 1981). The situation is much 
more difficult for singular states on noncommutative l~*-algebras. For C*-algebras, 
every pure state P on the injective C*-tensor product AI®minA2' where either Al 
or A2 is a commutative W*-algebra, is of the form P~PI®P2 for some pure states 
PlEA!, p2EA~ (Takesaki, 1979, p.211, theorem 4.14). But we know neither whether 
this theorem generalizes from the injective C*-tensor products to W*-tensor prod­
ucts, nor what the precise relationship is between singular ontic states and 
singular states:. 

Every W*-theory with no classical part (i.e. the a1gebra of 

observables is a factor) is holistic. There are extraordinary holistic 

theories whose algebras of observables do not allow any tensor product 

decomposition. Examples for such prime algebras are the factors of type 

In with n a prime number. In the molecular domain prime theories do not 

seem to play any important role and we will not consider them in detail. 

The factors of type I.." II"", and III are not prime, but the corresp6nding 

W*-theories are still holistic. 

Every classical W*-theory (characterized by a commutative al­

gebra of observables) is separable, hence neither holistic nor partial­

ly holistic. The simplest class of partially holistic theories is given 

by theories T whose classical part Tc appears by a factorization of T, 

T=Tf®Tc ' so that Tf is a factor theory (whose algebra of observables 

is a nontrivial factor). Examples are given by the two-level hierarchi­

cal quantum systems (compare sect.6.2). A representative illustration 

of a type I two-level hierarchical theory T=Tf®Tcis the adiabatic de­

scription of molecules in terms of an electronic part (described by Tf ) 

and the hierarchically higher classical molecular structure (described 

by Tc) (compare sect.6.4). 

Elementary objects 

Elementarity is always defined with respect to some group, such 

as the kinematical group. In particular, the idea of an elementary "par­

ticle" is inherently related to the structure of space-time. In classi­

cal mechanics the oldfashioned notion of a "hard, solid, impenetrable 

particle" has been replaced by the idealization of a "mass point", 

which nowadays is defined via a transitive action of the Galilei (or 

Lorentz) group. In pioneer quantum mechanics, the so-called "elementary 

particles" are defined by irreducible projective unitary representations 

of the Galilei Cor Lorentz) group. The measure-theoretic analogue of a 

transitive action is an ergodic action. In a Hilbert-space-free formula-
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tion of pioneer quantum mechanics in terms of abstract W*-systems, 

irreducible projective unitary representations have to be replaced by 

ergodic automorphic representations. We therefore adopt the proposal 

by Amann (1978) to define eZementary W*-systems quite generaZZy as 

ergodic automorphic actions on the aZgebra of observabZes. An object 

which is an elementary W*-system is called an eZementary object. 

EZementary W*-systems 
More precisely, a G-elementary system is a w*-system (A,G,g+ag) consisting 

of a W*-algebra A, a Lie group G, and a faithful a-weakly continuous representa­
tion g+ag of G by automorphisms agEAut(A), gEG, which acts ergodically on A. Re­
call that an automorphism group {aglgEG} is said to act ergodically on A if the 
only elements AEA which satisfy ag(A)=A for all gEG are the mUltiples of the 
identity. 

Quantum logic is prior to mechanics. l;'our-dimensiona,l space­

time is just one of the ways of describing our experience. We can do 

so by choosing the Galilei group (or the Lorentz group) as the relevant 

kinematical group. In the theory of W*-systems, the Galilei group 

creates both Newtonian mechanics and pioneer quantum mechanics. Every 

elementary GaZiZean system of mechanics is characterized by a pair 

(m,s), mEIR, s;;,O, whet:"e the parameter m is called the mass, and the 

parameter s the spin of the elementary Galilean system (Barg-

mann, 1954; Loinger, 1962; Pauri and Prosperi, 1968). There exists a 

logical symmetry (given by an anti-automorphism of the algebra of ob­

servables) transforming the elementary system (m,s) into the elementary 

system (-m,s), so that these two elementary systems are logically equiv­

alent (that is, they cannot be distinguished in isolation). By conven­

tion, we call an elementary Galilean W*-system with positive mass a Gali­
lean. For every Galileon (m,s) there exists a twin system (-m,s), called an 

anti-GaZileon. If the algebra of observables is chosen to be an atomfree 

commutative W*-algebra, then the Galileon (m,O) is punctually localized 

in the physical 3-dimensional space and has all properties of a Newtoni­

an point particle. If the algebra of observables is a factor of type 100 , 

then the Galileons describe the elementary systems discussed in pioneer 

quantum mechanics (for example, if m=9,109 ••• 10-31 kg and s=t, we speak 

of an electron). The Galileons of pioneer quantum mechanics and the 

Galileons of classical mechanics have utterly different properties so 

that the usual name "elementary particles" for quantum Galileons is bad 

and altogether misleading. Galileons are defined as substantive entities 

neither in classical nor in quantum mechanics; they are defined as struc­

tures which reflect in a simple way the geometrical aspects of space-
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time, and which. help us to understand reality. This mod,ern view is quite 

in accordance with. the ideas 0:1; Ludwig Boltzmann (1844-1906), the bril­

liant defender of the atomic theory. Boltzmann never attributed to atoms 

an exceptional physical reality but treated them as "entities of imagi­

nation" ("Vorstellungseinheiten", compare Boltzmann, 1896). 

Do elementary objects really e$ist? 

Elementary systems such as Galileons are defined by their trans­

formation properties under the actions of the kinematical group. We may 

say that elementary objects exist if we are able to isolate them in a 

reasonable approximation. Clearly, no system can be completely isolated 

from the rest of the world and we are therefore obliged to discuss the 

correlations and the weak long-range interactions of an elementary sys­

tem with its environment. Galileons without long-range interactions seem 

to be feasible from a purely logical point of view but it is hard to 

imagine how an elementary system without long-range interactions could 

be subjected to a direct experimental investigation. It is a most re­

markable fact that all known mechanical Galileons with nonvanishing 

mass interact among themselves by long-range forces. The only two long­

range forces known are related to the electromagnetic and to the gravi­

tational field. Electromagnetic and gravitational interactions can 

neither be turned off nor be completely screened and it is noteworthy 

that these two fields allow measurements to be made upon objects without 

the objects losing their identity. As a matter of fact, every measure­

ment whatsoever uses either the electromagnetic or the gravitational 

field as an informational channel. 

Both electromagnetic field and the gravitational field can be 

characterized as representations of the inhomogeneous Lorentz group 

corresponding to "particles" of mass zero, and spin 1 for the photons 

and spin 2 for the gravitons. Maxwell's theory of electromagnetism and 

Einstein's theory of gravitation are the essentially unique Lorentz-in­

variant theories of massless particles with spin 1 and 2, respectively, 

but there are no Lorentz-invariant theories of massless particles of spin 

~3, hence no further theories which yield an inverse-square-law macro­

scopic force (Weinberg, 1965). In the following we pass over gravita­

tion since so little is known about this extremely weak interaction. 

The electromagnetic field has two peculiar properties which are 
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essential both for the existence of Galileons and for the possibility 

of meal'Jurementl'J on Galileons with nonvanishing mass. First of all, the 

photon mass is zero which implies that the electromagnetic forces are 

long-range and that the electromagnetic field has a so-called infrared 

singularity. Secondly, the free electromagnetic field is governed by 

Zinear equations of motion so that its description by quantum mechanics 

and by stochastic classical mechanics gives in many cases identical or 

similar results. 

The quantization of the electromagnetic field is of special 

character. In spite of the vector nature of the photon (spin 1), the 

vanishing mass of the photon implies that the electromagnetic field 

has only two pairs of canonical fields so that a representation by four 

potentials (or six field components) is redundant. The redundant com­

ponents have to be eliminated by supplementary equations and gauge con­

ditions, neither of which make sense as operator equations. 

All these facts have to be considered carefully when we ask: 

are there moZecuZes? Contemporary textbooks are far from being 

careful. We have to investigate whether we can isolate Galileons, 

atoms and molecules from their residual radiation field. This is an ex­

ceedingly difficult mathematical problem since it has to be proved by 

a stability analysis that the weak coupling of these systems with their 

environment (which is a system having infiniteZy many degrees of free­

dom!) does not change their quatitative behavior. From an engineering 

pOint of view, the most important property of long-wave-length radia­
tion is that it cannot be screened. Photons with wave numbers k+o find 

their way through any screen or container, and couple every molecular 

system with any other molecular system. Every molecular system is in­

fluenced by low frequency photons and we must investigate whether 

this interaction has a negligible effect or not. 

If we can find a factorization of the entire system (including 

the radiation field) such that a stability analysis of the factorized 

objects validates the behavior expected by ignoring the environment, 

then we speak oJ; a robust object. Nonrobust objects are structuraUy un­

stabZe, they are not adapted to their environment and may exhibit 

qualitatively new properties when even very weak interactions with the 

environment are included. Structurally unstable systems have to be 

stabilized by including some parts of their environment into the object 
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system itself. If we ignore the long-range forces in the definition 

of elementary objects we get as a rule dynamically unstable systems. 

One also speaks of "bare particles" since they can be "dressed" by 

including an appropriate long-range part of the electromagnetic field. 

Such a dressing transformation can change a structurally unstable 

object into a robust one, and may have far-reaching consequences since 

the dressed object may acquire altogether new properties. If a properly 

dressed system represents a robust object, the corresponding factoriza­

tion of the entire system is referred to as a roobust faatoroization. The 

question whether there are molecules has therefore be rephrased as: is 

there a robust factorization for systems consisting of Galileons and 

the electromagnetic field such that molecules are robust objects? 

MoZeauZes as roobust objeats 

A molecule is not a thing-in-itself whose ontic state is in­

dependent of the background. Every molecular object has to achieve com­

pa~ibility with its environment which means that a molecular object adapts 

its state to its environment. Since this environment always contains 

the radiation field, everoy moleauZaro objeat aoexists with its eZeatroo­

dynamia roadiation field. The interaction between charged Galileons 

(like electrons and nuclei) is mediated by the electromagnetic field. 

The formulation of the interaction of matter and the electro­

magnetic radiation field is affected by ambiguities since the theory 

is invariant under-gauge transformations. Traditional quantum chemistry 

works in the Coulomb gauge where the total electromagnetic field is 

split into two parts: the static Coulomb field and the transverse ra­

diation field. The crucial point is that the Coulomb field is assigned 

to the moleaularo objeat while the transverse radiation field is re­

garded as environment. We will call this procedure the CouZomb droessing 

and the corresponding factorization of the universe of discourse will 

be referred to as the Coulomb faatoroization. In a fully quantum mechan­

ical description using the Coulomb gauge, the longitudinal part of the 

magnetic vector potential is a c-number (that is, a classical observ­

able), and only the transverse fields are quantized. 

The reason for the popularity of -the Coulomb factorization is 

the belief that the residual interactions between coulomb-dressed 

Galileons and the transverse radiation field is small. However, as we 
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all know, the smallness of an interaction Hamiltonian is not at all a 

measure of the actual strength of interaction. What is relevant is the 

perturbation matrix element divided by the energy difference between 

the two corresponding unperturbed eigenstates. That is, if we have 

almost degenerate molecular eigenstates, even a very weak interaction 

with the environment may lead to a significant change in the molecular 

system. Since the radiation field is a system with infinitely many de­

grees of freedom, a cavalier treatment of this problem in terms of per­

turbation theory is not possible. The problem goes beyond the scope of 

pioneer quantum mechanics and has to be discussed in terms of modern 

algebraic quantum mechanics. The result is that in the Coulomb factor­

ization a molecular object is robust only if the difference between the 

energy of the ground state and the first excited state of the unper­

turbed object is larger than a certain critical value (which is fully 

determined by the free Hamiltonian of the object in question). If the 

free object system has an almost degenerate ground state then it is 

structurally unstable and does not represent an object which can be 

observed experimentally. 

First e:t:ampLe: Maarosaopia objeats 
Ze~ (1970, 1971) and Baumann (1970, 1972) have given arguments to the effect 

that macroscopic systems can never be considered as isolated quantum systems. They 
argue that macroscopic systems possess extremely dense energy spectra so that al­
ready exorbitantly weak interactions with the environment lead to an entanglement 
with the environment. This remark is important and sound but zeh's and Baumann's 
conclusions that macroscopic systems cannot be assumed to be in definite pure 
states is wrong. In order to discuss such structurally unstable systems a much 
deeper analysis is required. The simplest case is discussed in the following 
example. 

Seaond exampZe: ChiraZ moZeauZes 
Pfeifer (1980) has shown that a two-fold near-degeneracy of low-lying eigen­

states of Coulomb-type molecules can be turned into a strict degeneracy by the 
interaction with the molecular transverse radiation field. The transverse radia­
tion field (which is described by a quasi-local algebra of observables) is here 
split into two mutually inequivalent non-Fock representations (soft-photon co­
herent-state representations). This phenomenon is due to the infrared singularity 
of the radiation field, and can be described by a molecular superselection rule 
which separates two chiral molecular states. 

Depending on whether the difference between the two energy levels of .the 
Coulomb-dressed Galileons is above or below a critical level (determined by the 
Coulomb-type Hamiltonian), th.e combined system molecule plus radiation field 
possesses one or two ground states which are of product form and whose field parts 
are generalized coherent states. If there are two ground states, then the associ­
ated superselection rule explains the existence of chiral molecules (like alanine). 
If there is only one true ground state, it represents an achiral molecule (like 
NHDT). 
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Inherited classical observabZes 

There are molecules - this is not a conunonplace but a highly 

nontrivial theoretical result. A robust molecular object is dynamical­

ly adapted to its environment, it inherits from the rest of the world 

some of the characteristics which distinguish inequivalent environmental 

states. Phenomenologically such inherited properties are represented 

by some parameters, which from a theoretical viewpoint are particular 

values of classical observables. Strictly speaking, such classical ob­

servables belong to the algebra of observables of the combined system 

consisting of object and environment. In an object factorization the 

total ontic state factorizes into an object and environment state. We 

can even disregard the environment provided we transfer the classical 

observables of the entire system to the object system. (Note that this 

is what is done in the Coulomb gauge when the static Coulomb field is 

attributed to the molecular object). Classical observables of the ob­

ject system which emerge in this way are called inherited classical 

observables. 

A nontechnical example for such a relational property is the 

nationality of a person: it is not an intrinsic property of a person 

but it is inherited from the environment and makes sense only in re­

lation to other inequivalent environments. Examples for inhe.l;'ited mole­

cular classical observables are the chirality of molecules, the elec­

tronic dipole moment of molecules, the temperature and the chemical 

potential of molecular systems. Larger molecular systems have as a 

rule more almost-degenerate energy eigenvalues than small systems so 

that there is a tendency for complex molecular systems to have more in­

herited classical properties than simple ones. It seems that all clas­

sical observables of molecular systems are inherited from the environ­

ment. It is the wealth of inequivalent representations of the environ­

ment which makes the molecular world so rich and interesting. 

Why may the Hartree approximation be better than an allegedly exact treatment? 
How can we find an appropriate object factorization of the universe of dis­

course? This question is difficult and has no straightforward answero We must 
have a preliminary idea of what degrees .)f freedom of the object system 
could lead to afactorizati.on A=A1aM2, where Al is intended to describe the 
object system. Most probably the combined system represents a single system rather 
than two coupled systems, hence the factorization Al aM 2 cannot be expected to be 
an object factorization (i.e. neither Al nor A2 is commutative). But we can 
enforce an object factorization by a Hartree-type approximation. 

The Hartree method invokes the use of product states PI (t}®P2(t}E(A l aM 2)* 
for the states of combined and interacting systems at all times t~o. It is well-
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known that this amounts replacing the original dynamical gJ;oup 
t~t.EAut(Al~2) by the approximate but self-consistent Hartree dynamics 
t~~=alt®a2t' where ajt maps Aj into Aj but is not necessarily an one-parameter 
group of automorphisms (compare also sect. 6.3). In several well-investigated 
cases (e.g. a molecule in its radiation field, or the adiabatic description of 
molecules, cf. sect.6.4), the Hartree approximation is equivalent to a semiclas­
sical analysis. In this case, the partial states of one (say the second) system 
do not reach all of (A 2)* but lie within a Choquet simplex C*c(A 2)*, so that the 
effective algebra of observables is the dual of C*, hence a commutative W*-alge­
bra C. With this we have found an object factorization A=~, where B is essen­
tially AI, possibly enlarged by some dressing observables. 

If A2 represents a system with infinitely many degrees of freedom, the 
Hartree-type approach is an interesting method for the calculation of classically 
inequivalent environment states. If one takes very many, but only finitely many 
degrees of freedom into account, one can apply the usual methods of pioneer 
quantum mechanics. But it turns out that the problem is as a rule ill-conditioned 
in the sense that it is not robust if larger and larger parts of the environment 
are taken into account. The Hartree approach proves to be a regularization of 
this ill-conditioned Schrodinger equation by mimicking inequivalent representa­
tions (which rigorously exist only for infinitely many degrees of freedom) already 
for finitely many degrees of freedom~ if we have a problem which only 
generalized algebraic quantum mechanics can solve, but nevertheless use 
pioneer quantum mechanics, then an ingenious application of a Hartree factoriza­
tion may give useful results while the exact solution of pioneer quantum mechanics 
fails even qualitatively. 

In a Hartree-type object factorization the discussion can be reduced to the 
object system by an elimination of the environment variables. Such a reduction 
has the consequence that the resulting Schrodinger equation for the state vector 
of the object system becomes (as a rule) nonlinear (compare also Davies, 1979b; 
Pfeifer, 1981). 

If one applies the Hartree factorization to a molecular system interacting 
with its own radiation field, then the Hartree time evolution transforms coherent 
radiation states into coherent states: if the electromagnetic radiation 
field is initially in a coherent state, then it remains coherent for all times 
so that all radiation states are contained in the Choquet simplex of coherent 
states which is isomorphic to the Lebesgue space LI over the phase space of the 
coherent states. The algebra of the environment observables is then the commuta­
tive W*-algebra C=(LI)*=Loo ' The radiation states we get from the Hartree approxi­
mation are normal (i.e. elements of LI=(Lro)*), while the ontic states of Lro are 
singular (i.e. elements of L! but not of LI). The situation finds its explana­
tion in the fact that the radiation field, of the Hartree approach, is a Gaussian 
stochastic classical field, that fulfills the classical Maxwell equations but does 
not vanish when the molecular sources vanish. The normal classical states 
represent a probability distribution while the true ontic states are not ob­
servable. Inequivalent coherent states are represented by classical stochastic 
fields having mutually singular probability measures. In the Hartree approxima­
tion, the emergence of new classical observables is again due to the singular 
behavior of the electromagnetic radiation field of extremely long wavelength 
(Pfeifer, 1981). 
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6, REDUCTIONISM, HOLISM AND Cor1PLEMENTARITY 

"£LYLe Ha.u.p.tuMac.he dvr. AJunut -<-YL deYL W.v.,.6erL6c.ha6t;eYL 

.i..6t mwt uYLgebilde.tvr. RUc.htum." 

Bentott &tec.ht (LebeYL de..6 Ga.tite.i.) 

6.1 THE CONTROVERSY REDUCTIONISM VS. HOLISM 

Reductionism 

In spite of the obvious plurality of scientific explanations on 

various levels of description, there still exists a bias toward theoret­

ical monism. Neglecting the possibility to view nature from different per­

spectives and ignoring the fact that the decomposition of nature into 

parts is not God-given, traditional reductionism treats the various 

theories and models as, to be sure, incompletely articulated but ulti­

mately reducible to an all-embracing fundamental theory. In the context 

of biology, reductionism is the view that all phenomena of life can 

be ultimately reduced to the laws of physics and chemistry. There are 

many variants of reductionism differing in the explanation of what "re­

duced to" should mean; for example, it may be defined as "accounted for", 

"described by", or "deduced from". In its extreme form, reductionism 

denies that a concept is scientifically meaningful unless it is unam­

biguously defined in terms of fundamental physics. 

Reductionism, if accepted, is usually accepted on faith and 

without any logical evidence or plausible reasons. Many scientists and 

philosophers maintain that a reduction of "higher sciences" (like biol­

ogy) to "lower" ones (like physics) is in principle possible. For ex­

ample, Bertrand Russell (1948, p.50) claims: "Thvr.e.v., YLO lleMOYL to .6u.pp0.6e 

UV-<-YLg mattvr. .6u.bject to artlj .f.aw<I othvr. thaYL thou to wh.[c.h -<-MYL.i.ma.te mattvr. .v., .6u.b­

ject, a.rtd c.orL6-<-dvr.a.ble lleMOYL to ruYLR that evvr.ljth.[YLg -<-YL the behav-<-oull 06 UV-<-YLg 

ma.ttvr. .v., theOllwc.a.illj ex.pUcable -<-YL teJtm.6 06 phlj.6-<-C,6 aYLd c.h~ttr.lj". A strong 

claim which would deserve a most careful discussion; however, Russell's 

amplification of this thesis is just meaningless chatter. Armchair 

philosophers (who evidently did not go to the trouble of learning some 

chemistry and physics) even claim that chemistry already has been re-
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duced to physics (e.g. Kemeny and Oppenheim, 1956; Oppenheim and Putnam, 

1958). In contrast to the unsubstantiated claims of science fiction 

writers it has to be stressed that most theoretical concepts of chemis­

try have not yet been successfully reduced to quantum mechanics and it 

is an open question whether such a reduction can always be achieved. 

Moreover, we know from recent work in algebraic statistical mechan-

ics that successful reductions require often new and very sophisticated 

mathematical tools. Certainly, the elimination of theoretical pluralism 

is not sheer routine. 

The reductionist's hypothesis is simple: since organisms are 

built of matter, every biological question must be sought in terms of 

the fundamental theory of matter - there is no room for autochthonous 

biological laws. On the other hand, vitalists, holists and emergentists 

deny that the laws of physics are sufficient to explain the phenomena 

of life. In their arguments, antireductionist biologists emphasize the 

inherently global properties like complexity, organization and organic 

wholeness. Physiologists and physicians have always been stressing that 

they have to acknowledge a living organism as a pre-established whole, 

as an "en!.>emble haJunolUque" , as Claude Bernard (1865, p.150) put it in 

his classic on medical science. 

The vitalists require organizing principles that do not have a 

local character but refer to holistic properties of the organisms. How­

ever that may be, experimental biologists have often deprecated vitalism 

not on philosophical grounds but because such a working hypothesis has 

greatly hampered the progress of science (compare e.g. Bernard, 1865, 

p.154). While vitalism tends to restrict science, reductionism has al­

ways been a productive heuristic principle. In fact, many difficulties 

of explaining living systems in terms of chemistry and physics, as 

stressed by the classical vitalists like Driesch (1908) have disappeared 

one by one. Yet, as P.W. Anderson (1972) has warned us "the lLedUc;UonMt 

hypothu,,u, dou, not by any mean!.> imply a "c.on!.>tlLuc;UOnMt" one: The abili-ty to lLeduc.e 

eVeILythJ..ng to -6imple 6undamen:ta.l .f.aw-6 dou, not imply the abili-ty to -6taJr..t 6nom th0-6e 

.i'.aw-6 and nec.on!.>tlLuc.t the ulUveJL6e". And as Kenneth F. Schaffner said "the 

onganMmtc. point 06 vieJIJ may well. pf1.Ove hewU-6tic.ail.y valuable at c.eJt.tun -6tagu, 06 

biologic.al inqu1Jty" and "theILe may be good hewU-6tic. neMon!.> OM not attempting in 

ail. pO-6-6ible alLeM to develop phY-6ioc.hemic.al explanation!.> 06 biologic.al phenomena, 

and good neMOn!.> 601L attempting to 60lLmuiate -6pec.i6ic. biologic.al theolLiu,". 



310 6. Reductionism, Holism and CompZementapity 

Reduction of theories 

To say that "biology can be reduced to the laws of physics and 

chemistry" has a dubious meaning unless it is clearly explained what 

we should understand by "reduction of theories" and by the "laws of 

physics and chemistry". 

The following traditional concept of reduction of theories has 

been widely accepted as a working hypothesis of scientific methodology. 

According to this view one says that a theory Ta has been reduced to a 

theory TS if one can infer Ta from TS' or from TS and some additional 

assumptions. Nagel (1961) distinguishes two types of theory reduction, 

the homogenous reduction when Ta and TS are expressed in the same lan­

guage, and the heterogenous reduction when the languages are different 

so that we have in addition translation problems. It is said that the 

reducing theory TS explains the reduced theory Ta so that theory re­

duction is often considered as a special case of deductive-nomological 

explanation in which the explanandum Ta is the logical consequence of 

the explanans TS (cf. Hempel and Oppenheim, 1948). 

This traditional concept of theory reduction rests on much too 

simple a view about the structure of scientific theories. Nearly all 

of the ph.ilosophical studies of theory reduction have their origins in 

an analysis of classicaZ physics, and, therefore, reflect the dogmas 

and limitations of that approach. Traditional theory reduction presup­

poses that subtheories can always be totally ordered. This is true for 

classical theories but wrong for quantum theories. The subtheories of 

a non-Boolean theory may be incomparable and form a directed set which 

cannot be totally ordered (Primas, 1977). 

Since there is no doubt that at least some phenomena have to 

be described by quantum theory, it is not permissible to describe chem­

ical and biological phenomena in the conceptual framework of classical 

physics wh.ich presupposes a Boolean propositional logic. Accordingly, 

theory reduction has to be discussed on the methodological level of 

non-Boolean theories. In the context of W*-systems, we have given in 

section 5.5 a precise definition of theory reduction which agrees with 

the defintion by Nagel, Hempel and Oppenheim in the special case of 

classical theories but which leads to utterly different consequences 

in the case of quantum theories. Since all known mathematically well-
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formulated nonrelativistic theories can be rephrased in terms of W*­

systems, it is tempting to try the following working hypothesis: every 

aonsistent phenomenologiaal theory is a W*-subtheory of some universal 
W*-theory. While the universal theory refers to the undivided wholeness 

of nature and has no subject-object separation and therewith no observ­

able phenomena, every subtheory derived from the global universal the­

ory reflects some specific inquiry. Of course, we do not know in what 

domains the W*-reductionist thesis may be successful. In any case, it 

has a well-defined meaning, includes all successful reductions so far, 

and can account for the emergence of properties of wholes not possessed 

by their parts (compare Primas, 1977; Primas and Gans, 1979). 

Besides physias J there is history 

In every physical theory, the description of natural phenomena 

is divided into two categories: the equations of motion and the initial 

conditions. It is assumed that the initial conditions can be chosen 

arbitrarily, or to put it differently: if we disregard cosmology, there 

is no physiaal theory of initial aonditions. 

The phenomenon of the evolution of new species makes biology a 

different kind of field from pyhsics. An electron has no interesting 

history but every cell represents a history of more than a billion years 

of evolution. 

Even if evolution obeys the laws of physics, can physics ex­

p1a1n evo1ut1on? Po1anyi (1967) holds that no machine or machinelike 

feature of an organism can be represented in terms of physics. "16 all. 

mW welle extllllJlJina:ted, :th.L& woui.d not a.66ec.:t :the l.aLu6 06 ina.ni.ma;te na.:tuII.e. But:the 
pMduc:tWn 06 ma.c.h.i.ne.o rAlOui.d .6top, a.nd not u.n:tU men aJI.O.6e again c.oui.d ma.c.hi..nu be 

60Juned onc.e mOJLe" (Polanyi, 1968). Every machine relies for its operation 

on the laws of physics and chemistry, but the machine's design is a 

higher-order principle; in a physical description it is relegated to 

the innocent-looking initial conditions. In this sense maahines are 
irreduaible to physias. 

The separation of a description into laws and initial conditions 

depends on the chosen point of view and is to some extent arbitrary. 

Biology studies life as it happens to have evolved, so that biology is 

much more than physics the study of the historical process of evolution. 
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Hence reductionism can be a sensible thesis only if the laws of physics 

are combined with historical facts. 

Holism 

In the context of biology, holism is the thesis that the parts 

of an organic whole exhibit patterns that they do not show outside these 

wholes. More specifically it is often held that even if we possess a 

comprehensive theory of the parts, we still could not derive from that 

theory a description of the whole. An organism is considered to be prior 

to its constituent parts in the sense that any understanding of their 

function presupposes an understanding of the whole organism. 

An important argument put forward by holists relates to emergent 

properties. The theory of emergence assumes that there are different 

levels of existence such that entities on a higher leve~ are character­

ized by specific properties that do not occur on lower levels, and such 

that it is impossible to deduce the characteristics of a higher level 

from those of a lower level. Hence we have the possibility of essential 

novelty of laws in a higher level description. An emergent law involves 

the emergence of new variables describing new qualities. The question 

of a functional relationship of these new variables with the lower vari­

ables is controversial. 

The emergent evolutionists hold that the nature of emergent 

characters can only be learnt by experience of their occurence (Morgan, 

1923, p.5), so that we must wait till we meet an actual instance of an 

object of higher order before we can corne to an emergent law (Broad, 

1929, p.79). Hence emergent laws are considered as a priori unpredict­

able. 

It goes without saying that such ideas are beyond the compre­

hension of logical positivists. Indeed, Hempel and Oppenheim (1948) 

maintain that this argument contains a logical mistake and that know­

ledge of wholes can be taken into account in defining concepts concern­

ing their parts. While the ideas of the holists may be vague, the state­

ment by Hempel and Oppenheim is clear but wrong. Their statement is re­

futed by explicit examples even in the realm of modern physics. There are 

facts which are not ultimately accounted for by the intrinsic properties 
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of elementary objects. For example, substances may have a temperature, 

single molecules do not. In the framework of W*-systems, thermodynamics 

can be considered as a W*-subtheory of pioneer quantum mechanics, and 

it can be shown that a change from a molecular viewpoint to a thermo­

dynamic viewpoint implies the emergence of new quantities such as the 

temperature (Primas, 1977). 

Holism is often considered as the opposite of reductionism but 

this view must be rejected as naive. Quantum logic is a perfectly well­

defined holistic theory and non-Boolean theory reduction represents a 

sophisticated variant of reductionism. In this framework reductionism 

is in harmony with holism, and the emergence of essential novelty in a 

higher level description is a compelling consequence of the theory. 

This kind of emergence is possible only in virtue of the existence of 

incompatible properties. 
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6.2 COMPLEX SYSTEMS 

Von Neumann and Chaitin systems 

Empirical s.cience nourishes the idea that the value of a sci­

entific theory is that it enables us to replace a lengthy listing of 

incoherent empirical facts by a deductive scheme based on a few the­

oretical hypotheses. Following up this idea we are led to grave prob­

lems. For one thing, in order to reconstruct empirical data from a 

short theoretical scheme, the computations that have to be made can be 

very long and complicated so that we have to spend an enormous amount 

of time to predict from the few axioms the empirically accessible data. 

For another thing, there is no reason to believe that every phenomenon 

has a theoretical description which is simpler or shorter than the 

listing of the corresponding empirical data. 

In really complex systems, both dilemmas are unavoidable. Using 

the concept of information-theoretical complexity, Chaitin (1974) has 

shown that in every formal description of a complex system one has 

either few bits of axioms and incredibly long proofs, or short proofs 

and an incredibly great number of bits of axioms. Here, "incredibly 

great" means that these quantities increase more quickly than any com­

putable function of the computational complexity. (For an introduction 

to the concept of complexity of computations, compare e.g. the text of 

Brainerd and Landweber, 1974). 

In the context of automata theory, there is a suggestion by John 

von Neumann (1966, pp.47-56, p.78) saying that when an automaton is not 

very complicated, the description of its function is simpler than the 

description of the automaton, but that the situation is reversed with 

respect to very complex automata. That is, for objects above a critical 

complexity ("von Neumann systems", for short) it is simpler to say how 

they are made rather than what they do. Perhaps the most extreme case 

has been discussed by Chaitin (1977): a Chaitin system is a cZassicaZ 

system for which the computationaZ compZexity of the whoZe is Zess than 

the sum of its parts. Chaitin (1977, 1979) proposed such systems as a 

new criterion for life. 

Whether such systems play in fact a role in biology is an open 

question. We have mentioned here the von Neumann and the Chaitin sys­

tems only to point at an important limitation of the physico-chemical 
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methodology which presupposes that natural phenomena can be effectively 

described by a comparatively short description in terms of basic build­

ing blocks (like the elementary objects associated with the space-time 

symmetry group). Von Neumann and Chaitin systems are classical system 

of ultimate complexity, they represent an organic whole whose descrip­

tion in terms of its parts is logically feasible but utterly absurd. 

SeLf-referring systems 

The idea that there may exist a theory having truly universal 

validity gives rise to nontrivial logical problems. For example, in 

such a theory it would be possible to have a self-describing system 

which can explain itself in an autonomous manner. 

Self-reference can lead to contradictions. For example, the 

self-referential sentence "this statement is false" is true if false 

and false if true, and so it is both true and false, hence contradic­

tory. 

We do not claim that self-reference can play no role in bio­

logical or sociological systems. But in order to avoid logical circles 

and paradoxes of the Richard type, we do not assume that the theories 

we consider can also explain our own actions. Otherwise we would be 

forced to look at our brains as systems that produce the very theories 

we have about brains. 

Remark 
Self-reference is a deep problem, related to COdel's incompleteness theorem. 

A simple but competent and imaginative discussion of some problems of self-refer­
ence and incompleteness can be found in the extraordinary book "GOdel, Escher, 
Bach" by Douglas R. Hofstadter (1979). 

Complexity is not an intrinsic property 

Matter admits many modes of description, all equally valid and 

real. The plurality of ways of seeing and describing systems is related 

to their complexity. As emphasized by Robert Rosen (1977), "c.ompleUty-U 

not an .in:tJL.in6.ic. pJtOpeJr.ty 06 .sy.stem6, but IULthVl. aJt.iAu 61LOm the numbVl. 06 wa.y.s .in 

whi.c.h we Me able (OJ!. du.iAel to .i..n:teJLa.c..t wUh a. .sy.stem. • •• A .sy.stem Uk.e a. .stone 
typJ..c.all.y -U lLeglVLded a..s .s.i..mple, beca.u.se we .in.telLa.c..t w.i;th U only .in a. 6e.w wa.y.s. FOJ!. 

a. geoiog-Ut, who muLtipUu .the numbVl. 06 wa.y.s .in whi.ch he .i..n.telLa.c..t.s w.i;th a. .stone, 

.su.ch a. .sy.s.tem can a.ppeal!. .i..n6.(.nUel.y complex". 
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Accordingly we consider complexity as associated with desarip­

tions (Lofgren, 1977) and define a complex system as one for which we 

have at our disposal a variety of different modes of descriptions, re­

ferring to differently chosen subsystems, having a high degree of co­

herence and autonomy, and being engaged simultaneously in several dis­

tinguishable activities. 

A simple but important class of complex systems arises when 

th.ere exist subsystems which exercise control over others while being 

controlled by others. In this case we have a new order, called hierarah­

iaaZ ol'del'. 

HierarahiaaZ systems 

Many complex systems we know from physics, chemistry, biology 

and sociology are hierarchically organized and have the property of 

dynamical near-decomposability (Simon, 1962). This hierarchical struc­

ture permits an analysis by a comparatively simple description so that 

the complexity of most hierarchical systems is below the critical com­

plexity suggested by von Neumann. This may explain the fact that hier­

archically organized complex systems often represent the thermodynam­

ically preferred situation. 

A hierarchical system is defined as a complex system which can 

be decomposed into an ascending family of successively more encompassing 

subsystems such that every lower level system is subordinated by an 

authority relation to the next higher level. Accordingly, a hierarchical 

system exhibits a series of "levels of organization" but a particular 

level does not exist independently of the entire system. In particular, 

a higher level cannot be understood if considered in isolation from the 

lower levels, it exis·ts only in virtue of some specific lower-level 

mechanism. The authority relation constrains the behavior on the lower 

level so that a lower level system shows some coherent activity. On the 

other hand, all processes at a higher level act in conformity with the 

laws of the lower levels. Accordingly, adjacent hierarchical levels are 

connected by a feedback loop. 

Examp Ze: Biosystems 
Biological systems have always been described by a variety of hierarchical 

structures such as: molecules, cells, tissues, organisms, breeding populations, 
species, social systems, ecosystems. To describe the various activities of a bio­
system, each. of these levels requires its own kind of state description as an 
open dynamical system. 
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If we focus our interest on the coherent activities of a hier­

archical feedback system, we can get a simple description provided we 

use for every level the appropriate language. As a rule, the descrip­

tion of a hierarchical level with a language appropriate for a lower 

level is possible and may be very complex and almost incomprehensible, 

and the relevant patterns of the higher level are not put in evidence. 

On every hierarchical level new entities ("collective modes") emerge as 

new natural variables in terms of which a simple description of the co­

herent activities is possible. These new variables allow a new language 

such that a high-level view of the system may contain explanatory power 

which is absent in a lower-level description. The fact that some phenom­

ena can be explained on a high level quite easily, but not at all on a 

lower level, shows that a reduction to a more fundamental level may mask 

essential characteristics of complex systems. Since we are not inter­

ested in incomprehensible descriptions, we have to invent new viewpoints 

which render the description the simpl~st possible. 

Firf!t examp te: Zoo logy 
A molecular description in all its detailed complexity of honey bees would 

be bad, not because our computers are hopelessly too slow but because such a de­
scription would be entirely irrelevant to the understanding of, say, how honey­
bees signal the location of a rich source of nectar (as described by Frisch, 1965). 

Seaond example: Cherrristry 
In the last hundred years, chemistry has been dominated by the idea that the 

description of chemical systems in terms of molecular constituents is the correct 
mode of analysis. Yet chemistry is not only the science of molecules, it is also 
the science of substances. The qualities characterizing substances and molecules 
are not the same. For example, in the conceptual framework of chemical thermodynam­
ics there is no room for the notion of a molecule. It is well-known that the con­
cept of a "pure substance" should not (and usually cannot) be given in molecular 
terms (compare. van der Waals, 1927, §92). To cite an instance. we know that water 
is a pure substance in spite of the fact that its mo~ecu~ar structure is sti~~ 
highly controversial. 

Third examp te: Water 
The established dogma of theoretical chemistry says. "In oltdlVL to .i.n:tlVLplLd 

the pILOpeJtt.i.u 06 .6team, ice, and UqtUd watlVL, we mu6t undlVl..6tand the IQltIVL mole­
cule" (Eisenberg and Kauzmann, 1969, p.l). But this program does not work. "In 
.6pUe 06 the c.onv-inung YULtuJr.e. 06 the geneJtai qu.aUttttive p.i.c.twLe and the ex­
ten.6-ive ltange 06 ph!/.6-ic.o-c.hern-ic.al meJL6WLemen.t6 wh-ic.h have been made on 1Qlt1VL, -in­
clwii.ng -in lC.ec.ent !/eaM nwnlVLOU6 .6pec.tJI.Mc.op.{.c. .6tu.di.u, U 1LemaA.n.6 un60Jttunatel!/ 
tJtu.e tha.t no .6a.;t(J,6ac.tolLlj dUailed molec.uf.aIL pi.c..tWLe. ha..6 !/d emeJtged. The plLuent 
.6Uu.ati.on .u, too c.on6U6ed to be bM.e6l!/.6u.mmaJLi.zed, and the .6ame .6.ta.tement -i.6 even 
mOlLe tJtu.e 06 e660w to g-ive a molec.uf.aIL .i.n:tlVLplLUaUon 06 the ILOle 06 the Mlvent 
-in .6olvent-.6olute -intlVl.acUon.6 -in watlVL and othlVL h!/dItogen-bonded .6olvent .6!/.6tem.6" 
(Bailar et al. 1973, p.137). In the latest volume of a comprehensive treatise on 
water, Richards (1979, p.123) sUllllllarizes the recent "advances" by the statement: 
"Ca.l.c.ula.tWn.6 bMed on a bJw.:te 601Lc.e applLOac.h have not c.ort.tJt,i.buted art!/th-ing 06 
ou.t.6tand-ing .6-ign-i6-ic.anc.e '" In 6ad, even a .6!/.6tem .6u.c.h M (H20) 3 ha.6 .60 mart!/ 
pO.6.6-ible vtVLi.a.blu -in tell1n6 06 the po.6.iilon 06 the c.on.6tUu.ent nu.c.lu tha.t U -i.6 
not po.6.6-ible to do .6u66-iuent c.alc.u1.a.Uon.6 to .6a.;t(J,61j a .6ta.tU.Uc.al mec.ha.n.te.ian 
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without. using g/totuque amouYtt6 06 c.omput.eJL tUne". Even though the current para­
digm commands it, it is pure science fiction that substances can be described in 
terms of molecules. The molecular language may be the wrong language for describ­
ing chemical substances. 

FOUFth example: Superconductivity 
The transition of a metal from the normal to the superconductive state is a 

phase transition involving a change in the order of the system. The essentials of 
this phase transition are nowadays well understood in terms of so-called Cooper 
bound electron pairs (Cooper, 1956; Bardeen, Cooper and Schrieffer, 1957). 

In a modernized version of this theory the Cooper pair is replaced by a boson­
type quasiparticle which describes the collective modes responsible for the macro­
scopic order in superconductors (Leplae et al. 1974, Matsumoto and Umezawa, 1976). 
These bosons behave under Galilei transformations as elementary particles but they 
appear on a hierarchically higher level than the electrons of the microscopic de­
scription of the metal. The microscopic theory of superconductivity explicitly 
explains how the boson quasiparticles are made out of electrons. Once created, the 
boson quasiparticles constitute a distinct entity and in a reasonable approxima­
tion it is permissible to neglect the dynamical factors on which their existence 
depends. The equations which determine the macroscopic electromagnetic field, the 
current and the energy in a superconductor under given boundary conditions are 
much simpler on the boson level than the microscopic description on the hierarch­
ically lower electron level. For example, the Josephson effect can be described 
simply but rigorously in terms of quasi-boson tunneling. 

It is a thesis of organismic biology that the laws determin-

ing the dynamics at a given hierarchical level have nothing to say on 

the dynamics at a higher level. From examples of hierarchical systems 

we completely understand in physical terms (like superconductivity), we 

know that such a claim cannot be true for general hierarchical systems. 

But it is true that a derivation of a higher-level dynamics from a lower­

level theory is a highly nontrivial business which requires sophisti­

cated mathematical tools. 

The time scales in hierarchical systems 

A hierarchical order is called stable if the hierarchical re­

lationship is preserved during the operation of the system. Sudden 

changes in organization and structure are among the characteristic 

features of hierarchical instabilities. Well-known examples of hier­

archical instabilities are social revolutions and the formation of 

larger integrated systems. In every stable social system the govern­

ment has to be conservative and to act slowly such that the subordi­

nates can follow. This property seems to be typical for any hierarch­

ical system and can be used to discriminate hierarchical levels accord­

ing to their reaction time. 

A higher level in a hierarchy has always a much longer reaction 
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time than a ZeveZ cZassified as Zower. This condition is necessary in 

order that a lower level is controlled ("slaved", in the terminology 

of Haken, 1977) by the dynamical variables ("order parameters") of the 

next higher level, and that the lower level variables adapt themselves 

immediately. Accordingly, we can expect an hierarchical order only if 

the system possesses modes grossly differing in reaction time. In such 

a case, we can use asymptotic expansions and contract a low-level de­

scription by introducing a few secular variables (having a slow time 

variation) which establish a higher hierarchical level. 

E:ccurrpZe: BioZogicaZ time scaZe and reductionism 
In biology one distinguishes the following time scales (cf. Goodwin, 1963): 

(i) the biochemical scale (a fraction of a second or less), 
(ii) the metabolic scale (in the order of a minute), 
(iii)the epigenetic scale (several hours), 
(iv) the development scale (days or years), 
(v) the evolutionary scale (thousands to millions of years). 

An inveterate reductionist who likes to reduce biology to pioneer quantum 
mechanics should not forget that the accuracy of the molecular Hamiltonian he 
needs to describe biological phenomena is of the order hiT, where h is Planck's 
constant and T the relevant biological reaction time. In order to get this 
accuracy in a science-fiction-free way, he would have to include a large part of 
our world into his theoretical universe of discourse. That is, a discussion of 
the long-time behavior of dynamical systems and long-range predictions on the 
basis of a fundamental theory is practically impossible. 

A reductionist is obliged to attempt a description of a hier­

archical system in terms of a single fundamental theory. If such a 

description is possible then it necessarily behaves nonuniformZy 

with respect to time if a parameter in the fundamental equation 

of motion for the entire system tends toward some limiting value of 

interest. A direct expansion in powers of these parameters fails badly 

in the domain of main interest, and one speaks of a singuZar perturba­

tion probZem. In chemistry, well-known examples of singular perturba­

tion problems are the time-dependent Born-Oppenheimer approximation 

(where the ratio between electron and nuclear mass is the character­

istic expansion parameter), and the steady state approximation in chem­

ical kinetics. 

The nonuniformity in a fundamental description of a hierarch­

ical system is related to a multiscale dependence of the solution. In 

order to get a uniformZy vaZid, hence easily interpretable asymptotic 

expansion to the nonuniformly behaving solution one has to introduce 

explicitly the intrinsic time scaZes of the various hierarchical levels. 
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The use of time scales which are pertinent to the physics of the prob­

lem at hand has been emphasized by Bogoliubov (1946). For example, a 

sensible description of a gas requires at least two time scales. Phe­

nomena occurring during collisions have to be described by a time vari­

able to which is read on a fast clock. Phenomena occurring during the 

relaxation of the gas toward thermodynamic equilibrium have to be de­

scribed by a time variable tl which is read on a slow clock. 

The method of multipZe time seaZes 
The multiscale behavior of hierarchic systems can be discussed by the "method 

of multiple time scales" (for reviews, compare e.g. Nayfeh, 1973, chapt.6, and 
Smith, 1975). Consider for example a real vector differential equation of the 
form 

x = f(t,x,e:) 

where x (t) eR'l, fEJR'l, t~ and £ffi is assumed to be a small parameter. The method 
of multiple time scales makes explicit the distinction between physical time 
scales and assumes that the exact time dependence can be considered to be the 
resultant of independent time behavior on several distinct time scales. With this, 
the solution of the equation of motion can be found in the form 

x = xO(to,tl,. •• )+£XI(to,tl,. •• )+ ••• 

where to=t, tl=£t, ••• are treated as independent variables. When the solution is 
obtained in terms of to,tl, ••• , they can be converted to expressions in terms of 
the physical time t by tn=e:nt. The otherwise unspecified functional dependence 
of xn on to,tl, ••• is given by the requirement that no secular behavior should 
exist. 

The simplest molecular hierarchic system is a moZeeuZe. The 

usual adiabatic description of a molecule considers the electronic 

motions as fast while the nuclear motions (oscillations, rotations) 

are considered as slow. If to denotes the fast time variable (describ­

ing the electronic motions), and if tl denotes the slow time variable 

(describing the nuclear motions), then we have tl=£tO where £2=m/M de­

notes the ratio between the electron mass m and a typical nuclear mass 

M. The nuclear government controls the electronic rank and file by 

actions which can be measured with the slow clock t l • The electronic 

rank and file obey at once, i.e. the electronic motion follows the 

motion of nuclei with a fast reaction time which can be measured using 

the fast clock to. Since there is no government without rank and file, 

the dynamics of the nuclear control level is not given a priori, it is 

created via a feedback interaction by the state of the electronic rank 

and file. As in any feedback system, the stability of this molecular 

hierarchy is not automatically warranted by the dynamical laws. A 

sudden change in the nuclear variables leads (as a rule) to a molecular 

revolution. The possibility of a breakdown of the adiabatic description 
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of a molecule exemplifies the fact that the hierarchical structure of 

a system is never an intrinsic property of a system, it rather arises 

from a particular way we interact with the system. The hierarchical 

description of molecules is appropriate if we interact with molecules 

in a chemically relevant way. 

HierarchicaL quantum systems 

The adiabatic description of a molecule gives an example of a 

hierarchic quantum system. But there is a delicate point in such an 

approach, since pioneer quantum mechanics is not the proper framework 

to discuss hierarchical quantum systems. If a higher hierarchical 

level is to give perspicuous and unambiguous orders, then the control 

variables must be cLassicaL variables. The fact that pioneer quantum 

mechanics has no classical observables implies that in pioneer quantum 

mechanics a description of hierarchical systems is possible only with 

the aid of difficult classical limits. The traditional way to handle 

such systems in pioneer quantum mechanics is to introduce adiabatic 

approximations like the Born-Oppenheimer description of molecules. 

The time-honored and rather accurate way to discuss molecular 

spectra goes back to a classical paper by Born and Oppenheimer (1927). 

In this approach, one solves the eigenvalue problem for the fast elec­

trons by holding the slow nuclear variables fixed. These eigenvalues 

(one for each electronic state) are then used as an effective potential 

for the eigenvalue problem of the slow nuclei. The Born-Oppenheimer 

separation of nuclear and electronic motions turned out to be the key 
for the interpretation of molecular spectra, the Born-Oppenheimer po­

tential energy surfaces underlie the whole field of inealstic and re­

active molecular collisions. The perturbation expansion in terms of the 

ratio (m/M)V~ of the electron mass m to the molecular mass M as pertur­

bation parameter, as used by Born and Oppenheimer, is singular since a 

small parameter multiplies the Laplacian for the nuclear coordinates 

so that the nuclear energy is not a small perturbation. However, this 

problem can be cast into the framework of modern asymptotic perturba­

tion theory (cf. Kato, 1966, chapt.8) , and in some cases the Born-Oppen­

heimer method for stationary states can be rigorously justified (Combes, 

1975, 1977; Combes and Seiler, 1978). 

In spite of the practical success of the Born-Oppenheimer ap-



322 8. Reduationism, HoZism and Complementarity 

proximation in molecular spectroscopy, and in spite of its mathemat­

ical justification by the modern theory of singular perturbations, this 

approach is conceptually not satisfactory for chemistry. The concept of 

moZeauZar struature (as used by chemists) is a aZassiaaZ concept, hence 

extraneous to pioneer quantum mechanics (for a review of the interpre­

tative problems of molecular structure in quantum theory, compare Clave­

rie and Diner, 1980). Since the algebra of observables of pioneer quan­

tum mechanics has no classical observables, it remains a mystery why 

the Born-Oppenheimer description should lead to a notion of molecular 

structure which. can be interpreted classically. In fact, the time-inde­

pendent Born-Oppenheimer formalism misses the typical features of a 

hierarchical description. Clearly it is not sufficient to expand eigen­

values and eigenvectors of the molecular Schrodinger equation in terms 

of some small parameter like (m/M)1/4, and to prove the existence of 

such an expansion. Even an asymptotic expansion of the equations of 

motion is not enough since the equations of motion do not yet determine 

a full theory. For a chemically relevant description of behavior of 

molecules we have to know what the new observables are in the asymptotic 

limit. As a rule, every asymptotic limit changes the algebra of observ­

abIes (compare also sect.6.3). The Born-Oppenheimer limit of large 

nuclear masses is very similar to the limit of vanishing Planck's con­

stant, hence highly singular and delicate. A careful discussion shows 

that in the adiabatic asymptotic limit the algebra of nuclear observ­

abIes contracts to a commutative W*-algebra. With this, the proper 

framework for a chemical description of a molecule is a W*-system whose 

algebra A of observables is given by the tensor product A=Bic, where 
8 is a factor of type I~ describing the electronic degress of freedom, 

while C is an atomfree commutative W*-algebra describing the molecular 

structure and the stochastic classical motions of the nuclei (for more 
details, compare sect.6.4). 

ExampZe: 2-ZeveZ hierarahiaaZ type I W*-system 
The simplest example of a hierarchical quantum system is a w*-system (A,t~) 

with two hierarchical levels. If A is of type I, then the W*-algebra A of the 
total system can be represented as a W*-tensor product A=8IC, where the W*-algebra 
B refers to the lower level, and the W*-algebra C refers to the higher level. Since 
the control observables are as a necessity claSSical, the algebra C must possess 
a nontrivial center Z. To simplify matters, we put C=Z, and choose for C an atomfree 
commutative W*-algebra. Since we have assumed that the subordinate system corre­
sponds to the lowest hierarchical level, the W*-algebra 8 need not have a 
center, for the sake of s·implicity we take B to be a factor of type I. In this 
case, the tensor-product representation A=8IC is an object factorization so that 
no Einstein-Podolsky-Rosen correlation exist between the two hierarchical levels. 
In spite of their mutual interaction, both the lower and the higher level have 
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separate individuality. 

For an object factorization with an ontic product state as initial state, 
the time evolution t~t of 8®C can be described in terms of effective (Hartree­
type) time evolutions t+8t and t+Yt of the two hierarchical levels B andC, re­
spectively. The time evolution t+8t of the subordinate W*-system (B,t+8t) is 
controlled by the governing w*-system (C,t+Yt) via some classical control ob­
servables CnEC. Since B is a factor of type I, the mapping 8t :B+B can be 
unitarily implemented in B, so that for every Btd~f8t(B), BEB, we have 

Bt = i[HB(t), BtJ_ 

where the time-dependent Hamiltonian HB(t) is affiliated to B, and can be written 
in the form 

HB(t) = H~ + ~ncn(t)Bn with BnEB 

where H~ is the Hamiltonian in absence of a hierarchical coupling, and cn(t) is 
the value of the classical observable CnEC at time t. 

The feedback of the subordinate system (B,t+8t ) to the control system 
(C,t+Yt) can be represented by an external time-dependent force acting on the 
classical control system. If, for example, (C,t+Yt) is a classical Hamiltonian 
system, the equations of motion for a classical observable Ctd~fYt(C), CEC, can 
be written as 

Ct = {Ct ' HC(t)} 

where {,} denotes the Poisson bracket, and HC(t) is the classical Hamiltonian 
function, which may have the form 

HC(t) = H~ + ~nbn(t)Cn CnEC 

where H~ is the classical Hamiltonian function in absence of hierarchical cou­
pling , and the real numbers bn(t) are the expectation values of the coupling 
operators BnEB at time t. 

The dynamical w*-system appropriate for a chemical description of a molecule 
has exactly this structure. 
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6.3 PATTERNS IN HOLISTIC SYSTEMS 

Speaking the holistic symmetpy 

Recall that a system is called holistic if it cannot be decom­

posed into nontrivial subsystems in such a way that the states of the 

subsystems determine the state of the whole system. The opposites are 

sepapable systems. The states of the subsystems of evepy decomposition 

of a separable system determine the state of the composite system. Ho­

listic and separable systems are extreme cases. A system which is nei­

ther holistic nor separable is called paptially holistic, it has both 

holistic and separable features. 

Every classical system is separable, hence shOws no holistic 

effects. Pioneer quantum mechanics is an example for a holistic theory, 

it has no separable features. In the framework of the theory of W*-sys­

terns, separable systems are characterized by a commutative W*-algebra 

of observables. The algebra A of observables of a partially holistic 

system can be written as a W*-tensor product A=Bic where B is a non­

commutative W*-algebra and C is a commutative W*-algebra. If the al­

gebra of observables is a factor (i.e. has a trivial center), then the 

corresponding W*-system is holistic (compare also sect.5.6). If we re­

gard W*-quantum logic as a unified theory of reality, then the universal 

enveloping theory (in the sense of non-Boolean theory reduction, cf. 

sect.5.5) is a type Im-factor W*-system, hence a holistic theory. 

Most theories of chemical, biological and social systems are 

still limited by the classical paradigm of explanation presupposing in 

an unreflected way the separability of these systems. This paradigm 

leads to the belief in the existence of a single frame of reference for 

the description of reality. That is, according to the classical view 

one might expect an ordered sequence of theories, each of them including 

the preceding ones, and describing reality better and better. No reason­

able scientist claims that the presently known theories are more than 

approximately valid. However, it is an open question whether such a the­

ory is an approximation of a perfect presently unknown description of 

nature. If reality is nonseparable, this premise is wrong. 

A holistic theory describes an unbroken wholeness. How do we 

come to recognize objects in a holistic world? Apart from the unbroken 
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wholeness there are no absolute objects or absolute patterns. Conse­

quently there is no such thing as an unprejudiced description of nature. 

In the science of art, this is well-known: "TheJle ,u, no 1tea..Ut1f without -in­
teJlpltetation; jU6t a.6 theJle,u, no -innoc.ent elfe, theJle,u, no -innoc.ent eaJt" (Gombrich, 

1960, p.307). An indispensable prerequisit of every observation is a 

splitting of the world into essentiaZ and accidentaZ components. What 

is essential is not an intrinsic property but depends on the particular 

viewpoint adapted. A point of view is characterized by a deliberate lack 

of interest which breaks the holistic unity of nature. Every description 

of nature presupposes a particular point of view, which may be largely 

implicit but nevertheless defines the relevant universe of discourse. 

Observable phenomena come into being by breaking the holistic symmetry. 

Any alternative viewpoint with a different emphasis leads to an inequi­

valent description. There is onZy one reality but there are many points 

of view. 

Contexts as frames of reference 

In every observation and in every experiment one has to leave 

out of consideration a myriad of detail. In every experiment there is 

a stage of data processing, direct observations without data processing 

do not exist. Accordingly, every fact is conditional. 

Since there are no bare facts we need some frames of reference 

which constitute necessary and sufficient conditions for the existence 

of facts. A point of view relative to which observations and measure­

ments can be made and relative to which a partial description of the 

world can be given will be called a context. More precisely, we define 

a context as a part of the worZd which is singled out by a welZ-defined 

set of prior conceptions whose ontoZogicaZ structure is amenable to the 

application of classical two-valued logic. As a consequence, a context 

is a BooZean frame of reference so that within one and the same context 

all properties are compatible and all experimental questions are simul­

taneously decidable. Incompatible features are intentionally dropped so 

that a context precisely specifies our deliberate lack of interest. In 

experimental science, a context is characterized by a particular appara­

tus used for an experimental investigation, together with instructions 

laying down what counts as relevant and what is irrelevant. 

Contexts constitute complex sets of rules that enable us to in-
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teract with. nature, they define a point of view, a paradigm. Since we 

always preceive reality filtered through a Boolean frame of reference, 

these rules may be implicit and are often not recognized as presupposi­

tions. Nonetheless, the observational language we use is never absolute 

but aZ~ays determined by a context, and it may change when the context 

changes. Changing contexts means changing paradigms and changing the 

nature of theorizing. 

There are always factors outside the context in question. If 

they cannot be ignored, engineers refer to them as "noise", and include 

some of their effects by discussing stochastic systems. Again, the no­

tions "noise" and "signal" are context-dependent. What counts as noise 

and what as a signal depends on the question we ask. 

Concept formation by abstraction 

In order to describe an aspect of the holistic reality we have 

to ignore certain factors such that the remainder separates into facts. 

Inevitably, such a description is true only within the adopted partition 

of the world, that is, within the chosen context. It would be very nar­

row-mined to use only one context: ~e have to learn to be able imagin­

ing different points of vie~. While classical science encourages discov­

eries within a single given context, modern quantum theories encourage 

the invention of new contexts, complementary to those already known. We 

accept that there are many possible forms of truth which are mutually 

incompatible but not contradictory since they can be interconnected by 

dialectical thinking. Even before the advent of quantum theory, scien­

tific thought always has had a strongly dialectical character. 

Contexts are created by deliberately chosen abstractions. Every 

isolation of a subsystem from a quantum system requires a process of 

abstraction which discards potential properties present in the original 

system. In science abstractions are indispensable. Every actual event is 

unique and is not in the domain of science. Science deals with equiva­

lence classes of events. These classes are generated by grouping actual 

events, ignoring some unique properties of the actual events. For ex­

ample, the repetition of any experiment requires some assumption like 

"other things being equal". Of course, the "other things" are not equal 

but they belong to the same equivalence class which is generated by the 

abstraction used. 
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Every ph.enomenon is created by abstractions alone and does not 

otherwise exist. The objects we recognize with our senses are created 

by abstractions performed by our sense organs and the associated physio­

logical processes. An analysis of the perception process shows that some 

features of the world of sense objects are due to our mental organiza­

tion. We must remind ourselves that man's world picture has its roots in 

man's primitive past, and that we know very little about our own faculty 

to recognize pattern in nature. If we would know in detail the criteria 

we use to cognize patterns and use them as reference data for future re­

cognition, we could apply them in a fundamental holistic theory of real­

ity and discuss whether or not this theory can reproduce these patterns. 

We should not underrate the overwhelming role of biological evo­

lution. We decipher the outside world on the basis of techniques devel­

oped by evolutionary selection over hundreds of millions of years. The 

ability of animals to recognize pattern is a marvellously developed fac­

ulty. In particular, to learn from paradigms is an outstanding gift of 

man. It is astonishing to see how few paradigmatic samples of the equiva­

lence classes "cats" and "dogs" a say one year old child needs to learn 

whether a new example of an animal is a cat, a dog, or a "non-cat-non­

dog". Learning from paradigms is an inductive process, and it is well 

known (at least since David Hume) that an inductive process cannot be a 

purely logical process. Accordingly, the problem of partitioning a given 

set of objects into classes in such a way that the members of the same 

class are similar to each other, and the elements in different classes 

are dissimilar, cannot be solved by logic and the given data alone. In 

addition we have to weight the importance of the various predicates 

(compare also Watanabe, 1969a,c). One extra logical factor in human pat­

tern recognition is historical and given by the pattern recognition mech­

anisms that have evolved in the biological evolution of homo sapiens. 

Every pattern recognition mechanism effectuates an abstraction, an ab­

straction which involves the emphasis of some aspects. 

Besides the built-in biological pattern recognition mechanisms, 

we all have preferred abstractions since we are members of an organized 

society and since we are educated to have particular viewpoints. Clearly, 

there is no logical necessity for such abstractions but we cannot help 

being prejudiced by the mental climate. We can neither expect nor would 

it be desirable that such biologically and sociologically preferred ab­

stractions are incorporated in a truly fundamental theory of matter. If 
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we would like to recover the familiar constructs of everyday human ob­

servation and reasoning from such a fundamental theory, we have to learn 

what criteria we use to recognize "patterns" in our world. We have to 

understand how human intelligence interacts with the outside world and 

we have to study the nature of decision process in humans. 

The problem of how we know the nature of qualities and things 

has played a central role in the development of western thought (for a 

short review, compare Weinberg, 1968). There are many thoughtful ideas 

but few attempts to construct a mathematical framework within which Ar­

istotle's view that objects are the results of abstractions can be dis­

cussed. One difficulty is that there may be abstractions which cannot 

be made verbally at all (Langer, 1957). 

Pattern recognition is of considerable importance in engineering 

science, and has become a large interdisciplinary field (compare e.g. 

Andrews, 1972; Watanabe, 1972; Sklansky, 1973; Tou and Gonzalez, 1974; 

young and Calvert, 1974). Pattern recognition technologies have been 

applied in such fields as radar detection, weather prediction, character 

recognition, speech recognition, fingerprint identification, analysis 

of bubble chamber photographs, medical diagnosis, etc. In spite of much 

research efforts, most pattern recognition problems are unsolved. We 

possess a bag of useful tricks and heuristic methods but no comprehen­

sive theory of pattern recognition is available at present. In particular, 

the basic mechanisms of the extraordinary pattern recognition capabil­

ities of animals and men are poorly understood. 

Human intelligence is able to reason successfully in non-quanti­

tative and imprecise terms. We all know what a cat is, we have learnt it 

by paradigms; nevertheless we are probably not capable to define the 

"equivalence class of cats" either by intension (i.e. connotation, 

given by the set of characteristics that determine to which objects the 

name applies) or by extension (i.e. the collection of referents to 

which the name applies). Quite generally, most equivalence classes used 

in science are exemplified by paradigms and not by definitions which 

are understandable in terms of a fundamental theory. One reason why only 

a tiny part of chemistry has been reduced to fundamental molecular quan­

tum mechanics is that most chemical concepts are not (or, maybe, not yet) 

defined in a language which can be transferred to the fundamental theory. 

Quantum chemists used to say that "we can compute everything" but by 
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"everything" they tacitly refer to things that make sense in terms of 

mechanical degrees of freedom. They cannot "calculate a cat", not be­

cause their computers are too small but because they have no idea what 

a cat is (in terms of mechanical degrees of freedom). Nevertheless, 

there are cats. The situation is not very different for much simpler 

system. For example, keto groups exist in chemical taxonomy, but they 

have no natural place in the framework of pioneer quantum mechanics. 

There is nothing in quantum theory which tells us we ought to invent a 

notion of "ketons". Furthermore, without smuggling an extralogical value 

judment for the importance of predicates, the traditional chemical con­

cept "keto group" cannot be derived from pioneer quantum mechanics and 

some paradigmatic examples. 

A pattern is important if it leads to a classification which is 

useful for some purpose. Usefulness is a value judment, hence of extra­

logical nature. Since pioneer quantum mechanics has no built-in value 

structure it cannot explain natural kind of objects: all atomic proper­

ties are equivalent, all observables are equally important. In order to 

classify objects according to common patterns, we have to introduce p~e­

fe~~ed obse~vables via some kinematical group, or more generally, by 

some pattern group. 

Patte~ns and patte~n g~oups 

While it is true that some pattern come into being by taking 

something away from our sense impressions, science knows of patterns 

represented by purely abstract structures which do not arise in this 

way. For some patterns there is nothing concrete to start with and to 

abstract from. In such cases, the concrete comes into being by an ab­

straction process. Hence we should not try to define patterns by their 

primitive components and their composition. 

Well, what is then a pattern? A survey by Verhagen (1975) re­

veals that the term "pattern" has a different meaning in different 

areas and with different authors. Usually no abstract definition is 

given. We may agree with Meisel's (1972, p.l) remark ".i.n theM. W-Ldut 

&e.n6e., patteJtn6 Me. the. me.an6 blf whA-c.h we. .i.n.teJtplte..t .the. wolttd", but fur our pur­

pose a more exact even though a more abstract characterization is nec­

essary. A conceptually convincing definition of pattern has to be in 

terms of their invariant properties. Such a group-theoretical defintion 



JJO 6. Reductionism, Hotism and Comptementarity 

has been given by Grenander (1969): "By a pCLtteJtYl we 4haU. meaYl a .6e..t 06 .unagu 

Whic.h'{;'; .tYlvaJUa.nt UYldeJt shnilaJU..t1j Vta.YlS6olUlla.UOYl". Two images (or objects) aris­

ing from each other by some transformation are regarded as equivalent 

if they are indistinguishable in a given context when each is considered 

by itself and not in their mutual relation. The class of equivalent 

images is called a pattern. The set of all similarity transformations 

which connect equivalent images form a group which we call the pattern 

group. 

On the other hand, if G is any abstract group, M a set, and f 

a mapping from GxM into M, then we can define a pattern group as trans­

formation group by putting g(x)d~f f(g,x)EM for every gEG and every xEM, 

and requiring that (i) for the identity element e of G we have e(x)=x, 

and (ii) {gh}(x)=g{h(x)} for every xEM and any g,hEG. If G is a topo­

logical group and M a topological space, and if the mapping x+g(x) of 

M onto itself is continuous, then G is called a topotogicat transforma­

tion group of M. A transformation group G is said to act transitivety 

on M if for every pair of points x,yEM there exists a group element 

gEG such. that g (x) =y. A pattern is defined as an orbi t of a transforma­

tion group G, i.e. by a set {yiy=g(x), gEG}, where x is some fixed ele­

ment of M. Accordingly, the patterns of M with respect to the pattern 

group G are given by a family of disjoint and G-invariant subsets of M. 

If the pattern group G acts transitively on M, then we call M an ete­

mentary pattern. 

In the context of the theory of W*-systems, the concept of 

pattern groups is a generalization of the concept of kinematical groups, 

as introduced by Hermann Weyl (1927). The kinematical group determines 

the patterns of feasible abstract motions of mechanical systems apart 

from considerations of mass and force. The elementary patterns of Gali­

lean space-time are given by the ergodic automorphic realizations of 

the Galilei group on W*-algebras, and are called Galileons (like the 

Newtonian point particle in classical mechanics, or the electron in 

pioneer quantum mechanics). While the kinematical groups are related 

to space-time patterns, general pattern groups refer to any patterns 

whatsoever, so that in principle any group can be applied as a pattern 

group (Primas, 1978). Whether we regard the corresponding patterns as 

interesting or not does not only depend on the structure of the system 

alone but also on our mode of interacting with the system. 
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A particular viewpoint characterizes a particular W*-subtheory 

of a holistic W*-theory. It is tempting to assume that it is the pattern 

group which determines the W*-algebra together with its properly trans­

forming distinguished observables of the subtheory corresponding to the 

chosen viewpoint. Today we know only very few pattern groups so that 

this conjecture can be studied only in a few cases. The Newtonian 

concepts like momentum, energy, force and power indeed emerge from the 

Galilei group. The recent developments in W*-algebraic thermodynamics 

makes it plausible that the patterns "temperature" and "chemical poten­

tial" are directly related with the automorphic action of a thermo­

dynamic pattern group (the affine and the torus groups, respectively). 

Whether concepts like entropy, organization, specificty, memory, adap­

tiveness, growth, function and purpose - which are all important for 

the scientific inquiry but extraneous to quantum theory - are related 

to pattern groups is a difficult open question. The most promising 

tools we have to investigate such questions are the theory of Lie group 

contractions and theory of asymptotic expansions. From a conceptual 

pOint of view, group contractions would be the ideal tool to generate 

new pattern groups. Yet, only for very few patterns the relationships 

with group contractions are known explicitly (compare for example Dubin, 

1974, p.78 and p.81; Cattaneo and Wreszinski, 1979). 

Asymptotic patterns 

According to Josiah Willard Gibbs (1839-1903) "one 06 .the pJUnupal 

objeca 06 .theolte;Uc.al ltUeaJLc.h -tn any depMtment 06 Imowledge .u., to 6.[nd .the pO-tnt 

06 v-<-w 6Jtom whlc.h the .6ubjec.:t appeaM. -tn d.o gltea:tut .6-tmpUc.Uy". If we find it 

impossible to discover the line which separates one pattern from another 

it is because no such line of demarcation exists. A good description is 

a good caricature, exaggerating some aspects by deliberate simplifica­

tion and by permitting extravagance. To ask whether one caricature is 

"better" than another cannot be answered without considering "better for 

what purpose". A caricature is neither a replica of something seen nor 

does it rely on pre-existing forms. In art, a caricature is a true cre­

ation by the artist, a creation which enables us to see reality from a 

new perspective. 

In exact science, the basic theoretical tool for creating cari­

catures is the study of a system in limiting approximations. As discussed 

by Hammer (1964, 1971), ".the ltuuLt 06 an appltOximating pltOc.UJ.> .u., .the J.>ubJ.>u-
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tu..tion 06 one enti.-ty 60Jt ano:theJt, wilh :the intention :that :the 60JuneJt !.lhaLe play :the. 

!.>ame ltOle. in !.lome JtegaJLd!., (to :the. la:t:teJt". 

First exampLe: Shadows 
The following resume is taken from a most interesting discussion of asymptot­

ic phenomena by K.O. Friederichs (1955). 
The propagation of light is governed by Maxwell equations, that is by partial 

differential equations which have continuous solutions. A shadow appears when a 
light wave passes an object. In the exact theory there is a continuous transition 
from light to dark. The shadow boundary is narrow but not discontinuous. The pat­
tern of a sharp shadow boundary is a Stokes phenomenon of the asymptotic expansion 
of Maxwell's theory leading to geometrical optics. A sharp shadow is not only a 
most convenient description but has a basic conceptual significance since it leads 
to a description of macroscopic objects possessing sharp outlines. 

Asymptotic approximations simplify and schematize complex sys­

tems so as to disclose typical patterns. Different limiting processes re­

present different viewpoints and create different patterns which may be 

appropriate for different aims. Inevitably, a price has to be paid for 

making asymptotic approximations: we may say things about nature which 

are not strictly true. Yet it would be stupid to object that we look 

at nature through half-shut eyes. The aim of a caricature is not to re­

present the truth, the whole truth, and nothing but the truth. It is 

the essence of a caricature that new patterns come into evidence. "One. 

gJtie.VOU-6 e.M0Jt in inteJtpJteUng appJtoumation6 .v., :to aUow only good apPJtoUmatiOn6" 

(Hammer, 1971). 

In recent years considerable progress has been made in estab­

lishing precise links between microscopic dynamical laws and the dynam­

ics of higher hierarchical levels. In the thermodynamic description of 

irreversible processes one encounters many situations where some of the 

variables vary on a much slower time-scale than others. A rigorous 

asymptotic description of such systems is possible by rescaling of the 

variables such that even holistic systems factorize asymptotically into 

object systems though the actual limit cannot be reached exactly. The 

asymptotically induced patterns are often an excellent caricature of 

actual systems. 

Second example: The van Hove limit 
The weak-coupling long-time limit has been introduced by van Hove (1955) in 

order to derive an irreducible dynamics from a Hamiltonian dynamics without ad hoc 
assumptions. He proposed to split the Hamiltonian of a large system into an unper­
turbed part H and a small perturbation £V, and he showed heuristically that an 
irreversible behavior can be expected in terms of a rescaled time T=£2t in the 
limit £~o. The asymptotic limit 

£~o, t~co such that £2td~f T~O and finite, 
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is referred to as the van Hove limit. The res,caling of the time accounts for the 
fact that the decay of the system becomes slower with decreasing coupling constant. 

By tracing out the degrees of freedom corresponding to the environment, the 
evolution of the reduced density operator D of the open system is governed by a 
non-Markovian master equation, 

t 
+ E2fKE(S)D(t-S)dS 

o 

Introducing the rescaled time 1=E2t, and going to the interaction representation 
O(E 2t)=exp(-iHt)D(t)exp(iHt), we get 

-2 
dO(l) E 1 2 
-- = f R (s)IH1-E s)ds 
dl E 

o 

so that in the limit E+O we get formally an ordinary differential equation of 
semigroup type in the rescaled time variable 1, 

d _ 
dl D(l) GO(T) with def f G Ko(s)ds 

o 

The mathematical justification of these steps is by no means trivial. 

A precise mathematical formulation of the van Hove limit by Davies (1974, 
1975, 1976b, 1977a) allows rigorous derivations of Markovian master equations 
for open quantum systems. Accordingly we know in principle how to deduce rigorous­
ly contracted descriptions by open W*-systems with a semigroup dynamics from a 
basic W*-system with an automorphic time evolution. The use of the van Hove limit 
is meaningful if the relaxation time TS of the open system is much larger than the 
relaxation time TR of the environment (often called "reservoir"), TS>>TR. 

For a review of various applications of the van Hove limit, and additional 
literature references compare Davies (1976a, 1977b), Gorini et al. (1978), Spohn 
and Lebowitz (1978), Spohn (1979). 

Third exampLe: The BoLtzmann-Grad Limit 
Consider a gas with a low density p of scatterers o The mean free path and 

the mean free time are of the order 1/p, so that in a meaningful limit p+o the 
space variable q and the time variable t have to be rescaled such that the mean 
free path and the mean free time remain finite. That is we have to discuss the 
following asymptotic limit E+O: 

p+O such that p/E # 0 
q+<x> such that Eq # 0 
t+<x> such that Et # 0 

is finite, 
is finite, 
is finite. 

In this limit the Boltzmann equation goes over into the linear Boltzmann transport 
equation for a dilute gas, the cornerstone of the classical kinetic theory of 
gases (for a review of this limit, compare Spohn, 1979). 

Fourth exampLe: The Brownian-motion Limit 
Consider the Brownian motion of particle with a large mass M suspended in a 

fluid. The position q of the Brownian particle changes much more slowly than its 
velocity v=dq!dt=p!M. According to Langevin's idea, in the limit of large mass, 
the motion of a Brownian particle should be governed by a Markov process. This is 
indeed rigorously the case if we rescale mass, time, position and momentum by a 
parameter E, and consider the asymptotic limit 



334 

M-HO such that 
t+co such that 
q+<x> such that 
p+«> such that 

With this rescaling, 
view with references 
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£2M d~f M f 0 and finite, 
£2 t t f 0 and finite, 
£q qt 0 and finite, 
£p p f 0 and finite. 

the velocity is given by v=dq/dt, so that p=Mv. (For a re­
to modern investigations compare Spohn, 1979). 

Fifth example: The Hartree limit 
The Hartree-Fock method is a well-known variational method for approximating 

the many-body problems of quantum chemistry. Originally, Hartree considered his 
approach not as a variational method but as a mean-field theory whose dynamics 
is given by an effective Hamiltonian which depends linearly on the one-density 
operator so that the equation of motion for the state becomes nonlinear. 

It is a remarkable fact that the Hartree method can become exact in the limit 
of infinitely many particles. As an example, consider a system of N distinguishable 
particles described by a bounded Hamiltonian HN, 

N 1 
H = -L1K- + -N ,1. V'h -"N J= J J<k J 

acting on the Hilbert space H®H® •• ®H (N times). The single particle operator Kj 
and the two-particle operator Vjh are defined as usual by 

N 

Kj n~1 I/ln (KI/l,)®( ®,I/l ) 
J nl"J n 

KEB (/i) 

vEB(H®H) 

for all I/lnEH. 

The evolution equation for the density operator DN(t) is given by 

Let trn,N denote the partial trace over the Hilbert space ~=n+1H, and denote the 
corresponding reduced density operator by Dn,N(t), 

D N (t) d~f tr N{DN (t)} 
n, n, 

If the initial state is a product state, ~(t=O)=D®D® •• ®D, DEB1(H), then in the 
asymptotic limit N~, the reduced density operator (n~)is still a product state, 

h~ Dn,N(t) = D(t)®D(t)® •• ®D(t) (n times) 

Here D(t)EB1(H) is the solution of the Hartree equation 

ii!....D(t) 
dt 

where tr2 denotes the partial trace over the second Hilbert space (Spohn, 1979). 

Unfortunately, rigorous results for the Hartree limit for particles ful­
filling the Bose or Fermi statistics are not available at present. Nevertheless, 
one would expect that some Hartree or Hartree-Fock approximation is asymptotically 
exact for large molecular systems (for more details, examples and references, 
compare Spohn, 1979). 
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6.4 A NEW LOOK AT MOLECULAR PATTERNS 

Molecular ~tructure a~ an asymptotic pattern 

One of the chemically most relevant pattern is the molecular 

structure. In pioneer quantum mechanics a molecular structure is de­

fined via the Born-Oppenheimer approximation by a minimum energy con­

figuration on the Born-Oppenheimer potential surface. In spite of the 

obvious merits of this definition, it is ad hoc. In pioneer quantum 

mechanics molecular structure does not represent a feature of the sys­

tem since by definition features are represented by elements of the 

algebra of observables. According to the general use of this concept 

by chemists, a molecular structure is something a molecule has, and 

which can be discussed by using an unrestricted Boolean language. That 

is, molecular structure is a classical concept, and should be represen­

ted by classical observables. However, in pioneer quantum mechanics 

there are no classical observables. 

Since a conceptually acceptable discussion of the pattern of 

molecular structure does not seem to be available in the published 

literature, we give a somewhat detailed (although only heuristic) ex­

position of the main points. In the framework of pioneer quantum me­

chanics, a molecule has no molecular structure in the sense of the 

chemist. Nevertheless, we use pioneer quantum mechanics as a starting 

point, and derive the molecular structure as an asymptotic pattern in 

the singular limit of infinite molecular masses. Here, attention 

must be paid to the fact that the limiting situation goes beyond the 

scope of pioneer quantum mechanics. However, the limit is well-de­

fined as a dynamical W*-system having two hierarchical levels. 

We consider a molecule consisting of r electrons and s nuclei, 

and denote the position operators of the electrons by q=(q1, .• ,q3r) 

and the position operators of the nuclei by Q=(Q1 , •• Q3s)' First we 

formulate the molecular Hamiltonian H in terms of pioneer quantum me­

chanics so that the electronic momentum P=(P1, •• ,P3r) and the nuclear 

momentum operators P=(P1""P3s ) fulfill Heisenberg's canonical com­

mutation relations 

[qj'Pj']­

[Qk'Pk , ]-

ihO jj , 

ihOkk , 

j , j , 1, .• ,3r 

k,k' 1, .. ,3s 
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on appropriate domains. The Hamiltonian is taken as 

1 3r 3s 1 
H=- L p~ + L p2 + Ve(q) + Vn(Q) + U(q,Q) 

2m j=1 J k=1 2Mk k 

where m is the electronic mass and ~ is a nuclear mass. The Coulomb 

interaction between the electrons is given by the potential Ve , the 

Coulomb interaction between the nuclei is denoted by Vn , while U is 

the Coulomb interaction between electrons and nuclei. 

In the Heisenberg picture of pioneer quantum mechanics, the 

equations of motion are given by (j=1, •• ,r; k=1, •• ,s): 

d 1 p. (t) dt qj (t) m J 

d 
Pj (t) 

Cl 
(ve{q(t)} + U{q(t) ,Q(t)}) dt Clqj (t) 

d 
dt Qk(t) 

1 
~ Pk(t) 

d Pk (t) a 
(Vn{Q(t)} + U{q(t),Q(t)}) dt ClQk(t) 

This description of a molecule in terms of pioneer quantum mechanics 

represents a W*-system (A,t+a t ), where A is given by the W*-tensor 

product A=Ae®An of two factors Ae and An of type I~. The W*-algebra Ae 

is generated by the canonical operators p(o), q(o) of the electrons, 

while An is the W*-algebra generated by the canonical operators P(o), 

Q(o) of the nuclei. The time evolution t+atEAut(A) is given by the 

equations of motion for pit), q{t), Pit) and Q(t). Note that for t>o 

the operators pit) and q(t) are no longer affiliated to Ae so that the 

restriction of at to Ae is not an automorphism. That is, in this de­

scription the electronic subsystem cannot be regarded as an autonomous 

dynamical system. 

The ratio of the intrinsic time scales of electronic and nu-

l t · . . b ~/M def h . . 1 1 c ear mo ~ons ~s g~ven y .m/W = £, were M ~s a typ~ca nuc ear mass, 

say M=min{M1 , .• ,M3s }' In order to investigate the asymptotic limit £+0, 

we rescale the nuclear variables as follows: 
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so that 

In the rescaled variables, the equations of motion are given 

by 
1 - p. (t) 
m J 

a (Ve{q(t)} + U{q(t), X(Et)}) aqj(t) 

Note that for E>O, these equations still represent the motion as given 

by pioneer quantum mechanics. The limiting situation E=O changes the 

situation radically and has to be discussed with great care. Here we 

content ourselves with a heuristic discussion. 

In the infinite nuclear mass limit, E .... O, the electronic equa­

tions of motion become autonomous, so that 

~ Pj (t) 

a (Ve{q(t)} + U{q(t), X(O)}) aqj (t) 

define a one parameter group t .... e~ of automorphisms on the factor Ae' 

which still is generated by the canonical observables p(o) and q(o). 

The vector X(o) acts as a fixed parameter. The Hamiltonian which gener­

ates this automorphism is given by He{X(O)} where 

3r 
HO (X) d~f <;" p~ + V (q) + U (q,X) 

e j~1 2m J e 

and coincides with the traditional Born-Oppenheimer electronic Hamil­

tonian. 

The equations of motion for the nuclear variables X and Y re­

present an intrinsically slow dynamical system which is in addition 

subjected to a very rapidly fluctuating external force 

aU{q(T/E), X(T) }/aX(T) 
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The standard way of treating such dynamical systems is by means of the 

method of averaging, as discussed by Bogoliubov and Mitropolsky (1961, 

chapt.6). Instead of Bogoliubov's time average, we take the average 

over the electronic degrees of freedom with respect to some stationary 

normal state PeE(Ae )*, and define 

XCT) d~f X(T) + XCT) 

'( ( T) d~f Y ( T ) + y ( T ) 

, where 

, where 

x ( T) d~f P { X ( T) } 
e 

Y ( T) d~f P e {y ( T) } 

Using the usual tools of stochastic analysiS, one can write down the 

equations of motion for the averages X and Y of the nuclear canonical 

variables X and Y, respectively (compare e.g. Primas, 1961; Hakim, 

1968). These equations simplify a great deal after the limit E+O is 

taken: 

where the effective potential <l> is given by 

<l>{X(T)} = Pe(U{q, X(T)}) 

Since Pe is stationary, Pe{8~(A)} = PetAl for every AEAe' the poten-

tial <l> is explicitly time-independent and does not depend on E. 

The relation of this adiabatic limit to the traditional Born­

Oppenheimer approach can be seen by introducing the Born-Oppenheimer 

potential <l>BO by 

<l> (X) d~f {Ho (X) } BO Pe e 

Since for a stationary electronic state Pe we have 

Cl<l>(X) 

~ 
we can write the equations of motion in the adiabatic limit E+O also 

as 
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These equations are of the very same forms as the quantum mechanical 

equations of motion which arise from the traditional Born-Oppenheimer 

Hamiltonian HBO ' 

3s 
H d~f \ 1 p2 ( ) ( ) 

BO k~1 2~ k + Vn Q + ~BO Q 

Despite the format similarity of the equations of motion, the 

Born-Oppenheimer approach and the time-dependent adiabatic timit are 

basically different. In the scheme of Born and Oppenheimer, the nuclei 

are described by pioneer quantum mechanics so that the algebra of all 

nuclear observables is a factor of type 100 , In the time-dependent re­

scaled asymptotic description, the nuclear observables X(T) and Y(T') 

commute for all T,T', and generate a commutative atomfree W*-algebra C, 

so that the algebra of observables for the adiabatic caricature of a 

molecule is given by 

where the factor Ae of type 100 describes the electrons (as in pioneer 

quantum mechanics), while the commutative W*-algebra C describes the 

nuclei. As opposed to the Born-Oppenheimer description with the algebra 

Ae®An' the adiabatic description with the algebra Ae®C is an object 

factorization: only in this description electrons and nuclei exist as 

individual entities. There is a new pattern - the molecular structure -

which is described by the classical observables in Aad • Moreover, the 

adiabatic caricature is a two-level hierarchical quantum system (as 

discussed in sect.6.2). 

The infinite nuclear mass limit is highly singular, it changes 

pioneer quantum mechanics into a mixed quantum-classical W*-system 

where the electrons behave quantum mechanically while the nuclei are 

described classically. Of course, molecules have finite nuclear masses 

so that the infinite mass limit can be used only as a starting point 

for an asymptotic expansion in powers of E around the singular point 

E=O. Such an expansion does not exist in a uniform way within the orig­

inal W*-system (A ®A , t+a t ) but it can be represented by a 2-level e n 
hierarchical quantum system (Ae®C, t+St®Y Et)' The electronic system 
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represents the lower hierarchical level, ,it is an open W*-system 

(A , t+St) where A is a factor of type I , and the time evolution e e ~ 

t+StEAut(Ae) is generated by the time-depende~t Hamiltonian 

3r 2 
I 2m PJ' + V (q) + U{q, X(st)} 

j=1 e 

where X is an external time-dependent cLassicaL control variable. The 

nuclear system acts as a control system (e, T+YT). It is a cLassical 

stochastic system whose time evolution T+yTEAut(e) generates the equa­

tion of motion of the classical observables X(T)=Y {X} and Y(T)=Y {Y}, 
T T 

which can be written in Hamiltonian form as 

where {,} denotes the Poisson bracket with respect to X, Y. The time­

dependent Hamiltonian function Hn is affiliated to e and given by 

H (T)=Ho+sH 1 (T)+ .•. , where HO is explicitly time-independent and n n n n 
given by 

The next correction term H~(T) contains corrections to the Born-Oppen­

heimer potential ~BO and a rapidly fluctuating stationary stochastic 

process. The main term HO is formally analogous to the Born-Oppenheimer 
n 

Hamiltonian HBO of pioneer quantum mechanics, but in H~ all variables 

are c-numbers (i.e. classical observables). 

In the infinite nuclear mass limit, the nuclei behave like 

Newtonian point particles: they move on definite trajectories T+X(T). 

In the next higher approximation, we have to consider two things: a 

stochastic feedback from the electronic system (which is quite small 

and often not very important), and the nature of the initial conditions. 

The initial conditions are not given by the characterization of the dy­

namical system (e,T+YT), nevertheless we are not free to choose them ad 

libitum. The initial conditions have to take into account the now hid­

den quantum nature of the nuclei. (In a more rigorous development of 

the adiabatic limit, this hidden aspect is automaticaLLy taken into 

account by an additional but nonobservable classical random field). An 
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admissible initial state for the nuclear system has to fulfill the 

stoch.astic inequality ~Xk~Yk~tEh, where ~Xk and ~Yk denote the variance 

of the commuting observables Xk and Yk , respectively. In the first 

approximation (E=O), we can take the initial state as an ontic state 

which has sharp values both for X and for Y. In the second approxima­

tion an admissible initial state necessarily is an epistemic state ful­

filling the stochastic Heisenberg-type inequality ~Xk~Yk~tEh. 

The ontic interpretation of the W*-system (C,t~Yt) implies, 

that in the adiabatic caricature of molecules the nuclei are Newtonian 

point particles with sharp position and sharp momentum at every instant, 

but they fluctuate very rapidly (in a time scale much more rapid than 

the collective nuclear motions like translation, vibration or rotation) 

so that the trajectories are only stochastically knowable. Their mean 

distribution corresponds to the description given by pioneer quantum 

mechanics. 

Remark: On the rigorous formulation of the adiabatic limit 
Every nonuniform singular limiting operation is difficult mathematically 

so that a mathematically rigorous formulation of the adiabatic limit is a non­
trivial undertaking. Using the formalism of pioneer quantum mechanics, one real­
izes An as the algebra of bounded observables acting on some Hilbert space Hn 
such that the canonical Weyl operators act irreducibly on Hn. One can then use 
the Weyl operators in order to construct a family {PEIE>O} of positive linear 
mappings from the predual (An)* (realized as the Banach space of nuclear operators 
acting on Hn) to the Banach space Ll(R6S), where R6S is the classical phase space 
of nuclei. For E~O, the positive linear mapping Po describes the adiabatic limit, 
whereby the commutative algebra C is realized as L (R6S). In roughly this way, 
analogous limits (e.g. for the case ~o) have beenoodiscussed by Hepp (1974), Davies 
(1976c), Ingolfsson (1976), Ginibre and Velo (1979), and Hagedorn (1980a,b). From 
a mathematically rigorous point of view, the time-dependent adiabatic limit has 
recently been discussed by Hagedorn (1980c). 

The traditional representation of pioneer quantum mechanics is rather incon­
venient for the discussion of the adiabatic limit (An)*~(C)* since the Hilbert 
space used for an irreducible representation of Weyl's canonical commutation re­
lations is not large enough to allow a convenient representation of the normal 
states in (An)* and in (C)* as vector states. Since W*-isomorphic W*-systems are 
physically equivalent, we are free to choose any faithful Hilbert space represen­
tation. It is not yet widely recognized that the so-called standard representation 
of a W*-system (in the sense of Haagerup, 1975) is a most convenient representation 
for the discussion of asymptotic limits. For the adiabatic limit an appropriate 
standard representation of An (acting reducibly on some Hilbert space K) is gener­
ated by the (highly reducible) regular representation of the canonical Weyl oper­
ators on the Hilbert space K=L2(R6S), where R6S is the phase space of nuclei. The 
classical limit (~O) or the adiabatic limit (E~O) can then be performed quite 
easily without ever leaving the Hilbert space K. For this, one constructs a family 
{SEIE>O} of regular representations of Weyl's canonical commutation relations such 
that for every E>O the W*-algebra SscB(K) is a standard representation of An' and 
such that So=Loo (R3S) is a standard representation of C. Although So is not a sub­
algebra of any SE with E>O, it is a subalgebra of B(K) and this fact simplifies 
proofs in a pleasant way. (These investigations have been carried out some years 
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ago together with Guido A. Raggio, hut we have heen too lazy to puhlish them). 

Open problems 
A description (correct in first order of £) of the vibrational and rota­

tional spectra in terms of the stochastic classical system (C,t~t) is feasible 
but has not yet been worked out in detail. Likewise, the details of a descrip­
tion of the dynamics of molecular structure in terms of stochastic W*-classical 
mechanics with nonlinear phase space have not yet been investigated. On a heuris­
tic level, some of these problems have been studied by Miller (1978). 

Neoclassical stochastic mechanics 

It may be surprising for the uninitiate that a classical de­

scription of molecular spectra can be reasonable at all. Furthermore, 

many textbooks still state that classical electrodynamics fails in the 

microscopic domain. Such claims are very misleading since it is not at 

all plain what "classical electrodynamics" is. In traditional classical 

electrodynamics one adopts usually Lorentz's boundary condition imply­

ing that there is no radiation without matter. This is an ad hoc as­

sumption, not an irrevocable decision. Neoclassical stochastic electro­

dynamics takes the same equations of motion but a different boundary 

condition: it postulates the existence of a universal random background 

field (even in the absence of matter) and arrives at very different 

results. In fact, many phenomena (like spontaneous emission or the 

Lamb shift) which are often considered to be inherently quantum mechan­

ical effects can be explained at a completely classical level. 

In order to understand whether a description in terms of some 

neoclassical theory is possible or not, we have to understand the dif­

ference between classical and quantum theories. Whether a theory is 

classical or not depends neither on the appearance of Planck's constant, 

nor on quantum jumps, nor on the validity of a Heisenberg-type un­

certainty relation. It is true that every quantum theory shows stochas­

tic effects but this is not its typical characteristic. Both stochastic 

neoclassical mechanics and deterministic quantum mechanics exhibit 

stochastic phenomena but they crucially differ with respect to the 

superposition principle. More precisely: the convex set of all epistemic 

states of a stochastic neoclassical theory is a simplex, while the state 

space of any quantum theory never is a simplex. (For W*-systems an 

equivalent statement is that the algebra of the observables of a neo­

classical theory is commutative, while the algebra of observables of a 

quantum theory is noncommutative). 
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Consider as an example quantum electrodynamics versus neoclass­

ical electrodynamics. It is possible to reproduce many phenomena of 

the interaction between matter and the electromagnetic field by apply­

ing pioneer quantum mechanics only to matter and treating the electro­

magentic field by eZassiea~ stochastic electrodynamics (compare the 

review of Milonni, 1976). Dirac's (1927) successful treatment of the 

spontaneous emission of radiation by quantizing the radiation field 

marked the beginning of quantum electrodynamics but also led many to 

believe that spontaneous emission is a typical quantum effect. However, 

as we know from neoclassical electrodynamics, an explanation of spon­

taneous emission does by no means require a quantization of the radia­

tion field. A stochastization of the classical electromagnetic field 

reproduces the effects of the quantum mechanical zero-point radiation, 

while the fluctuations enforce the emission of radiation from excited 

states, and furthermore can account for the Lamb shift (Welton, 1948). 

However, any neoclassical electrodynamics is bound to fail for phenom­

ena involving Einstein-Podolsky-Rosen correlations. Indeed, the only 

known cases where a neoclassical description of the radiation field 

breaks down are experiments of the type first performed by Kocher and 

Commins (1967) which. depend on the existence of Einstein-Podolsky­

Rosen correlations (compare also Clauser, 1972). 

If Einstein-Podolsky-Rosen correlations are important, quantum 

electrodynamics is the only valid theory. Henee we do not eonsider neo­

eZassieaZ eZeetrodynamies as a fundamentaZ theory but as a derived the­

ory operating on a hierarehieaZZy higher ZeveZ. The fact that many 

spectroscopically important radiation effects (like spontaneous emis­

sion, line broadening, line shifts) can be well understood in the frame­

work of stochastic neoclassical theories shows that these effeets are 

not due to Einstein-PodoZsky-Rosen eorreZations. It is well known that 

the only possible way of describing classical external fields within 

quantum electrodynamics (without the artificial introduction of c-num­

ber fields) is via coherent states (Beck and Thellung, 1969). The con­

vex set of all coherent states of quantum electrodynamics forms a simplex 

which can be taken as the state space for a neoclassical theory. Rough­

ly we can say that stochastic neoclassical electrodynamics results from 

quantum electrodynamics if the state space is restricted to coherent 

states. To every coherent state of quantum electrodynamics there is a 

corresponding state in neoclassical electrodynamics, but superpositions 

of coherent states have no analogues in the neoclassical theory. 
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The equations of motion for neoclassical electrodynamics are 

given by Maxwell's equations. The difference to traditional classical 

electrodynamics is the assumption of a universal Gaussian random field, 

called background field. This background field is the classical counter­

part of the vacuum zero-point field of quantum electrodynamics. Up to a 

constant, it is uniquely fixed by the requirement of Lorentz invariance, 

and can be characterized by the spectral energy density 

hi W 1 3 
P (w) = 2n 2 c 3 

through which Planck's constant h enters this classical theory. Strange 

to say, stochastic classical electrodynamics can even reproduce some 

quantization effects of molecular matter. In a remarkable paper, 

Marshall (1963) has shown that a classical harmonic oscillator (in 

whose equation of motion the radiation reaction force (2e 2 /3c 3 ) q' has 

been included) which is subjected to classical stochastic background 

radiation field behaves like a quantum mechanical harmonic oscillator 

(without radiation damping) in a stationary state. 

Additional references: 
Marshall's model has been investigated in more details by Boyer (197Sa,b) 

and by de la ~na and Cetto (1979). For reviews of the present status of semi­
classical and neoclassical radiation theories, compare Mandel and Wolf (1973, 
pp.3S-119, 273-317), (1978, pp.469-S09), Claverie and Diner (1977, 1980), Barut 
(1980). 

For linear symplectic systems (like the harmonic oscillator, 

the rigid rotator, or the electromagnetic field) there is a very close 

correspondence between pioneer quantum mechanics and stochastic neo­

classical mechanics. That is, though. the adiabatic caricature of mole­

cules describes the nuclei in a classical way, it is possible to inter­

prete vibrational and rotational spectra by neoclassical harmonic os­

cillators and rigid rotators. From a practical point of view, the dis­

cussion of the response of a molecule to high-power infrared laser 

radiation is even much simpler than in pioneer quantum mechanics. On 

the other hand, nonlinear problems (like the anharmonic oscillator or 

the nonrigid oscillator) are difficult, a sound neoclassical descrip­

tion of such systems is not yet available. 

The tale of the best theory 

From the viewpoint of pioneer quantum mechanics it is tempting 

to say that molecules should always be "dL6C'1L66e.d in it uniMe.d way U6ing :the. 
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but :the.a1L1j a.va.ilab.te., name1.1j qua.ntum me.c.&a.n.i.C6" (Woolley, 1976b). I strongly 

disagree. There is no best theory. If pioneer quantum mechanics would 

be the best theory, then the best description of a barking dog would 

use the observables of pioneer quantum mechanics. Admittedly, there 

is a difference between a barking dog and a rotating molecule. But if 

pioneer quantum mechanics is not appropriate for the description of "a 
barking dog, why is it so certain that it is appropriate for a rotating 

molecule? 

Pioneer quantum mechanics is not the best theory but it is a 

fundamental theory. That is not the same. Fundamental theories are 

never good for the description of higher hierarchical levels. There 

are even more fundamental theories than pioneer quantum mechanics (say 

relativistic quantum field theory), but these theories are even less 

appropriate for a description of molecules or dogs. Phenomena involving 

positrons cannot be described conveniently on the level of Galilei co­

variant pioneer quantum mechanics, and it may be true that some high 

resolution experiments on small molecules cannot be grasped conveniently 

at the hierarchical level of the adiabatic description of molecules. On 

the other hand, pioneer quantum mechanics cannot give a conceptually 

consistent and chemically relevant description of molecular structure. 

But molecular structure is too important a concept to be thrown over­

board only because it is foreign to the edifice of ideas belonging to 

some fundamental theory. 

Molecules can be studied on many hierarchical levels and it 

would be unwise to assume that there is a best description independent 

of our goals. The most fundamental theories we have hardly ever give 

a good description of higher-level phenomena. Nevertheless, fundamental 

theories are important because they allow the derivation of higher­

level theories which may give an appropriate description of observable 

phenomena. The derivation of a higher hierarchical level from a funda­

mental theory always is a very difficult task. It is mathematically so 

delicate that it should not be left as a matter of routine which every 

good experimentalist can perform. 

Pioneer quantum mechanics is a reasonable starting pOint for 

the theoretiaian, but chemistry deserves better theories, theories 

which can describe quantum properties and classical properties at the 

same time, and which operate on a chemically relevant level. A rigorous 
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derivation of good higher level theories from pioneer quantum mechanics 

remains an outstanding conceptual and mathematical problem which is 

central to a more comprehensive understanding of the complex behavior 

of molecular matter. The dynamical W*-system created by the adiabatic 

limit is an example for such a higher-level theory. Neither the de­

scription by pioneer quantum mechanics nor the adiabatic caricature 

is of higher quality than the other, they are two incomensurable de­

scriptions of the same reality, they should not be thought as contra­

dictory in any sense. They serve different purposes. 
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6.5 ONE WAY OF TELLING IS NOT ENOUGH 

The death of natural laws 

Classical physics has believed in the existence of a real world 

behaving in accordance with objective, immutable and universal laws, 

revealing an omnipotent reason which rules nature. For example, Max 

Planck (1858-1947) argued that the laws of nature are not invented in 

the minds of men but that external factors force us to recognize these 

laws. This view is still quite popular. For example, Richard Feynman 

said in his BBC television lectures: "The age -i.n wh-tch we Uve -w the age -i.n 

wh-tch we Me cli.6covvUng the 6undamental .eaw~ 06 na.-twte, and tha.-t day will neveJt 

come aga-i-n. It ~ veJty ex.cU;.tng, d ~ mMveil.oM, but ~ ex.cA..tement w-ill. have to 

go" (Feynman, 1965, p.172). In some cases, this excitement has already 

gone since we are beginning to see through the myth of universal laws. 

Consider for example the atomic idea. Feynman thinks that the 

most informative fact of scientific knowledge is "that all. th-tng~ Me made 

06 atorn¢ - -Ume paJttic1.u that move MOund -i.n peJtpetual motion, atiJLa.c:tlng eac.h 

otheJt when they Me a -Ume cli.6tanc.e apaJtt, but ~epeU.-tng upon be-i.ng ~queezed -i.nto 

anotheJt" (Feynman et al., 1963, p.1-2). Many modern scientists still 

think that this atomic idea is a context-independent fact. They think 

so because they tacitly accept some forms of interaction with reality 

as natural. The modern formulation of the atomic idea is in terms of 

elementary particles, where elementarity is defined in a group-theoret­

ical sense with respect to an appropriate kinematical space-time group. 

For example, in the nonrelativistic theory of matter, an elementary 

particle i·s defined as an ergodic representation of the Galilei group. 

The question "do atoms really exist?" is much too naive to allow a 

clear-cut answer. If we interact with matter in a way that emphasizes 

the space-time structure and its description via the Galilei group, 

then we have a starting point for a sensible answer. However, a priori 

there is no reason which would force us to adopt this viewpoint. That 

is, an elementary particle does not exist as a thing-in-itself but the 

atomic idea is enforced by the adopted viewpoint. 

Werner Heisenberg was once thinking of the possibility that 

physics might one day be finished by the discovery of the ultimate 

world equation which describes everything in terms of one single spinor 

equation. If physics should ever come to such an equation then we will 
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probably recognize it as a truism. A universal world equation is never 

a deep divine law but a group theoretical triviality: it does not re­

present nature but our presuppositions. 

Example: The triviality of the Sc~dinger equation 
Given the Hilbert-space formalism of pioneer quantum mechanics, the SchrOdin­

ger equations i$=H~ and H~=E~ are trivialities which follow via Stone's theorem from 
the presupposed existence of a dynamical group. SchrOdinger's equations are said to 
be valid for any closed system, where a closed system is characterized by the fact 
that its time evolution is governed by a one-parameter group. 

More interesting than the form of Schradinger's equations is the specific form 
of the Hamiltonian H. For noninteracting elementary objects, even the form of the 
Hamiltonian is a truism in the sense that it follows from the presupposed behavior 
of the system under Galilei transformations. 

Modern theoretical research has recognized many of the historical 

"great natural laws" as truisms. They are not really descriptions of na­

ture but consequences of the physical approach. The law of conservation 

of energy is a simple consequence of the presupposed homogenity of time, 

the laws of conservation of momentum and angular momentum follow from 

the presupposed homogenity and isotropy of space, Feynman's dictum that 

all things are made of particles says nothing but that every representa­

tion of the kinematical group can be constructed out of ergodic represen­

tations, the fundamental laws of thermodynamics do not describe nature 

but are prescriptions to scientists to act in certain ways rather than 

in others. 

Natural laws are not discovered, they are human creations en­

forced by a particular point of view. We do no longer believe in "great 

natural laws" since truisms are not the kind of statements to believe 

in. Natural laws are compelling consequences of some presupposed group 

theoretical structure. Or in the words of Sir Arthur Eddington: "We have 

60und a. 6t1utnge 600t-pJUnt on the 6hoILM 06 the unl?nown. We have dev.u.ed P'W60und the­

OIUM, one a.6teJt anotheJt, to a.cc.ount 60IL u!, olUg.in. At ltut, we have 6uc.c.eeded .in 

ILec.on6tJtuc.ting the c.Jtea.tuJte that made the 600t-pJtint. And Lo! U .u. DUlL own" (Edding­

ton, 1920, p.201). 

When Friedrich Nietzsche proclaimed the "Death of God" he meant 

that the existence of God in the modern world was no longer a natural 

fact as it was for men in earlier centuries. By the same token we may 

speak of the "Death of Natural Laws" in modern science. This develop­

ment implies a farewell to the idea that science rests on facts and 

natural laws. 
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Once scientists believed in fundamental laws, hence they had 

imagination and found laws. Science was fascinating, it was in touch 

with the soul. Modern group theory allowed us to see through the alleged 

fundamental laws so that the magical validity of natural laws disappeared 

and science has lost its conviction. Theories have no longer to be true 

but just useful. We approach nature with such methods that we can only 

find what we do find. With this, the classical scientific language is 

dead since it does no longer carry soul. A new style in science began 

with quantum mechanics when Niels Bohr initiated a spiritual renewal by 

introducing his concept of complementarity. It turned out that comple­

mentarity is far more important than quantum mechanics, it has led to a 

development of science that encourages a holistic vision. 

Complementarity in modern science 

Bohr's conception of complementarity marks a singular turning 

point in the development of physics. It was in September 1927, during 

the commemoration of the hundredth anniversary of Volta's death in his 

native city of Como, that Niels Bohr introduced the term "complementar­

ity" to account for situations where two different conditions of ob­

servations yield conclusions that are conceptually incompatible. For 

physical situations, a more precise characterization has been given by 

Pauli: "WeYlYl ••• die BeYlutzbaJtlzw e.tYle¢ k1(tM~cheYl Beg!U66u .tYl UYlem (lU6-

¢chLtu¢eYldeYl VeJthii£.;t~ zu delL UYlU a.YldeJteYl ¢teht, YleYlYleYl wbt diue budeYl Be­

g!U66e ••• Izomplemen,tii!t" (Pauli, 1933, Ziff.l). Bohr made it very clear that 

the notion of complementarity is not restricted to quantum physics. He 

stressed that the idea of complementarity is related "to the geYleJta.i 

di6McuUIf .tYl the 60ltma.:t.i..oYl 06 huma.Yl .tdeM, .tYlheJteYL:t .tYl the fuuYlcUOYl betweeYl 

¢ubject and object" (Bohr, 1928). 

Additional references 
A short discussion of the history of the concept of complementarity can be 

found in Jammer (1974, sect.4.4). For a profound analysis of Bohr's ideas compare 
Meyer-Abich (1965). In a little known book, Pascual Jordan (1947) has discussed the 
relations between quantum physics and the psychology of the unconscious, in par­
ticular the deep analogy between the physical concept of the complementarity and 
the psychological notion of repression. 

While Bohr's concept of complementarity has a unique position 

in the history of physics, the general idea is as old as religious and 

philosophical thought. For example, as we can learn from Carl 

Gustav Jung (ColI. Works, vol.12), the union of opposites has played 

a decisive role in the alchemical process. In his studies of psycho-
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logical types of 1921, Jung (ColI. Works, vol.6, par.854-855) made the 

following modern sounding remarks: "Folt anyone. who thi.nfu the.lte. ill only one. 

.:tItu.e. e.x.pla.nat,i.on 06 a. P.5!fC.IU.c. pl!.OC.U-6, ;t:.h,W vUaU:ty 06 p-6yc.hic. c.onte.nt-6, which ne.­

C.U-6Ua:tu :tlIJo c.onbr.a.rUdoltfj the.oltiu, ill a. matte.lt 601t dupa,Ur., Upc.e.cJ..a.U1j,[6 he. ill 

e.nalUnOUlle.d 06 -6-impie. and unc.ompUc.a.te.d :t.hJw.tIu., .trtca.pa.ble. ma.fjbe. 06 :t.hbtfUng both a.:t. 
the. Mme. :t.-ime.. ... r beLie.ve. tha.:t. othe.lt e.quaUfj '.:tItu.e.' e.x.pla.nat,i.o n-6 06 the. py-6 c.hic. 

pItOC.U-6 c.a.n .6UU be. put 6olUAJal!.d, jU-6:t. a..6 ma.nfj .in 6a.c.:t. a..6 the.lte. Me. :t.ype.-6." 

CompLementapy desapiptions refer to the same reality but from 

different points of view, and such that no experiment can be devised 

that could demonstrate complementary aspects in a single observational 

context. Neither mode of two complementary descriptions can be subsumed 

into the other. A particular description is a ppojeation of reality into 

a particular context. Complementary descriptions are not independent of 

each other since they refer to the same reality, they are not contra­

dictionary since they refer to different contexts. "TItUth-6 ma.1j c.la..6h willtou:t. 

c.on:tIta.rUc.:t..<.ng e.a.c.h othe.lt" (Saint-Exupery, 1948). 

ExampLes 
a) Mechanics vs. thermodynamics 
The description of a macroscopic system in terms of the dynamics of molecular 
motion is complementary to the thermodynamic description (Bohr, 1932, compare in 
particular p.376). The conditions allowing a complete mechanical description ex­
clude the possibility of applying thermodynamic concepts. On the other hand, to 
assign to a system a definite temperature requires conditions of observation 
under which the particle dynamics escapes control. 

b) Newtonian vs. Einsteinian mechanics 
Newtonian mechanics and Einstein's special theory of relativity are not complemen­
tary descriptions since there exist experiments which can decide between the pre­
dictions of these two theories. 

c) Physics vs. chemistry 
The description of a molecule in terms of pioneer quantum mechanics is complemen­
tary to the chemist's description. Both describe the same system but they have 
different viewpoints, hence they use different W*-systems. The physicist uses 
pioneer· quantum mechanics, that is he chooses a factor of type Iw as his algebra 
of observables so that his theoretical framework does not allow the description 
of classical features. The chemist's description is different, he describes mole­
cules as having a classical molecular structure and uses a type Ioo-w*-algebra with 
a large center as his algebra of observables. 

In the physiCist's description electrons and nuclei are correlated by Einstein­
Podolsky-Rosen correlations so that neither electrons nor nuclei exist as indi­
vidual objects. In the chemist's description electrons and nuclei are not corre­
lated in the sense of Einstein, Podolsky and Rosen (in spite of their strong 
electromagnetic interaction), so that nuclei exist as classically describable 
individual objects. 

These two descriptions of a molecule are complementary, they correspond to 
the complementary ways physiCists and chemists interact with nature. Nevertheless, 
the higher-level chemical view· follows in a mathematically rigorous way by an 
asymptotic caricature. As discussed in sect.6.4, this limit is given by g~, t~, 
with gt= constant, where g2=m/M is the ratio between the electron mass m and the 
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molecular mass M. 

d) Structure vs. function 
The dialectical nature of the structure-function relationship marks the comple­
mentarity between the physical and system-theoretic approach. The complementarity 
between the structural properties of a system and its behavioral activities is 
characteris:tic for organized systems and is particularly impcrtant in the biolog­
ical realm. The structural properties of a system and its behavioral activities is 
how the mechanisms work, the function of a system refers to what it is made for. 
But structural descriptions do not refer to functional relations, functional 
descriptions do not refer to structural relations. In general, a given structure 
can put into effect a variety of different functions, and a given function can be 
realized by a variety of different structures. 

For most phenomena Roolean logic is far too simple a language. 

Nature manifests herself to a scientist in many complementary modes. 

Even within the narrow compass of exact science we need mutually ex­

clusive viewpoints and antithetical concepts. No particular description 

of nature is complete, no single abstraction is appropriate for all con­

texts. A full account requires the simultaneous articulation of comple­

mentary modes of descriptions, it can be achieved only by enlarging the 

universe of discourse to include all complementary descriptions of 

reality. Non-Boolean quantum logic provides such a common frame for the 

exact natural sciences. According to the ontic interpretation of quantum 

logic, the existence of incompatible potential properties is the root 

of the existence of complementary descriptions and the basic condition 

for the emergence of novelty. 

Complementarity is by no means a mysterious or vague concept but 

is open to the penetrating mind. The category of W*-systems allows a 

precise characterization of complementarity in description of a large 

class of natural systems. Within an encompassing basic W*-theory, the 

concept of non-Boolean theory reduction (compare sect.S.S) shows how 

complementary subtheories are related. Every W*-subtheory corresponds 

to a particular view, complementary subtheories correspond to comple­

mentary views. We are free to choose between mutually exclusive view­

points (Pauli, 1948), but every choice has to be paid for by the loss 

of complementa~y knowledge. 

On the objeativity of the many viewpoints 

If we speak of the reality of an entity we refer without excep­

tion to a concept relative to a given context. Is such a notion objec­

tive? Yes, provided we aqree that the criterion "all observers having 
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the same point of view do agree" is sufficient to define objectivity. 

The adopted viewpoint reflects a subjective aspect in our description 

of the world. Subjective aspects are not mere illusions but necessary 

conditions for objectivity •. Or in the words of Georg Picht: "NW!. wo u 
geUngt, aU.u WM 'ni.cJz,t da.zugeholLt', a.£l, .6:.toJtende Fa./z..toJten zu e.Urn.ini.elLen, gew.<.nn:.t 

man EJtRenn.trrM;.&e, rUe na.c.hpJtii6bM .6.i..n.d. Ma.n nenn:.t rUue EJtizenn:.tni..6 objeWv. Vie Ob­

jeWvLtat delL modelLnen W.i.6.6en.&c.ha.6:.t .i.6:.t geJta.dezu da.duJtc.h de6ini.eJt:.t, da.-6.6 .6ie delL 

W.iJtWc.hizeU nic.h:.t ent6pJt.i.c.h:.t, .&ondelLn a.u.6 .&olc.he EJtizenn:.t.i.6.6e unguc.hJr.iin/z..t .i.6:.t, 

rUe .6ic.h dW!.c.h une undeutig zu izon:.tJtollielLende VeMuc.Ma.noJtdnung gew.<.nnen w-
.&en" (Picht, 1969, p.90). That is, objectivity can never mean anything 

else but oonditionaZ intersubjeotive agreement, conditioned by a jOintly 

accepted context. The criterion of objectivity is that the perceptions 

can be shared. 

Invention is prior to disoovery 

The classical scientist believes in faots which are discovered 

through observation of natural reality. For example, Garrett Birkhoff 

(1950, p.179) thinks that ";(:helLe.i.6 hidden oJtdelL in Na.:.tuJte, :.to be 60und onty blJ 

pa..t.i.en:.t .6eMc.h". However, whether there is order in nature is a hotly de­

bated question. Order in nature has been frequently asserted because 

her creator is wise, reasonable and no lover of chaos. On the other 

hand, one can argue that we stand in relation to nature more as inven­

tors than discoverers. However that may be, the world does not present 

itself to us neatly divided into facts but, as observed by Susanne Lan­

ger (1942, p. 273) "oW!. wodd 'rUvidu in:.to 6a.c..t.6 'bec.a.u.-6 e we M divided li". 

Our obstinate concern for hard facts deprived us of the insight 

that every faot is oonditionaZ and oontext-dependent. What a person or 

SOCiety means by a 'fact' cannot be understood in isolation from the 

whole conceptual structure. The cognition of a "fact" is a strongly par­

adigm-conditioned activity of man. This social nature of scientific 

knowledge has been discussed by Ludwik Fleck (1935), in particular he 

stressed that soientifio facts are invented, not disoovered. 

For every problem, for every observation, for every experiment 

we have to choose the appropriate context. If we want to explore nature, 

we have to invent a suitable context. Invention is logically prior to 

discovery. Only if we have chosen a context, we can discover. Even if 

we are not entirely free, we have a choice of contexts. The creation of 
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a new context enli.st's a man's utmost techni.cal ski.ll in the service of 

his imagination. Newton's remark that apples are attracted by the earth 

was not a new empiri.cal fact or a discovery but a great idea. Similarly, 

the general theory of relativity did not start with a new empirical fact 

but, in Albert Einstein's own words, with "the happiMt though;t 06 my li6e", 

namely: "i6 one c.oYl1iideM an ob-6V!.vV!. in 6Jtee 6ail., e.g. oJtom the Jto06 06 a hOU-6e, 

thV!.e exMU 60Jt him dwUng hi-6 6ail. no gJtavLtt:ttional Meld - at £.eMt in hi-6 immediate 
vicinity" (Einstein, 1919). It requires a reorientation to acknowledge 

that acience starts with ideas, not with facts. New ideas are viable 

if they lead to new viewpoints which can be used to define new contexts 

that allow interesting divisions of the holistic world. 

Classical physics has believed in a universal frame of refer­

ence, a universal context that permits independent variations of the 

elements. This doctrine has encouraged the search of basic building 

blocks of matter through which one hoped to understand nature. Such 

an approach has the flavor of a purely empirical undertaking in which 

discoveries play the fundamental role. However, quantum mechanics taught 

us that the hunt for a universal context is in vain. Nature is holistic 

and her separability into facts a matter of context. In a holistic world 

objects have to be invented; in a theoretical description objects are 

created by abstracting from the Einstein-Podoslky-Rosen-correlation 

between the object and its environment. The properties of the invented 

objects can be discovered experimentally, by experiments which neglect 

some existing correlations as irrelevant. The exploration of nature 

leads to inventions and discoveries. Discoverers have a fixed point of 
view, invenPors ereate new eonPexPs. 

In retrospect: Knowledge without wisdom 

Science deals with ideas and its freedom is its essence. But at 

what cost? There are no scientific facts untouched by our inquiry, every 

scientific experiment is an essential intervention with the wholeness 

of nature. Furthermore, we should not underrate the reality of new ideas 

and symbolic forms. Ideas transform the meaning of the world. 

It is probable that in future scientists may have a rough time 

to defend their freedom to develop new ideas. We praise the joy of sci­

ence and the sheer delight of invention and discovery. Yet we are free 

to invent and to discover only insofar as we can take the fuZZ respons­

ibility for our creations. It is a fact that a large part of our scien-



354 6. Reductionism, Holism and Complementarity 

tific manpower is associated with the development of most potent 

means of destruction. We are proud of the international traditions in 

science and of the fraternity of scientists, but we hardly ever mention 

that about half of all scientists work on military programs. Still 

worse, most scientists working in weapon technology are fascinated by 

problems like binary chemical weapons, laser guided smart bombs and 

automated battlefields. Science is by no means socially and politically 

neutral but serves more and more sinister ends. It would be utterly in­

fantile to assume that scientists have no responsibility for their ideas 

and creations. One has to be naive indeed to believe in the intellectual 

superiority of scientists and in the unquestionable value of scientific 

knowledge for humanity. The excitement and fascination of science can­

not any longer be the basis for the activities of responsible men. Sci­

ence has an uncontrollable impact on society, why should society not be 

allowed to control science? 

Mediocre science should not be supported and good science is 

too dangerous for intelligent fools who are not aware of its limitation. 

If our interest is restricted to science it becomes an obsessive and de­

structive ideology. We only see what we look for. 

contemporary science has a tendency to propagate a narrow in­

tellectualism,to slander insights found elsewhere, and to take over the 

role of the one and only one redeeming church. The success of science 

should not blind us to see the fact that the world view of science ab­

stracts from vital aspects of reality so that scientific knowledge re­

presents only a tiny fraction of human knowledge. Scientific progress 

has been made by artificial isolation and compartmentalization. It would 

be downright dishonest not to examine most painstakingly whether or not 

it is wise to further develop science with its pre-eminence given to 

extraverted thinking rather than to explore other types of orientations 

which can give complementary knowledge about the relations between man 

and his world. "A good te.a.cheJt w.U1. not jlL6t ma.Re people a.ccept a. &Oltm 06 U6e, 

he will a1.60 pJtov.i..de them will me.a.YIJ.. 06 .oee.i..ng .i..t .i..n peJt~pect.i..ve a.nd peJtha.p~ 

06 even Jteject.i..ng a" (Feyerabend, 1979, p.86). 

There is little to be gained in rejecting science but we should 

know about the myth that scientists are living. We can accept sci-

ence without accepting that science is the only valid way of understand­

ing the world. Science itself is not in the position to explain what is 
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outside its boundaries. for seeing science in perspective we have to 

understand it, but we can only understand the scientific world view if 

we have antithetical viewpoints available. In order to grasp the many 

aspects of reality we have to look - like the Roman god Janus - into 

several opposite directions at the same time. There is a basic harmony 

between the rational and the irrational, the regular and the irregular, 

the civilized and the primitive, and the logic and the mythic. 

Even though the prevailing scientific doctrine still glorifies 

the classical ideal of explanation, the legendary idea that wholes are 

explicable in terms of their parts is dead. But new symbolic languages 

are once again in the making. Nowadays, complementarity speaks with a 

living tongue. The multiplicity of complementary views corresponds to 

the psychic reality of modern man with his multiplicity of souls and 

voices. In modern quantum theory we accept the necessity of complemen­

tary viewpoints. None of them is more authentic than the other, none 

can replace the others, all are necessary, none is sufficient. Despite 

of the precision of each language, the paradoxical aspect of reality 

is not lost. 

A hopeful prospect is that man will limit science by supplement­

ing it with complementary modes of orientations. There is a strong ten­

dency in contemporary culture favoring holistic views. Since holism and 

reductionism are complementary viewpoints, both can be accepted, both 

are necessary, none of them is sufficient. We are beginning to realize 

that the hidden part of nature is still the largest and maybe the most 
difficult one to see. Perhaps one day we will come to recognize the 

wisdom of the paradoxical truth and again cultivate complementary view­

points and alternative instruments for probing reality. 
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